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Abstract

This paper investigates recursion operators and nonlocal symmetry structures for the
modified Veronese web equation. The novelty of the work lies in the explicit construction
of a direct recursion operator and its inverse in the tangent-covering framework. Starting
from a compatible linear covering with a spectral parameter, we derive both operators
and interpret them as auto-Bäcklund transformations for the corresponding linearized
equation. We also determine the contact symmetry algebra and compute the action of
the two recursion operators on its infinitesimal generators. In particular, the inverse
recursion operator produces shadows of nonlocal symmetries associated with conservation-
law coverings. These results provide a concrete recursive mechanism for the symmetry
space of the modified Veronese web equation and clarify its covering-based nonlocal
geometric structure.

Keywords: symmetries of differential equations; recursion operators; differential coverings

1. Introduction
In the present paper, recursion operators are understood as mappings between sym-

metry characteristics. Instead of representing them as formal integro-differential operators,
we use the covering interpretation, where a recursion operator is written as a compatible
first-order system for two characteristics. This formulation is particularly suitable for mul-
tidimensional dispersionless equations, since spectral parameters and nonlocal variables
naturally appear through differential coverings [1–6]. Recent developments in symbolic
computation, cotangent coverings, full-fledged nonlocal symmetries, and multidimensional
recursion operators further support this viewpoint [7–12].

The modified Veronese web equation considered below belongs to the class of
Veronese-web-type dispersionless equations. Such equations are connected with three-
dimensional web structures, hydrodynamic-type systems, dispersionless Lax representa-
tions, and Einstein–Weyl geometry [13–16]. For the purpose of this paper, the most relevant
aspect of this geometric background is the existence of spectral-parameter coverings. These
coverings provide the analytic framework in which the recursion operators and their actions
on symmetry characteristics will be constructed.

The modified Veronese web equation has appeared in several related contexts. Nonlo-
cal symmetries and differential coverings for Lax-integrable linearly degenerate equations
were studied in [17–19]. For the Veronese web equation, recursion operators and their
action on nonlocal shadows were investigated in [20]. Higher symmetries of the cotangent
covering for the modified Veronese web equation were later considered in [21]. Other
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constructions of recursion operators and coverings for multidimensional Lax-integrable
equations can be found in [12,22–29]. In contrast to these works, the present paper de-
rives an explicit direct–inverse pair of recursion operators for the modified Veronese
web equation in tangent-covering form and then computes their action on the contact
symmetry algebra.

The purpose of this paper is to fill this gap. We consider the modified Veronese
web equation

uty − utuxy + uyutx = 0, (1)

where x and y are spatial variables and t is the temporal variable. Starting from a suitable
linear covering, we derive a direct recursion operator and its inverse. Both operators are
interpreted as auto-Bäcklund transformations of the tangent covering. We also compute
the contact symmetry algebra of Equation (1), describe the action of the recursion operators
on its infinitesimal generators, and obtain shadows of nonlocal symmetries associated with
conservation-law coverings. These results complement the existing studies on Veronese-
web-type equations by describing how the covering structure acts on local symmetry
characteristics and produces nonlocal symmetry data. The scope of the paper is restricted
to the covering, tangent-covering, and symmetry-shadow aspects of the modified Veronese
web equation.

The paper is organized as follows. Section 2 recalls the basic notions of jet spaces,
symmetries, differential coverings, and tangent coverings that are needed for the construc-
tion. Section 3 applies the linear-covering and tangent-covering approach to Equation (1)
and constructs the direct and inverse recursion operators. Section 4 computes the contact
symmetry algebra, studies the action of the recursion operators on its generators, and
presents illustrative examples and nonlocal symmetry shadows. Section 5 summarizes the
results and discusses possible further developments.

2. Preliminaries
We fix the notation used in the sequel. Standard notions from the geometry of differ-

ential equations, including jet spaces, total derivatives, symmetries, differential coverings,
and tangent coverings, are used in the sense of [3,4,7,30–33]. For completeness, we recall
the notation and formulas that are needed for the subsequent construction.

Let

π : Rn ×Rm → Rn, π : (x1, . . . , xn, u1, . . . , um) 7→ (x1, . . . , xn),

be the trivial bundle over Rn. Its infinite jet bundle is denoted by J∞(π). We use (xi, uα, uα
I )

as local coordinates on J∞(π), where I = (i1, . . . , in) is a multi-index. For a local section
f : Rn → Rn ×Rm of π, the corresponding infinite prolongation j∞( f ) : Rn → J∞(π) is
characterized by

uα
I (j∞( f )) =

∂#I f α

∂xI =
∂i1+···+in f α

(∂x1)i1 . . . (∂xn)in
.

