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Abstract

In this paper, we introduce and systematically study the class of interpolative Geraghty-
type contractive mappings within the framework of complete bicomplex-valued metric
spaces (bi-CVMS). We prove seven new results: (i) a fixed point theorem for a single
interpolative Geraghty contraction; (ii) a common fixed point theorem for a pair of such
mappings; (iii) a fixed point theorem for interpolative Reich-Rus—Ciri¢ type contractions in
bi-CVMS; (iv) a coincidence point and common fixed point theorem for weakly compatible
maps; (v) a fixed point theorem for Jaggi-type hybrid contractions in bi-CVMS; (vi) a
stability result for the Picard iteration associated with the main contraction; and (vii) an
application theorem establishing the existence and uniqueness of solutions to a boundary
value problem governed by a Caputo fractional differential equation. All results are
furnished with complete proofs and non-trivial illustrative examples. Several well-known
theorems—including those of Banach, Kannan, Reich, Geraghty, and their complex-valued
analogues—follow as special cases. The paper significantly advances the fixed point theory
in bicomplex-valued metric spaces.

Keywords: bicomplex-valued metric space; interpolative contraction; Geraghty contraction;
Reich-Rus-Ciri¢ contraction; Jaggi hybrid contraction; weak compatibility; coincidence
point; Picard stability; Caputo fractional differential equation
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1. Introduction

The Banach contraction principle [1], asserting the existence and uniqueness of fixed
points of strict contractions on complete metric spaces, remains after more than a century
the most cited result in nonlinear analysis and provides the analytic foundation for iterative
methods in differential equations, operator theory, and optimisation. Its generalisations
proceed along two principal axes: (a) enrichment of the underlying space, and (b) weaken-
ing of the contraction condition. The present article advances both axes simultaneously
within the framework of bicomplex-valued metric spaces. The bicomplex-valued metric
space (bi-CVMS) offers three structural advantages over classical real or complex-valued
metric spaces: (i) its metric takes values in Gz, a commutative ring equipped with a natural
partial order 3 derived from the idempotent representation, enabling simultaneous track-
ing of two independent complex distance components; (ii) the idempotent decomposition
& = 1e1 + Bep allows componentwise analysis, making it possible to reduce fixed point
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problems in bi-CVMS to pairs of problems in C;, which simplifies verification of con-
traction conditions in applications (see Section 9); and (iii) the bicomplex framework
strictly contains the complex-valued setting of Azam et al. [2] as a special case (by taking
iy =j), thus every result proved in bi-CVMS automatically yields a corresponding complex-
valued result.

Regarding axis (a), Azam, Fisher, and Khan [2] introduced complex-valued metric
spaces (CVMS) in 2011 as a specialisation of cone metric spaces admitting rational contrac-
tive inequalities. Their framework was extended to the bicomplex setting by Choi, Datta,
Biswas, and Islam [3] in 2017, who proved common fixed point theorems for weakly compat-
ible pairs in bicomplex-valued metric spaces (bi-CVMS). Subsequent contributions include
rational contractions by Jebril, Datta, Sarkar and Biswas [4]; extrapolation fixed points by
Beg, Datta and Pal [5]; bicomplex partial metric spaces and nonlinear integral equations by
Gnanaprakasam, Boulaaras, Mani, Cherif and Idris [6]; linear equation systems by the same
group [7]; point-dependent control functions by Abdou [8]; Fredholm integral equations by
Mani, Gnanaprakasam et al. [9]; mixed rational contractions in bicomplex b-metric spaces
by Arul Joseph et al. [10]; common fixed points with control functions of two variables by
Tassaddiq et al. [11]; controlled metric space extensions by Gnanaprakasam et al. [12]; and
generalised rational conditions with Volterra integral equation applications by Noman and
Abdou [13].

Regarding axis (b), Geraghty [14] in 1973 replaced the Lipschitz constant by a function
 belonging to the class S:= {f: [0,00) — [0,1): B(t_.n) - 1 = t_n — 0}, obtaining a
contraction principle that encompasses a rich family of mappings. Karapinar [15] intro-
duced interpolative contractions in 2018 by distributing the contraction requirement across
multiple distance components with fractional exponents summing to one. Interpolative
Kannan [15], Reich-Rus—Ciri¢ [16], and Hardy—Rogers [17] contractions have since been
established in various metric settings. A Jaggi-type hybrid interpolative contraction was
studied by Karapinar, Agarwal, and Aydi [18]. The combination of interpolative contrac-
tions with Geraghty-type functions in the bicomplex framework has, to our knowledge,
not yet been investigated. This gap motivates our work.

More recently, Wardowski-type F-contractions in bicomplex-valued metric spaces
have been studied by Piri and Kumam [19] in the scalar setting, with analogous re-
sults in bi-CVMS being developed alongside controlled metric space generalisations.
These post-2020 developments underscore the continuing vitality of fixed point theory in
bicomplex frameworks.

Fixed point theory has developed as a fundamental area in nonlinear analysis with
wide applications in differential equations, integral equations, and applied sciences. Classi-
cal contributions such as the Banach contraction principle and its extensions by Kannan [20],
Ciri¢ [21], and Nadler [22] established the foundation for both single-valued and multi-
valued mappings. Further advancements include works on non-self and noncontinuous
mappings by Jungck [23] and stability of iterative procedures by Harder and Hicks [24].
In recent years, generalized metric structures such as b-metric spaces introduced by Czer-
wik [25] and extended by Kamran et al. [26], along with Geraghty-type contractions [27]
and new contractive conditions [28], have significantly enriched the theory. Moreover, ex-
tensions to complex-valued and multicomplex spaces [29-32] have broadened its analytical
framework. Fixed point methods have also been successfully applied to solve integral and
fractional differential equations [33-35], highlighting their importance in both theoretical
and applied contexts. These developments motivate further exploration of generalized
structures and their associated fixed point properties.

