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Abstract

Complex interval-valued fuzzy sets are powerful tools for representing uncertainty and
periodicity that occur in many real-life problems. They not only take both periodicity
semantics and uncertainty into account but also describe the information using interval-
valued membership grades, which gives experts more freedom to solve complex real-life
problems effectively. Complex interval-valued fuzzy sets have been successfully employed
many times in medical diagnosis and pattern recognition problems. In this article, two novel
methods for computing the correlation coefficient and weighted correlation coefficient of
complex interval-valued fuzzy sets are proposed. The methods employed fuzzy statistical
parameters such as mean, variance, and covariance of complex interval-valued fuzzy sets.
Several important mathematical properties are rigorously established. In order to establish
the efficacy and implementation of the methods, a real-life application related to pattern
recognition for mineral identification is discussed in detail. Furthermore, based on the
proposed correlation and weighted correlation, a classification algorithm is developed.
The time and space complexities of the proposed algorithm are analyzed. The proposed
algorithm is validated through experiments conducted on two real benchmark datasets.
The results demonstrate that the proposed approaches are more reliable and accurate than
several existing approaches by achieving classification accuracies exceeding 98%.

Keywords: intuitionistic fuzzy set; interval-valued fuzzy set; interval-valued intuitionistic
fuzzy set; complex fuzzy set; complex interval-valued intuitionistic fuzzy set; mean of
CIVIFS; covariance of CIVIFS

1. Introduction

Decision-making is an essential component of almost every domain of human knowl-

edge. Real-life decision-making is usually associated with uncertainty, imprecision, vague-
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Although the aforementioned extensions of fuzzy sets [2,3] successfully model the
uncertain information, they cannot adequately model the periodicity and phase-dependent
phenomena. To address the issue, fuzzy sets were extended to the complex plane [12-15].
In [16], the authors introduced the concept of complex fuzzy sets (CFSs) by extending the
membership function on the unit circle of the complex plane. This extension represents
amplitude and phase information simultaneously, making CFSs especially suitable for
modeling time-dependent, periodic, and cyclic phenomena. Subsequently, CFSs have been
widely used in astronomy, geology, communication systems, optics, signal processing,
and many problems of science, engineering, and technology [16,17]. The idea of complex
intuitionistic fuzzy sets (CIFs) was introduced by Tamir et al. [18]. Later, [19] introduced the
concept of complex interval-valued intuitionistic fuzzy set (CIVIFS) and [20] demonstrated
its various real-life applications. The CIVIFS provides a more expressive framework for
representing complex and high-level uncertain information. Moreover, many aggregation
operators in the CIVIFS environment and their applications in healthcare and decision-
making problems have been reported in [21].

One of the most basic statistical concepts is correlation analysis, which is used to
quantify both the strength and the direction of the association between variables. It has
been extended to various fuzzy environments [22-35] to address many problems in pat-
tern recognition, classification, clustering, decision-making, and medical diagnosis, and
numerous formulae for correlation coefficients have been proposed. In [33], the authors
proposed a statistical formulation of the correlation coefficient for IFSs, while later studies
extended the concept to IVIFSs [34,35]. Subsequently, many researchers have investigated
several correlation and similarity frameworks to extend the idea to complex fuzzy environ-
ments [36—40]. Chiang and Lin [41] proposed a statistical correlation model for fuzzy sets
using sample means and covariance. Furthermore, statistical correlation formulae based on
sample means have been proposed for IFSs in [42].

In spite of the substantial developments, a couple of vital challenges still remain. The
majority of existing correlation models are derived from distance or similarity measures
rather than from a strong statistical framework consisting of the mean, variance, covariance,
etc. Moreover, most of the existing formulae quantify only the strength of association and
not the direction since the values lie in the interval [0, 1]. Furthermore, numerous real-life
applications, such as medical diagnosis, profit-loss analysis, mining engineering, etc., re-
quire the detection of both positive and negative associations for effective decision-making.
In weighted correlation framework, the challenge is determining the attribute weights.
In [43], the authors proposed a fuzzy analytic hierarchy process-based decision-making
model for healthcare systems by combining the preferences and judgements of multiple
expert decision-makers. In [44], the authors introduced the surface fuzzy analytic hierarchy
process by integrating differential geometry with fuzzy logic. In [45], the authors proposed
a hybrid decision-making framework spherical fuzzy analytic hierarchy process combining
partial least squares structural equation modeling and artificial neural networks to predict
COVID-19 vaccination intention. However, the aforementioned approaches involve human
preferences and subjective judgments to determine the attribute weights. Though these
approaches are highly suitable for decision support systems, they are inadequate for clas-
sification and pattern recognition problems where minimal expert involvement is highly
recommended.

Motivated by these observations, this paper develops a covariance-based statistical
framework for CIVIFSs. Unlike the existing methods, the proposed framework is derived
from statistical parameters such as the mean, weighted mean, covariance, weighted co-
variance, variance, and weighted variance rather than directly from similarity or distance
measures. Furthermore, the proposed framework is data-driven with minimal expert inter-
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vention where the attribute weights are determined from their standard deviations. In the
present approach, the statistical parameters are first established for CIVIFSs. Based on these
statistical parameters, ordinary and weighted correlation coefficients are developed whose
values lie in the interval [—1, 1]. Thus, the proposed formulae extend classical statistical
interpretation of both the strength and the direction of association to the CIVIFS environ-
ment. Several important mathematical properties of the proposed correlation coefficients
are rigorously established. Finally, an efficient correlation-based classification algorithm
is developed and validated on the Iris dataset [46,47] and the Wisconsin Breast Cancer
dataset [48]. Experimental results demonstrate that the proposed methods outperform
several existing approaches reported in the literature [20,49-53].

The remainder of this paper is organized as follows. Section 2 reviews the related
literature and presents the necessary preliminaries. Section 3 introduces the proposed
statistical framework and develops the ordinary and weighted correlation coefficients
together with their mathematical properties. Section 4 presents the proposed classification
algorithm and numerical examples. Section 5 discusses the experimental results. Finally,
Section 6 concludes the paper and discusses the conclusions, limitations and directions for
future research.

2. Related Literature Review and Preliminaries
2.1. Related Literature Review

Since Zadeh'’s [1] introduction of fuzzy sets, several studies have been conducted on
distance similarity, correlation, and other measures under various fuzzy environments.
Similarity measures for IFSs [2] and their applications [4-6] have been widely used in
medical diagnosis, pattern recognition, decision-making, clustering, etc. [7-11]. Statistical
approaches to formulating the correlation coefficients for IFSs [22-32] and their fuzzy exten-
sions have received extensive attention from researchers. Based on covariance, Hung [33]
proposed a statistical framework for correlation analysis of IFSs. Subsequently, the ap-
proach has been extended to IVIFS [3] and applied in real-life problems [34,35]. Similar
approaches for fuzzy sets and IFSs based on sample means and covariance have also been
proposed [41,42].

Similarity and correlation measures have received attention from researchers after the
introduction of complex fuzzy structures. The concept of CFSs was introduced by Ramot
et al. [16] by extending the membership functions to the unit circle in the complex plane.
Subsequently, several studies were conducted not only on the theoretical aspects but also
their applications in many branches of human knowledge [12-17]. The concept of CIFSs
was introduced by Tamir et al. [20], along with the rigorously established mathematical
properties. Later, a study was conducted on the aggregation operators and applications to
healthcare and decision-making problems [21].

