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Abstract

A reduced analytical formulation for the linear elastic behavior of axisymmetric shells sub-
jected to axisymmetric load distributions is presented. The mechanical response of the shell
is interpreted through the interaction between two families of one-dimensional structural
elements, namely meridian fibers and circumferential fibers, whose kinematic coupling
emerges naturally from the compatibility relations of the classical Reissner—-Mindlin shell
theory. By exploiting a geometric reinterpretation of the shell kinematics in terms of auxil-
iary curvature radii, a simplified mechanical model is derived by neglecting the kinematic
contributions associated with one of these radii, which become negligible for shells suf-
ficiently far from the degenerative planar membrane/plate configuration. The resulting
formulation leads to a reduced set of compatibility, equilibrium, and constitutive equations
that preserve the essential mechanical features of the shell response while significantly
simplifying the mathematical structure of the problem. Two internally constrained variants
of the reduced model are introduced, corresponding, respectively, to shear-indeformable
and inextensible meridian fibers. Within this framework, the governing equations reduce
to ordinary differential equations that, for specific shell geometries such as spherical and
conical shells, admit closed-form analytical solutions. Based on these reduced models,
two approximate solution strategies are developed. The first relies directly on the reduced
shear—indeformable shell formulation to describe the overall structural behavior, whereas
the second combines membrane solutions with the more internally constrained shell model
to capture boundary effects through a superposition procedure. The effectiveness of the
proposed approaches is assessed through comparison with numerical solutions obtained
from the classical Reissner—-Mindlin axisymmetric shell model. The results show that the
proposed formulations provide an accurate approximation of both displacements and stress
resultants for a sufficiently large range of spherical and conical shell configurations under
distributed loads.

Keywords: axisymmetric shell; reduced formulation; internal constraints; spherical and
conical shells

1. Introduction

The analysis of elastic shells has traditionally been formulated within the framework
of linear elasticity, which provides the basis of most classical shell models [1,2]. When
deformations remain small, geometric variations associated with the deformation can be ne-
glected, allowing the equilibrium equations to be expressed with respect to the undeformed
configuration and the constitutive behavior to be described through Hooke’s law.
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Because a direct treatment based on three-dimensional elasticity is analytically de-
manding, shell theories have historically relied on kinematic and geometric assumptions
that reduce the three-dimensional problem to a two-dimensional model defined on the mid-
surface of the shell. This reduction forms the basis of thin-shell theories, in which the struc-
tural response is expressed in terms of midsurface deformations and stress resultants [3,4].
Different models mainly differ in the simplifying assumptions adopted, reflecting the
classical compromise between analytical simplicity and descriptive capability [5,6].

The foundations of classical shell theory are associated with the Kirchhoff-Love
hypotheses [1], which lead to a first-order formulation neglecting transverse shear defor-
mation. Subsequent developments introduced enriched kinematics capable of accounting
for shear effects, including first-order shear-deformation models for plates [7] and compact
formulations for shallow spherical shells [8,9]. Further refinements of first-order theories
were later proposed [10], while comprehensive engineering treatments contributed to
the systematic dissemination of classical shell formulations [2]. Higher-order approxima-
tions were also developed in order to improve the description of shell behavior [6,11-13].
Additional consistency conditions were introduced to improve the internal coherence
of shell equations [5], and extensions to shells with finite thickness were subsequently
proposed [14,15].

A rigorous asymptotic justification of shell equations was later established by deriving
two-dimensional shell models as limits of three-dimensional elasticity in the vanishing-
thickness regime [16]. This mathematical perspective was further developed in later
works addressing issues of well-posedness and theoretical consistency [17]. Investigations
were also conducted on the validity of commonly adopted stress—strain relations [18],
while more general kinematic formulations including shear and dynamic effects were
proposed [19]. In the nonlinear regime, consistent theoretical frameworks capable of
describing finite rotations and coupled bending-stretching behavior were developed [20],
together with alternative formulations providing useful insight for limiting cases and
numerical approximations [21].

Several investigations have addressed specific classes of shells of revolution. Asymmet-
ric bending of spherical shells and related problems have been studied through asymptotic
and analytical methods [22,23]. Conical shells subjected to non-uniform loading have also
been analyzed using displacement-based formulations [24,25], while toroidal shells were
examined in early theoretical studies [26]. Cylindrical shells, owing to their engineering
relevance, have attracted extensive attention. Displacement-based governing equations
and related analytical developments were presented in several works [12,27]. Additional
simplified formulations were introduced in order to facilitate the analytical treatment of
cylindrical shell behavior [14,28-30], while compact solutions for non-uniform cylindrical
shells were obtained through complex-variable techniques [6].

An important concept in shell analysis is the edge effect, according to which the
structural response can be approximated as the superposition of a membrane solution
and a rapidly decaying boundary-layer correction [1]. Conditions ensuring the existence
of such rapidly decaying solutions were later formalized [5], and simplified treatments
for spherical shells under symmetric loading were proposed through reduced systems of
governing equations [31].

More recently, semi-analytical interpretations of shell behavior based on the interaction
between two one-dimensional structural families aligned with longitudinal and transverse
directions have been proposed [32]. This framework has been applied to spherical shells [33]
and extended to the static response and buckling of shells with constant curvature [34],
as well as to pavilion vault geometries [35].
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In recent years, significant research efforts have been devoted to the analysis of shell struc-
tures, with particular emphasis on anisotropic and laminated doubly curved configurations,
including dynamic behavior, vibration response, and the presence of damage or multiphysical
effects [36-39]. In parallel, advanced numerical and theoretical formulations have been devel-
oped for laminated and composite shells, ranging from mesh-free and higher-order models
to geometrically nonlinear approaches for variable stiffness structures [40,41]. Furthermore,
classical shell theories have been revisited and reformulated within modern mathematical
frameworks, such as the tangential differential calculus applied to the Reissner-Mindlin
theory [42—44], while increasing attention has also been paid to coupled thermo-mechanical
and multiphysical analyses of laminated shell structures [45-48].

In light of the theoretical framework outlined above, the present work develops an
approximate formulation for the linear static analysis of axisymmetric shells of revolution
with generic meridian geometry. The approach is based on a mechanical reinterpretation
of the shell kinematics in which the structural behavior of the surface of revolution is
described through the interaction of two families of one-dimensional structural elements
associated with two specific orthogonal directions.

Within this framework, the shell geometry is characterized by three curvature radii
associated with a specific internal family of curves. A simplified mechanical model is
obtained by introducing suitable kinematic assumptions in which the contribution of one
of these curvature radii is neglected, an approximation that becomes appropriate when
the shell geometry is sufficiently far from the limiting configuration of a flat plate or mem-
brane. Starting from the axisymmetric Reissner-Mindlin shell equations, these assumptions
lead to a reduced formulation that preserves the dominant structural mechanisms while
significantly simplifying the governing equations.

The resulting model leads to a system of ordinary differential equations along the
meridian of the shell. For particular geometries, such as spherical and conical shells, these
equations admit closed-form analytical solutions. Two internally constrained variants of the
reduced formulation are considered, corresponding to different mechanical assumptions on
the behavior of the meridian fibers, and two approximate solution strategies are developed
within this framework.

The predictive capability of the proposed reduced models is assessed through compar-
ison with numerical solutions obtained from the classical axisymmetric Reissner-Mindlin
shell formulation. The comparison is performed in terms of both displacements and
stress resultants for representative shell configurations, allowing the accuracy and range of
applicability of the proposed analytical approximations to be evaluated.