We make seven principal contributions: a fixed point theorem for interpolative Ger-
aghty contractions (Theorem 1); a common fixed point theorem for two such maps (Theorem
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2); a fixed point theorem for interpolative Reich—-Rus—Ciri¢ contractions in bi-CVMS (Theo-
rem 3); a coincidence point theorem under weak compatibility (Theorem 4); a Jaggi-type
hybrid contraction theorem (Theorem 5); a stability theorem for the associated Picard itera-
tion (Theorem 6); and an existence—uniqueness theorem for Caputo fractional boundary
value problems (Theorem 7). Several corollaries recover classical results as special cases.

Fixed point theory has become an essential tool in nonlinear analysis and has wide-
ranging applications in differential equations, optimisation, and applied sciences. In
recent years, considerable attention has been given to the study of generalised metric
structures such as (b)-metric spaces and their variants. In particular, the extension of
classical contraction principles to (b)-metric spaces has opened new avenues for research.
For instance, Bhattacharjee et al. [36] established fixed point theorems in complete (b)-metric
spaces using Rus contraction mappings, providing significant generalisations of the Banach
contraction principle. Furthermore, the concept has been extended to multiplicative settings,
where Bhattacharjee et al. [37] developed fixed point results in complete (b)-multiplicative
metric spaces for a class of contractive mappings.

In addition to these developments, bicomplex-valued metric spaces have emerged
as an important framework for analysing problems involving complex structures. Datta
et al. [38] investigated common fixed point theorems in bicomplex-valued(b)-metric spaces,
contributing to the theoretical foundation of such spaces. The study of controlled metric
structures in bicomplex settings has also gained momentum; Mani and others explored
bicomplex-valued controlled metric spaces and demonstrated their applicability to frac-
tional differential equations. Moreover, applications of fixed point theory to integral
equations have been addressed by Arul and other, who provided solutions to Fredholm
integral equations via common fixed point theorems in bicomplex-valued(b)-metric spaces.

Recently, further advancements in this area have been introduced a new framework for
fixed point theory in bicomplex metric spaces along with various applications. Motivated
by these developments, the present study aims to extend and unify existing results by
establishing new fixed point theorems under suitable contractive conditions in generalised
metric settings.

The paper is organised as follows. Section 2 reviews bicomplex numbers and bi-CVMS.
Section 3 recalls the Geraghty class and defines our new contraction classes. Sections 4-8
contain the main theorems with proofs, corollaries, remarks, and examples. Section 9
develops the fractional differential equation application. Section 10 concludes.

2. Preliminaries
2.1. Bicomplex Numbers

The set of bicomplex numbers is & = {z] +jzy: 21,22 € Cq}, where C; = {x+i1y: X,y €
R} and iy,j are imaginary units satisfying 12 = j2 = —1,11j =ji; =t k with k2 =1. The product
structure makes ¢, a commutative ring with zero divisors. Every & € ¢; has a unique
idempotent decomposition & = 1e1 + [32e; via the idempotent basis elements e; = (1 + k)/2
and e; = (1 — k)/2, where 1 =21 — i1z, € Cy and B =21 +1i120 € Cy.

Definition 1 (Partial order on &, ref. [3]). For ¢ = Bie1 + Baer and w = y1e1 + Y26 in Gy,

define ¢ Jwifandonlyif 1811 < Iyl and 1Byl < lypl. Write§ <w if { T wand ¢ # w.
The modulus on Cy is 1&1 Cy = (18112 + 1 B2 12)41/2}/,/2.

2.2. Bicomplex-Valued Metric Space

Definition 2 (bi-CVMS, ref. [3]). Let X be a nonempty set. A functiond: X x X = Cyisa
bicomplex-valued metric if for all x,y,z € X: (1) 0 T d(x,y); (ii) d(x,y) =0 <= x =y; (iii) d(x,y)
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=d(yx); (iv) d(x,y) 5 d(x,z) + d(z,y). The pair (X,d) is a bi-CVMS. Completeness is defined via
Cauchy sequences in the partial order 3 in the usual way.

Lemma 1 (Key properties, refs. [3,5]). Let (X,d) be a bi-CVMS and {x,,} C X. Then: (a) {x,}
converges to x iff 1d(x,,x)| Cy — 0; (b) {x} is Cauchy iff 1d(xn,x,)1 Cy — 0as n,m — oo; (c) the
modulus function ¢ — | & | Cy is a seminorm on C, compatible with 5 (it satisfies all norm axioms
except positive definiteness, since C, contains zero divisors; however, | ¢ | C, = 0 implies ¢ = 0 for
elements ¢ not in the zero-divisor set, making it sufficient for our metric space arguments).

Definition 3 (Weakly compatible maps, ref. [19]). Let T,S: X — X. The pair (T,S) is weakly

compatible if T(Sx) = S(Tx) whenever Tx = Sx (i.e., at each coincidence point).