After the introduction CIVIFSs [18], many researchers explored successfully modelling
uncertainty involving both interval-valued and phase-dependent information. It has been
demonstrated in practice that CIVIFS model provides a more realistic view of complex
uncertain systems than conventional fuzzy models [19]. Several measures have also been
proposed for complex fuzzy environments. In [36-39], the authors investigated a couple
of correlation coefficients and similarity measures for pattern recognition and decision-
making problems. Later, similar approaches were extended to interval-valued Pythagorean
fuzzy hypersoft sets [40]. In [43], the authors proposed a fuzzy analytic hierarchy process-
based decision-making model for the healthcare system by combining the preferences and
judgements of multiple expert decision-makers. In [44], the authors introduced the surface
fuzzy analytic hierarchy process by integrating differential geometry with fuzzy logic.
In [45], the authors proposed a hybrid decision-making framework spherical fuzzy analytic
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hierarchy process combining partial least squares structural equation modeling and artificial
neural networks to predict COVID-19 vaccination intention. In [54], the authors proposed
a generalized subtraction operation and a generalized division operation for IVIFSs by
minimizing the hamming distance. In [55], the authors used membership, nonmembership,
global maximum, and global minimum differences to construct an efficient similarity
measure for IFSs for software quality evaluation and face recognition. In [56], the authors
introduced an integrated framework based on principal component analysis and the
fuzzy analytical hierarchy process to evaluate and rank the enhancement of 21st-century
proficiency through higher education.

Despite these substantial progresses, three important limitations still exist. First, sev-
eral existing correlation measures are derived directly from either distance or similarity
measures rather than from a rigorous statistical framework. Second, many existing cor-
relation formulae measure only the strength of the association, as they produce values in
the interval [0, 1]. Third, some of the approaches are not suitable for pattern recognition
and classification problems, as they involve human preferences and subjective judgments
to determine the attribute weights. Furthermore, statistical parameters such as weighted
mean, weighted covariance, and weighted variance have not been systematically developed
for CIVIFSs.

To address the aforementioned research gaps, a covariance-based statistical framework
for CIVIFSs is proposed in this paper that uses statistical parameters such as mean, weighted
mean, covariance, weighted covariance, variance, and weighted variance. Subsequently,
ordinary and weighted correlation coefficients are developed based on the aforementioned
statistical parameters with values in the interval [—1, 1]. Thus, the formulae preserve the
classical statistical interpretation of both the strength and direction of association while
extending it to the CIVIFS environment. This unified framework is further validated
through rigorous theoretical analysis and applications to benchmark pattern recognition
problems [46-53].

2.2. Preliminaries

Definition 1 ([2]). An intuitionistic fuzzy set (IFS) A defined on X is characterized by

A={(x, pa(x)va(x)), x € X} M

where py(x) € [0,1] and vy (x) € [0,1] are the membership and nonmembership values of x on A,
respectively, such that 0 < p , (x) +va(x) < 1forall x € X. Also, ma(x) =1 — pa(x) —va(x)
is the degree of hesitation of x to A.

Definition 2 ([3]). Let X be a non-empty finite set. An interval-valued intuitionistic fuzzy set
(IVIFS) A in X can be represented as

A={(x[py(x), ph(x)], [vy(x), vi(x)];x € X} )
where [p (x), uh(x)] [0, 1] and [v, (x), v (x)] C [0,1] and pul(x) + v} (x) < 1.

Definition 3 ([16,17]). A complex fuzzy set (CFS) A defined on X is characterized by a membership
function y(x) that assigns a complex-valued membership grade in A to each element x € X. By
definition, all the membership values lie within the unit circle in the complex plane and are expressed
as pa(x) = ra(x)e®a), where both r4(x) and 0 4(x) are real-valued and 0 < r,(x) < 1 and
0 < 04(x) < 27. Therefore, a CFS A can be represented as

A={(x, pa(x)); x € X}= {(x; ra(x)-e¥®4™); x € X}, where i = v/—1. 3)
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Obviously, A C U x D?, where D? = {r ,(x)-¢¥™04(®)|r4(x) € [0, 1] and 84 (x) € [0, 1]}.
Definition 4 ([16]). Let A be a CFS defined on X. The complement of A, denoted by A°, is defined as

A= {(x; (1— rA(x))-ezmgA(x)); X € X}, where i = /1. 4)

Definition 5 ([18,19]). Let X be a universe of discourse. A complex interval-valued intuitionistic
fuzzy set (CIVIFS) defined on X is expressed as

A={(x, [pn(x), ph(x)], [vy(x), vi(x)]);x € X} )

where y; (x), ph(x), and v, (x), vi(x) represent the lower and upper bound degrees of the
membership and nonmembership values, respectively. They are defined as p,(x) = z; =
r;(x)eZ”ier_A(x), ph(x) = z7 = r4( )e2 0 ) such that lzy | < 1z |, while vy (x) =
zy = 15 (x)e? ®), vi(x)=zf = Kjg(x)ezme“t\(x) such that 1z; | < 1z3 |. The amplitudes
rath K4, K4 € [0, 1] satisfy the inequalities vy < v}, x, <x}andr} +x} <1forallx € X.
In contrast, the phase terms Ga, 9,+A, 0, » and 9;; are real numbers in the interval [0, 1]. They
satisfy the inequalities 6, < 0F, 0 < 0" o and 97; + 9;; < 1. Therefore, mathematically, a

ra’
CIVIFS can be expressed as

X

A={{(x [rato, rh )] %l i (), k5 (0] Bl )ixe X} @)

Definition 6 ([1,11]). The complement of CIVIFS A, denoted by A, is defined as

A={(x a0, ki)™ B, [y @), rh (o)™ Sl ) e x} @)

3. Proposed Method

The proposed formula is derived from statistical parameters rather than directly from
the distance or similarity measures. Since covariance provides a framework for quantifying
the joint variation between two CIVIFSs, normalizing it with the corresponding variances
of the CIVIFSs yields a formula for a correlation coefficient that lies in the interval [—-1, 1].
This formulation preserves the classical statistical interpretations of both strength and
direction while extending it to the CIVIFS environment. Moreover, it can also accommodate
the attribute-weights, leading to a unified framework for both ordinary and weighted
formulae for correlation coefficients with clear mathematical interpretation and practical
applicability. The proposed framework is presented as follows.