2. Axisymmetric Shell Theory

The object investigated in this paper is a shell of revolution, whose geometry is
generated by revolving a generic planar curve, hereafter referred to as the generating curve,
about a fixed axis, hereafter referred to as the axis of revolution. Axial symmetry is also
assumed for the distribution of the loads acting on the shell, thus defining a so-called
axisymmetric shell problem. In a surface of revolution, two families of fundamental curves
can be identified: the meridians, which geometrically coincide with the generating curve,
and the parallels (see Figure 1).

Although a shell is inherently a two-dimensional structural element, axial symmetry
allows the mathematical domain of the problem to be reduced to one dimension while still
providing a complete representation of both the kinematic and static fields of the structure.
As a consequence, all kinematic and static quantities characterizing the elastic problem
depend exclusively on a single variable, s, namely the curvilinear abscissa measured along
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a generic meridian. The curvilinear abscissa s is assumed to be positive when measured
from the top of the shell toward the base.

In the following, the shell models are developed within the framework of linear
elasticity under the assumption of small-displacement and small-strain conditions.

Axis of revolution

Axis of revolution

Meridian

Coq

Figure 1. Axisymmetric shell: (a) geometric characteristics and displacement parameters; (b) meridian
section of the axisymmetric shell.

2.1. Classical Reissner—Mindlin Model

The axial symmetry of both the geometry and the load distribution allows the ax-
isymmetric shell to be described by means of a reduced set of geometric parameters.
The variables u, v, and ¢ denote the displacement components that fully characterize the
kinematics of the shell (see Figure 1a).

In the following, the governing equations of the elastic model for shells of revolu-
tion are derived according to the axisymmetric Reissner-Mindlin shell theory [8,9]. This
formulation provides a unified description of membrane, bending, and transverse shear
effects within the framework of shell mechanics. In particular, the strain—displacement
compatibility equations, hereafter referred to as compatibility equations, are presented.
These equations highlight that the mechanical behavior of the structure can be interpreted
in terms of the interaction between two characteristic families of fibers: the meridian fibers,
associated with the local radius of curvature r1(s) (and local center c1), and the parallel
fibers, characterized by the radius of curvature r((s) (and local center cp). By omitting the
dependence on the variable s for brevity, the compatibility equations read as follows:

’ [

1
o2
Ym = ¢ "
km = ¢’
________ )
vsinf + u cos @
gp= ———
o
0
Xy = @ cos

o

where (-)’ denotes differentiation with respect to the variable s, and 6 is the co-latitude
angle that the unit normal vector n to the shell at point P forms with respect to the axis
of revolution (see Figure 1). Once the geometry of the generating (meridian) curve is
specified, the co-latitude angle can be regarded as a function of the curvilinear coordinate s,
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namely 6 = 60(s). Finally, it is worth observing that the first three compatibility equations
in (1), denoted by the subscript (- ), refer to the meridian fibers and coincide with those
describing the kinematics of planar curved beams. The last two compatibility equations in
(1), denoted by the subscript (-)», instead, refer to the parallel fibers and coincide with those
describing the kinematics of ring beams. Therefore, these equations suggest that the overall
structural response can be interpreted in terms of the interaction between two families of
beam-like components: the meridian fibers and the parallel fibers, thereby highlighting
the coupled nature of the deformation mechanisms along two directions (meridian and
parallel) of the axisymmetric shell.

The constitutive behavior of the shell is described by a local linear elastic constitutive
law. Under the assumption of isotropic material behavior, stresses are related to the
corresponding strains in the shell. Let us introduce the vectors of generalized strains

e=[en & 1 mw x) @

and the corresponding vector of stress resultants

o= [N Ny Vi My MP]T, ®)

where the components are arranged so that the membrane kinematic and static quantities
are listed first, namely €y, €5, and Ny, N, respectively. These are followed by the quantities
associated with the shear and bending behavior of the shell, namely 7, xm, xp, and Vi,
My, and M. The set of stress resultants employed in the present formulation is more
limited than that typically considered, in general, shell theories, as several components are
neglected here as a direct consequence of the axisymmetry of the problem. Accordingly,
the constitutive relations can be expressed in matrix form as

r Eh vEh 7
1—v2 1-12 0 0 0
vEh Eh
N - 1o O 0 0 e
Ny €p
Vi = 0 0 —~Gh 0 0 Y ()
M 3 3 K
Mm 0 0 0 Eh i VvEh i m
P 12(1 —v2)  12(1 —v?) Kp
3 3
0 0 0 vEh Eh
I 12(1—12) 12(1—12) |

where E and G = E/(2(1 + v)) denote the Young’s modulus and the shear modulus,
respectively, v is the Poisson’s ratio, and  is the shell thickness. This formulation clearly
highlights the separation between membrane, shear, and bending contributions, as well as
the coupling between meridian circumferential fibers induced by Poisson’s ratio v [2—4].

The equilibrium equations are derived directly by enforcing the balance between
the internal stress resultants and the external distributed forces acting on an infinitesimal
portion of the axisymmetric shell. This infinitesimal element is defined by the intersection
of two meridians and two parallels, each pair being infinitesimally close to one another.
The small distances between adjacent meridians and parallels are measured by the infinites-
imal angles di and da, respectively (see Figure 2). The equilibrium equations can therefore
be written as
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v
— (Npro) — ;:7170 + Np cos § = pyro,
N,
;”ro — (Vinro)' + Npsinf = pyro, ()
1

— Vo — (Mmro)/ + Mpcost =0,

The three equilibrium equations in (5) express, respectively, the balance between inter-
nal stress resultants and external forces along the normal direction n and the tangential
direction t;, as well as the moment equilibrium about the tangential direction t,. It is
worth noting that the external distributed moment associated with the rotation ¢ is as-
sumed to be zero, owing to the negligible likelihood of such loading conditions in actual
structural systems.

Axis of revolution

Axis of revolution

Parallel

Meridian

Meridian
(b)

Figure 2. Equilibrium equation: (a) geometry of the infinitesimal portion of shell; (b) stresses acting
on the infinitesimal portion of shell.

The rigorous formulation of the elastic problem for axisymmetric shells leads to
systems of coupled differential equations with variable coefficients which, in general, do
not admit closed-form analytical solutions, even when the shell geometry is specialized to
a spherical portion.

Finally, another noteworthy aspect is that the axisymmetric Reissner-Mindlin shell
model, as well as axisymmetric formulations, in general, contains terms that are formally
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singular at the pole (s = 0) due to factors of 1/7( (see Equation (1)), leading to an apparent
indeterminacy at s = 0. However, this singularity is purely coordinate-induced and disap-
pears once the regularity of the physical solution is enforced. In numerical implementations,
this issue is commonly addressed by enforcing regularity conditions at the origin, typically
through symmetry constraints, and by replacing the singular operator at s = 0 with its
finite limiting form as ry — 0 (see, for further details, [42,49,50]).

2.2. Geometric Interpretation of Shell Behavior from Compatibility Equations

By suitably manipulating the compatibility equations in Equations (1), an additional
interpretation naturally emerges. In particular, these relations can be reformulated to make
explicit the introduction of two auxiliary curvature radii, defined as r, = s{ﬁ andrz = c;%/
which contribute to a more comprehensive description of the shell kinematics. The radius ,
represents the distance between a generic point P on the surface and the axis of revolution
measured along the normal direction n at P (see segment ¢, P in Figure 3). Conversely,
the radius r3 denotes the distance between the same point P and the axis of revolution
measured along the tangential direction t; at P (see segment c3P in Figure 3). Since both
radii 7, and r3 can be expressed in terms of the parallel radius rp, they are also known
functions of the curvilinear coordinate s, namely r, = r,(s) and r3 = r3(s).

Cy

Axis of revolution
Axis of revolution

0

OI N

C1
'y

Parallel

Meridian

Figure 3. Axisymmetric shell: (a) curvature radii rg, r; (i = 1, 2, 3); (b) meridian section of the
axisymmetric shell.