As usual, we write uα = uα
(0,...,0). In the particular case n = 3 and m = 1, we put

x1 = t, x2 = x, x3 = y, and use the notation u1
i,j,k = ut...tx...xy...y, where the variables t,

x, and y occur i, j, and k times, respectively.
The total derivative operators on J∞(π) are denoted by

Dxk =
∂

∂xk + ∑
#I≥0

m

∑
α=1

uα
I+1k

∂

∂uα
I

, k ∈ {1, . . . , n}.
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Here I + 1k = (i1, . . . , ik + 1, . . . , in) if I = (i1, . . . , ik, . . . , in). These operators commute on
J∞(π), that is, [Dxi , Dxj ] = 0.

Given a vector-valued smooth function

φ : J∞(π) → Rm,

its associated evolutionary vector field is defined by

Eφ = ∑
#I≥0

m

∑
α=1

DI(φα)
∂

∂uα
I

, (2)

where DI = D(i1,...,in) = Di1
x1 ◦ · · · ◦ Din

xn .
Consider a system of partial differential equations

Fr(xi, uα
I ) = 0, #I ≤ s, r ∈ {1, . . . , R},

of order s ≥ 1, with R ≥ 1. It determines the infinite prolongation

E = {(xi, uα
I ) ∈ J∞(π) | DK(Fr(xi, uα

I )) = 0, #K ≥ 0}

as a submanifold of J∞(π). A function φ : J∞(π) → Rm is called the generator of an
infinitesimal symmetry of E if Eφ(F) = 0 holds on E .

Equivalently, the symmetry generator φ = (φ1, . . . , φm) satisfies the linearized equation

ℓE (φ) = 0. (3)

Here ℓE = ℓF|E , and the linearization of F = (F1, . . . , FR) is given componentwise by

(ℓF(φ))r =
m

∑
α=1

∑
#I≥0

∂Fr

∂uα
I

DI(φα), r = 1, . . . , R.

The set of all solutions of Equation (3) is denoted by sym(E). Its contact symmetry
subspace is

sym0(E) = sym(E) ∩ C∞(J1(π),Rm).

We now recall the notion of a differential covering. Let W = R∞ have coordinates
ws, s ∈ N ∪ {0}, and write w = (w0, w1, w2, . . .) for the collection of all nonlocal vari-
ables. Locally, an infinite-dimensional differential covering over E is the trivial bundle
τ : J∞(π)×W → J∞(π) together with the extended total derivatives

D̃xk = Dxk +
∞

∑
s=0

Ts
k (xi, uα

I , w)
∂

∂ws , (4)

which satisfy the commutativity condition

[D̃xi , D̃xj ] = 0, i ̸= j,

whenever (xi, uα
I ) ∈ E . The derivatives of the nonlocal variables are introduced by

ws
xk = D̃xk (ws), and this gives the covering equations

ws
xk = Ts

k (xi, uα
I , w). (5)

The compatibility of this overdetermined system follows from the above commutativity
condition on E .
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Let Ẽφ denote the operator obtained from Equation (2) after replacing each Dxk by D̃xk .
A function φ ∈ C∞(E ×W ,Rm) is called a shadow of a nonlocal symmetry associated with
the covering τ, or simply a τ-shadow, if

Ẽφ(F) = 0 (6)

is a consequence of the equations DK(Fr) = 0, r = 1, . . . , R, and the covering Equation (5).
A genuine nonlocal symmetry corresponding to τ is represented by the vector field

Ẽφ,A = Ẽφ +
∞

∑
s=0

As ∂

∂ws , (7)

where As ∈ C∞(E ×W). In addition to (6), the components As have to satisfy

D̃xk (As) = Ẽφ,A(Ts
k ) (8)

for the functions Ts
k appearing in (4); see [7,30–32].

Remark 1. A τ-shadow does not necessarily lift to a τ-symmetry, because Equation (8) may
obstruct the existence of the functions As in Equation (7). Nevertheless, for every τ-shadow φ, one
can construct a suitable covering τφ in which there exists a nonlocal τφ-symmetry whose projection
coincides with the given shadow φ; see [7,30–32].

We also recall the interpretation of recursion operators used in this work. In the
classical formulation, a recursion operator R for E is an R-linear mapping that sends each
local symmetry, or each shadow of a nonlocal symmetry, to another object of the same type.
For nonlinearizable systems, however, recursion operators often cannot be treated merely
as ordinary linear operators on the symmetry space. A more appropriate viewpoint is to
regard them as auto-Bäcklund transformations for the linearized, or tangent, covering of
the equation. This interpretation will be adopted below. It is consistent with the classical
treatment of nonlocal symmetries and recursion operators [2,34], the covering approach
to dispersionless systems [5,6], and recent work on cotangent coverings and full-fledged
nonlocal symmetries [9,10].

The tangent covering of the equation E is constructed as follows [3,4,7]. Take the trivial
bundle σ : J∞(π)×Q → J∞(π), where the fiber Q has coordinates qα

I , #I ≥ 0. On this
bundle, introduce the extended total derivatives

D̂xk = Dxk + ∑
#I≥0

m

∑
α=1

qα
I+1k

∂

∂qα
I

.