Definition 7 (Correlation Coefficient of CIVIFSs). Let X = {x1, x», ..., x,,} be a finite universe
of discourse and

A= {(xi/ [ (x), 7 ()] 210 0 OOl [ (), o ()| 105 0 g’a(xi)]);xi € X}

B= {(xi, [r5 (x;), rg(xi)]ezm[%(xi)' b7 (1)) (k5 (x;), Kg(x‘)]ezm[ggs (x;), 9%(xi)]);xi € X}

1

be two CIVIFSs over X, such that A (x;) = 1, (x;) — 1, (x:), A§(xi) = r}(x;) — (i),
ay(xi) = 0, (x) — 6, (xi), af(xi) = 6/ (x;) — 60 (xi), Ag(xi) = r5(x;) — x5 (x7),
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A (x0) = g () — g (), g () = 07 (x7) — Oy (i) and i (x7) = 67, (x7) — 65, (xi). Thern,
the correlation coefficient C (A, B) between A and B can be expressed as follows:

cov(A, B)

C(A,B) = AT E (8)

where

—(x:) A~ () — AT (2 —(x) —a— () —at —(x) — A (3 + () — AT (x ~(x:) — 2z (2 () —at (x
[Z?:l{AA<x,)2 Aq () +AA(A,)2 A () +aA(r,)2 G aA(x,)z mr)}_{ Ag (»,)2 g () | Ap (x,)z @ ap (r,)z g0, o (}l)z ) (%) H

cov(A, B) =

. {mxz)AB () , M) =250x) |, 5 (x) =25 () +a§<x,->a§(x)}2
V(B) = 2 2 1 2 are the vari-
. - _ i A i) 3 F _ iy Ag (xi)
ances of A and B, respectively. And A,(x) = A, A(x) = e
n — . n + . n — n
a;(x) — Zz:l ‘;A(xl), "‘Z(x) _ i=1 I:IA(xl), /\l;(x) — f:11/:3(xi), /\g(x) — i:12§(xi),
— Z?: ap(Xi) —J/—= ?:/DCJF Xi
5 () = Bt () Gy sl
Therefore, C(A, B) can be expressed as
L AR = A5 00 + Af () = A () + g () — a5 () + af () — a5 (0) |
i=1 _ - _ -
{45 (xi) = A5 (%) + A% () = A5 () + g (1) — a5 (x) + () — af () |
C(A,B) = n_1 >
i { A7 (x0) = A2 (0 + AL (v) = AL () + g () — 5 (6) + e (i) — af (3) }
n—1
[ 2
?:1{}\13(%') = Ag (%) + A5 (i) = Af (%) + g (x) — g (%) + e (x:) — “E(x)} 9)
n—1
o {Aa0) = A5G A% () = AF () g () — () + e (i) — () |
i=1 — - _
- {05 (x0) = A5 () + A (x0) = A5 (%) + a5 () — g (¥) + o (i) — (%) }

Theorem 1. If A and B are two CIVIFSs defined over universe discourse X, then the correlation
coefficient C(A, B) satisfies the following properties:

(i) IfA=B,then C(A,B) ==+1;

(i) C(A,B) =C(B,A);

(iii) —1<C(A,B)<1

Proof. Let
A={(x [rae), ri(x)] @™t @ [ (), 1 ()] a0 8l € x )
B ={ (v [r5 (e, ()]0 %0, i (), ()] P10 0 0

be two CIVIFSs over X = {x1, X2, ..., Xn}, such that A, (x;) =, (x;) — k; (x;), A} (x;) =
ra (i) —rp (x), ay (xi) = 67, () = B, (i), oy (xi) = 65 (xi) = 6, (xi), A (xi) = rp (xi) —
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Kg (i), Af (xi) = 1§ (xi) =k (x3), ap (x;) = 6, (xi) — 0, (x;) and aff (x;) = 6,5 (x;) —

0, (x;). Then, the correlation coefficient C(A, B) of A and B can be expressed as

) _ cov(AB)
VOO

(AR () = 2500 + A5 (1) = A5 (x) + a5 (x7) — 5 (3)

TN () — A () A () — A () + () — i (0) + (o) — e () |

+
&
>+
ke
|
&
>+
Na’
A

T A2 () — A (0) + A (x0) = A5 (3) + a3 (1) — a5 (0) s () — @ (1)}
2
T { A () — A (0) + A (x0) — A () + i (x0) — 5 (5) + a5 () — a () )

Properties (i) and (ii) follow directly from Definition 7.
To prove the property (iii), let us proceed as follows:
By using the Cauchy-Schwarz inequality,

Y i aib; < (Z?:l ”12)

Putting a; = {A; (x1) = AL (X) + AL (x1) = AL (x) + g (x1) — ap (%) + & (%) — ajg(x)} and

bi = {/\E (xi) - /\E (x) + /\E(xz) - A]JBF (x) +ag (xz) Xp (x) + ap (xz) - NE(X)} in (10),
we get
2 {WaG0) = AR () + AL () = AE () + g (1) — a3 (3) + () — af () |
= {0 () = Ag () + A (i) = AF () + g () — ag () + af (i) — s () }
n 1/2
< (£ {Ma00) = 3300 + A5 )~ AFE) 5 ) 3 (5) + ) — 35 ()}
n 1/2
(005 000 = 2 00 A4 () — A )+ 5 00— 5,00+ ()~ )
|3 ) = A+ ) - AR i a0~ 0 )+ () i (3
i=1 {/\g(x,) — A5 () +AF (i) = Af (x) +ag () —ap (x) + aff (x) — ag(x)}
B {0 0) = A3 050 45 () = A5 ) 3 (5) = 2 () e )~ ()}
< |'x
E]{/\g(x,) — A (X) + A5 (x) — Af (x) + a5 (x1) — a5 (x) + & (x7) —ag(x)}z
o {26 = AR+ AL () = AL )+ o () — g () ek () — i () }
T ) R0 A ) - e () - () ) a0} |

= |C(A,B)| <1 [using (9)].
= -1<C(A,B)<1
This completes the proof. [

Definition 8 (Weighted Correlation Coefficient of CIVIFSs). Let X = {x1, x», ..., x,/ be a finite
universe of discourse and W = {wy, wy, ..., wy} be the weight vector associated with x;; {i=1, 2,
..n} suchthat Y' yw;j=1and w; >0V x; € X. Also, let

A={ (i [ra(m), rg ()]0 %00 [ (), i (x7) | 2™ (0 00001, 3, € )

1

B= {(xi, [r5 (x;), rg(x-)]ezm[e% (), 67y ()] 15 (x;), kg(xi)]ezm[e;s (x:), 6y (xi)]>;x,« € X}
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be two CIVIFSs over X, such that A, (x;) = v (x;) — 1, (x;), Af(x;) = r}(x;) — (i),
ay(xi) = 0, (xi) — O, (xi), afy(xi) = 6 (x;) = 6F (1), Ap(xi) = rg(xi) — x5 (x:),
Mg (xi) = g (x;) — x5 (x7), ag (1) = 07, (x;) — O, (x7) and af (x;) = 0, (x;) — 0 (x;). Then,
the weighted correlation coefficient C(A, B) between A and B can be expressed as follows:

Wcov(A, B
WC(A,B) = cov(4,B) (11)
VWV(A)- WV (B)
w, AA<xl>2—Az<x> N mw;um N ;<xi>2 a, (x) m(xl);ocz(x)}x
. {At;(x,)%(x) L ARG —AF() g () — 4 () +a;<x,'>fa;(x>}
2 2 2 2 .
where Weov(A, A) = is the

weighted covariance of A and B.
Y, { Aal) ~A3G) , M) A5G

+ 5 + 5 (x)}
WV(A) = 1 and V(B) =
— 2
Ap(xi) = Ap(x) | Af(xi) —Af(x) | ap(xi) —ag(x) | ap(xi) —af(x)
n ) 'B B B B B B B B
=1 wl{ 2 * 2 * 2 * 2
—3 - are
the weighted variances of A and B, respectively. And A, (x) = %ﬁ?(%) =Y wid, (X)),
M) = ELjwid(x),  a(x) = Tlhywie (), apx) = Tl wieg(x),
Ag(x) = Linywidp(xi), Ag(x) = Ly widg(x), ag(x) = L wiag (%), ag(x) =
Yy wing (xi)-
Therefore, using (11), WC(A, B) can be expressed as
WC(A, B)
Ap (i) = Ay () + AR () = AR () + gy (x) — oy (x) + ay (x) — IXX(X)}
Mg () = Ag () + A (xi) = AF (x) + g (x;) — g (x) + o (x;) — () }
n—1
- + ¥ ¥ >
A7) = A5 () + AS (ki) = M (x) + a5 (i) — a5 (3) + a5 () —af (1)
n—1
- + + 2 (12)
A5 () = A5 () + A (x0) = A5 (0) + a5 (1) — a5 (3) + & (i) — af (3) }

Theorem 2. If A and B are two CIVIFSs defined over universe discourse X, then the weighted
correlation coefficient WC(A, B) satisfies the following properties:

(i) IfA=B,then WC(A,B) = £1;

(i) WC(A,B) =WC(B,A);

(iii) —1 <WC(A,B) <1.

