. AppliedMath

Article

Symmetries and Backlund Transformations for the Modified
Veronese Web Equation

Qingli Luo, Zhe Wang and Yufeng Zhang *

W) Check for updates

Academic Editor: Carlo Bianca

Received: 12 May 2026

Revised: 7 June 2026

Accepted: 9 June 2026

Published: 11 June 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

School of Mathematics, China University of Mining and Technology, Xuzhou 221116, China;
m18962654897@163.com (Q.L.); zhewang2001@163.com (Z.W.)
* Correspondence: mathzhang@126.com

Abstract

This paper investigates recursion operators and nonlocal symmetry structures for the
modified Veronese web equation. The novelty of the work lies in the explicit construction
of a direct recursion operator and its inverse in the tangent-covering framework. Starting
from a compatible linear covering with a spectral parameter, we derive both operators
and interpret them as auto-Backlund transformations for the corresponding linearized
equation. We also determine the contact symmetry algebra and compute the action of
the two recursion operators on its infinitesimal generators. In particular, the inverse
recursion operator produces shadows of nonlocal symmetries associated with conservation-
law coverings. These results provide a concrete recursive mechanism for the symmetry
space of the modified Veronese web equation and clarify its covering-based nonlocal
geometric structure.

Keywords: symmetries of differential equations; recursion operators; differential coverings

1. Introduction

In the present paper, recursion operators are understood as mappings between sym-
metry characteristics. Instead of representing them as formal integro-differential operators,
we use the covering interpretation, where a recursion operator is written as a compatible
first-order system for two characteristics. This formulation is particularly suitable for mul-
tidimensional dispersionless equations, since spectral parameters and nonlocal variables
naturally appear through differential coverings [1-6]. Recent developments in symbolic
computation, cotangent coverings, full-fledged nonlocal symmetries, and multidimensional
recursion operators further support this viewpoint [7-12].

The modified Veronese web equation considered below belongs to the class of
Veronese-web-type dispersionless equations. Such equations are connected with three-
dimensional web structures, hydrodynamic-type systems, dispersionless Lax representa-
tions, and Einstein-Weyl geometry [13-16]. For the purpose of this paper, the most relevant
aspect of this geometric background is the existence of spectral-parameter coverings. These
coverings provide the analytic framework in which the recursion operators and their actions
on symmetry characteristics will be constructed.

The modified Veronese web equation has appeared in several related contexts. Nonlo-
cal symmetries and differential coverings for Lax-integrable linearly degenerate equations
were studied in [17-19]. For the Veronese web equation, recursion operators and their
action on nonlocal shadows were investigated in [20]. Higher symmetries of the cotangent
covering for the modified Veronese web equation were later considered in [21]. Other
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constructions of recursion operators and coverings for multidimensional Lax-integrable
equations can be found in [12,22-29]. In contrast to these works, the present paper de-
rives an explicit direct-inverse pair of recursion operators for the modified Veronese
web equation in tangent-covering form and then computes their action on the contact
symmetry algebra.

The purpose of this paper is to fill this gap. We consider the modified Veronese
web equation

Upy — Upllyy + Uylpy = 0, 1)

where x and y are spatial variables and t is the temporal variable. Starting from a suitable
linear covering, we derive a direct recursion operator and its inverse. Both operators are
interpreted as auto-Backlund transformations of the tangent covering. We also compute
the contact symmetry algebra of Equation (1), describe the action of the recursion operators
on its infinitesimal generators, and obtain shadows of nonlocal symmetries associated with
conservation-law coverings. These results complement the existing studies on Veronese-
web-type equations by describing how the covering structure acts on local symmetry
characteristics and produces nonlocal symmetry data. The scope of the paper is restricted
to the covering, tangent-covering, and symmetry-shadow aspects of the modified Veronese
web equation.