Within this geometric framework, the compatibility equations can be reformulated to
explicitly highlight the contribution of the different curvature radii and kinematic variables,
leading to the following representation:

em=u + —
"

_z]/— — —
Ym % "
Km:q)/ (6)
8_v+u
pifz r3

¢
Ky = —
P r3
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The above reformulation of the compatibility equations leads to a meaningful mechan-
ical interpretation. In particular, a comparison between the fourth compatibility equation
in Equations (1) and (6), which provides the elongation ¢, of the parallel fibers, suggests
that the circle with center cg and radius rp, representing a generic parallel, can be locally
approximated in a neighborhood of P by two auxiliary circles. Specifically, these auxiliary
circles are: the circle with center ¢, and radius y, laying in the plane spanned by the unit
vectors n and tp, and the circle with center c3 and radius 3, lying in the plane spanned by
the unit vectors t; and t, (see Figure 3a). It follows that the elongation of the parallel fiber,
€p, can be interpreted as the sum of two contributions, namely the elongation of the circle
of radius 7, %, and that associated with the circle of radius r3, %

Finally, it is worth noting that the inherent indeterminacy of the axisymmetric Reissner—
Mindlin shell model at s = 0, where the radius of the parallel vanishes (ry = 0) (see
Equation (1)), can be further interpreted through the reformulation of the compatibility
equations in Equation (6). Since at the pole of the axisymmetric shell only the radius 3
vanishes, the indeterminacy of the Reissner-Mindlin model can be attributed to the term
representing the elongation of the circle of radius r3.

3. Reduced Mechanical Model

The kinematic problem of axisymmetric shells allows the introduction of suitable
simplifying assumptions based on the kinematic interpretation of the terms associated with
the curvature radius r3.

It is well known that, starting from the axisymmetric shell model, the governing
equations of circular membrane or plate problems can be obtained as particular cases by
progressively reducing the shell curvature until a flat geometric configuration is reached.
In this limit, both radii ; and r; tend to infinity. Consequently, the compatibility equations
decouple: on the one hand, the equations governing the tangential problem, corresponding
to the circular membrane, are recovered; on the other hand, the remaining equations
describe the bending behavior of a circular plate.

The variability of the radius r3 spans two limiting cases: (i) cylindrical shells, for which
r3 — oo and the kinematic contribution associated with this radius vanishes and (ii) circu-
lar membrane/plate configurations, where only the terms associated with the curvature
radius r3 are retained. Therefore, the terms associated with r3 can be considered negligi-
ble in axisymmetric shells that are sufficiently far from the degenerate membrane/plate
planar geometry, while they become increasingly significant as the shell approaches the
flat configuration.

3.1. Reduced Kinematics, Statics, and Constitutive Law

At the basis of the proposed reduced axisymmetric shell model lies the assumption
that the geometric configuration of the shell is sufficiently far from the flat configuration
so that the kinematic terms associated with the curvature radius r3 can be neglected. It
is worth noting, for future reference, that neglecting these kinematic terms, in which 3
always appears in the denominator, is equivalent to assuming r3 — co. The subsequent
compatibility equations can therefore be written as

/ v
em=u + —
a1
!
Ym =0 — @
, @)
Km = @
£ —E
P_rz
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In these equations, the subscript (-),;, denotes the strain components associated with the
meridian fibers, consistently with the Reissner-Mindlin shell model. With regard to the
strains carrying the subscript (-),, it is worth noting that neglecting the terms associated
with the radius r3 leads to a reduced shell model in which the parallels are approximated
solely by the family of curves, denoted as C; curves, having radius r, at the point P (see
Figure 3). These curves are obtained by intersecting the shell with a plane containing the
unit vectors n and t; at P. Accordingly, in the compatibility equations, the subscript (-),
now refers to the strain components associated with the fibers along the C; curves.

The reduced compatibility equations in Equation (7) are derived from the exact ones in
Equation (6) by not only neglecting the terms involving the radius 3, but also omitting the
term % in the expression of the shear strain vy, (see [28]). This additional simplification has
consequences for the equilibrium equations as well and will be discussed in the following
when deriving the equilibrium equations of the reduced model.

The constitutive equations for the reduced model are obtained by a suitable reduction
of those of the Reissner-Mindlin model (Equations (4))

[ Eh vEh 7
(1—-v2) 1-—12 0 0
N VEh Eh . . €m
N, 1-v2  (1-12) €p
= 5 (8)

Vin 0 0 ZGh 0 Ym
Mm 0 0 0 7Eh3 "

L 12(1 —v2) |

The equilibrium equations are derived directly by enforcing the balance between
the internal stress resultants and the external distributed forces acting on an infinitesimal
portion of the axisymmetric shell. Neglecting the terms associated with the radius r3
is equivalent to assuming r3 — oo, since r3 always appears in the denominator of the
discarded terms. Under this assumption, the two infinitesimally close meridians that
bound the shell element remain at a constant distance from each other, as the limit r3 — oo
corresponds to a translational configuration rather than a rotational one. The other two
bounding curves of the infinitesimal element are two C, curves, whose separation is
measured by the infinitesimal angle da (see Figure 4).

Moreover, consistently with the assumption adopted in deriving the compatibility
equations, where the term % is neglected, the corresponding dual assumption must also
be enforced in the equilibrium equations. Since the omitted term % represents the con-
tribution of the tangential displacement along the meridian, u, to the shear strain 7y,
the corresponding term accounting for the effect of the transverse shear force V;, in the
equilibrium equation along the meridian tangential direction, namely %", must likewise be
neglected (see [28]).

The equilibrium equations can therefore be written as

— Ny, = pi
N, N
= Vot L= p 9)
n )

It is worth noting that neglecting the terms u/r; and V,;,/r1 in the compatibility and
equilibrium equations, respectively, leads to modeling the meridian shear strain as that of
a straight beam (see the second equation in Equation (7)) and to treating the equilibrium
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along the meridian tangential direction as if the meridian were a straight beam (see the first
equation in Equation (9)).

Cy—> ©

Axis of revolution

Meri\dian
(b)

Figure 4. Equilibrium equation: (a) Geometry of the infinitesimal portion of shell; (b) Stresses acting

on the infinitesimal portion of shell.

The reduced elastic problem defined by the compatibility equations in Equation (7) and
the equilibrium equations in Equation (9) yields a model that is free from the coordinate-
induced singularity previously discussed for the Reissner-Mindlin axisymmetric shell
formulation. This is because the singular behavior of the full axisymmetric shell model is
associated with the terms involving the radius r3, and these terms have been neglected in
the reduced formulation.

Another noteworthy observation is that, in the reduced model, the duality between
the compatibility and equilibrium equations emerges directly through the adjointness of
the corresponding differential operators, as in beam models. The vanishing of the terms
depending on the radius 3 alters the geometry of the infinitesimal shell portion over which
equilibrium is enforced so that it is bounded by two equidistant meridians. As a conse-
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quence, the dimensional variation associated with their constant mutual distance along s
becomes negligible. The reduced model thus resembles that of axisymmetric cylindrical
shells, where the infinitesimal shell portion is longitudinally bounded by two parallel lines,
and the duality manifests itself through the adjointness of the compatibility and equilibrium
differential operators.

Based on the reduced compatibility equations in Equation (7), the constitutive relations in
Equation (8), and the equilibrium equations in Equation (9), and following the displacement-
based approach, the governing equilibrium equations in displacement form (i.e., the field
equations) can be formulated in terms of the displacement components u, v, and ¢.

3.2. Internal Constrained Model A

In order to reduce the complexity of the model while preserving its ability to accurately
represent the physical behavior of the system, a set of internal constraints is introduced for
the curved fibers located along the meridian curves.