Proof. The proof follows immediately from Theorem 1 using weighted covariance and
variances. []
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A* = {(x,-, [ra

Theorem 3. If the weights associated with each element of the universe discourse are equal, then
the weighted correlation coefficient formula reduces to the formula of correlation coefficient.

Proof. If w; = wy =... = wy = w (say) are the weights associated with the elements of X

(universe of discourse), then the weighted correlation coefficient between two CIVIFSs A
and B is given by

P Ay () — AL (x) + AT () — Af(x) 4+ (xi) —a (x) +af(x;) — zxz(x)}z

1y w{Ag (x) — Ag (0) + A (x3) — A3 (5) + a5 (%) — a5 () + () —ag (x) }
o, §AA00 = K300+ 45 5) = A+ 5 () = 5) + e (s) = 1)
TR ) — A5 @)+ A () = A5 () + e () —ap () + () — g (x) |

= C(A, B) [using (9)].

O

Theorem 4. If A and B are two CIVIFSs defined over universe discourse X, and A” is the CIVIFS
obtained by translation, then C(A*,B) = C(A, B).

Proof. Let

A= {(x,-, [r (i), rZ(xl-)}ezm[efA (i), 67, (x)] [k (x:), kz(xi)]ezm[% (xi), 6, (x")]);xi € X}

B = {(xi, [rg (x;), rg(xi)]ezm[% (x;), 67y ()], [k5 (x;), kg(xi)]eZHi[e’?B(xf)’ 0 u"”);xi € X}
be two CIVIFSs over X = {x1, xp, ..., xn}. Suppose A* is a CIVIFS obtained by translation,
such that
(x3) + 1, 7 (x0) + ca ] Wraleirren 05 00Tl [ () 4 5, K (1) + a0 G0 Pear O, 00l ¢ x|

where ¢y, ¢, ¢3, ¢4 € R are constants and the translated amplitudes and phases of the

membership and nonmembership functions satisfying the conditions imposed by CIVIFS.
O
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Now,
Apr(xi) = (ra(xi) — x4 (xi)) + (1 —3) = Ay (xi) + (1 — ¢3)
)\}e (x;) = (rX(xi) — Kji(xi)) +(c1—c3) = Aj(xi) + (c1 —¢3)
a e (xi) = (6, (xi) — O, (xi)) + (c2 — ca) = ay (x7) + (c2 — c4)
W (x) = (Gr:(xi) — 05, (xi)) + (co —ca) = a3 (x;) + (ca — c4)
W) = Ee At R Qat o) 5y (g
Similarly,

A (x) = A% (x)+ + (c1 —c3)

(%) = a5 (%) + (2 — ca), o (x) = 5 (%) + (2 — ca)

>

Using (9), we obtain

C(A*,B) = ' .
{0 ) — A () 4+ A (30) — W () 3 ) — g () e ) — . ()
Z?:l{)‘ﬁ(xi) —Ag (%) + A5 () = Ag(x) +ag (%) —ag (x) + ag (x;) —ap (x)

A2 (i) + (1 = a) = (A3 () + (o1 = e3) ) + A5 (%) + (1 = ea) = (A5 () + (e1 — 3))
Ty | o () + (2 = ca) = (3 () + (e — ca)
(

N—
+
Q

>+
—
&
~—
_|_
—
Q
N
|
(e}
'S
~—
|
K
=t
—
=
~—
—+
—
Q
N
|
(e}
S
~
N—

)
o [ AaG) + e =) = (A ) + (e =) + A% () + (a1 = e3) = (A5 () + (e1 — ) i
= a5y (x;) 4 (c2 —cq) — (@ (x) + (c2 — C4)) +af(xi) 4+ (2 —cq) — (af (x) + (c2 — C4))

)

Theorem 5. (Correlation coefficient between a CIVIFS and its complement). The correlation
coefficient between a CIVIFS A and its complement AC is= —1.

Proof. Let A = {(xi, [r (xi), v (xp)] ™ 00 50 0, [ (), i (7)1 00 % 01 € XL be a
CIVIFS over X. Then, A, (x;) = r(x;) — &k, (x;), Af(xi) = rk(x;) =k} (x:), ay(x;) =

0,, (xi) — 0, (xi), af (x;) = 6, (xi) — 6 (x;). Also, the complement of A is given by

A = { (i[5 (xe), 1§ ()] @00 O O 0L [32 ), 7 ()21 0 0 00T e x )
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such that A (x7) = &, (x;) — 7, (x;) = —A, (%), Afe (i) = 1} (x;) — rjg(xi) = —A%(x;),
wae(xi) = 6, (xi) =6, (xi) = —ay (%), aze(x) = 65, (x) =6, (x) = —aj(x;). The

correlation coefficient C(A, A°) between A and A€ can be expressed using (9) as follows:

=

o M) 2500+ AL () = ARG g () - ap () + ek () — ek (3) }
A 000 = A% 00) + AL () = A5+ e () — @ () 4 e () — ()}

Hence, the correlation coefficient between a CIVIFS and its complement is —1. [J

Remark 1. The proposed correlation coefficient attains its maximal value for identical CIVIFSs
and minimum value for complementary CIVIFSs.

4. Application in Sentiment Analysis

The process of identifying patterns in data or features that yield information about
a particular system or dataset is known as pattern recognition. Pattern recognition is the
art of finding patterns using machine learning techniques. Machine learning and artificial
intelligence are closely related to pattern recognition. The applications of machine learning
in pattern recognition are limited by uncertainties and imprecisions. The advent of CIVIFSs
in machine learning has aided in curbing uncertainties in pattern recognition. In this
section, we propose the construction of a family of CIVIFSs from raw data, along with the

algorithm and flowchart for a pattern recognition problem using the correlation coefficient
of CIVIFSs defined in (9).

4.1. Construction Complex Interval-Valued Intuitionistic Fuzzy Patterns

The proposed approach requires each pattern to be represented as a CIVIFS. The
raw data associated with the rare earth elements (REEs) are first converted into CIVIFSs
as follows:

https:/ /doi.org/10.3390/appliedmath6080125
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Suppose X = {x1, x2,...,x,} is the universe of discourse, where each X; denotes the
jth attribute. In this study, the universe of discourse is given by

X = {density(x1), melting point(x,), conductivity and conductance(x ) }

For each REE, the corresponding physical measurements are collected from standard
mineral databases or domain experts. Let V = (vij) i denote the raw data matrix, where
vjj is the observed value of the jth attribute for the ith REE. Since the attributes have
different values computed at different scales, the raw data are normalized into [0, 1] using
the Formula .