For D̂I = D̂i1
x1 ◦ · · · ◦ D̂in

xn , define the lifted linearization by

(ℓ̂F(q))r =
m

∑
α=1

∑
#I≥0

∂Fr

∂uα
I

D̂I(qα), r = 1, . . . , R.

Then set

J (E) =
{
(xi, uα

I , qα
I ) ∈ J∞(π)×Q

∣∣∣ DK(Fr) = 0, D̂K
(
(ℓ̂F(q))r

)
= 0, #K ≥ 0, r = 1, . . . , R

}
.

The tangent covering is obtained by restricting σ to J (E). Its extended total derivatives
are denoted by

D̃xk = D̂xk

∣∣
J (E).
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A symmetry generator of E can then be identified with a section of this tangent
covering satisfying the corresponding linearized equation.

Example 1. For the modified Veronese web equation, we write Equation (1) in the form

uty − utuxy + uyutx = 0.

The corresponding linearization is

ℓF(φ) = DtDy(φ)− uxyDt(φ)− utDxDy(φ) + utxDy(φ) + uyDtDx(φ),

and its lifted version on the tangent covering is

ℓ̂F(q) = q(1,0,1) − uxyq(1,0,0) − utq(0,1,1) + utxq(0,0,1) + uyq(1,1,0).

The fiber coordinates of the tangent covering can be chosen as q(1,j,0) and q(0,j,1).

The extended total derivatives in the tangent covering are given below. Here Dj
x denotes the

j-fold composition of the total derivative Dx, with D0
x being the identity operator.

D̂t = Dt +
∞

∑
j=0

q(2,j,0)
∂

∂q(1,j,0)
+

∞

∑
j=0

Dj
x(uxyq(1,0,0) + utq(0,1,1) − utxq(0,0,1) − uyq(1,1,0))

∂

∂q(0,j,1)
,

D̂x = Dx +
∞

∑
j=0

q(1,j+1,0)
∂

∂q(1,j,0)
+

∞

∑
j=0

q(0,j+1,1)
∂

∂q(0,j,1)
,

D̂y = Dy +
∞

∑
j=0

Dj
x(uxyq(1,0,0) + utq(0,1,1) − utxq(0,0,1) − uyq(1,1,0))

∂

∂q(1,j,0)
+

∞

∑
j=0

q(0,j,2)
∂

∂q(0,j,1)
.

Remark 2. In the sequel, for brevity we write qt...tx...xy...y, with i copies of t, j copies of x, and
k copies of y, instead of q(i,j,k). Under this convention, the tangent-covering coordinates over
Equation (1) are denoted by the corresponding derivative symbols of q.

3. Recursion Operators for the Modified Veronese Web Equation
We now construct recursion operators for Equation (1) from its spectral-parameter

covering. The construction proceeds in two steps. First, the compatibility of a scalar
covering fixes the relation between the auxiliary parameters and produces the parameter
λ. Second, the tangent covering is used to convert this compatible covering into an auto-
Bäcklund system for the linearized equation. This system maps one symmetry characteristic
to another and hence defines the direct recursion operator. The inverse operator is then
obtained by solving the same relations in the opposite direction.

We start from the following two-parameter covering ansatz

wt = autwx, wy = buywx,

where a and b are auxiliary constants in the covering. They measure the relative weights
of the t- and y-directions in the lifted total derivatives. Such parameters are introduced
in order to obtain a one-parameter family of compatible dispersionless coverings, which
is the usual source of a spectral parameter in covering-based constructions of recursion
operators [5,8]. The compatibility condition Dy(wt) = Dt(wy) gives

autywx + autwxy = butywx + buywxt.

Using
wxy = b(uxywx + uywxx), wxt = a(utxwx + utwxx),
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and cancelling the common term abutuywxx, we obtain

(a − b)uty = −ab(utuxy − uyutx).

Since Equation (1) implies uty = utuxy − uyutx, we have

(a − b + ab)(utuxy − uyutx) = 0.

Thus, in the nontrivial case, the auxiliary parameters must satisfy

a − b + ab = 0.

This condition reduces the preliminary two-parameter ansatz to a one-parameter compati-
ble covering. Solving it gives

a =
b

1 + b
.

By introducing the spectral parameter b = λ−1, we obtain

a = (1 + λ)−1.

The corresponding one-parameter covering is thus given bywt = (1 + λ)−1utwx,

wy = λ−1uywx,
(9)

where λ ∈ R \ {0,−1} is the spectral parameter. The covering Equation (9) is the starting
point for the construction below. We use it to compare the commutator relations associated
with the covering and the evolutionary vector field generated by a symmetry characteristic
φ. This leads to an overdetermined system for a new characteristic ψ.

We now apply this construction to the covering Equation (9). From Equation (9),
we have

X1 = Dt − (1 + λ)−1utDx, X2 = Dy − λ−1uyDx.

In the notation Xj =
3

∑
i=1

Qi
jDxi , with (x1, x2, x3) = (t, x, y), the nonzero coefficients are

Q1
1 = 1, Q2

1 = −(1 + λ)−1ut, Q2
2 = −λ−1uy, Q3

2 = 1.