The first internal constraint concerns the shear indeformability of the meridian fibers,
as described by the curved beam model (see the terms with subscript (-),, in Equation (7)).
This constraint is enforced by setting the meridian shear strain v,, equal to zero. By impos-
ing this internal constraint,

Ym=0 = ¢="10 (10)

the rotation ¢ becomes a dependent (slave) variable since it can be expressed as a function
of the remaining displacement components. Consequently, the equilibrium equations must
be condensed, since the shear force V;;, becomes a reactive quantity.

Hence, the compatibility equations, the equilibrium equations, and the constitutive
relations of the reduced shear-indeformable axisymmetric shell model are given by

Em—lxl/‘i‘a 7N7/n2pt
Km:%/, ’ MnLM{,’ﬂr&:pn'

&y = — r ]

)
Eh vEh 0 (11)
N 1—v2 1-—12 .

" B vEh Eh 0 "
Np 0= | 1202 1222 &
My, 0 0 EK3 Km

12(1—12)

By adopting the displacement-based approach, the equilibrium equations in displace-
ment form can be written as follows:

_ Eh u/+ﬂ+vﬂ /f
1—12 1 7y P
(12)
2(/v 1 1 1 2v 12(1—v2)p
A7l I AT DY o4 - n
+h2 (1’2+7’1>u+<}’%+1’%+7’172>01 Eh3

3.3. Internal Constrained Model B

Building upon the shear-indeformable Model A, an additional inextensibility assumption
can be introduced for the curved fibers aligned with the meridian lines. This internal constraint
is enforced by setting the meridian strain ¢, equal to zero. The constraint can be written as

em =0 = v=—ru (13)
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where the displacement v becomes a dependent variable since it can be expressed as a
function of the remaining displacement component 1. Consequently, the normal force Ny,
becomes a reactive quantity, and the equilibrium equations must therefore be condensed.

Hence, the compatibility equations, the equilibrium equations, and the constitutive
relations of the reduced shear-indeformable inextensible axisymmetric shell model are

given by
km = —rqu”’ . /
R U {(ﬁM%)/+ <],;Np) :Pt+(rlpn)/}/
p 7o
Eh . (14)
Np | _ | 1-02 5 &
M, 0 Eh o

12(1—12)

By adopting the displacement-based approach, the equilibrium equations in displace-
ment form can be written as follows

{rl l(rlu’)lv—i-igri;/]} =0 (15)

2

4. Reduced Model for Selected Axisymmetric Shell Geometries

In this section, the reduced Model A and Model B, derived above, are specialized to
specific classes of axisymmetric shells. In particular, attention is focused on two geometries
of significant practical relevance, namely spherical and conical shells. The choice of these
configurations is not arbitrary. From an engineering perspective, spherical and conical
shells represent structural forms that are widely employed in a broad range of applications,
spanning civil and structural engineering (such as domes, thin roofs, tanks, and silos)
as well as mechanical and industrial engineering (including pressurized components,
enclosures, and aerospace structures).

To derive the compatibility and equilibrium equations, as well as the constitutive
relations, and subsequently obtain the governing equilibrium equations in displacement
form according to the displacement-based approach, it is not necessary to reformulate the
elastic model. In fact, all equations of the elastic problem can be obtained by specializing
the general equations previously established for Model A and Model B.

4.1. Spherical Shell

For spherical shells, the two principal radii of curvature ry and r, coincide and are
constant, namely 71 = r, = R. By substituting this geometric condition into the governing
equations of Model A in Equation (11) and adopting the displacement-based approach,
the equilibrium equations in displacement form can be obtained. Hence, Model A, when
specialized to spherical shear-indeformable axisymmetric shells, is described by the follow-
ing equilibrium equations in displacement form:

Eh (14v)d
—1_V2(u"+R ):Pt

v bR e 2v* o 12(1 —v?)py
1—v 1-v Eh3

(16)

[

4
where b is defined as b = v/2 (v> — 1)/4Band g = (R%hz . Equation (16) constitutes
a coupled system of ordinary differential equations of overall sixth order and therefore

requires the imposition of six boundary conditions. The closed-form solutions of this system
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are not reported here due to their algebraic complexity. Nevertheless, the availability of
analytical solutions makes it possible to investigate the shell behavior without resorting
to numerical approximations, which would otherwise be necessary in the absence of
closed-form expressions.

Also, the Model B can be specialized to spherical shells. Therefore, the governing
equations of a shear-indeformable inextensible axisymmetric spherical shell are obtained
by introducing the geometric conditions r; = r, = R into Equation (14). By adopting the
displacement-based approach, the equilibrium equation in displacement form is given by

uVt 4 aptu” =0 (17)

Equation (19) is a sixth-order ordinary differential equation admitting a closed-form analyt-
ical solution

u(s) = ky + kas + P (kz cos(Bs) + ka sin(Bs)) + e P* (ks cos(Bs) + ke sin(Bs)),  (18)

where ki, ..., k¢ are integration constants that are obtained by imposing six boundary
conditions.

An interesting interpretation can be drawn from Equation (17). In particular, by intro-
ducing the substitution 1" = 1, the equation can be rewritten as

P!V +4pty =0 (19)

which describes the behavior of a shear-indeformable, inextensible spherical shell in a
form analogous to that of a straight beam on an elastic foundation, as originally shown by
Gekeler [31].

4.2. Conical Shell

For a conical shell, the two principal radii of curvature are given by ; = oo and
rp = s tan(fy), where s is the coordinate measured from the vertex along the straight
meridian line, and 6y is the opening angle defining the slope of the conical shell with
respect to the vertical direction.

Owing to these geometric characteristics (1 = co and r, = x tan(6)), only Model A can
be specialized. Indeed, Model A is capable of describing both the tangential and the normal
behavior of the meridian fiber, which, in the case of conical shells, leads to two decoupled
problems. Moreover, the tangential behavior of the meridian fiber is governed by an
equation that coincides with that of a straight beam.

Therefore, by adopting the displacement-based approach, the only equilibrium equa-
tion in displacement form of interest, describing the behavior of the meridian fibers in the
normal direction, is )

oV 712;20; f,—0 (20)
Equation (20) is a fourth-order ordinary differential equation that requires the imposition of
four boundary conditions governing only the behavior of the meridian fibers in the normal
direction. It admits a closed-form analytical solution, which is not reported here for brevity.
In the case of conical shells, the formulation describes an elastic behavior equivalent to that
of a cylindrical shell with a variable radius. Alternatively, the governing equation can be
interpreted as that of a straight beam resting on an elastic foundation with variable stiffness,
since the coefficient multiplying the displacement v depends explicitly on the curvilinear
coordinate s.
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It is finally worth remarking that the shear-indeformable inextensible spherical shells
and the shear-indeformable conical shells, described by the governing equilibrium equa-
tions in displacement form, Equations (17) and (20), respectively, are derived without
accounting for the external load distributions p, and p;. Therefore, they can be employed
only to describe boundary effects and their evolution along the shell domain. Moreover,
these formulations are obtained under the additional assumption that the Poisson coeffi-
cientv = 0.

5. Solution Strategies

As a preliminary observation, Model A is expected to provide higher accuracy than
Model B, since the latter involves a greater number of internal constraints, thereby signifi-
cantly reducing its descriptive capability.

In light of this consideration, two solution strategies are adopted: the first is based on
Model A to describe the overall behavior of shells, whereas the second relies on Model B to
capture only the boundary effects.

5.1. Method M1

Method M1, adopted exclusively for spherical shells, is based on the closed-form
analytical solution admitted by the shear-indeformable axisymmetric spherical shell for-
mulation, based on the Model A and described by the differential system in Equation (16).

Method M1 operates in a fully autonomous manner, as both the effects of the applied
load distribution and the prescribed boundary conditions are directly incorporated into the
reduced Model A.