The paper is organized as follows. Section 2 recalls the basic notions of jet spaces,
symmetries, differential coverings, and tangent coverings that are needed for the construc-
tion. Section 3 applies the linear-covering and tangent-covering approach to Equation (1)
and constructs the direct and inverse recursion operators. Section 4 computes the contact
symmetry algebra, studies the action of the recursion operators on its generators, and
presents illustrative examples and nonlocal symmetry shadows. Section 5 summarizes the
results and discusses possible further developments.

2. Preliminaries

We fix the notation used in the sequel. Standard notions from the geometry of differ-
ential equations, including jet spaces, total derivatives, symmetries, differential coverings,
and tangent coverings, are used in the sense of [3,4,7,30-33]. For completeness, we recall
the notation and formulas that are needed for the subsequent construction.

Let

7:R" x R" — R”, T (xl,...,x”,ul,...,u’”) — (xl,...,x”),

be the trivial bundle over R". Its infinite jet bundle is denoted by J* (7). We use (x/, u®, u?%)
as local coordinates on J®(7r), where [ = (iy,...,i,) is a multi-index. For a local section
f:R" — R" x R™ of 7, the corresponding infinite prolongation jeo(f) : R" — J®(m) is
characterized by

a#IfIX ai1+-~~+infoc

LY — — _ .

¥ () = 30 = Gty (o)

As usual, we write u* = ”?0...0)' In the particular case n = 3 and m = 1, we put

xl = a2 = x,x8 = y, and use the notation ul.ljk = Ut tx. xy.ys where the variables ¢,
x, and y occur i, j, and k times, respectively.

The total derivative operators on J*(7r) are denoted by

d 1 d
Di=— + u‘;‘li, ke{l,...,n}
x axk #gOa;l +kau‘}‘
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Here I + 1y = (i1,..., ik +1,...,iy) if = (i1,...,i,...,in). These operators commute on
]oo(ﬂ), that iS, [ij, Dxf] =0.
Given a vector-valued smooth function

¢:J]%(m) - R",
its associated evolutionary vector field is defined by

m
0
Ep= 3. ). Di(¢")5 2 )
#1>0a=1 1

where Dy = Dy, i) = D;ll o---oDin.
Consider a system of partial differential equations

F(x,u%)=0, #I<s, re{l,...,R},
of order s > 1, with R > 1. It determines the infinite prolongation
E={(x',ut) € J°(m) | Dx(F,(x',u%)) = 0, #K > 0}

as a submanifold of J®(7r). A function ¢ : J®(7r) — R™ is called the generator of an
infinitesimal symmetry of £ if E,(F) = 0 holds on £.
Equivalently, the symmetry generator ¢ = (¢, ..., ¢™) satisfies the linearized equation

le(9) = 0. ©)
Here (¢ = (r|¢g, and the linearization of F = (Fy, ..., Fr) is given componentwise by

(el = X ¥ S0

x=1#I1>0

D;(¢"), r=1,...,R.

The set of all solutions of Equation (3) is denoted by sym(€). Its contact symmetry
subspace is
symg(€) = sym(€) N C(J' (), R™).

We now recall the notion of a differential covering. Let W = R* have coordinates
w®, s € NU {0}, and write w = (w°,w!,w?,...) for the collection of all nonlocal vari-
ables. Locally, an infinite-dimensional differential covering over £ is the trivial bundle

T:J®(r) x W — J®(m) together with the extended total derivatives

[e9)

~ ) d
Dy =Dy + S;)T,f(xl,u‘f,w)%,

@)
which satisfy the commutativity condition
Dy, Dyl =0, i#],

whenever (x,u%) € €. The derivatives of the nonlocal variables are introduced by
w’; = D,x(w®), and this gives the covering equations

wik = T]i(xi/ M?, w) (5)
The compatibility of this overdetermined system follows from the above commutativity

condition on £.
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Let E(P denote the operator obtained from Equation (2) after replacing each D by D .
A function ¢ € C*(€ x W,R™) is called a shadow of a nonlocal symmetry associated with
the covering T, or simply a T-shadow, if

Ep(F) =0 ©6)

is a consequence of the equations Dg(F,) = 0,7 =1,..., R, and the covering Equation (5).
A genuine nonlocal symmetry corresponding to T is represented by the vector field

_ . @ 9
S
s=|

where A® € C®(€ x W). In addition to (6), the components A° have to satisfy

D,k (A%) = Ep,a(T}) ®)
for the functions T} appearing in (4); see [7,30-32].