All the remaining coefficients Qi
j are zero.

Let Z = ζ1Dt + ζ2Dx + ζ3Dy. Substituting X1, X2, and Z into

[Xj, Z] =
3

∑
i=1

Eφ(Qi
j)Dxi , j = 1, 2,

and comparing the coefficients of Dt, Dx, and Dy, we obtain

X1(ζ1) = X1(ζ3) = 0, X2(ζ1) = X2(ζ3) = 0,

and
X1(ζ2) + (1 + λ)−1Z(ut) = −(1 + λ)−1Dt(φ),

X2(ζ2) + λ−1Z(uy) = −λ−1Dy(φ).
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Therefore, for ζ = ζ1 or ζ = ζ3, we getDt(ζ) = (1 + λ)−1utDx(ζ),

Dy(ζ) = λ−1uyDx(ζ).
(10)

For ζ2, using

Z(ut) = ζ1utt + ζ2utx + ζ3uty, Z(uy) = ζ1uty + ζ2uxy + ζ3uyy,

the two remaining equations give

Dt(ζ2) = (1 + λ)−1utDx(ζ2)− (1 + λ)−1uttζ1 − (1 + λ)−1utxζ2

−(1 + λ)−1utyζ3 − (1 + λ)−1Dt(φ),

Dy(ζ2) = λ−1uyDx(ζ2)− λ−1utyζ1 − λ−1uxyζ2

−λ−1uyyζ3 − λ−1Dy(φ).

(11)

Thus systems (Equations (10) and (11)) are obtained from the coefficient comparison
in the commutator relation. The compatibility of (11) follows from the symmetry condition
for φ on Equation (1).

Theorem 1. Let a1ζ1 + a2ζ2 + a3ζ3 be associated with the covering Equation (9). This expression
gives a shadow of a nonlocal symmetry of Equation (1) whenever it can be represented as an R-linear
combination of the following two functions:

ψ = (1 + λ)−1utζ1 + ζ2 + λ−1uyζ3,

and
η =

1
qx

ζ , (12)

where q is a solution of the covering Equation (9), while ζ satisfies Equation (10).

Remark 3. The factor multiplying ζ in the right-hand side of Equation (12) obeys the identity

D̃tD̃y(v) = utD̃xD̃y(v) + uxyD̃t(v)− utxD̃y(v)− uyD̃tD̃x(v). (13)

It follows from this relation that
1
qx

determines a shadow of a nonlocal symmetry of Equation (1)

with respect to the covering Equation (9).

Since ζ1 and ζ3 solve Equation (10), and ζ2 is governed by Equation (11), the function
ψ introduced above satisfies the following overdetermined system.

Indeed, from
ψ = (1 + λ)−1utζ1 + ζ2 + λ−1uyζ3,

we first compute its total derivative with respect to t:

Dt(ψ) = (1 + λ)−1uttζ1 + (1 + λ)−1utDt(ζ1) + Dt(ζ2)

+ λ−1utyζ3 + λ−1uyDt(ζ3).
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Using Equations (10) and (11), this becomes

Dt(ψ) = (1 + λ)−2u2
t Dx(ζ1) + (1 + λ)−1utDx(ζ2)

+ λ−1(1 + λ)−1utuyDx(ζ3)− (1 + λ)−1utxζ2

+
(

λ−1 − (1 + λ)−1
)

utyζ3 − (1 + λ)−1Dt(φ).

Since
λ−1 − (1 + λ)−1 = λ−1(1 + λ)−1,

and, on Equation (1),
uty = utuxy − uyutx,

the preceding expression can be rewritten as

Dt(ψ) = (1 + λ)−1utDx(ψ)− (1 + λ)−1utxψ − (1 + λ)−1Dt(φ).

Similarly, differentiating ψ with respect to y gives

Dy(ψ) = λ−1uyDx(ψ)− λ−1uxyψ − λ−1Dy(φ).

Therefore, the required system for ψ is obtained as follows:Dt(ψ) = (1 + λ)−1utDx(ψ)− (1 + λ)−1utxψ − (1 + λ)−1Dt(φ) ,

Dy(ψ) = λ−1uyDx(ψ)− λ−1uxyψ − λ−1Dy(φ) .
(14)

System Equation (14) is compatible whenever φ is a symmetry characteristic of
Equation (1). Moreover, any solution ψ of Equation (14) is again a symmetry characteristic.
Hence, Equation (14) defines the direct recursion operator ψ = R(φ) for Equation (1).

Solving the two equations in Equation (14) for Dt(φ) and Dy(φ), respectively, gives
the inverse transformation. More precisely, multiplying the first equation in Equation (14)
by 1 + λ and rearranging the terms yields

Dt(φ) = −(1 + λ)Dt(ψ) + utDx(ψ)− utxψ.