Uij — min Uij
1<i<m
Dél']' =

. (13)
maX Ul‘]‘ — min 'Ui]'
1<i<m 1<i<m

Obviously, a;; € [0,1].

An interval is assigned around the normalized value obtained using (13) for incorpo-
rating measurement uncertainty.

Let ¢; > 0 be the uncertainty associated with the jth attribute. Then, the amplitude
terms of the interval-valued complex membership function can be obtained as

ry = max{0, a;j — ej}}

r; = mix{1, a;j +¢;}

(14)

where rj; = {ri;, rlﬂ
Similarly, the amplitude terms of the interval-valued complex nonmembership func-

tion can be obtained as
KZ.; = max{O, 1-— r;}

+ +
Kij = mzx{l, 1 —ri].}

(15)

where x;; = {Ki;, Kﬂ such that r;]f + K;]f < 1.

The phase term characterizes the periodicity associated with each attribute. Sup-
pose Bij € [0,1] is the normalized periodic component corresponding to the jth at-
tribute. Let J; > 0 be the uncertainty associated with the phase component. Then,
6;1,/_ = max{O,ﬁi]- — 5]}, 9:?], = min{l,,Bl-j + 5j}, and hence, 6y, = [677],, 67*”}

Therefore, the complex interval-valued membership function is represented by

o o
{rT r*}ezm[ i O] (16)

g’ ot

Similarly, the complex interval-valued nonmembership function is represented by

_ 27ti|0.., 0.
{Kij, Klﬂe [ ij ’/] 17)
Thus, the ith REE is represented by the CIVIFS as follows:
— 27iff,. (x7), 6/ (x})]
xi, | (%), rE(xi)|e ij T
A= ) [ L G ) . s

8 270, (%)), .. (x})]
|:K1] (Xj), Klj}k (x]):|e us ij X] ij X]

- + - + -t - + pg— p—
such that0 < g < Ty <1,0< K < Kij <1, Tij -‘rKZ-]- <1l,and 0 < 971,, , Qri],, 9Ki],, 9":’1‘ <1

foralli=1,2,...,m, j=1, 2, ..., n. The CIVIFS representation of (18) associated with
each REE will be the input to the proposed pattern recognition algorithm.
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4.2. Algorithm of Pattern Recognition

The algorithm for pattern recognition is described below:

Suppose there are m alternatives, expressed as CIVIFSs P; (i =1, 2,.. ., m) on a feature
space X. Let U be a sample alternative represented as CIVIFS, which is to be assigned to
any P;. Then, compute

C(P;, U) = max{C(P;,U),C(P,, U),...C(Py, U)

where C(P;, U) states the grade of the correlation index between P; and U.
Similarly, compute

WC(P;, U) = max{WC(Py,U), NC(Py, U),...WC(P,, U)

where WC(A;, B) states the grade of the weighed correlation index between P; and U.

If such a value exists, then we assert that the alternative U is associated with the
corresponding P;, wherei=1,2, ..., m.

The steps of the algorithm are given as follows:

Step 1. Using the domain expert’s knowledge or standard mineral databases, express
each of the known patterns with the help of CIVIFSs {P;, fori=1, 2, ..., m}, defined in
terms of features associated with the patterns.

Step 2. Using the domain expert’s knowledge or standard mineral databases, express
the unknown pattern with a CIVIFS U, defined in terms of the. same features associated
with the known patterns.

Step 3. Compute the variances (or weighted variances) of all the patterns (known as
well as unknown) using the formula given in Section 3.

Step 4. Compute the covariance (or weighted covariance) of all the known patterns
with the unknown patterns.

Step 5. Compute the correlation coefficient C (P(l-), U) (or weighted correlation coeffi-
cient WC (P(i), U)) fori=1,2,..., nusing the formula (9) or (12).

Step 6. if C(P(Z),U) 2 C(p(l), U) (OI‘ WC(P(Z),U) 2 WC(P(Z),U)), i 7& j, then the
pattern U belongs to the category of pattern P;).

The flowchart of the proposed algorithm is given in Figure 1 below.

4.3. Complexity Analysis
4.3.1. Time Complexity Analysis

Each CIVIFS contains lower membership, upper membership, lower nonmembership,
and upper nonmembership, together with their phase components in each of the n attributes.
The computational complexity of construction of each CIVIFS representing a known pattern
is O(kyn) where k; = sum of the constant cost of computing the lower nonmembership and
upper nonmembership, together their phase components. Therefore, the computational
complexity of all the m known patterns is O(kymn). Computation of the mean and variance
require passing over all the 7 attributes. Therefore, the time complexity for computing
the mean and variance is O(nk; + nk3), where k; = cost of computing the mean for each
attribute in each pattern and k, = cost of computing the variance for each attribute in
each pattern. Thus, the cost of computing the means and variances of all the m CIVIFSs
is O((nky 4+ nkz)m). Similarly, the cost of the computing correlation between all the m
known with the unknown pattern is O(mnk,), where k4 = the corresponding constant
cost associated with the correlation coefficients. Finding mljaxC(Pi, U) requires scanning
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all patterns; therefore, its complexity is O(m). Therefore, the overall complexity of the
proposed algorithm in Section 4.2 is

O(kymn + (nky + nks)m + mnky +m) = O(mn)

The algorithm runs linearly with respect to the number of known patterns, as well as
the number of attributes.

Caan D

v

| Express known patterns as CIVIFSs P, fori=l, 2,..., m |

v
| Express given unknown pattern as CIVIFSs U |

v

| compute var(U) and Woar(U) |

[ for each Pg) ]
v
| compute var(Po) and Woar(P) |

[ Compute C(Pw, U) and WC(Pg, U) J

if C(Pw, U) 2 C(Py, U) or
WC(Pw, U) 2 W C(Pg, U)

[ U does not belong to pattern category Pa ]

[ U belongs to the pattern category P ]

Figure 1. Flowchart of the proposed pattern recognition algorithm.

4.3.2. Space Complexity Analysis

Each CIVIFS stores four intervals together with four phase values for every attributes.
Therefore, storage requires per pattern O(n). Hence, the storage required for all the m
patterns is O(mn). Therefore, the overall space complexity of the proposed algorithm in
Section 4.2 is O(mn).

We present a numeric example to illustrate the potential uses of the proposed method.

Example 1. In this example, a solution to a pattern recognition problem related to the mining
industry is discussed. Rare earth elements (REEs) consist of scandium, yttrium, and 15 lanthanides
namely lanthanum (La), cerium (Ce), praseodymium (Pr), neodymium (Nd), promethium (Pm),
samarium (Sm), europium (Eu), gadolinium (Gd), terbium (Tb), dysprosium (Dy), holmium (Ho),
erbium (Er), thulium (Tm), ytterbium (Yb), and lutetium (Lu), with their principal sources being
bastnaesite, xenotime, loparite, and monazite. Several rare minerals contain thorium and uranium
invariably and cerium abundantly.