Remark 1. A t-shadow does not necessarily lift to a T-symmetry, because Equation (8) may
obstruct the existence of the functions A® in Equation (7). Nevertheless, for every T-shadow ¢, one
can construct a suitable covering T, in which there exists a nonlocal Ty-symmetry whose projection
coincides with the given shadow ¢; see [7,30-32].

We also recall the interpretation of recursion operators used in this work. In the
classical formulation, a recursion operator R for £ is an R-linear mapping that sends each
local symmetry, or each shadow of a nonlocal symmetry, to another object of the same type.
For nonlinearizable systems, however, recursion operators often cannot be treated merely
as ordinary linear operators on the symmetry space. A more appropriate viewpoint is to
regard them as auto-Backlund transformations for the linearized, or tangent, covering of
the equation. This interpretation will be adopted below. It is consistent with the classical
treatment of nonlocal symmetries and recursion operators [2,34], the covering approach
to dispersionless systems [5,6], and recent work on cotangent coverings and full-fledged
nonlocal symmetries [9,10].

The tangent covering of the equation £ is constructed as follows [3,4,7]. Take the trivial
bundle ¢ : J®(7r) x Q — J®(m), where the fiber Q has coordinates g, #I > 0. On this
bundle, introduce the extended total derivatives

. UL d
Dy =Du+ Z Z qt;(""lkia =
#1>0 =1 q1

For D; = D;ll 0---0 15;",,, define the lifted linearization by

) L)
@)=Y ¥ sbilg),  r=1..,R
x=1#I>0 I

Then set
T(E) = {(xi,u‘}‘,q';‘) € J°(n) x Q ( Dk(F) = 0, D ((2(q)),) =0, #K >0, r = 1,...,R}.

The tangent covering is obtained by restricting o to J (£). Its extended total derivatives
are denoted by

Dy = ka’](cf)‘
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A symmetry generator of £ can then be identified with a section of this tangent
covering satisfying the corresponding linearized equation.

Example 1. For the modified Veronese web equation, we write Equation (1) in the form
Uy — Upllyxy + Uyt = 0.
The corresponding linearization is
lp(¢) = DiDy(9) — uzyDi(¢) — utDxDy(9) + uxDy (@) + 1y D Dx(9),

and its lifted version on the tangent covering is
tr(q) = 9(1,0,1) — Uxyq(1,00) — 4tq(0,1,1) T Utxq(0,0,1) t Uy4(1,1,0)-
The fiber coordinates of the tangent covering can be chosen as g j ) and (g, 1)-

The extended total derivatives in the tangent covering are given below. Here D{C denotes the
j-fold composition of the total derivative Dy, with DY being the identity operator.

A o o= :
Di=Di+ ) 4dpin=———+ D (uxyq 1,00) T Utq(0,1,1) — Uxq(0,0,1) — Uyq(1,1,0)) ,
];) 2030 ];) H(tsy,00) 1 (01.1) ~ Hrsd001) ~ M1 57
N i ad d
Dy =Dx+ ) q@jr1,005—— T 1 90+, 53—
]g) (it )BEI(L]‘,O) ]g O )aEI(O,]‘,l)
Dy =Dy + 3 Dé(“xy‘i(loo) +utdo,1) — Uexd(0,01) — ”ybl(no))L + i (0 ‘2)L~
= v " ” 040 S M)

Remark 2. In the sequel, for brevity we write q;. .
k copies of y, instead of q; ;x). Under this convention, the tangent-covering coordinates over

tx...xy..y, With i copies of t, j copies of x, and
Equation (1) are denoted by the corresponding derivative symbols of q.