5.2. Method M2

Method M2 is structured in two main stages. The first stage consists of solving the
problem associated with the externally distributed loads under the assumption of a purely
membrane structural response. As is well known, the membrane problem is internally
determinate. Moreover, the set of boundary conditions can be selected to render the
problem determinate also with respect to the external constraints. Under these assumptions,
the membrane stress resultants can be obtained through equilibrium considerations alone,
using a purely algebraic approach. Consequently, the solution of the membrane problem in
the first stage is generally not kinematically compatible with the actual boundary conditions,
although it provides a sufficiently accurate representation of the dominant structural
response away from the boundaries.

The second stage aims at recovering the actual structural behavior by reintroducing
the effects associated with the boundary conditions that were neglected in the membrane
problem of the first stage but are present in the axisymmetric shell under consideration.
As an example, in the case of a clamped boundary, the neglected constraints are reintro-
duced by imposing displacement or rotation components with opposite signs with respect
to those predicted by the membrane model. This correction is carried out by means of the
internally constrained shell models, specialized for spherical shells in Equation (17) and
for conical shells in Equation (20). This procedure is based on the superposition principle,
combining the results obtained from the membrane model in the first stage with those pro-
vided by Model B in the second stage. In this sense, the homogeneous internal constrained
models act as a correction model, compensating for the kinematic incompatibilities of the
membrane solution at the shell boundaries.

Moreover, in sufficiently thin shells (i.e., characterized by small values of the ratio /1/R),
flexural effects are strongly localized in the vicinity of the supports, while the membrane
response dominates the interior region of the structure. Accordingly, Method M2 employs
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the membrane solution to represent the dominant interior response induced by the external
loads, whereas the internal constrained shell models are used as a local corrective tool near
the boundaries, where flexural load-carrying mechanisms must be restored.

As a final remark, the procedure proposed in Method M2 is conceptually similar
to that presented by Gekeler in [31]. The fundamental difference lies in the fact that
in [31] a reduced spherical shell model was formulated in terms of parameters that did
not facilitate the enforcement of kinematic boundary conditions. The proposed Model B,
instead, is directly expressed in terms of the displacement component u, from which all
other displacement components can be rapidly derived, thus allowing the direct imposition
of kinematic boundary conditions.

6. Effectiveness Assessment of the Proposed Methodologies

A comparison between the results provided by the two proposed approximate meth-
ods, namely Methods M1 and M2, and those obtained using the classical Reissner-Mindlin
shell theory is carried out in order to assess the accuracy of the proposed methodologies in
describing two classes of axisymmetric shells, namely spherical and conical shells. The com-
parison is performed in terms of the tangential and normal displacements, u and v, as well
as the stress resultants, namely the normal stress Ny, and Nj, the meridian shear stress Vy;,,
and the meridian bending moment M.

The set of investigated case studies is designed to evaluate the capability of the
proposed model to accurately reproduce the structural response under distributed loads
acting over the shell domain, considering both complete axisymmetric shells and shells
featuring a hole at the apex. Distributed loads of different natures are examined, including
hydrostatic loading and self-weight. An additional case study is considered in which,
besides the distributed load, a concentrated force is applied at the edge of the hole boundary
in order to assess the ability of the proposed model to capture the propagation of boundary
effects within the shell domain. Furthermore, additional analyses are performed by varying
the opening angle of the spherical and conical shells.

The results obtained using the Reissner-Mindlin model are computed by numerically
integrating the governing equilibrium equations in displacement form. To avoid the
indeterminacy at the vertex (s = 0), the procedure suggested in [51] is adopted, whereby
the numerical integration is performed by introducing a virtual small hole at the apex.
Accordingly, the integration does not start from s = 0, but from a small distance away from
the singular point. By contrast, the results obtained using Methods M1 and M2, which
involve both Model A and Model B of axisymmetric shells, are derived by exploiting the
closed-form analytical solutions admitted by these models.

The mechanical and geometrical characteristics common to axisymmetric spherical
and conical shells are summarized in Table 1.

Table 1. Geometrical and mechanical characteristics of the shells.

Parameters Common to Spherical and Conical Shells Symbol Value Unit
Young’s modulus E 210 x 10° N/m?2
Unit weight v 76,518 N/m3
Distributed load p=vh 15303.6 N/m?
Thickness h 0.2 m

All the other quantities characterizing the investigated shell are reported in part (a) of
the following figures, where the structural scheme is shown together with all the parameter
values required to reproduce the numerical integrations.
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The shells considered in the numerical simulations do not correspond to any specific
real structure. They have been selected from the numerous simulations performed in
order to make the comparison between the Reissner-Mindlin shell model and Methods M1
and M2 as meaningful as possible.

6.1. Spherical Shell Subject to Hydrostatic Load

The first benchmark problem concerns a full spherical shell subjected to a hydrostatic
load, with an opening angle 8y = 0 and radius R = 10 m (Figure 5a). This test is intended to
assess whether the proposed methods are capable of properly accounting for the bending
contribution inherent to shell behavior while simultaneously ensuring a correct enforcement
of the actual boundary conditions.

Axis of revolution
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Figure 5. Full spherical shell under hydrostatic load: (a) geometrical and loading scheme;

(b)

(b) displacements and stresses acting on the shell.

s [m]

10

In general, as can be observed, the results provided by the numerical model and
those obtained using the proposed approximate formulations are in very good agreement
(Figure 5b).

Regarding the results obtained with Method M1, which makes use of the shear—
indeformable shell Model A (thin lines in the graphs), its good performance can be clearly

https://doi.org/10.3390/appliedmath6050076


https://doi.org/10.3390/appliedmath6050076

AppliedMath 2026, 6, 76

17 of 25

observed. In particular, Method M1 accurately reproduces the displacements (first row
of graphs), the membrane stress resultants N;; and Nj, (second row), as well as the shear
force Vy; and the bending moment M, (third row). Notably, Method M1 proves especially
effective in reproducing the shear force and bending moment distributions, with the
curves of V;,; and M,, being almost superimposed on those obtained from the Reissner—
Mindlin model (thick lines in the graphs). Although the agreement in terms of membrane
stress resultants is slightly less accurate, particularly for the meridian normal force Ny,
the discrepancy between the Reissner-Mindlin solution and Method M1 remains limited to
approximately 2.5%. Finally, the tangential and normal displacements, # and v, are also
well approximated by Method M1, especially in the vicinity of the base boundary.

The results provided by Method M2 (dashed lines in the graphs), which combines
the membrane theory with the shear-indeformable and inextensible shell Model B, also
show a very satisfactory performance, despite the additional internal inextensional con-
straint imposed on the shell model. Method M2 continues to approximate the shell stress
resultants V,, and M, very well, with curves almost superimposed on those obtained
from the Reissner-Mindlin model. Moreover, Method M2 exhibits an improved capability
in describing the membrane stress resultants compared to Method M1, particularly with
regard to the meridian normal force N,.

Finally, it can be observed that, in the evaluation of the stress resultants, the discrepan-
cies among the Reissner-Mindlin model, Method M1, and Method M2 become very small.
This high level of agreement is further enhanced when the shell thickness & is reduced
while keeping the shell radius fixed.

The second case study aims to assess the effectiveness of the approximate Methods M1
and M2 in the analysis of shallow spherical shells. It should be recalled that, in both
constrained shell Models A and B, the terms depending on the curvature radius 3 have
been neglected. As discussed above, this approximation is expected to be acceptable when
such terms are sufficiently small. This condition typically occurs in shells with a low degree
of shallowness, especially in the vicinity of the base boundary. In full spherical shells,
r3 — oo at the boundary, since the shell tangent is vertical at that location. Consequently,
within a sufficiently small neighborhood of the boundary, the terms depending on r3 can
be safely neglected. However, these terms tend to become increasingly significant when
approaching the vertex of the spherical shell. Nevertheless, if boundary effects decay
rapidly, for instance, due to a sufficiently small shell thickness, such terms may reasonably
be neglected throughout the entire shell domain.