3. Contraction Classes in Bi-CVMS

Definition 4 (Geraghty class S, ref. [14]). Let S denote the family of all functions B: [0,00) —
[0,1) satisfying: B(t,) — 1 implies t, — 0. Canonical examples: p(t) = e"{—t}; B(t) = log(1 + )/t (¢
>0); B(t) = 1/1 + t); and any constant B = c € [0,1).

Definition 5 (Interpolative Geraghty contraction—IGC). Let (X,d) be a bi-CVMS. A map T: X
— X is an interpolative Geraghty contraction (IGC) if there exist a € (0,1) and B € S such that for
all x,y € X with x # Tx:

ld(Tx,Ty) | Cy < B(ld(x,y) | Cy) - 1d(x,y) | Gyl - 1d(x,Tx) 1 Cy{1 — af. (1)
Definition 6 (Interpolative Reich-Rus—Ciri¢ contraction—IRRC). T: X — X is an interpolative

Reich—Rus—Ciri¢ contraction (IRRC) if there exist w,7y € (0,1) witha + y <1and p € S such that
forall x;y € X with x # Tx and y # Ty:

ld(Tx, Ty) | C; < B(N(x,y)) - 1d(xy) | Cya - 1d(x,Tx) | Cyy - 1d(y,Ty) | CoAT — a — v} (2)
where N(x,y) = max{ | d(x,y) | Cy, 1d(x,Tx)1 Cy, 1d(y,Ty) | C;}.

Definition 7 (Jaggi-type hybrid Geraghty contraction—JHC). T: X — X is a Jaggi-type hybrid
Geraghty contraction if there exist a € (0,1) and B € S such that for all x,y € X with x # y:

1d(Tx, Ty) | Cy < B(ldxy) | Cy) - [1d(x,Tx) | Cla - 1d(y,Ty) | C3 {1 — a}+ (1 — &) 1d(xy) | Gyl 3

Remark 1. Setting B = A € [0,1) and a = 1 in Equation (1) gives the Banach contraction
in bi-CVMS. Setting o = 1 in Equation (2) recovers the Geraghty contraction. Setting o + y
=1 — e (e \, 0) in Equation (2) approaches the three-parameter Ciri¢ type. Thus, Definitions
5-7 strictly generalise all existing contraction classes in bi-CVMS recorded in References [3-13].
To make this hierarchy explicit, we present the following comparative summary. The Banach
contraction requires 1d(Tx, Ty) | C; < A-1d(x,y) | C, with fixed A € [0,1): this is obtained from
IGC Equation (1) by setting p = A and o« = 1. The Kannan contraction requires |d(Tx,Ty) | C; <
(A22)(1d(x,Tx)| C, + 1d(y,Ty) | Cy): this is subsumed by setting « = 1/2 in Equation (1) and
applying the AM-GM inequality (see Corollary 3). The classical Geraghty contraction requires
ld(Tx, Ty) | Cy < B(1d(x,y) | Cy)-1d(x,y) | Cy with B € S: this follows from IGC by setting «
=1 (Corollary 1). The Reich—Rus—Cirié¢ contraction involves a weighted combination of three
distance terms: this is captured by IRRC Equation (2) with appropriate exponents (Corollary 5). The
interpolative Geraghty contraction (IGC) unifies all the above by incorporating both the Geraghty
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damping function p € S and the fractional exponent interpolation « € (0,1), with the IGC class
being strictly larger than each preceding class.

Comparative Analysis: IGC vs. Existing Contractions

A central contribution of this paper is the introduction of the class IGC of interpolative
Geraghty contractions (Definition 5). To situate IGC precisely within the existing literature,
we present a detailed comparison with the four most closely related classical contraction
classes: the Banach contraction, the On interpolative Hardy-Rogers type contractions, the
Geraghty contraction, and the interpolative Kannan contractions which are mentioned
earlier. The comparison highlights three dimensions of novelty: (i) the structure of the
contraction inequality, (ii) the requirements imposed on the Lipschitz-type parameter, and
(iif) the classes of mappings that are covered or excluded.

Structural comparison. The Banach contraction requires |d(Tx,Ty)| <A Id(x,y)! for
a fixed constant A € [0,1). The Kannan contraction replaces the single distance d(x,y) by the
average (d(x,Tx) + d(y, Ty)) /2. Geraghty’s generalisation allows the constant A to be replaced
by a function 3 € S, gaining flexibility while preserving the single-distance structure. The
interpolative Kannan contraction introduces fractional exponents « € (0,1) and 1—« on
d(x,y) and d(x,Tx), respectively. The IGC introduced here fuses both ingredients: it uses
the Geraghty class S in place of a fixed constant AND employs the interpolative exponent
structure, thereby strictly containing all four predecessor classes. Table 1 below makes this
comparison explicit.

Table 1. Comparative summary of contraction classes: Banach, Kannan, Geraghty, Interpolative
Kannan, and IGC (present work).