Experts are aware that there are 17 patterns of REEs, including scandium (P1), yttrium
(P), lanthanum (P3), cerium (P4), praseodymium (Ps), neodymium (Pg), promethium (P7),
samarium (Pg), europium (Pg), gadolinium (Pyy), terbium (P11), dysprosium (P1,), holmium
(P13), erbium (P14), thulium (P;35), ytterbium (P14) and lutetium (P;7), which are already
known. Now, the objective is to identify a new-found pattern (U) and categorize it as
any of the REEs. For this purpose, the known patterns are reanalyzed and expressed as
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CIVIFSs over the universe of discourse X = {density (x1), melting point (x;), conductivity
and conductance (x3)}. The CIVIFSs representing three types of REEs are given in Table 1
below.:

Table 1. CIVIFSs representing the known patterns of REEs.

X1 X2 X3

P [010, 0'4]81‘27'[[0.2, 0.5] [010, 0'3]61'27'([0.2, 0.3] [020, 0_3]ei2n[0.1, 0.4]
1 [020[ 0.5]6127'([0.1, 0.4] [010’ 0.5]ei27'([0.2, 0.4] [010, 0_6]ei27'[[0.05, 0.3]
p [005/ 0.4]81'27'[[0.02, 0.5] [001/ 0.4}61'271[0.2, 0.35] [022/ 0.32]ei27'[[0.21, 0.42]
2 [002, 0'5]ei27'([0.01, 0.4] [001’ 0'55]61‘27([0.2, 0.45] [011, 0.64]€i2n[0'12’ 0.33]
p [011, 0‘41]ei27r[0.12, 0.45] [001/ 0.34]61427‘[[0.21, 0.32] [021/ 0.30]ei27r[0.23, 0.40]
3 [021’ 0.52]ei27r[0.12, 0.34] [001’ 0.59]€i27r[0.02, 0.40] [021, 0.60]€i2n[0‘11’ 0.30]
p [001[ 0.44]€i27t[0'2’ 0.55] [011, 0.36]€i2ﬂ[0'24’ 0.34] [022, O.32]€i2ﬂ[0'26’ 0.44]
4 [002, 0'55]ei27r[0.l, 0.44] [021’ 0.53]€i27r[0.25, 0.44] [031’ 0.62]€i27r[0'15’ 0.33]
p [021, 0.42]61'27'([0.12, 0.51] [011, O.33]€i27—[[0'22’ 0.34] [0121 O.31]€i27—[[0'22’ 0.45]
5 [012[ 0.52]61'2%[0.11, 0.48] [011, 0.52]€i27t[0'23’ 0.43] [011, 0.61]€i27{[0'15’ 0.35]
p [015’ 0.44]61'27'([0.22, 0.45] [021, 0_42]ei27r[0.21, 0.33] [021/ 0_36]ei27'[[0.22, 0.43]
6 [002, 0.51]61'27'[[0.11, 0.41] [041’ 0.56]€i2n[0'12’ 0.43] [0121 0.63]€i2n[0'13’ 0.34]
p [012, 0_42]ei27'([0.13, 0.46] [011, 0_34]ei27'([0.20, 0.33] [022[ 0_31]ei27'[[0.21, 0.41]
7 [021, 0.52]61'2717[0.12, 0.33] [021, 0.58]€i2n[0'10’ 0.41} [024’ 0.61]€i2n[0'11’ 0.31}
P [011’ 0'45]€i27t[0.2, 0.55] [011, 0.36]€i2n[0‘24’ 0.34] [022/ 0_32]ei27'([0.26, 0.44]
8 [002’ 0.55]ei27r[0.1, 0.44], [021, 0.53]€i27r[0.25, 0.44] [031, 0.62]€i2n[0'15’ 0.33]
P [020, 0.43]61'27‘([0.11, 0.50] [012/ 0.32]€i2ﬂ[0‘20’ 0.33] [013/ 0.32]ei27'[[0.20, 0.49]
9 [011’ 0'53]ei27t[0.12, 0.49] [010, 0'51]€i27t[0.21, 0.44] [013, 0.62]€i2n[0‘15’ 0.36]
p [001, 0.42]ei27r[0.21, 0.50] [001, 0.38]€i27r[0'21’ 0.30] [020/ 0.30]€i2n[0'22’ 0.42]
10 [0.02, 0‘55]€i27r[0.13, 0.45] 0.01, 0‘53]€i27r[0.02, 0.40] 0.01, 0‘61]61'271[0.11, 0.31]
p [006/ 0.40]€i2ﬂ[0'02’ 0.51] [001, O.41]€i2ﬂ[0'21’ 0.35] [022, O.33]€i2ﬂ[0'21’ 0.43]
11 [0.02, 0‘50]ei27r[0.01, 0.40] 0.01, 0‘55]ei27r[0.2, 0.45] [0.10, 0_64]ei27r[0.12, 0.33]
p [0.10, 0.41]¢?27[0-12, 043] [0.01, 0.35]¢?277[0-20, 0:30] 0.21, 0.31]¢?27 (021, 04]
12 [0.20, 0‘52]ei27r[0.12, 0.35] 0.01, 0‘58]61'277:[0.02, 0.42] 0.21, 0‘61]€i27t[0.12, 0.3]
p [0.01, 0.44]¢/27(02, 055] [0.11, 0.36]¢/27I0-24, 034] [0.22, 0.32]¢/2710:26, 044]
13 [0.02, 0.55]¢/2[0-1, 0-44] [0.21, 0.53]¢/27[0:25, 044] 0.31, 0.62]¢2[0:15, 033]
p [020, 0'42]ei27'([0.12, 0.51] [013, 0_33]ei27'([0.22, 0.35] [012/ 0_31]ei27'[[0.22, 0.45]
14 0.12, 0.52]ei27t[0.12, 0.48] 0.11, 0_53]€i2n[o.20, 0.43] 0.11, 0_61]ei2n[0.15, 0.35]
p [015, 0.44]ei271[0.22, 0.45] [023/ 0.42]ei27r[0.21, 0.33] [021/ 0.36]€i2n[0‘22’ 0.43]
15 0.02, 0'51]ei27r[0.11, 0.41] 0.41, 0'56]€i27r[0.13, 0.43] 0.12, O.63]ei2"[0'13' 0.34]
p [012’ 0.42]ei27r[0.10, 0.46] [010/ 0.34]ei27r[0.20, 0.33] [020/ 0.31]€i2ﬂ[0'20’ 0.41]
16 0.21, 0'52]ei27r[0.12, 0.33] 0.21, 0‘58]€i27r[0.11, 0.41] [0.24, 0.61]ei2”[0'11' 0.31]
[012, 0.43]61'27([0.21, 0.55] [011, 0.35]61'27[[0.23, 0.36] [021, 0.33]61'27[[0.25, 0.45]

P17 0.44] 0.54] 0.34]

[0.21, 0.53]¢27(011,

(0.22, 0.53]¢27(022,

0.32, 0.61]¢i27013,

Suppose a mining firm discovers a new type of REE while working on a site. Experts
analyze it completely, taking into account its density, melting point, conductivity and
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conductance and giving their opinion about its pattern. Based on these expert opinions, the
REE can be represented by a CIVIFS over the set X as follows:

[0.20, 0_52]ei2ﬂ[0.12, 0.35 (0.41, 0.42]ei27r[0.13, 0.43]

(xl, [0.10, 0.41]¢27012, 0451) X3, [0.23, 0.56]¢27021, 0.33] )
K ,
u = .
<x3, 0.11, 0.57]6127[[0.21, 0.42] )

[0.22, 0.43]¢27(0.12, 033]

Let us consider the weights of the attributes x1, x, and x3 as 0.4, 0.3, and 0.3, respec-
tively. The correlation coefficients and weighted correlation coefficients of U with P; (i =1,
2,...,17) are given in Table 2 below.