In contrast, for shallow spherical shells, the terms depending on r3 may not be small even
at the boundary, and, therefore, the validity of the adopted approximation requires careful
assessment. Therefore, the second benchmark problem concerns a shallow spherical shell
subjected to a hydrostatic load, with opening angle 6y = 30° and radius R = 10m (Figure 6a).
The results show that the increase in the opening angle does not lead to any significant loss
of accuracy of the proposed models. In particular, the shell stress resultants V;; and M,
remain almost superimposed on those obtained from the Reissner-Mindlin model. Moreover,
Methods M1 and M2 exhibit a capability to reproduce the displacements u and v, as well as the
circumferential normal force Ny, comparable to that observed in the case of the full spherical
shell (Figure 6b). The only noticeable deterioration is observed in the meridian normal force
Ny, where the results provided by Method M1 show a more pronounced deviation compared
to the corresponding full spherical shell case. In particular, a quantitative assessment shows
that the maximum percentage error in the meridional membrane force N, remains on the
order of 4% in the most critical regions. This deviation is slightly larger than that observed in
the full spherical shell case and can be attributed to the increased relevance of the curvature
radius 3 in this configuration. Nevertheless, the discrepancy remains overall limited.
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Figure 6. Shallow spherical shell (6y = 30°) under hydrostatic load: (a) geometrical and loading
scheme; (b) displacements and stresses acting on the shell.

6.2. Spherical Shell with Hole Under Self~-Weight and Concentrated Load

The second benchmark problem considers a full spherical shell with a central hole,
subjected to self-weight, with an opening angle 6y = 0 and radius R = 10m (Figure 7a).
The results obtained using the Reissner-Mindlin model and those provided by Methods M1
and M2 are shown in Figure 7b. Also in this case, Methods M1 and M2 perform very well
in approximating both the displacement components and the stress resultants in the shell.
In particular, in the graphs displaying the membrane and shell stress resultants, the dashed
curves representing the results provided by Method M2, are barely visible since they are
almost perfectly superimposed on those corresponding to the Reissner-Mindlin model
(thick lines in the graphs). Therefore, Method M2 exhibits a higher capability in describing
all the investigated quantities compared to Method M1 (thin lines in the graphs). In partic-
ular, Method M1 continues to show some difficulty in accurately reproducing the meridian
normal force Ny, especially in regions far from the boundary. In particular, Method M1
continues to show some difficulty in accurately reproducing the meridional normal force
Ny, especially in regions far from the boundary. A quantitative comparison indicates that
the discrepancy in N;; may locally increase, reaching values of up to about 50% in the most
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critical regions, although it remains confined to limited portions of the domain and does
not affect the overall qualitative agreement. In contrast, Model M2 is superimposed on the
numerical solution obtained from the canonical Reissner-Mindlin equations.
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Figure 7. Spherical shell with hole (8, = 30°) under self-weight load: (a) geometrical and loading
scheme; (b) displacements and stresses acting on the shell.

Another benchmark problem, similar to the previous one, is analyzed. The same full
spherical shell with a central hole, subjected to self-weight, with opening angle 6y = 0
and radius R = 10m, is considered; in addition, a concentrated force distribution is
applied along the edge of the hole (Figure 8a). The aim of this investigation is to assess the
capability of the proposed approximate models to describe the propagation of the boundary
effects induced by the localized load and their transmission throughout the shell domain.
The results obtained using the Reissner-Mindlin model and those provided by Methods M1
and M2 are shown in Figure 8b. Also in this case, Methods M1 and M2 provide a good
approximation of both the displacement components and the stress resultants within the
shell. In particular, Method M2 exhibits an overall higher capability in representing the
investigated mechanical quantities compared to Method M1. The latter still shows some
difficulty in accurately reproducing the meridian normal force Ny, especially in regions far
from the boundary. The maximum percentage error observed with Method M1 is of the
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same order of magnitude as that found in the case without a concentrated load. In this case,
however, the error associated with Method M2 slightly increases, reaching values of about
8% with respect to the solutions of the Reissner-Mindlin equations. As a final remark,
the presence of a concentrated load applied at the edge of the hole yields an accuracy of
the approximate solutions obtained using Methods M1 and M2 that is comparable to that
observed in the absence of the concentrated load (Figure 7b).
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Figure 8. Spherical shell with hole (6, = 30°) under self-weight and concentrated load: (a) geometrical
and loading scheme; (b) displacements and stresses acting on the shell.

6.3. Conical Shell Under Self-Weight

The third benchmark problem concerns a conical shell subjected to self-weight. Since
the proposed formulation is designed for axisymmetric shells with general geometrical
configurations, this case study is introduced to further assess its effectiveness beyond the
spherical shell configuration. Two different geometrical configurations are considered,
corresponding, respectively, to small and large opening angles.

The purpose of this comparative analysis is to evaluate the capability of the proposed
Method M2, the only method specifically developed for conical shells, to perform effectively
under geometrical configurations different from the spherical one. As previously discussed, it
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is expected that the approximate Method M2 provides better results for tall conical shells char-
acterized by small opening angles, rather than for conical shells with larger opening angles.
The first case concerns a conical shell with a central hole, subjected to self-weight,
and characterized by an opening angle 6y = 15°. The length of the straight meridian line
is 10.0 m, with the edge of the hole located 3.0 m from the vertex and measured along the
meridian line (Figure 9a). The results obtained using the Reissner-Mindlin model and those
provided by Method M2 are shown in Figure 9b. As can be observed, Model M2 describes
very well the behavior of the conical shell, with the results almost perfectly superimposed on
those obtained from the Reissner-Mindlin model. In particular, only the bending moment
resultant M, shows a slight discrepancy between the exact and approximate models.
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Figure 9. Conical shell (6y = 15°) with hole under self-weight: (a) geometrical and loading scheme;
(b) displacements and stresses acting on the shell.
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The second case concerns a conical shell with a central hole, subjected to self-weight,
and characterized by an opening angle 6y = 60°. The length of the straight meridian line
is 10.0 m, with the edge of the hole located 3.0 m from the vertex and measured along the
meridian line (Figure 10a). It is worth observing that the geometry of the two conical shells
(Figures 9a and 10a) differs from each other only for the different opening angle 6.
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Figure 10. Conical shell (6y = 60°) with hole under self-weight: (a) geometrical and loading scheme;
(b) displacements and stresses acting on the shell.