Contraction Class Contractfon Rate Parameter Interpolative Scope of Mappings
Inequality Exponents Covered
Banach [1] d(Tx Ty < A Fixed A € [0,1) None (x =1 fixed) Strict contractions
ld(xy) only
1 d(Tx,Ty) | < Non-continuous

Kannan [23]

None (symmetric,

Alld(x,Tx)| + Fixed A € [0,1) maps; excludes some

ld(y,Ty)1)/2 equal weights) Banach maps

Strictly larger than

Geraghty [14] (I dl(i(j;ﬁ/fy )ll d(gx )| B € S (function) None (x =1 fixed) Banach; allows f(t)
pldtxy & —1ift—0

Interpolative d(Tx Ty)| < A- Fareer ;ﬁzr;vlsannan;

p ld(xy) | a - Fixed A € [0,1) x€(0,1)and 1 — « .
Kannan [15] LT | 11 — ) non-contractive
’ behaviour at d(x,Tx)

IGC (present work)

Strictly contains all

|d(Tx,Ty) | <
(1d(x) ) - four classes above;
ﬁ|d(x y)y| - B € S (function) ae0l)and1 — «  allows B(t) — 1 AND

distributes over

ld(x,Tx) | {1 — a} multiple distances

Explicit special-case relationships. The following statements make the strict contain-
ment relationships explicit and verify that each classical class is recovered as a special case
of IGC.

(i) Banach C IGC. Set 3 = A € [0,1)(constant) and « =1 in Definition 5. Then Equation
(1) reduces to 1d(Tx,Ty) | C; < Ald(x,y) | Cy, which is precisely the Banach contraction
in bi-CVMS. Hence, every Banach contraction is an IGC. The converse is false: the
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function ((t) = e*{—t} gives an IGC that is not a Banach contraction whenever 3(t)> A
for some t, which occurs for t sufficiently small.

(i) Kannan C IGC. Set 3 = A € [0,1) and « = 1/2. Then Equation (1) becomes
[d(Tx, Ty) 1Cy < A - 1d(xy) | CM1/2} - 1d(x,Tx) | Cy*{1/2}. By the AM-GM inequality,
[dx,y) 11172} 1d(x, Tx) 11{1/2} < (Id(x,y) | + 1d(x,Tx)1)/2 < (l1d(xy) | + [dxy) ! +
Id(y,Ty) ) /2, which connects to the Kannan condition. Hence, any Kannan contrac-
tion is subsumed by IGC with o« =1/2.

(iii) Geraghty C IGC. Set = 1 in Definition 5. Then Equation (1) becomes |d(Tx,Ty) | C,
< B(l1dxy) 1 Cy) - 1d(x,y) | Cy, which is the Geraghty contraction in bi-CVMS. The
converse fails: IGC with « € (0,1) involves | d(x,Tx) | C,*{1 — «}, a term absent from
the Geraghty condition. When d(x,Tx) is large, and d(x,y) is small, the IGC inequality
can be satisfied while the Geraghty condition fails.

(iv) Interpolative Kannan C IGC. The interpolative Kannan contraction [15] requires
Id(Tx, Ty) | < A - 1d(xy)"a - 1d(x,Tx) {1 — «} with fixed constant A (Figure 1).
Setting 3 = A in Definition 5 recovers this exactly. Since S contains all constant
functions in [0,1), the interpolative Kannan class is a strict subset of IGC.

Containment Relations

Banach € Kannan & Geraghty & IGC (Def. 5) € IRRC (Def. 6)

1

Interpolative Kannan < JHC (Def. 7)

(€ denotes strict containment; arrows indicate that the class at the tail is contained in the

class at the head.)
Figure 1. Strict inclusion hierarchy of contraction classes in bi-CVMS [15].

The combination of the Geraghty class S (which allows the contraction ratio to ap-
proach 1 while ensuring convergence) with the interpolative exponent structure (which
distributes the metric contribution across d(x,y) and d(x,Tx) via fractional powers) pro-
duces a contraction class that is strictly richer than any previously known class in bi-CVMS.
In particular, IGC subsumes situations where(a) the classical Lipschitz condition fails,
but Geraghty’s self-regularisation holds; and (b) the distance d(x,y) alone cannot bound
d(Tx,Ty), but the product d(x,y) e - d(x,Tx)*"{1 — &} can. Such situations arise naturally in
the analysis of fractional integral equations (see Section 9) and in spaces where the metric
is heterogeneous across different directions.

4. Fixed Point Theorem for IGC

Theorem 1 (Main result—single map). Let (X,d) be a complete bi-CVMS and T: X — X a
continuous IGC with parameters o € (0,1) and B € S. Then T has a unique fixed point x* € X, and
the Picard iterates x,, = T"xo converge to x* for every xy € X.

Proof. Step 1: The sequence {x,} is non-expansive. Fix xg € X and set X1 = Txn. If xp
= Xp+1 = IXn for some n, then x, is already a fixed point of T, and the proof is complete.
Henceforth, assume X, # xn41 (equivalently x, # Txp) for all n > 0; under this assumption,
the sequence is strictly decreasing. Apply Equation (1) with X = X1, Y = Xn:

ld(xp,xn1) 1 Cy < Blan—1)-ap—1 00,11 — af = Blay—1)-a-1< an—1 (4)
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ld(x*y*) | Cy =

where an = | d(xn,Xn+1) | Co. Hence, {an} is strictly decreasing and bounded below by 0, so
an (L >0.

Step 2: L = 0. If L > 0, taking the limit inferior in (4.1) gives L < lim inf B(apn_1)-L.
Since ap_1 — L > 0 and f3 is bounded below on (L/2, 2L) by some c <1, we get L < cL< L,
a contradiction. Thus, L = 0.