3. Recursion Operators for the Modified Veronese Web Equation

We now construct recursion operators for Equation (1) from its spectral-parameter
covering. The construction proceeds in two steps. First, the compatibility of a scalar
covering fixes the relation between the auxiliary parameters and produces the parameter
A. Second, the tangent covering is used to convert this compatible covering into an auto-
Bécklund system for the linearized equation. This system maps one symmetry characteristic
to another and hence defines the direct recursion operator. The inverse operator is then
obtained by solving the same relations in the opposite direction.

We start from the following two-parameter covering ansatz

Wt = AUWy, wy = buywy,
where a and b are auxiliary constants in the covering. They measure the relative weights
of the t- and y-directions in the lifted total derivatives. Such parameters are introduced
in order to obtain a one-parameter family of compatible dispersionless coverings, which

is the usual source of a spectral parameter in covering-based constructions of recursion
operators [5,8]. The compatibility condition Dy (w;) = D;(wy) gives

AUty Wy + AULWyy = bUpyWy + bilyWyt.

Using
Wxy = b(uxywx + ”ywxx)l Wyt = a(utxwx + uthx)/

https:/ /doi.org/10.3390/appliedmath6060097


https://doi.org/10.3390/appliedmath6060097

AppliedMath 2026, 6, 97

6 of 15

and cancelling the common term abutuywyy, we obtain
(a—Db)upyy = —ab(upuyy — uyiisy).
Since Equation (1) implies uy, = usuyy — uyuty, we have
(a—b+ab)(upuyy — uyus) = 0.
Thus, in the nontrivial case, the auxiliary parameters must satisfy
a—b+ab=0.

This condition reduces the preliminary two-parameter ansatz to a one-parameter compati-
ble covering. Solving it gives

0 b
140
By introducing the spectral parameter b = A~!, we obtain
a=(1+A)"L

The corresponding one-parameter covering is thus given by

wr = (14 A) " Luywy, o)

w:y - A_luwa,

where A € R\ {0, —1} is the spectral parameter. The covering Equation (9) is the starting
point for the construction below. We use it to compare the commutator relations associated
with the covering and the evolutionary vector field generated by a symmetry characteristic
@. This leads to an overdetermined system for a new characteristic .

We now apply this construction to the covering Equation (9). From Equation (9),

we have
X1 =Di— (1+A)'wDx, Xy =Dy—A""uyDs.

i, with (x1,x2,x3) = (t,x,y), the nonzero coefficients are

3 .
In the notation X; = Z% Q}D
i=

Ql=1, Q@=-01+MN'w, Q=21 G=1

All the remaining coefficients Q! are zero.
Let Z = (1Dt + {2 Dy + {3Dy. Substituting X1, X3, and Z into

3 .
X,2) = L El@)Dy =12
i=1
and comparing the coefficients of Dy, Dy, and Dy, we obtain

X1(41) = X1(83) =0, X2(01) = X2(33) =0,

and
X1(52) + (L+A) ' Z(u) = —(1+A) " 'De(g),

X2(52) + A7 Z(uy) = —A7'Dy ().
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Therefore, for { = ; or { = (3, we get
Di(g) = (1+A) " uDx(0), 10)
Dy(C) = Afl”ny(g)-
For (, using
Z(us) = Cyug + Qo + C3liy, Z(uy) = C1uy + Qothxy + (3lyy,
the two remaining equations give
Di(G2) = (1+A) uDx(G2) = (144 unls = (1+ 1) unls
—(1+A)uyls — (14 A)"'Di(g),
(1+A)upyls — (1+A)" " Di(g) 1)

Dy(éZ) = /\_1”ny(€2) - A_lutygl - A_luxygz
—A Uy, 3 — A 1Dy ().

Thus systems (Equations (10) and (11)) are obtained from the coefficient comparison
in the commutator relation. The compatibility of (11) follows from the symmetry condition
for ¢ on Equation (1).

