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Abstract

This research presents a fractional-order formulation and mathematical analysis of the
Rossler chaotic attractor. By utilizing the Nabla discrete Atangana—Baleanu fractional
difference derivative in the Caputo sense, the classical integer-order attractor is extended
into the fractional domain. The existence and uniqueness of solutions for the resulting
fractional system are established via the fixed-point theorem, thereby ensuring that the rec-
ommended attractor is well-posed. Furthermore, the Ulam-Hyers stability is investigated
within the Nabla discrete Atangana—Baleanu fractional difference derivative in the Caputo
sense framework. For numerical investigations, an Euler numerical scheme adapted to the
fractional difference derivative is developed and implemented, yielding high-quality phase
portraits of a chaotic attractor. The results highlight the effectiveness of fractional-order
modeling and numerical methods in capturing the dynamics and stability of the Rossler
chaotic system.

Keywords: Atangana—Baleanu fractional-order derivative of Caputo sense; chaotic attractor;
Euler’s numerical method; fixed-point theory; Nabla discrete fractional operator; Ulam—Hyers
stability analysis

1. Introduction

Chaos theory has emerged as a fundamental area of study within fractional calculus,
a development significantly inspired by Rossler’s pioneering work in 1976 [1]. The rich
interplay between nonlinear dynamics and fractional-order systems has since stimulated
extensive research, leading to the exploration of numerous chaotic models, including Chua’s
circuit [2], Chen’s system [3], Hyperjerk systems [4], the Duffing oscillator [5], Jafari’s
chaotic systems [6], Pham chaotic systems [7], autonomous chaotic systems [8,9], financial
chaotic systems [10], and switching chaotic systems [11]. Among these diverse models,
the Rossler system retains its status as a quintessential benchmark. Its enduring relevance
stems from a compelling combination of mathematical elegance and profound dynamical
complexity, particularly its distinctive spiral-type chaos. This simplicity and depth have
cemented its role as an essential tool for probing core principles in nonlinear dynamics.

Building on this historical foundation, fractional calculus, with its non-integer order
derivatives and integrals, has emerged as a powerful tool for modeling systems with
memory effects and non-local interactions. Unlike classical integer-order derivatives,
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fractional derivatives incorporate the history of the system, making them particularly
suitable for biological systems where past states influence current dynamics [12]. The Atan-
gana—Baleanu—Caputo fractional derivative has gained prominence due to its non-singular
kernel and ability to capture both power-law and exponential decay memory effects [13].
This derivative has been successfully applied to various epidemiological models, providing
more accurate descriptions of disease transmission dynamics [14,15].

The stability analysis is crucial for ensuring the reliability of mathematical models
in predicting disease dynamics. Ulam-Hyers stability, originating from the works of
Ulam [16] and Hyers [17], examines how small perturbations in model equations affect
solutions. A system is Ulam—-Hyers stable if for every approximate solution satisfying the
equations within a small error, there exists an exact solution close to it. This type of stability
is particularly important in biological modeling, where parameters are often estimated
with uncertainty.

Chaotic attractors are very useful for understanding attractor behavior; thus, few
studies have focused on the mathematical formulation of the 4D hyperchaotic financial
attractors. The chaotic attractor was presented in [18], extending the previous literature
to the average profit margin. In recent years, numerous hyperchaotic systems have been
studied across various scientific fields, including artificial neural networks [19,20], cryp-
tology [21], and electronic circuit implementation [22,23]. Recent research has developed
the Nabla fractional difference framework using the Caputo derivative. The study by [24]
explored a glucose-insulin regulatory problem formulation using this approach, and the
same framework was used to develop mathematical models for the COVID-19 infection
problem, examining existence and uniqueness conditions via the fixed-point approach.
Luo et al. [25] analyzed existence and uniqueness via Krasnoselskii’s fixed-point methods
for fractional Nabla discrete equations. The authors of [26] explored the chaotic behavior of
economic problems; Wang et al. [27] examined a fractional financial time-delayed problem;
chaos control for fractional financial problems was addressed in [28]; and the hyperchaotic
financial attractor was developed in [29]. Furthermore, the approach in [30] provides an
explicit reformulation strategy for discrete fractional relaxation equations that informs the
analysis herein.