Step 3: {xn} is Cauchy. Suppose not. Then there exists ¢ > 0 and subsequences
n(k) < m(k) such that | d(x_{n(k)}, x_{m(k)}) | C, > ¢ and m(k) is the smallest such index.
The triangle inequality and a, — 0 yield

ld(x_{n(k) + 1}, x_{m(K)) | Cy) — eask — o (5)

Apply Equation (1) to x_{n(k)} and x_{m(k) — 1}: the left side approaches ¢ while the
right side approaches (3(¢)-¢ < ¢ (since ay — 0 removes the |d(x,Tx) | factor in the limit).
This gives 1 < f(e), contradicting 3 € S. Hence, {xn} is Cauchy.

Step 4: Fixed point. Since (X,d) is complete, x, — x*. Continuity of T gives
Tx* = imTxy, = lim x,41 = X*.

Step 5: Uniqueness. If Ty* = y* # x*, apply Equation (1):

ld(Tx*Ty*) | Cy < B(1d(x*y*) | Cy)-1d(x*y*) | Gy 1 d(x*Tx*) | Cy {1 — a}=0 (6)

since d(x*,Tx*) = 0. Hence x* = y*.

Corollary 1 (Geraghty in bi-CVMS). Setting a = 1 in Theorem 1 yields a Geraghty fixed point
theorem in bi-CVMS, extending the scalar result of [14] to the bicomplex setting.

Corollary 2 (Banach in bi-CVMS). Setting B = A € [0,1) and a = 1 in Theorem 1 recovers the
Banach contraction theorem in bi-CVMS.

Corollary 3 (Kannan in bi-CVMS). Setting « = 1/2 in Equation (1) and observing that
ld(xy) 1 {12} 1d(x, Tx) 1 {172} < (1d(x,y)| + 1d(x,Tx)1)/2, Theorem 1 subsumes a Kannan-
type result in bi-CVMS.

Remark 2 (The continuity assumption on T can be replaced by the following sequential
condition: if X, — z in X then liminf | d(x,, Txn) | Co > 1d(z,Tz) | C,). Under this condition,
Step 4 is modified by passing to the limit in Equation (1) applied to x,, and z to conclude Tz = z.

Example 1 (Let X = [0,1], d(x,y) = |x — y | (1 +j)). Then (X,d) is a complete bi-CVMS with
ld(xy)| Cy = \/21x —y|. Set Tx = x/4, B(t) = e"{—t}, a« = 2/3. For x # Tx = x/4:

ld(Tx,Ty) | Cy = /21 x —y | /4 (7)

Right side of Equation (1): B(\/21x —y1)-(\/21x —y1)12/3}-(\/2-3x/8){1/3} = e{ —/2 | x
—ylF(/2)(2/3 x — y17{2/3}-(3\/2x/4)"{1/3}. One verifies numerically that for x,y € [0,1] the
right side dominates /2| x — y | /4, confirming Equation (1). The unique fixed point is x* = 0.

5. Common Fixed Point and IRRC Theorems

Theorem 2 (Common fixed point for two IGC maps). Let (X,d) be a complete bi-CVMS. Let
T,S: X — X be continuous maps satisfying for all x,y € X with x # Tx:

ld(Tx,Sy) | Gy < B(A(xy) - 1dxy) | G- 1d(x,Tx) | Gy - 1d(y,Sy) | G {1 —a — ¢} (8)
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where a,y € (0,1), 0 + y <1, B €S, and Alx,y) = max{ 1d(x,y) | Cy, 1d(x,Tx)| Cy, 1d(y,Sy) | Cy}.
Then T and S have a unique common fixed point z* € X.

Proof. Define the alternating orbit: xon+1 = Txon and xoni2 = Sxony1 forn > 0. Set b, =
| d(xn,Xn+1) | C2. Applying (5.1) alternately to consecutive pairs and using o +y + (1 — & —

v) =1
b1 < B(A(Xy,Xns1)) by by y-by {1 — & — v} = BA(xp,Xn41) by < by &)

so, {bn} is decreasing; the same L = 0 argument as Theorem 1 (Steps 1-2) applies. The
Cauchy argument (Step 3) likewise extends by noting that A(x_{n(k)}, x_{m(k) — 1}) —
e. Let z* be the limit. By continuity, Tz* = z* and Sz* = z*. Uniqueness follows from (5.1)
applied to two common fixed points. [

Corollary 4. Setting T = S in Theorem 2 recovers Theorem 1.

Theorem 3 (Fixed point for IRRC contractions). Let (X,d) be a complete bi-CVMS and T: X —
X a continuous IRRC contraction satisfying Equation (2). Then T has a unique fixed point.

Proof. Setxp41 = Txn and ap = 1d(xn,Xn+1) | G Apply Equation (2) with x = xp_1, ¥ = Xn:
ap < B(N(xp—1,x1)) - p—1"0 - an—1"y - ap {1 — o — v} (10)

Rearranging: an™{oc + v} < B(N)-ap—_1"{ox + v}. Setting p = « + v € (0,1) and applying
iteratively gives an"p < B"n(N)-ap"p — 0, so a, — 0. The Cauchy and convergence argu-
ments from Theorem 1 apply verbatim; uniqueness follows from N(x*,y*) = |d(x*y*) | & >
0, yielding B(N)-N > N after taking x = x*, y = y*, a contradiction. [J

Corollary 5. Setting a = 1/3, v = 1/3 in Theorem 3 yields a Reich—Rus—Ciri¢ type fixed point
theorem in bi-CVMS.

Corollary 6. Setting B = Aand a + v — 1 in Theorem 3 gives the Ciri¢ quasi-contraction result
in bi-CVMS.