Theorem 1. Let a0y + ax(» + as{3 be associated with the covering Equation (9). This expression
gives a shadow of a nonlocal symmetry of Equation (1) whenever it can be represented as an R-linear
combination of the following two functions:

= (1+A) " w1+ + A uyls,

and 1
=7, 12
Ui qu (12)

where q is a solution of the covering Equation (9), while { satisfies Equation (10).
Remark 3. The factor multiplying C in the right-hand side of Equation (12) obeys the identity

5tf)y(v) = utf)xf)y(v) + uxyf)t(v) - utxf)y(v) - uyf)tf)x(v). (13)

1 .
1t follows from this relation that o determines a shadow of a nonlocal symmetry of Equation (1)
X
with respect to the covering Equation (9).
Since {1 and {3 solve Equation (10), and ; is governed by Equation (11), the function
1 introduced above satisfies the following overdetermined system.

Indeed, from
= (1+A) " wlr + o+ A uyls,

we first compute its total derivative with respect to t:

Di(9) = (1+A) uply + (1+ A)"'uDi(Z1) + De(Z2)
+ Ailutyga‘ + AiluyDt@S)-

https://doi.org/10.3390/appliedmath6060097
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Using Equations (10) and (11), this becomes
Di() = (1+A)2uiDx(Z1) + (1+A) " uDx(C2

+ AT+ A) iy Da(53) — (14 A) Ml

+ (AT = @+ ) N unds — (14+2) ' Dilg).
Since

Ao+ t=A"11+10)7,
and, on Equation (1),

Uty = Utlyy — Uyltx,

the preceding expression can be rewritten as
Di() = (1+A) D () — (1+ M) luetp — (1+A) 7' Di(g)-
Similarly, differentiating ¢ with respect to y gives

Dy(lp) = Ail”yDX(lP) - /\71”ch¢7 - AilDy((P)'

Therefore, the required system for ¢ is obtained as follows:

{Dt«p) = (14+0) 1 uDx() — (14 2) Tup — (142) 7 Dilg), ”

Dy(y) = Afl”yDX(lP) - Afl“xylp - AleyW) .

System Equation (14) is compatible whenever ¢ is a symmetry characteristic of
Equation (1). Moreover, any solution ¢ of Equation (14) is again a symmetry characteristic.
Hence, Equation (14) defines the direct recursion operator ¢ = R(¢) for Equation (1).

Solving the two equations in Equation (14) for D;(¢) and Dy (¢), respectively, gives
the inverse transformation. More precisely, multiplying the first equation in Equation (14)
by 1 4 A and rearranging the terms yields

Di(¢) = —(1+ A)De(¢) + utDx () — usxp.

Similarly, multiplying the second equation in Equation (14) by A gives

Dy((l’) = “ny(‘P) - )‘Dy(lp) — Uxytp.

Thus we obtain the following system:

{th) — (1 4+ D) + Dx(y) ~ e, -

Dy((P) = uny(lp) - /\Dy(lp) — Uy

System Equation (15) is compatible whenever i is a symmetry characteristic of
Equation (1). Thus, Equation (15) defines the inverse recursion operator ¢ = R~1(¢).
Together, systems Equations (14) and (15) can be viewed as auto-Backlund transformations
for the tangent covering of Equation (1).

4. Actions of Recursion Operators on Contact Symmetry Characteristics
and Nonlocal Shadows

We next compute the action of the two recursion operators on the contact symmetry
characteristics of Equation (1), in the standard Lie-symmetry framework [35]. For a
given characteristic ¢, the direct operator R is obtained by solving Equation (14) for .
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Conversely, for a prescribed characteristic 1, the inverse operator R ! is obtained from
Equation (15). The resulting images are not always local: some have local representatives,
while others appear as shadows of nonlocal symmetries. This distinction is important for
interpreting the table and examples below.

Theorem 2. Let
0
v Y+ Y el

be a vector field on an open subset M C X x U. Its n-th prolongation is

q
n)v:v+ Zz¢i(x’u(”> —
a=1 1

where the second summation is taken over all multi-indices I = (iy,...,i) of length k, with
1 < k < n, and each component of I belongs to {1,...,p}. The prolongation coefficients are
given by

Gbi—DI(% Z l ?>+Z§lu111

i=1

where
ug

axt’
and Dy denotes the corresponding total derivative operator.