Similarly, multiplying the second equation in Equation (14) by λ gives

Dy(φ) = uyDx(ψ)− λDy(ψ)− uxyψ.

Thus we obtain the following system:Dt(φ) = −(1 + λ)Dt(ψ) + utDx(ψ)− utxψ,

Dy(φ) = uyDx(ψ)− λDy(ψ)− uxyψ.
(15)

System Equation (15) is compatible whenever ψ is a symmetry characteristic of
Equation (1). Thus, Equation (15) defines the inverse recursion operator φ = R−1(ψ).
Together, systems Equations (14) and (15) can be viewed as auto-Bäcklund transformations
for the tangent covering of Equation (1).

4. Actions of Recursion Operators on Contact Symmetry Characteristics
and Nonlocal Shadows

We next compute the action of the two recursion operators on the contact symmetry
characteristics of Equation (1), in the standard Lie-symmetry framework [35]. For a
given characteristic φ, the direct operator R is obtained by solving Equation (14) for ψ.
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Conversely, for a prescribed characteristic ψ, the inverse operator R−1 is obtained from
Equation (15). The resulting images are not always local: some have local representatives,
while others appear as shadows of nonlocal symmetries. This distinction is important for
interpreting the table and examples below.

Theorem 2. Let

v =
p

∑
i=1

ξ i(x, u)
∂

∂xi +
q

∑
α=1

ϕα(x, u)
∂

∂uα
,

be a vector field on an open subset M ⊂ X × U. Its n-th prolongation is

pr(n)v = v +
q

∑
α=1

∑
I

ϕI
α(x, u(n))

∂

∂uα
I

,

where the second summation is taken over all multi-indices I = (i1, . . . , ik) of length k, with
1 ≤ k ≤ n, and each component of I belongs to {1, . . . , p}. The prolongation coefficients are
given by

ϕI
α = DI

(
ϕα −

p

∑
i=1

ξ iuα
i

)
+

p

∑
i=1

ξ iuα
I,i,

where
uα

i =
∂uα

∂xi , uα
I,i =

∂uα
I

∂xi ,

and DI denotes the corresponding total derivative operator.

For Equation (1), we consider an infinitesimal vector field of the form

v = ξ
∂

∂x
+ ζ

∂

∂y
+ τ

∂

∂t
+ ϕ

∂

∂u
. (16)

Here ξ, ζ, τ, and ϕ are smooth functions of (x, y, t, u). Then the second prolongation of v,
restricted to the derivatives that occur in Equation (1), is

pr(2)v = v + ϕx ∂

∂ux
+ ϕy ∂

∂uy
+ ϕt ∂

∂ut
+ ϕxy ∂

∂uxy
+ ϕxt ∂

∂uxt
+ ϕty ∂

∂uty
.

The required prolongation coefficients are explicitly given as follows:

ϕx = ϕx + ϕuux − (ξx + ξuux)ux − (ζx + ζuux)uy − (τx + τuux)ut, (17a)

ϕy = ϕy + ϕuuy − (ξy + ξuuy)ux − (ζy + ζuuy)uy − (τy + τuuy)ut, (17b)

ϕt = ϕt + ϕuut − (ξt + ξuut)ux − (ζt + ζuut)uy − (τt + τuut)ut, (17c)

ϕxy = ϕxy + ϕxuuy + ϕyuux + ϕuuuxuy + ϕuuxy

− ξxyux − ξxuxy − ξyuxx − ξxuuxuy − ξyuu2
x − ξu(2uxuxy + uxxuy)− ξuuu2

xuy

− ζxyuy − ζxuyy − ζyuxy − ζxuu2
y − ζyuuxuy − ζu(uxuyy + 2uyuxy)− ζuuuxu2

y

− τxyut − τxuty − τyuxt − τxuutuy − τyuutux − τu(utuxy + uxuty + uyuxt)− τuuutuxuy, (17d)

ϕxt = ϕxt + ϕxuut + ϕtuux + ϕuuuxut + ϕuuxt

− ξxtux − ξxuxt − ξtuxx − ξxuuxut − ξtuu2
x − ξu(utuxx + 2uxuxt)− ξuuutu2

x

− ζxtuy − ζxuty − ζtuxy − ζxuutuy − ζtuuxuy − ζu(utuxy + uxuty + uyuxt)− ζuuutuxuy

− τxtut − τxutt − τtuxt − τxuu2
t − τtuutux − τu(2utuxt + uttux)− τuuu2

t ux , (17e)

ϕty = ϕty + ϕtuuy + ϕyuut + ϕuuutuy + ϕuuty

− ξtyux − ξtuxy − ξyuxt − ξtuuxuy − ξyuutux − ξu(utuxy + uxuty + uyuxt)− ξuuutuxuy

− ζtyuy − ζtuyy − ζyuty − ζtuu2
y − ζyuutuy − ζu(utuyy + 2uyuty)− ζuuutu2

y

− τtyut − τtuty − τyutt − τtuutuy − τyuu2
t − τu(2ututy + uttuy)− τuuu2

t uy. (17f)
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The infinitesimal invariance condition is obtained by applying pr(2)v to Equation (1).
This gives

ϕty − ϕtuxy − ϕxyut + ϕyutx + ϕxtuy = 0.