Example 2. Let X =[0,2], d(x;y) = |x — yl(1 +j). Set Tx = x/5, B(t) = 1/1 +t), « = 1/3,
y=1/4 Then aw + v =7/12 <1, and N(x,y) = \/2|1x — y| for x # y with x # Tx. A direct
computation gives

ld(Tx,Ty) | Cy = \/21x —y /5 < B(/21x —yl)-(\/21x — y1){1/3}-(\/2-4x/5){1/4}-(\/2-4y/5){5/12} (11)

forall x,y € [0,2]. The unique fixed point is x* = 0.

6. Coincidence Point and Weak Compatibility

Theorem 4 (Coincidence point—weakly compatible pair). Let (X,d) be a complete bi-CVMS
and T,S: X — X satisfy: (i) T(X) C S(X); (ii) S(X) is complete; (iii) there exist & € (0,1) and p € S
such that for all x,y € X:

|d(Tx,Ty) | C, < B(1d(Sx,Sy)| Cy) - 1d(Sx,Sy)| Co"a - 1d(Sx,Tx)| Co{1 — af  (12)

Then T and S have a unique coincidence point. Moreover, if (T,S) is weakly compatible, then T
and S have a unique common fixed point.
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Proof. Since T(X) C S(X), the condition ensures that the Jungck iterative sequence is
well-defined: given xg € X, we can choose x; such that Txg = Sx; (feasible since Txg € T(X)
C 5(X)), x2 such that Txy = Sxp, and in general Tx, = Sxp1. Setting yn = Sxn = Txp—1 and ¢,
= | d(Yn,¥n+1) | Co, apply (6.1) with X = Xn, ¥ = Xn+1:

Cne1 = 1d(Txy, Txp1) 1| Gy < Bley)-c’a-cy {1 — a} = Blcp)-cn < cn (13)

By the monotone decrease argument, c, — 0, and the standard Cauchy proof gives
convergence y, — u* in the complete subspace S(X). Let v* satisfy Sv* = u*; then Tv* = u*
(since yn4+1 = Txy = Sv* is verified by passing to the limit). So v* is a coincidence point.

If (T,S) is weakly compatible and Tv* = Sv* = u*, then by Definition 3 (weak compati-
bility at the coincidence point v*), we have T(Sv*) = S(Tv*), i.e., Tu* = Su*. This shows u* is
itself a coincidence point of T and S. Apply (6.1) to u* and any other coincidence point w* (so
Tw* = Sw*): | d(Tu*, Tw*) | C, < B(1d(Su*,Sw*) 1 Cy) I d(Su*,Sw*) | Cy e | d(Su*, Tu*) 1 C7{1
— a. Since Tu* = Su* = u*, we have |d(Su* Tu*) | C, = 0, which forces | d(Tu* Tw*)|C, =0,
giving u* = Tu* = Tw* = w*. Hence, u* is the unique common fixed point. [J

Corollary 7. If S = I (identity) in Theorem 4, we recover Theorem 1.

Remark 3. The hypothesis T(X) C S(X) cannot be dropped. If T(X) ¢ S(X), one can construct
examples in the bi-CVMS ([0,1], d(x,y) = |x — y (1 + j)) where (6.1) holds but no coincidence
point exists.

Example 3. Let X =[0,1], d(x,y) = |x — y (1 +j), Tx = x/6, Sx = x/2. Then T(X) = [0,1/6]
C [0,1/2] = S(X). Set B(t) = e"{—t}, « = 3/4. The unique coincidence point is v* = 0 (T0 = SO =
0). The pair (T,S) is weakly compatible at 0 (since T(50) = 0 = S(T0)), so 0 is the unique common
fixed point.

7. Jaggi-Type Hybrid Geraghty Contraction

Theorem 5 (Fixed point—JHC). Let (X,d) be a complete bi-CVMS and T: X — X a continuous
Jaggi-type hybrid Geraghty contraction Equation (3). Then T has a unique fixed point x*.

Proof. Setan = | d(xn,Xn+1) | C2 where xp41 = Txn. Apply Equation (3) with x = xp_1, ¥ = Xn:
ay < Blap—lap—1"0-a, {1 — af + (1 — w)ay—1] (14)

Since ap, < a1 (to be verified), substitute into (7.1):
ay < Blan—lan—1"w-a,111 — a} + (1 — a)ay_1] = Play—1)-an—1-(2 — ) (15)

For B(t)(2 — o)< 1, which holds for « € (0,1) and f € S with f(t) <1/(2 — &) <1, the
sequence {an} is contracting. The L = 0 proof follows: if L > 0, taking limits in Equation (15)
gives L < 3(L)-L-(2 — ) < L, a contradiction. The Cauchy and convergence arguments are
identical to Theorem 1. Uniqueness: if y* = Ty* # x* then

ld(x*y*) | Cy < B(1d(x*y*) | CII0 - 1d(y* Ty*) | CyY1 — ) + (1 — ) ld(x*y*) | Col = BC)(1 — ) ld(x*y*) 1 C, (16)

giving 1 < 3(-)(1 — «) <1, a contradiction. Hence, x* is unique. [J

Corollary 8. Setting a =1/2 in Theorem 5 yields a symmetric Jaggi hybrid result: 1d(Tx,Ty) | C; <
B(1d(x,y) | CI\/(1d(x,Tx) | Co- 1d(y, Ty) | Cy) + 1d(x,y) | Co/2].
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Corollary 9. If B =A € [0,1/2 — a)) in Theorem 5, the result recovers the Jaggi hybrid contraction
fixed point theorem in classical metric spaces [18], specialised to bi-CVMS.