— [, —
ut = — up; =

For Equation (1), we consider an infinitesimal vector field of the form

d d 0 d

Here &, {, 7, and ¢ are smooth functions of (x,y, t, u). Then the second prolongation of v,
restricted to the derivatives that occur in Equation (1), is

0 ) 0

d
2y — = y_~2 xy xt ty 9
p V= V+4)a +¢ (lb +¢ +(P aut+¢ auty'

The required prolongation coefficients are explicitly given as follows:

" = Px + Putix — (Sx 4 Guttx )ty — (§x + gu“x)”y (Tx + Tutx) Uy, (17a)
Y = ¢y + Puity — (& + Curty)ux — (Ty + Quity )1ty — (Ty + Tutty)us, (17b)
gbt = ¢t + Putty — (& + Gutty )iy — (Gr + Quuty)uty — (Tt + Tutis) Uz, (17¢)

(ny = ¢xy + (qu”y + ¢yuux + ¢uu“x“y + ¢uuxy

- gm Uy — {:xux - gl/uxx - gxuuxu 5 uux gu(zuxux + Uyxll ) guuuiu

Yy Y 1 Y Y Y Y Y

— Caylty — Cxllyy — Qyllxy — gwuﬁ — Qyutixtty — Gy (txtlyy + 2uyliyy) — §Wuxu32,

— Taylly — Tallpy — Tyt — Taulitlly — Tyulitly — Ty (Upllay + Uxllyy + ylxe) — Tuullplixlly, (17d)
QbXt = Qxt + Pxuttt + Pryix + Guyixtly + Pyliyy

- (’fxtux - gxuxt - gt”xx - (:xuuxut - étuui - (:u (utuxx + 2uxuxt) - éuuu[ui

— Quttty — Cxtiry — Qrttxy — Cxuliptly — Qrutixty — Gy (uruxy + Uy + uyuxt) — Quuietixily

— Tuplht — Tollst — Tebbxt — Toubly — Thuethy — Ty (2usths + Urlhy) — Tuu Uty (17e)
¢ty = (Pty + (Ptuuy + (Pyuut + (Puuutuy + (Puuty

— CryUx — Crthyy — Cylixt — Crulhxtly — Cyuthttiy — Gy (uruxy + Uy + uyuxt) — Cuuthttxly

- gty“y - gtuyy - gyuty - gtuuﬁ - gyu”tuy - gu(”tuyy + Zuy”ty) - guuut”§

2 2
— Tfyut — Ttuty — Tyutt — Ttuufuy — Twut — Tu(Zutufy + u”uy) — Tuuly My. (17f)
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The infinitesimal invariance condition is obtained by applying pr(2)v to Equation (1).
This gives
(Pty - (Ptuxy - (nyut + (Pyutx + (PXtMy =0.
Substituting the coefficients in Equation (17) into this relation and using Equation (1),

we obtain the determining equations for ¢, {, T, and ¢. By separating the coefficients of the
independent monomials formed by the derivatives of u, the determining system reduces to

T =0, Ty =0, T =0,

gx = ‘Pur gy =0, Ct =0, Cu =0,
ix=0, Gt =0, Cu=0,

¢y =0, ¢ = 0.

Solving this system yields

Therefore, the vector field Equation (16) gives the following infinitesimal generators:

d d

V] = Aog — Aé(X)M@,
d

V) = Al@/

=B

V3 1atl
d

V4 C1@

Using the characteristic form of these generators, the contact symmetry algebra of
Equation (1) is generated by

@o(Ao) = Agux — Agu,
¢1(A1) = Ay,
¢2(B1) = Byuy,
93(C1) = Cruy

Their nonzero commutation relations are as follows. Here j,k € {0,1}, and A; and Ay
denote two arbitrary smooth functions of x. The prime denotes differentiation with respect
to x. Then