Substituting the coefficients in Equation (17) into this relation and using Equation (1),
we obtain the determining equations for ξ, ζ, τ, and ϕ. By separating the coefficients of the
independent monomials formed by the derivatives of u, the determining system reduces to

τx = 0, τy = 0, τu = 0,

ξx = ϕu, ξy = 0, ξt = 0, ξu = 0,

ζx = 0, ζt = 0, ζu = 0,

ϕy = 0, ϕt = 0.

Solving this system yields

ξ = A0(x),

ζ = C1(y),

τ = B1(t),

ϕ = −A′
0(x)u + A1(x).

Therefore, the vector field Equation (16) gives the following infinitesimal generators:

v1 = A0
∂

∂x
− A′

0(x)u
∂

∂u
,

v2 = A1
∂

∂u
,

v3 = B1
∂

∂t
,

v4 = C1
∂

∂y
.

Using the characteristic form of these generators, the contact symmetry algebra of
Equation (1) is generated by

φ0(A0) = A0ux − A′
0u,

φ1(A1) = A1,

φ2(B1) = B1ut,

φ3(C1) = C1uy.

Their nonzero commutation relations are as follows. Here j, k ∈ {0, 1}, and Aj and Ãk

denote two arbitrary smooth functions of x. The prime denotes differentiation with respect
to x. Then

{φj(Aj), φk(Ãk)} =

φj+k
(

Ãk A′
j − Ã′

k Aj
)
, 0 ≤ j + k ≤ 1,

0, j + k > 1.

Let gj = {φj(Aj) | Aj ∈ C∞(R)}, 0 ≤ j ≤ 1, and define h = {φ2(B1) | B1 ∈
C∞(R)}, k = {φ3(C1) | C1 ∈ C∞(R)}. Then the contact symmetry algebra decom-
poses as sym0(E) = g0 ⊕ g1 ⊕ h⊕ k. Moreover, the subspaces gj, 0 ≤ j ≤ 1 satisfy the
grading relation

{gj, gk} =

gj+k, 0 ≤ j + k ≤ 1,

0, j + k > 1.
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We next evaluate the inverse recursion operator on the above generators. For ψ = φj,
j = 1, 2, 3, system Equation (15) admits the following local representatives:

R−1(φ1(A1)) = −φ0(A1),

R−1(φ2(B1)) = −(1 + λ)φ2(B1),

R−1(φ3(C1)) = −λφ3(C1).

The generator φ0(A0) gives a different type of image. In this case, R−1 does not give
a purely local representative in the contact symmetry algebra but produces a nonlocal
symmetry shadow:

R−1(φ0(A0)) = m0 − λφ0(A0), (18)

where the potential m0 is determined by the compatible systemm0,t = A0(utuxx − utxux − ux) + A′
0(utxu + u)− A′′

0 utu,

m0,y = A0(uyuxx − uxyux) + A′
0uuxy − A′′

0 uuy.
(19)

Equivalently, m0 is the potential associated with the conservation law

dm0 ∧ dx =
(

A0(utuxx − utxux − ux) + A′
0(utxu + u)− A′′

0 utu
)
dt ∧ dx

+
(

A0(uyuxx − uxyux) + A′
0uuxy − A′′

0 uuy
)
dy ∧ dx,

which is a conservation law of Equation (1). Therefore, for the generator φ0(A0), the inverse
recursion operator does not preserve the local contact symmetry space. Instead, it produces
a family of shadows of nonlocal symmetries represented by Equation (18) and associated
with the compatible system Equation (19).

We now consider the direct recursion operator. Since system Equation (14) deter-
mines ψ up to solutions of the homogeneous system obtained by setting φ = 0, we fix
representatives modulo this homogeneous part. With this convention, the following local
representatives are obtained:

R(φ0(A0)) = −φ1(A0),

R(φ2(B1)) = − 1
1 + λ

φ2(B1),

R(φ3(C1)) = − 1
λ

φ3(C1).

The remaining case φ = φ1(A1) does not reduce to a local contact symmetry charac-
teristic in this representative choice. Substituting φ = A1 into Equation (14) givesDt(ψ) = (1 + λ)−1(utDx(ψ)− utxψ

)
,

Dy(ψ) = λ−1(uyDx(ψ)− uxyψ
)
.

Thus, R(φ1(A1)) is represented by a nonlocal symmetry shadow determined by the
above system.

For clarity, the recursion operators obtained above and their actions on the infinites-
imal symmetry characteristics are summarized in Table 1. The table distinguishes local
representatives from nonlocal symmetry shadows, so that the roles of R and R−1 are stated
without ambiguity.
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Table 1. Summary of the recursion operators and infinitesimal symmetry characteristics for
Equation (1).