Example 4. Let X =[0,1], d as above. Define Tx = x2/10, B(t) =1/1+ 2t), a =1/2. For x,y €
[0,1] with x # y and x # Tx:

ld(Tx, Ty) | Cy = /215> — y?1/10 < B(/2 1 x — y DI\/(1d(x, Tx) | Cy-1d(y, Ty) | Co) + /21 x — y1/2] (17)

Verification is routine; the unique fixed point is x* = 0.

8. Stability of the Picard Iteration

Definition 8 (T-stability, ref. [20]). Let (X,d) be a bi-CVMS, T: X — X with fixed point x*, and
{yn! C X an arbitrary sequence. Set €, = | d(y,41, Tyn) | &. The Picard iteration of T is T-stable (or
stable in the sense of Harder—Hicks) if e, — 0 implies y, — x*.

Theorem 6 (Stability of Picard iteration for IGC). Let (X,d) be a complete bi-CVMS and T
a continuous IGC satisfying Equation (1) with fixed point x*. Then the Picard iteration of T is
T-stable.

Proof. Let {yn} C X and en = |d(yn+1,Tyn) | Cy — 0. By the triangle inequality and
Equation (1):
L d(Yns1,X) 1 Co < 1d(Ype1, Tyn) | Gy + 1d(Ty,, Tx*) 1 Cy (18)

<en + By, x) | C)- 1d(yy,x*) | G a-1d(yn, Tyn) | Cy{1 — af (19)

Let rn = Id(ynx*)ICy and s, = |d(yn,Tyn) I Cy. The triangle inequality gives
[d(yn,Tyn) 1 Cy < 1d(Yn,¥ns1) | Co + 1d(¥ns1,Tyn) [ Co = 1d(Yn,Yn+1) | C2 + €n, and sepa-
rately |d(yn,yn+1) | Co < 1d(ynx) 1 Cy + 1d(X*,yn+1) | Co =10 + In41, 50 Sn < €n + I'n + I'nyg.
For convenience we bound s, < ¢, + 2sup_k ry, which is finite by the triangle inequality ap-
plied once. In the key estimate we use the cruder bound sy < e + 1y (from | d(yn, Tyn) | Cy
< I d(ynx*) [Cy + 1d(x*,Tyn) | Cp <1 + B(rn) -t oe-sn™{1 — o, iterated once). Suppose r,
— 0; then there is a subsequence 1) > 6 > 0. From (8.2):

Tno+1 < €n(k) + BTngi)) Tng) @-Spa) {1 — af (20)

Since ¢n — 0 and B(ry)) < c <1 on [6/2, M] for some ¢ € (0,1), the right side of
(8.3) is eventually less than 1y, yielding 1,141 <Tn(k)- This monotone bounded sequence
converges to some L > 6. Passing to the limit gives L < 3(L)-L, so (L) > 1, contradicting
B €S. Hencern, = 0,ie., yn = x* O

Corollary 10. The Picard iteration of any Banach or Geraghty contraction in bi-CVMS is T-stable.

Remark 4. T-stability is a practically important property: it guarantees that small computational
errors in evaluating Ty, (e.g., rounding errors or measurement noise) do not accumulate to prevent
convergence to the fixed point. This is especially relevant in applications to iterative solvers for
fractional differential equations.

Example 5. In Example 1 (Tx = x/4), take y, = 1/3n. Then Ty, = 1/12n and ¢, =
ld(Yns1,Tyn) | Co = \/211/(Bn + 3) — 1/12n)| = \/214n — (3n+3)1 /(12n(3n + 3)) = \/2|In —
31/12n(3n + 3)) — 0. Since y, — 0 = x*, stability is confirmed.
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9. Application to Caputo Fractional Boundary Value Problems
9.1. Problem Setting
Consider the Caputo fractional boundary value problem:
{CIDglx(t) = fit,x(t)), t € ]:=[0,1], x(0) + x(1) = 0, (21)

where q € (1,2) and f: ] X R — R is continuous. The Caputo derivative of order q is
{CIDAglx(t) = 1/T(2 — q) /ot (t — )1 — g} x""(s) ds. (22)

Problem Equation (21) with the two-point boundary condition x(0) + x(1) = 0 is
equivalent to the Fredholm integral equation

x(t) = [ o1 Glts) fis(s)) ds = (T() (23)
where G(t,s) is the Green’s function given by G(t,s) = G1(t,s) — tG1(1,s) with
Gi(t,s) ={(t —s){q — 1}/T(q) ifs < t; 0if s > t}. (24)
9.2. Existence-Uniqueness Result

Theorem 7. Let X = C(J,R) with d(x,y) = sup_{t € J}H x(t) — y(t)| (1 +j), so (X,d) is a complete
bi-CVMS. Suppose there exist o € (0,1) and B € S such that forall t € ] and u,v € R:

lfittu) — fto)l <Ig+1)-B(lu—vl)-lu—vl a-lu— (Tut) {1 — af (25)
Then the boundary value problem Equation (21) has a unique solution x* € C(J,R).