The results obtained using the Reissner-Mindlin model and those provided by
Method M2 are shown in Figure 10b. As can be observed, Model M2 continues to provide a
good description of the conical shell behavior, with the approximate results remaining very
close to those obtained using the Reissner-Mindlin model. Some difficulties are observed
in the representation of the meridian normal stress resultant N;;, where Method M2 shows
a reduced ability to closely reproduce the Reissner-Mindlin solution in the vicinity of the
boundary. In these regions, the maximum percentage error is approximately 17%.
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7. Conclusions

A mono-dimensional formulation for axisymmetric shells has been developed based
on the interpretation of the structural response as the interaction between two fundamental
families of elements: curved beams aligned with the meridian lines and a secondary system
of interacting fibers. This modeling strategy leads to a formulation in which the kinematic
problem is the adjoint of the static one, fully consistent with the underlying mechanical
principles. Assuming a linear elastic material and small-strain, small-displacement condi-
tions, the proposed mono-dimensional model accurately captures the linear static behavior
of axisymmetric shells. To further reduce the mathematical complexity, internal kinematic
constraints, namely meridian inextensibility and meridian shear-indeformability, have
been introduced, enabling the derivation of simplified yet mechanically sound reduced
models that admit closed-form analytical solutions for all case studies examined. The an-
alytical solutions have been systematically compared with numerical results obtained
from canonical Reissner-Mindlin shell formulations, confirming both the reliability of the
proposed approach and the physical consistency of the simplifying assumptions. Moreover,
the availability of closed-form solutions for structurally significant configurations, such as
spherical and conical shells, facilitates a direct and transparent investigation of the influ-
ence exerted by geometric and constitutive parameters on the global structural response.
From a theoretical standpoint, these analytical results also provide valuable benchmarks for
emerging computational paradigms such as Physics-Informed Neural Networks (PINNs),
thus offering a robust foundation for future developments integrating analytical modeling
with data-driven strategies. The main original contributions of the modeling approach can
be summarised as follows:

e introduction of a mono-dimensional representation of axisymmetric shells based on
interacting meridian fibers and orthogonal fiber families, from which a consistent
kinematic—static adjoint structure naturally follows;

* formulation of reduced elastic models that incorporate meridian inextensibility
and shear-indeformability while preserving a sound and physically meaningful
mechanical interpretation;

* elimination of the coordinate-induced singularity typical of classical axisymmetric
formulations by removing terms associated with the vanishing curvature radius r3;

* availability of closed-form solutions for the families of reduced spherical and
conical models, enabling a direct and transparent analytical assessment of the
structural response.

The main findings emerging from numerical comparisons are the following:

* very good agreement between the proposed models and Reissner-Mindlin nu-
merical solutions in terms of displacements, membrane forces, shear forces, and
bending moments;

¢ high accuracy of Model A in predicting meridian shear and bending moment distribu-
tions, with excellent global performance;

*  ability of Model B to capture boundary-layer behaviors, confirming its suitability as a
correction model within the M2 strategy;

* improvement in accuracy for both approximate methods with decreasing shell thick-
ness, consistent with the membrane-dominated response of thin shells;

*  robust performance across different geometries (full spherical shells, shallow shells,
and conical shells) and loading conditions (hydrostatic load, self-weight, and
concentrated loads).

https:/ /doi.org/10.3390/appliedmath6050076


https://doi.org/10.3390/appliedmath6050076

AppliedMath 2026, 6, 76 24 of 25

Author Contributions: Conceptualization, A.D.E. and R.P.; Methodology, A.D.E. and R.P; Investiga-
tion, A.D.E. and R.P,; Writing—original draft, A.D.E. and R.P,; Writing—review and editing, A.D.E.
and R.P. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Love, A.E.H. A Treatise on the Mathematical Theory of Elasticity, 4th ed.; Dover Publications: New York, NY, USA, 1944.

2. Timoshenko, S.P.; Woinowsky-Krieger, S. Theory of Plates and Shells, 2nd ed.; McGraw-Hill: New York, NY, USA, 1959.

3.  Ventsel, E.; Krauthammer, T. Thin Plates and Shells: Theory, Analysis, and Applications; Marcel Dekker: New York, NY, USA, 2001.

4. Flugge, W. Stresses in Shells, 2nd ed.; Springer: Berlin/Heidelberg, Germany; New York, NY, USA, 1973.

5. Goldenveizer, A.L. Theory of Thin Elastic Shells; Pergamon Press: Oxford, UK, 1961.

6.  Novozhilov, V.V. The Theory of Thin Shells; Noordhoff: Groningen, The Netherlands, 1959.

7. Mindlin, R.D. Influence of Rotatory Inertia and Shear on Flexural Motions of Isotropic, Elastic Plates. J. Appl. Mech. 1951, 18, 31-38.
[CrossRef]

8. Reissner, E. Stresses and Small Displacements of Shallow Spherical Shells. I. J. Math. Phys. 1946, 25, 80-85. [CrossRef]

9.  Reissner, E. Stresses and Small Displacements of Shallow Spherical Shells. II. . Math. Phys. 1946, 25, 279-300. [CrossRef]

10. Sanders, ].L. An Improved First-Approximation Theory for Thin Shells; Technical Report NASA TR R-24; National Aeronautics and
Space Administration: Washington, DC, USA, 1959.

11. Lur’e, AL General Theory of Thin Elastic Shells. Prikl. Mat. Mekhanika (PMM) 1940, 4, 7-34. (In Russian)

12. Flugge, W. Stresses in Shells; Springer: Berlin/Heidelberg, Germany, 1962.

13.  Byrne, R. Theory of Small Deformations of a Thin Elastic Shell, Seminar Reports in Mathematics; Technical Report; University of California:
Oakland, CA, USA, 1944; Volume 2.

14.  Vlasov, V.Z. General Theory of Shells and Its Applications in Engineering; Technical Report NASA TT F-99; National Aeronautics and
Space Administration: Washington, DC, USA, 1964.

15.  Kraus, H. Thin Elastic Shells; John Wiley and Sons: New York, NY, USA, 1967.

16. Koiter, W.T. A Consistent First Approximation in the General Theory of Thin Elastic Shells. In Proceedings of the Symposium on the
Theory of Thin Elastic Shells; North-Holland: Amsterdam, The Netherlands, 1960; pp. 12-33.

17.  Ciarlet, P.G. Mathematical Elasticity, Volume III: Theory of Shells; North-Holland: Amsterdam, The Netherlands, 2000.

18.  Knowles, J.K,; Reissner, E. Note on the Stress-Strain Relations for Thin Elastic Shells. J. Math. Phys. 1958, 37, 269-282. [CrossRef]

19. Naghdi, PM,; Berry, ].E. On the Equations of Motion of Cylindrical Shells. J. Appl. Mech. 1954, 21, 161-168. [CrossRef]

20. Libai, A.; Simmonds, ].G. The Nonlinear Theory of Elastic Shells, 2nd ed.; Cambridge University Press: Cambridge, UK, 1998.

21. Morley, L.S.D. A Facet-like Shell Theory. Int. ]. Solids Struct. 1984, 20, 587—601. [CrossRef]

22. Reissner, E. On Axisymmetrical Deformations of Thin Shells of Revolution. In Proceedings of the Symposia in Applied Mathematics,
Vol. 3: Elasticity; McGraw-Hill: New York, NY, USA, 1950; pp. 27-52.

23. Meissner, E. Uber Elastizitit und Festigkeit diinner Schalen. Vierteljahrsschr. Naturforschenden Ges. Ziir. 1915, 60, 23-47.

24. Hoff, N.J. Thin Circular Conical Shells Under Arbitrary Loads. J. Appl. Mech. 1955, 22, 557-562. [CrossRef]

25. Fliigge, W. Die Stabilitat der Kreiszylinderschale. Ingenieur-Archiv 1932, 3, 463-506. [CrossRef]

26. Wissler, H. Festigkeitsberechnung von Ringfldchenschalen. Ph.D. Thesis, Eidgenossische Technische Hochschule Ziirich, Ziirich,
Switzerland, 1916. (In German)

27. Parkus, H. Die Grundgleichungen der allgemeinen Zylinderschale. Oesterreichisches Ing.-Arch. 1951, 6, 30-49.

28. Donnell, L.H. Stability of Thin-Walled Tubes Under Torsion; Technical Report Report No. 479; National Advisory Committee for
Aeronautics: Washington, DC, USA, 1935.

29. Dischinger, F. Die strenge Theorie der Kreiszylinderschale in ihrer Anwendung auf die Zeiss-Dywidag-Schalen. Beton Eisen 1935,
34, 257-264.