Pjrk(ARA; — ALA)), 0<j+k<1,

{9i(A}), px(Ap)} = {0’ ks

Let g; = {9;(4;) | Aj € C*(R)}, 0 < j <1, and define h = {¢2(B1) | By €

C®R)}, e = {@3(C1) | C; € C®°(R)}. Then the contact symmetry algebra decom-
poses as sym,(€) = go © g1 © h © & Moreover, the subspaces g;, 0 < j < 1 satisfy the

grading relation
i -

0, j+k>1

https:/ /doi.org/10.3390/appliedmath6060097
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We next evaluate the inverse recursion operator on the above generators. For ¢y = ¢;,
j =1,2,3, system Equation (15) admits the following local representatives:

R (91(A1)) = —go(Ar),
R (p2(B1)) = —(1+ A)ga(By),
R (93(C1)) = —Ag3(Cy).

The generator go(Ap) gives a different type of image. In this case, R ~! does not give

a purely local representative in the contact symmetry algebra but produces a nonlocal
symmetry shadow:

R (9o(Ao)) = mo — Ago(Ag), (18)

where the potential m is determined by the compatible system

moy = Ag(Uptlxy — Upclly — Uy) + Af (Ut + 1) — Afupu, 19)
Moy = Ao(Uytlxy — Uxylly) + Aglittyy — Agusy.

Equivalently, my is the potential associated with the conservation law

dmg A dx =(Ag(upttxx — ity — ty) + Ay (upeut + u) — Agug)dt A dx
+ (Ao (uytixx — txytiy) + Agutixy — Aguuy)dy A dx,

which is a conservation law of Equation (1). Therefore, for the generator ¢ (Ay), the inverse
recursion operator does not preserve the local contact symmetry space. Instead, it produces
a family of shadows of nonlocal symmetries represented by Equation (18) and associated
with the compatible system Equation (19).

We now consider the direct recursion operator. Since system Equation (14) deter-
mines ¥ up to solutions of the homogeneous system obtained by setting ¢ = 0, we fix
representatives modulo this homogeneous part. With this convention, the following local
representatives are obtained:

R(¢po(Ao)) = —¢1(Ao),

R(@a(B1)) = — 1 2(B),
R(p3(Cr)) = —%(p3(Cl).

The remaining case ¢ = ¢1 (A1) does not reduce to a local contact symmetry charac-
teristic in this representative choice. Substituting ¢ = A; into Equation (14) gives

Dl‘(l/)) =1+ /\)_1 (“th (w) - utxll)),
Dy(¢) = A1 (”yDX(llj) - ”xyl/’)-

Thus, R(¢1(A1)) is represented by a nonlocal symmetry shadow determined by the
above system.

For clarity, the recursion operators obtained above and their actions on the infinites-
imal symmetry characteristics are summarized in Table 1. The table distinguishes local
representatives from nonlocal symmetry shadows, so that the roles of R and R ! are stated
without ambiguity.
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Table 1. Summary of the recursion operators

and infinitesimal symmetry characteristics for

Equation (1).
Object  Definition R-Image R~ 1-Image
R {Dt(¢) = (1+A)" " (uDx(¢) — uxp — Di(9)), ¥ =R(p) _
Dy(y) = (”yDX(lp) — uxy — Dy(9))
R-1 { Dt( ) (1 + /\)Dt(w) + Mth(IP) — U, — ¢ = Ril(lp)
Dy(¢) = uyDx(¢) — ADy () — uxyp
@o(Ao)  Aoux — Aju —¢1(Ao) mo — Ago(Ao)
nonlocal shadow determined by
(Pl(Al) Ay {Dt(IP) _ (1 + /\)71 (Mth(IIJ) _ uthP), _(PO(Al)
Dyl(lp) =a" (uyDx () — uxyp)
¢2(B1)  Byu — 17 %2(BD) —(14+A)g2(By)
¢3(C1)  Ciuy —%493(@) —Ag3(Cq)

Here Ap, A1 € C®(x), By € C®(t),and C; € C®(y). The prime denotes differentiation with respect to x, and the
potential m is defined by Equation (19). The entries involving 1y and the defining system in the row of ¢1 (A1)

correspond to nonlocal symmetry shadows; the remaining displayed images are local representatives.