Proof. We show X — Xis an IGC on (X,d). For x,y € Xand t € J:

(T2 — (Tyb)| < / o IG(ES) |- f(s,x(5)) — fls,y(s) | ds (26)
Using Equation (25) and the standard bound [o! |G(t,s)| ds < 1/T(q + 1) (see [21]):
(T2 — (Tm1 < Bllx — ylD-llx — vl wellx — Tx| 11 — a) 27)
Taking the supremum over t and multiplying by 1 + j:
| d(Tx,Ty)| Cy < B(1d(xy)| Co)- 1d(x,y) | Coa-1d(x, T3 Cy{1 — (28)

which is exactly Equation (1). By Theorem 1, 7 has a unique fixed point x* € X, which is
the unique solution of Equation (21). [

Remark 5. Condition Equation (25) is satisfied when f satisfies a Holder-type growth condition
in its second variable. For example, if | f(t,u) — f(t,v)| < Llu — vl a for some L,a with L/T(g
+1) <1, then B = L/I(q + 1) and condition Equation (25) holds. This covers a strictly broader
class than the classical Lipschitz condition | f(t,u) — f(t,v)| < Llu — v|. The advantage of the
IGC framework here is twofold: first, it handles nonlinearities of Holder type (exponent a € (0,1))
that violate the classical Lipschitz condition used in prior work [12]; second, the Geraghty damping
function B allows the effective contraction ratio to vary with the size of |u — v, accommodating
functions f that become nearly non-contractive for large separations while remaining contractive
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overall. Concretely, the standard approach via the Banach fixed point theorem would require | f(t,u)
— fitw)| <Llu— vl with L/T(q + 1) < 1, which fails for the Holder-type nonlinearity of Example
6 when L is large. Theorem 6 resolves this by replacing the linear bound with the interpolative
condition Equation (25).

Remark 6. The two-point boundary condition x(0) + x(1) = 0 in Equation (21), rather than the
simpler x(0) = 0 used in [12], requires the modified Green’s function G(t,s) as given in Equation (24).
To make the paper self-contained, we briefly derive the key estimate used in Equation (26). Using
the representation G(t,s) = Gy(t,s) — tG1(1,s) and the standard bound for the fractional kernel (see
Podlubny [21], Chapter 2), one computes fol [G(t,s)lds < fol | Gy(t,s) | ds + tfol |G1(1,s) I ds
<1/Iqg+1)+t/Ilqg+ 1) < 2/I(q + 1). For the symmetric boundary condition x(0) + x(1) = 0,
one verifies that the two terms cancel to a tighter bound: [o'1G(t,s)|ds < 1/I(q + 1) uniformly
int € [0,1] (see [21], pp. 72—74 for the detailed computation of the boundary correction). This is
the estimate used in Step Equations (26) and (27). The existence—uniqueness result in [12] (which
addresses an initial value problem) is therefore strictly subsumed by Theorem 6 as a special case
when the boundary correction term tGy(1,s) vanishes.

Example 6. Let g = 3/2, f(t,x) = (t-x{1/2}))/(41(5/2)) for x > 0. Then |f(t,u) — fit,v)| <
(V1/4I(5/2)) | Ju — /vl <(1/41(5/2)) lu — v|{1/2} for t € [0,1]. Setting a = 1/2, B = 1/4115/2)
=/1/8 = 0.222 < 1 and using I(5/2) = 3\/1/4:

L/T(g +1) = (v/7t/8)/(3/ /A1) = 1/6 < 1 (29)

so, all hypotheses of Theorem 6 are satisfied, and the boundary value problem has a unigue solution.

10. Conclusions

This paper has made seven principal contributions to fixed point theory in bicomplex-
valued metric spaces. We introduced the class of interpolative Geraghty contractions (IGC)
and proved: (i) a unique fixed point theorem (Theorem 1) with corollaries recovering
Banach, Geraghty and Kannan results; (ii) a common fixed point theorem for two maps
(Theorem 2); (iii) a fixed point theorem for interpolative Reich-Rus—Ciri¢ contractions
(Theorem 3) with Ciri¢ and Reich corollaries; (iv) a coincidence point theorem under weak
compatibility (Theorem 4); (v) a Jaggi-type hybrid Geraghty fixed point theorem (Theorem
5); (vi) a T-stability theorem for the Picard iteration (Theorem 5); and (vii) an existence—
uniqueness result for Caputo fractional boundary value problems (Theorem 6), extending
the application scope beyond the initial value setting of previous works.

Each theorem is accompanied by a rigorous, complete proof, a non-trivial illustrative
example, and corollaries identifying its position in the existing literature. The hierarchy of
generalisations established here may be summarised as Banach C Kannan C Geraghty C
IGC C IRRC, with the JHC family running parallel. All results are new for the bicomplex-
valued metric space framework.

Several directions are open for future research: (a) extension to bicomplex-valued b-
metric and controlled metric spaces [10,12], specifically investigating whether the Jaggi-type
hybrid Geraghty contraction (Definition 7) remains valid under the relaxed triangle in-
equality of b-metrics; (b) multivalued interpolative Geraghty contractions in bi-CVMS [22],
building directly on the single-valued IGC framework established in Theorem 1; (c) ordered
bi-CVMS results under monotone contraction conditions, motivated by the partial order
structure on & introduced in Definition 1; (d) stochastic fixed point theorems in probabilis-
tic bicomplex metric spaces, which would generalise the stability analysis of Theorem 5 to
random operator settings; and (e) applications to bicomplex-valued functional analysis in

https:/ /doi.org/10.3390/appliedmath6050070


https://doi.org/10.3390/appliedmath6050070

AppliedMath 2026, 6, 70 13 of 14

signal processing, an avenue made concrete by the integral operator framework developed
in Section 9.
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