Object Definition R-Image R−1-Image

R
{

Dt(ψ) = (1 + λ)−1(utDx(ψ)− utxψ − Dt(φ)
)
,

Dy(ψ) = λ−1(uyDx(ψ)− uxyψ − Dy(φ)
) ψ = R(φ) –

R−1
{

Dt(φ) = −(1 + λ)Dt(ψ) + utDx(ψ)− utxψ,

Dy(φ) = uyDx(ψ)− λDy(ψ)− uxyψ
– φ = R−1(ψ)

φ0(A0) A0ux − A′
0u −φ1(A0) m0 − λφ0(A0)

φ1(A1) A1
nonlocal shadow determined by{

Dt(ψ) = (1 + λ)−1(utDx(ψ)− utxψ
)
,

Dy(ψ) = λ−1(uyDx(ψ)− uxyψ
) −φ0(A1)

φ2(B1) B1ut − 1
1 + λ

φ2(B1) −(1 + λ)φ2(B1)

φ3(C1) C1uy − 1
λ

φ3(C1) −λφ3(C1)

Here A0, A1 ∈ C∞(x), B1 ∈ C∞(t), and C1 ∈ C∞(y). The prime denotes differentiation with respect to x, and the
potential m0 is defined by Equation (19). The entries involving m0 and the defining system in the row of φ1(A1)

correspond to nonlocal symmetry shadows; the remaining displayed images are local representatives.

Illustrative Examples

Based on Table 1, we give three examples to verify the actions of R and R−1 by direct
substitution into Equations (14) and (15).

Example 2. Let B1(t) = t. Then
φ = φ2(t) = tut.

According to the action of R on φ2(B1), we set

ψ = − 1
1 + λ

φ2(t) = − t
1 + λ

ut.

A direct substitution into Equation (14) gives

Dt(ψ) = − 1
1 + λ

(ut + tutt) = (1 + λ)−1(utDx(ψ)− utxψ − Dt(φ)
)
,

and
Dy(ψ) = − t

1 + λ
uty = λ−1(uyDx(ψ)− uxyψ − Dy(φ)

)
.

Hence
R(φ2(t)) = − 1

1 + λ
φ2(t).

Repeated application gives

Rn(φ2(t)) =
(
− 1

1 + λ

)n
tut, n = 0, 1, 2, . . . .

Thus φ2(t) generates a local symmetry sequence under R.

Example 3. Let A0(x) = x. Then

φ = φ0(x) = xux − u.

According to Table 1, the direct recursion operator should give

ψ = R(φ0(x)) = −φ1(x) = −x.
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Indeed,
Dx(ψ) = −1, Dt(ψ) = Dy(ψ) = 0,

and
Dt(φ) = xutx − ut, Dy(φ) = xuxy − uy.

Substituting these expressions into Equation (14), we obtain

(1 + λ)−1(utDx(ψ)− utxψ − Dt(φ)
)
= 0 = Dt(ψ),

and
λ−1(uyDx(ψ)− uxyψ − Dy(φ)

)
= 0 = Dy(ψ).

Therefore,
R(φ0(x)) = −φ1(x).

This verifies the local action of R from φ0 to φ1.

Example 4. Let A0(x) = x2. Then

ψ = φ0(x2) = x2ux − 2xu.

Motivated by Equation (18), set

φ = m0 − λ(x2ux − 2xu).

Here m0 is the potential defined by Equation (19). For A0 = x2, system Equation (19) becomes(m0)t = x2(utuxx − utxux − ux) + 2x(utxu + u)− 2utu,

(m0)y = x2(uyuxx − uxyux) + 2xu uxy − 2uuy.

Using these two relations, we have

Dt(φ) = −(1 + λ)Dt(ψ) + utDx(ψ)− utxψ,

and
Dy(φ) = uyDx(ψ)− λDy(ψ)− uxyψ.

Thus φ = m0 − λφ0(x2) satisfies Equation (15). Hence

R−1(φ0(x2)) = m0 − λφ0(x2),

which verifies the nonlocal shadow produced by the inverse recursion operator.

5. Conclusions
In this paper, we studied the modified Veronese web equation by using the spectral-

parameter covering and tangent-covering approach. Starting from a compatible linear
covering, we derived a direct recursion operator and an inverse recursion operator, given
by Equation (14) and Equation (15), respectively. These two compatible systems act on
symmetry characteristics and can be interpreted as auto-Bäcklund transformations for the
tangent covering of Equation (1).

The main mathematical significance of the results is that they reveal a recursive struc-
ture in the symmetry space of the modified Veronese web equation. The obtained operators
relate symmetry characteristics, describe their action on the contact symmetry algebra,
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and produce both local representatives and shadows of nonlocal symmetries associated
with conservation-law coverings. Hence, the results provide additional information on the
covering-based nonlocal geometric structure of Equation (1) and are consistent with recent
studies on recursion operators and nonlocal symmetries for multidimensional integrable
equations [8,10–12,20].