Illustrative Examples

Based on Table 1, we give three examples to verify the actions of R and R ! by direct

substitution into Equations (14) and (15).

Example 2. Let By (t) = t. Then

¢ = ¢a(t) = tus.
According to the action of R on ¢ (B1), we set
1
v= et =t
A direct substitution into Equation (14) gives
Di(yp) = =g (e + tun) = (1 + M)~ (uDx () — uxyp — Di(9)),
and
Dy(yp) = _H%”ty = A" (uyDx() — sy — Dy (9))-
Hence 1
Rig2(t) = =375 92(0).

Repeated application gives

1 n
RU(ga(t) = (~ 5 ) e m=012,

Thus ¢, (t) generates a local symmetry sequence under R.

Example 3. Let Ag(x) = x. Then

@ = @o(x) = xuy — u.

According to Table 1, the direct recursion operator should give

¥ = R(gpo(x))

—p1(x) = —x.
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Indeed,
Dx(y) =—1,  Di(y) =Dy(y) =0,

and
Di(¢@) = iy — Uy, Dy(@) = xuyy — uy.

Substituting these expressions into Equation (14), we obtain

(1+2) 7" (uDx() — uixtp — Di(g)) = 0 = Di(¢p),

and
Ail(”yDX(lp) — Uy — Dy((P)) = 0= Dy(¥).
Therefore,
R(go(x)) = —1(x).

This verifies the local action of R from ¢g to ¢1.
Example 4. Let Ag(x) = x?. Then
¥ = @o(x?) = x%uy — 2xu.
Motivated by Equation (18), set
@ = mgy — A(xPuy — 2xu).
Here my is the potential defined by Equation (19). For Ay = x?, system Equation (19) becomes
(mo)e = x> (Upthyy — Upxtly — Uy ) + 2% (Uptd + 1) — 2us11,
(mo)y = x*(tytxx — Uylly) + 25U Uyy — ULty
Using these two relations, we have

Di(9) = =(1+A)Di() + ueDx(¥) — e,

and
Dy((l’) = “ny(lp) - )‘Dy(‘/J) — Uxy?.

Thus ¢ = mgy — A@q(x?) satisfies Equation (15). Hence
R (go(x?)) = mg — Ago(x?),
which verifies the nonlocal shadow produced by the inverse recursion operatot.

5. Conclusions

In this paper, we studied the modified Veronese web equation by using the spectral-
parameter covering and tangent-covering approach. Starting from a compatible linear
covering, we derived a direct recursion operator and an inverse recursion operator, given
by Equation (14) and Equation (15), respectively. These two compatible systems act on
symmetry characteristics and can be interpreted as auto-Bécklund transformations for the
tangent covering of Equation (1).

The main mathematical significance of the results is that they reveal a recursive struc-
ture in the symmetry space of the modified Veronese web equation. The obtained operators
relate symmetry characteristics, describe their action on the contact symmetry algebra,
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and produce both local representatives and shadows of nonlocal symmetries associated
with conservation-law coverings. Hence, the results provide additional information on the
covering-based nonlocal geometric structure of Equation (1) and are consistent with recent
studies on recursion operators and nonlocal symmetries for multidimensional integrable
equations [8,10-12,20].

There are also some limitations. The present paper focuses on the construction of
recursion operators and on verifiable examples of their actions, but it does not give a
complete classification of all local and nonlocal symmetry hierarchies generated by R and
R~1. Future work may extend this construction to other higher-dimensional Veronese-
web-type equations and develop algorithmic tools for generating symmetry sequences and
nonlocal shadows in broader classes of integrable models [36]. Another possible direction,
beyond the scope of the present paper, is to investigate whether the recursion operators
obtained here can be related to Hamiltonian or bi-Hamiltonian structures; this issue is not
addressed in the present paper.
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