30. Hoff, N.J. Boundary-Value Problems of the Thin-Walled Circular Cylinder. J. Appl. Mech. 1954, 21, 343-350. [CrossRef]

31. Gekeler, J. Ueber die Festigkeit Achsensymmetrischer Schalen; Forschungsarbeiten auf dem Gebiete des Ingenieurwesens; VDI-Verlag:
Berlin, Germany, 1930. (In German)

32. De Leo, A.; Contento, A.; Di Egidio, A. Static Behaviour of Long or Short Barrel Vaults. In Proceedings of the Fourteenth

International Conference on Civil, Structural and Environmental Engineering Computing, Cagliari, Italy, 3-6 September 2013.

https:/ /doi.org/10.3390/appliedmath6050076


http://doi.org/10.1115/1.4010217
http://dx.doi.org/10.1002/sapm194625180
http://dx.doi.org/10.1002/sapm1946251279
http://dx.doi.org/10.1002/sapm1958371269
http://dx.doi.org/10.1115/1.4010859
http://dx.doi.org/10.1016/0020-7225(84)90024-7
http://dx.doi.org/10.1115/1.4011154
http://dx.doi.org/10.1007/BF02079822
http://dx.doi.org/10.1115/1.4010932
https://doi.org/10.3390/appliedmath6050076

AppliedMath 2026, 6, 76 25 of 25

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
51.

De Leo, A.; Contento, A.; Di Egidio, A. Mono-dimensional formulation of axial-symmetric spherical shells and characterization
of the linear static behaviour. Meccanica 2016, 51, 1077-1092. [CrossRef]

De Leo, A.; Contento, A.; Di Egidio, A. Semi-Analytical Approach for the Study of Linear Static Behaviour and Buckling of Shells
with Single Constant Curvature. Contin. Mech. Thermodyn. 2014, 27, 767-785. [CrossRef]

De Leo, A.; Di Egidio, A.; Contento, A. Parametric study of the distribution of the tensile stresses in pavilion structures constituted
by four sectors of barrel shells. Meccanica 2017, 52, 2293-2305. [CrossRef]

Tornabene, F; Viscoti, M..; Dimitri, R.; Rosati, L. Dynamic analysis of anisotropic doubly-curved shells with general boundary conditions,
variable thickness and arbitrary shape. Compos. Struct. 2023, 309, 116542. [CrossRef]

Tornabene, E; Viscoti, M.; Dimitri, R. Free vibration analysis of laminated doubly-curved shells with arbitrary material orientation
distribution employing higher order theories and differential quadrature method. Eng. Anal. Bound. Elem. 2023, 152, 397-445.
[CrossRef]

Kumar, V.; Dewangan, H.C.; Sharma, N.; Panda, S.K. Numerical prediction of static and vibration responses of damaged (crack
and delamination) laminated shell structure: An experimental verification. Compos. Struct. 2023, 170, 108883. [CrossRef]

Wu, J.H;; Liu, R].; Duan, Y.; Sun, Y.D. Free and forced vibration of fluid-filled laminated cylindrical shell under hydrostatic
pressure. Ocean. Eng. 2023, 202, 104925. [CrossRef]

Xue, B.; Zhang, A.M.; Peng, Y.X.; Zhang, Q.; Li, S. A meshfree orthotropic laminated shell model for geometrically nonlinear
static and dynamic analysis. Acta Mech. Sin. 2024, 73, 1033-1051. [CrossRef]

Liguori, ES.; Zucco, G.; Madeo, A. A geometrically nonlinear Hellinger—Reissner shell element for the postbuckling analysis of
variable stiffness composite laminate structures. Meccanica 2024, 59, 1351-1368. [CrossRef]

Schollhammer, D.; Fries, T.P. Reissner-Mindlin shell theory based on tangential differential calculus. Comput. Methods Appl. Mech.
Eng. 2019, 352, 172-188. [CrossRef]

Azizi, N.; Dornisch, W. A spectral finite element Reissner—-Mindlin shell formulation with NURBS-based geometry definition.
Compos. Struct. 2024, 74, 537-559.

Manta, D.; Gongalves, R.; Camotim, D. On the compatibility between Reissner-Mindlin shell and GBT-based finite elements.
Thin-Walled Struct. 2024, 192, 111150. [CrossRef]

Tornabene, F.; Viscoti, M.; Dimitri, R.; Rabczuk, T. Thermo-magneto-mechanical analysis of curved laminated structures with
arbitrary variation of the material properties and novel recovery procedure. Eng. Anal. Bound. Elem. 2025, 176, 106232. [CrossRef]
Tornabene, F.; Viscoti, M.; Dimitri, R. Thermo-Mechanical analysis of laminated doubly-curved shells: Higher-order equivalent
layer-wise formulation. Compos. Struct. 2024, 335, 117995. [CrossRef]

Liu, Y;; Qin, Z.; Chu, E. Investigation of magneto-electro-thermo-mechanical loads on nonlinear forced vibrations of composite
cylindrical shells. Compos. Struct. 2024, 107, 106146. [CrossRef]

Li, J.; Qian, H.; Lu, C. Thermo-Mechanical Analysis for Composite Cylindrical Shells with Temperature-Dependent Material
Properties Under Combined Thermal and Mechanical Loading. Compos. Struct. 2023, 18, 1391. [CrossRef]

Constantinescu, G.S.; Lele, S.K. A Highly Accurate Technique for the Treatment of Flow Equations at the Polar Axis in Cylindrical
Coordinates Using Series Expansions. |. Comput. Phys. 2002, 183, 165-186. [CrossRef]

De Bellis, M.L. NURBS-based collocation methods for the structural analysis of shells of revolution. Metals 2016, 6, 68. [CrossRef]
Tornabene, F. Meccanica delle Strutture a Guscio in Materiale Composito: 1l Metodo Generalizzato di Quadratura Differenziale; Societa
Editrice Esculapio: Bologna, Italy, 2012.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https:/ /doi.org/10.3390/appliedmath6050076


http://dx.doi.org/10.1007/s11012-015-0260-7
http://dx.doi.org/10.1007/s00161-014-0364-7
http://dx.doi.org/10.1007/s11012-016-0580-2
http://dx.doi.org/10.1016/j.compstruct.2022.116542
http://dx.doi.org/10.1016/j.enganabound.2023.04.008
http://dx.doi.org/10.1016/j.ymssp.2022.108883
http://dx.doi.org/10.1016/j.ijpvp.2023.104925
http://dx.doi.org/10.1007/s00466-023-02399-4
http://dx.doi.org/10.1007/s11012-024-01799-x
http://dx.doi.org/10.1016/j.cma.2019.04.018
http://dx.doi.org/10.1016/j.tws.2023.111150
http://dx.doi.org/10.1016/j.enganabound.2025.106232
http://dx.doi.org/10.1016/j.compstruct.2024.117995
http://dx.doi.org/10.1016/j.cnsns.2021.106146
http://dx.doi.org/10.3390/ma18071391
http://dx.doi.org/10.1006/jcph.2002.7187
http://dx.doi.org/10.3390/met6030068
https://doi.org/10.3390/appliedmath6050076

	Introduction
	Axisymmetric Shell Theory
	Classical Reissner–Mindlin Model
	Geometric Interpretation of Shell Behavior from Compatibility Equations

	Reduced Mechanical Model
	Reduced Kinematics, Statics, and Constitutive Law
	Internal Constrained Model A
	Internal Constrained Model B

	Reduced Model for Selected Axisymmetric Shell Geometries
	Spherical Shell
	Conical Shell

	Solution Strategies
	Method M1
	Method M2

	Effectiveness Assessment of the Proposed Methodologies
	Spherical Shell Subject to Hydrostatic Load
	Spherical Shell with Hole Under Self-Weight and Concentrated Load
	Conical Shell Under Self-Weight

	Conclusions
	References