Table 2. Correlation and weighted correlation coefficient between known and unknown REEs.

c(P;, U wc(Pp;,U)
P; (scandium) 0.219866 —0.15141
Py (yttrium) 0.183512 0.054588
P3 (lanthanides) —0.361587 0.604712
P4 (lanthanum) —0.20561 —0.149114
Ps (cerium) —0.09950 0.7013955
Pg (praseodymium) 0.117064 —0.304837
P7 (neodymium) 0.341608 0.035566
Pg promethium 0.559843 —0.368478
Pg (samarium) —0.022649 0.0247794
P1o (europium) 0.989319 —0.215561
P11 (gadolinium) 0.179622 0.090799
P1p (terbium) —0.321039 0.1858862
Py3 (dysprosium) —0.102167 —0.3371937
P14 (erbium) —0.132021 —0.7242431
P15 (thulium) —0.013604 0.2528868
P16 (ytterbium) 0.114424 0.0248879

The following conclusions can be drawn from Table 2. It can be observed that the
correlation coefficients between the unknown pattern, representing a new type of REE, and
the known REEs, are in the following order.

C(Pyg, U) = 0.989319 > C(Ps, U) = 0559843 > C(P;, U) = 0.341608 > C(P;, U)
= 0.219866 > C(P,, U) = 0.183512 > C(Pyy, U) = 0.179622
> C(Pg, U) = 0.117064 > C(Py6, U) = 0.114424 > C(Py7, U)
= —0.002396 > C(Py5, U) = —0.013604 > C(DPy, U) = —0.022649
> C(Ps, U) = —0.09950 > C(Py3, U) = —0.102167 > C(Py4, U)
= —0.132021 > C(P,, U) = —0.20561 > C(P5, U) = —0.20561
> C(Ppp, U) = —0.321039

It can be observed from the results that the correlation coefficient between P1g and U
is the highest among all considered patterns. Therefore, U is most likely to be of category
P1g. In other words, the unknown REE U is most likely to be europium.
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Furthermore, the weighted correlation coefficients are in the following order.

WC(Ds, U) = 0.7013955 > WC(P3, U) = 0.604712 > WC(Pys, U) = 0.2528868
> WC(Pyp, U) = 0.1858862 > WC(Pyy, U) = 0.090799 > WC(P,, U)
= 0.054588 > WC(P;, U) = 0.035566 > WC(Pye, U) = 0.0248879
> WC(Py, U) = 0.0247794 > WC(Py7, U) = —0.0892388 > WC(P,, U)
= —0.149114 > WC(P;, U) = —0.15141 > WC(Pyg, U) = —0.215561
> WC(Ps, U) = —0.304837 > WC(Py3, U) = —0.3371937
> WC(Ps, U) = —0.368478 > C(Pyy, U) = —0.7242431

It was found that the weighted correlation coefficient between P5 and U is the highest
among all considered patterns. Therefore, the unknown REE may belong to cerium.

It can be observed that the correlation coefficient formula and the weighted correlation
formula give different results. Since the correlation coefficient is a special case of the
weighted correlation formula with equally weighted attributes, it can be concluded that
the formula is sensitive to the weights of attributes. In other words, a slight change in the
weights leads to a big change in the results; only the corresponding CIVIFSs representing
REEs have to be redefined in terms of all the attributes.

In this example, the density, melting point, conductivity and conductance of the REE
are considered for the detection of an unknown pattern. However, if additional properties
such as color, crystal structure, boiling point, electrical properties, thermal expansion,
elastic properties, magnetic properties, chemical properties, and compound etc., of the
unknown pattern are also considered, then the proposed formulae will produce better
results, and hence, the pattern recognition will be more accurate.

5. Experimental Study and Discussions

To validate the efficacy of the proposed approach, let us use two real-life datasets,
namely Iris [46,47] and the Breast Cancer Wisconsin dataset [48]. The datasets are briefly
described in the following Table 3.

Table 3. Characteristics of datasets.

No. of Data
Dataset No. of Samples Attributes No. of Classes Feature Type Characteristics
Iris [46,47] 150 4 (numeric) 3 Continuous Multivariate
Breast Cancer 569 30 (real-valued) 2 Continuous Multivariate

Wisconsin [48]

The Iris dataset [46,47] has class labels: Iris setosa (50), Iris versicolor (50), and Iris
virginica (50). For the weighted correlation coefficient of CIVIFSs, it is important to assign
a suitable weight to each attribute based on its relative importance. There are several
ways to assign weights to the attributes. Since the aforementioned datasets [46—48] consist
of continuous numeric attributes, a reasonable approach is to assign weights according
to the variability of each attribute. An attribute with larger variability usually contains
greater discriminate information, and hence, greater assigned weights. The variability
is determined using either variance or standard deviation. In this study, the standard
deviation was used to determine the weights of the attributes. Therefore, the weights were
computed using the formula

_ 5
“ =15

where s; denotes the standard deviation of the jth attribute.

https://doi.org/10.3390/appliedmath6080125


https://doi.org/10.3390/appliedmath6080125

AppliedMath 2026, 6, 125

18 of 25

The proposed pattern recognition algorithm was implemented on a standard machine
using MATLAB R2022a. The outcomes were recorded in terms of accuracy, precision,
recall, Fl-score, confusion matrix and runtimes. The obtained results are represented
diagrammatically in Figures 2-5.

Classification Results on the Iris Dataset
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Figure 2. Classification results (actual versus predicted classes) of representative Iris samples using
the proposed CIVIFS-based correlation measures.
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Virginica
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Figure 3. Confusion matrix of the proposed CIVIFS-based classification on the Iris dataset.

Figures 2—4 portray the performances and a comparative assessment of the proposed
approach with conventional approaches, like the Euclidean distance-based approach [49],
Cosine similarity-based approach [50], Pearson correlation coefficient-based approach [51],
the existing CIVIFS-based approach [20], K-Nearest Neighbor (KNN) [52], Support Vector
Machine (SVM) [53], Random Forest (RF) [53], the proposed correlation coefficient-based
approach, and the proposed weighted correlation coefficient-based approach. The results
demonstrate the superiority of the proposed approaches by achieving classification accura-
cies of 98.01 and 98.66, respectively. They also attain the highest overall performances in all
performance measures. The performance improvement can be attributed to the ability of
the proposed approaches to exploit the interval-valued representations of both amplitude
and phase information of CIVIFSs. Moreover, by incorporating the relative importance of
different attributes, the proposed weighted correlation coefficient-based approach increases
the discrimination between similar classes.
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Figure 4. Comparison of the performances of the proposed and existing methods on the Iris dataset.

Computational Time Comparison of Existing and Proposed Methods
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Figure 5. Comparative analysis of time complexity.