There are also some limitations. The present paper focuses on the construction of
recursion operators and on verifiable examples of their actions, but it does not give a
complete classification of all local and nonlocal symmetry hierarchies generated by R and
R−1. Future work may extend this construction to other higher-dimensional Veronese-
web-type equations and develop algorithmic tools for generating symmetry sequences and
nonlocal shadows in broader classes of integrable models [36]. Another possible direction,
beyond the scope of the present paper, is to investigate whether the recursion operators
obtained here can be related to Hamiltonian or bi-Hamiltonian structures; this issue is not
addressed in the present paper.

Author Contributions: Conceptualization, Q.L. and Y.Z.; methodology, Q.L. and Z.W.; formal
analysis, Q.L. and Z.W.; validation, Z.W. and Y.Z.; writing—original draft preparation, Q.L. and Z.W.;
writing—review and editing, Z.W. and Y.Z.; supervision, Y.Z.; and project administration, Y.Z. All
authors have read and agreed to the published version of the manuscript.

Funding: This work was supported by the National Natural Science Foundation of China grant No.
12371256; the National Natural Science Foundation of China grant No. 11971475.

Data Availability Statement: No data were used or generated in this theoretical study.

Acknowledgments: The authors would like to thank the anonymous reviewers for their valuable
comments and suggestions, which helped improve the quality of the manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Zakharov, V.E.; Konopelchenko, B.G. On the theory of recursion operator. Commun. Math. Phys. 1984, 94, 483–509. [CrossRef]
2. Guthrie, G.A. Recursion operators and non-local symmetries. Proc. R. Soc. Lond. A 1994, 446, 107–114. [CrossRef]
3. Krasil’shchik, I.S.; Verbovetsky, A.M. Geometry of jet spaces and integrable systems. J. Geom. Phys. 2011, 61, 1633–1674. [CrossRef]
4. Krasil’shchik, I.S.; Verbovetsky, A.M.; Vitolo, R. A unified approach to computation of integrable structures. Acta Appl. Math.

2021, 120, 199–218. [CrossRef]
5. Marvan, M.; Sergyeyev, A. Recursion operators for dispersionless integrable systems in any dimension. Inverse Probl. 2012, 28,

025011. [CrossRef]
6. Marvan, M. On the spectral parameter problem. Acta Appl. Math. 2010, 109, 239–255. [CrossRef]
7. Krasil’shchik, I.S.; Verbovetsky, A.M.; Vitolo, R. The Symbolic Computation of Integrability Structures for Partial Differential Equations;

Springer: Cham, Switzerland, 2017. [CrossRef]
8. Sergyeyev, A. Recursion operators for multidimensional integrable PDEs. Acta Appl. Math. 2022, 181, 10. [CrossRef]
9. Krasil’shchik, I.S.; Verbovetsky, A.M. Recursion operators in the cotangent covering of the rdDym equation Anal. Math. Phys.

2022, 12, 1. [CrossRef]
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13. Dunajski, M.; Kryński, W. Einstein—Weyl geometry, dispersionless Hirota equation and Veronese webs. Math. Proc. Camb. Philos.

Soc. 2014, 157, 139–150. [CrossRef]
14. Kruglikov, B.; Panasyuk, A. Veronese webs and nonlinear PDEs. J. Geom. Phys. 2017, 115, 45–60. [CrossRef]
15. Morozov, O.I.; Sergyeyev, A. The four-dimensional Martínez Alonso–Shabat equation: Reductions and nonlocal symmetries.

J. Geom. Phys. 2014, 85, 40–45. [CrossRef]

https://doi.org/10.3390/appliedmath6060097

http://doi.org/10.1007/BF01403883
http://dx.doi.org/10.1098/rspa.1994.0094
http://dx.doi.org/10.1016/j.geomphys.2010.10.012
http://dx.doi.org/10.1007/s10440-012-9699-x
http://dx.doi.org/10.1088/0266-5611/28/2/025011
http://dx.doi.org/10.1007/s10440-009-9450-4
http://dx.doi.org/10.1007/978-3-319-71655-8
http://dx.doi.org/10.1007/s10440-022-00524-8
http://dx.doi.org/10.1007/s13324-021-00611-3
http://dx.doi.org/10.1007/s00023-024-01425-2
http://dx.doi.org/10.1016/j.cnsns.2022.107007
http://dx.doi.org/10.1016/j.geomphys.2024.105233
http://dx.doi.org/10.1017/S0305004114000164
http://dx.doi.org/10.1016/j.geomphys.2016.08.008
http://dx.doi.org/10.1016/j.geomphys.2014.05.025
https://doi.org/10.3390/appliedmath6060097


AppliedMath 2026, 6, 97 15 of 15

16. Kruglikov, B.; Morozov, O.I.; A Bäcklund transformation between the four-dimensional Martínez Alonso—Shabat and
Ferapontov—Khusnutdinova equations. Theor. Math. Phys. 2016, 188, 1358–1360. [CrossRef]
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