Figure 5 demonstrates that the execution times of the proposed approaches are mod-
erately higher than that of the existing approaches. However, the overall execution times
remain below 7 ms. The moderate increment is due to fact that the proposed approach
requires additional processing of interval-valued amplitude and interval-valued phases,
whereas the proposed weighted approach requires additional time of processing of the
weights associated with the attributes. Furthermore, the computed runtimes of the pro-
posed approaches are consistent with their theoretical time complexities computed in
Section 4.3. This demonstrates their practical usefulness in the pattern recognition domains.

Similar experimental studies have been conducted on the Breast Cancer Wisconsin
dataset [47], and the results are presented in Figures 6-9.
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. Classification Results on the Wisconsin Diagnostic Breast Cancer Dataset
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Figure 6. Classification (actual — predicted class) results of representative Breast Cancer Wisconsin
dataset samples using the proposed CIVIFS-based correlation measures.
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Figure 7. Confusion matrix of the proposed CIVIFS-based classification on the Breast Cancer Wiscon-

sin dataset.

The efficacy of the proposed approaches was further validated using the benchmark
dataset [48] widely used in medical diagnosis. Figures 7-9 demonstrate that they attain
excellent classification performance in correctly detecting the majority of benign and
malignant cancer cases. Figure 8 indicates that only a small portion of the samples were
misclassified, resulting in an overall classification accuracy of 98.76%. The weighted
correlation coefficient approach gives the best accuracy performance of 99.11%, indicating
that the attribute’s weight improves the discrimination between benign and malignant
cases. Compared with several conventional and state-of-art approaches [20,49-53], the
proposed approaches were found to be more consistent in almost all performance metrics
while maintaining a moderate increment in the computational complexity, as evident in
Figures 8 and 9. In fact, the computed runtimes are consistent with the theoretical time
complexities of the proposed approaches. Thus, the proposed CIVIFS-based approaches
successfully address both interval-valued uncertainty and phase information, making them
most appropriate for high-dimensional problems in the medical domains.
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Figure 8. Comparison of the performance of the proposed and existing methods on the Breast Cancer
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Figure 9. Comparative analysis of time complexity.

Therefore, the proposed approaches were found to be more accurate and reliable than
some of the well-known existing approaches while preserving computational efficacy. This
demonstrates their usefulness in pattern recognition applications involving complex-valued
uncertain information.

The first dataset validates the proposed correlation coefficient on a multi-class pat-
tern recognition problem, while the second dataset demonstrates its real-life applicabil-
ity in high-dimensional problems. The use of both datasets demonstrates strong evi-
dence of the proposed approach’s robustness, scalability, and practical application across
different domains.

6. Conclusions, Limitations and Directions for Future Research
6.1. Conclusions

In this article, two new approaches for calculating the correlation coefficient and
weighted correlation coefficient for CIVIFSs were proposed. The proposed correlation
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measure was defined in terms of mean and variance of the CIVIFSs over a universe
discourse consisting of attributes. However, its weighted counterpart was defined in
terms of weighted versions of the aforementioned statistical parameters, incorporating
the relative importance of attributes by a normalized weight vector. Theoretically, some
fundamental properties of the proposed correlation measures were proven, demonstrating
its usefulness in real-life problems. It is worth mentioning that the values of the proposed
correlation and weighted correlation measures lie in the interval [—1, 1]. It is also worth
mentioning that the weighted correlation coefficient formula reduces to the correlation
coefficient formula when the weights of the elements are assumed to be the same. Thus, the
correlation coefficient is a special case of the weighted correlation coefficient. Furthermore,
a real-life example of pattern recognition of an unknown REE is discussed in detail to
showecase the efficacy of the proposed methods.

To demonstrate their practical utilities, a pattern recognition framework was devel-
oped. The framework includes a procedure of constructing CIVIFS from raw data, a
classification algorithm for pattern recognition, and analysis of its time and space complex-
ities. Based on the analysis, it was found that the algorithm is efficient and scalable for
many application domains. The efficacies of the proposed approaches have been validated
by an experimental study conducted on the Iris [46,47] and Wisconsin Diagnostic Breast
Cancer [48] datasets. The results of the experimental study indicate that the proposed
approaches attain better classification accuracies than the conventional methods, such as Eu-
clidean distance [49], cosine similarity [50], Pearson correlation [51], KNN [52], SVM [53],
RF [53], and the existing CIVIFS-based correlation measure [20]. In fact, the weighted
correlation coefficient-based approach achieves the best performance by achieving the
highest accuracy, precision, recall, and F1-score while maintaining modest increments in
time complexity.

Existing distance-based approaches define similarity measures with the help of dis-
tance between fuzzy objects. These approaches are simple, efficient, and easy to implement.
However, the current study identifies several limitations of the aforementioned approaches.
The approaches produce value in the interval [0, 1] with no statistical interpretation. There-
fore, they cannot discriminate the positive and negative relationship, and they ignore the
covariance structures of the fuzzy sets. These methods are less suitable for applications
where statistical interpretation is essential.

Existing similarity measures for CIVIFSs compute similarity between CIVIFSs directly.
They possess good discrimination capacity and are suitable for decision-making applica-
tions. Since they are not derived statistically, they cannot explain covariance, and they also
fail to determine the direction of associations, as their values lies in the interval [0, 1]. Addi-
tionally, the existing CIVIFS correlation-based methods are similarity- or distance-based
rather than covariance-based. Their weighted extensions generally rely on the domain
expert’s subjective judgement to determine the attribute’s weight, making them unsuitable
for classification problems.

The proposed approaches address all the shortcomings of the aforementioned ap-
proaches by introducing statistical parameters, including the mean, weighted mean, vari-
ance, weighted variance, covariance, and weighted covariance within the CIVIFS frame-
work. The proposed formulae are analogous to the classical Pearson correlation and
appropriately extended to the CIVIFS framework. A notable contribution of this work is
that the proposed correlation coefficients take the values in the interval [—1, 1], enabling
them to capture both the strength and the direction of the relationship between objects
represented by CIVIFSs. Moreover, the weight of each attribute is computed automatically
from the standard deviation of the attribute, demonstrating that the weighted correlation
formula is data-driven rather than expert-driven. Consequently, the proposed framework
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is particularly suitable for pattern recognition and classification problems. The paper
also rigorously establishes several fundamental mathematical properties of the proposed
correlation coefficient for CIVIFSs. The effectiveness of the proposed framework is val-
idated on two well-known benchmark datasets, and its performance is compared with
several existing methods. Experimental results demonstrate that the proposed weighted
correlation-based method achieves the highest classification accuracy among the compared
methods while incurring only a modest increase in execution time.

6.2. Limitations and Directions for Future Research

Although the proposed approaches have been validated on two benchmark datasets,
their applications are not restricted. They can be applied to a broader range of uncertainty-
driven problems. Further validation with larger benchmark datasets will be pursued in
the future.

It has been also found that the formulae are quite sensitive to the weights of the
attributes. Even slight changes in the weights might change the results significantly. Since
no formal sensitivity analysis was conducted, studying the robustness of the proposed
approach under different weight assignment strategies can be an important direction of
future research.

Again, the proposed models assume that the uncertainty information can be efficiently
represented by CIVIFSs, and their performance can be affected if a more appropriate
representation can be provided.

Finally, although the proposed algorithm runs in polynomial time, a simpler distance-
or similarity-based approach can be preferable for large applications.
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