This study addresses a critical research gap in the analysis of fractional chaotic attrac-
tors by investigating the Rossler chaotic attractor within the Atangana—Baleanu—Caputo
fractional framework. Unlike existing studies, this work integrates fractional modeling with
Ulam-Hyers stability analysis, establishing the existence and uniqueness of solutions via
Banach fixed-point theory to ensure mathematical validity. Furthermore, the Ulam-Hyers
stability is rigorously examined within the same fractional framework. A comprehensive
three-dimensional structure of the fractional Rossler system is formulated and analyzed
under varying parameters and fractional orders. To support the theoretical findings,
an Euler-type numerical scheme is developed to obtain approximate solutions and to ex-
plore the dynamical behavior of the system. Overall, the results provide new theoretical
and numerical insights into the stability and dynamics of fractional chaotic attractors.

This research work consists of six sections as follows: The first provides an overview
of the Rossler chaotic attractor and a review of related literature. The second presents
the essential definitions and existing results. The third proposes and formulates the frac-
tional Rossler attractor. The fourth establishes existence and uniqueness criteria using a
fixed-point approach. The fifth investigates the Ulam-Hyers stability result. The sixth
applies the chaotic system to simulated Rossler data using Euler’s numerical algorithm.
Finally, we end the paper in the sixth by describing some conclusions.
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2. Some Essential Results

This section provides some essential concepts for the recommended method techniques
needed in depth in this study, as described in the existing literature. Here, N “bl“_ABgvtﬁ
denotes the fractional difference of the Atangana—Baleanu discrete Nabla in the Caputo

sense of fractional order ().

Definition 1 ([24,31]). Let a function z : Ny = {x, x+1, x+2,...} — R (left type) and
zy N ={yy—1Ly+2,...} = R (right type) be the 0 < 71 < 1 order sum of order z
defined by

X -7 _ ]‘ ! _ -1
v z(t) e u;rl(t o) 0z(u), t € Nyj1,
and
_r 1 y—1 _
Vy 1Z(t) = F(Tl) ;(U(t) - u)lile(u)r te yler

where o (t) = t — 1 is a backward jump operator. The Nabla rising factorial (Nabla fractional
power) is defined for real 0 < 71 < 1 and integerst > u as

= (t-—u+2-70)
(t=o(w) ™ = r(t—u+2)1 ’

where o(u) = u — 1. This notation is specific to discrete fractional calculus and is distinct from the
standard real-valued power (t — u)' =7 ; both coincide only when Ty is a non-integer.

Definition 2 ([24,31]). Let a function z be defined on N (left type) and \ N (right type); the Ty
order Atangana—Baleanu—Caputo discrete Nabla fractional difference framework is defined as

Nabla— ABC T _2(m) vy S s B 1
< Xvi‘ Z) (t) - r(l _ Tl) ug_l Vuz(”)En |:1 _ Tl’ t U'(M)], Tl € (0/ 2)/

y-1 —
(Nublu.ABCV;lZ> (t) = % Z (- vuz> (u)Ez — [1 j—’ll_l, t— ‘7(”)}/ T € (0/ %)/

u=t

in Ny, yN the order Riemann-Liouville discrete Nabla fractional difference framework is defined as

Nabla— ABR T __Z(n) ; S s U 1
( xV Z) (t)_ r(].—Tl) Vfug_lz(u)Eﬁ |:1—T1’ t U(M)], T € (0/2>r

(NablaABRv;Z> (t) = % < — Vt) yéz(u)ET]— [%, t— U'(M)}, S <0, %>/

1
where the normalization function Z(7) in the Atangana—Baleanu kernel satisfies
Z(0) = Z(1) = 1. Throughout this paper, the standard convention Z(ty) = 1 for all
7 € (0,1) is adopted, consistent with [24,31]. This ensures that the fractional derivative re-
duces to the classical first-order derivative as Ty — 1 and to the identity operator as 71 — 0.
The symbols Nablu—ABglel Nablu—ABZ}le,Nablu—ABCv"y‘—ll and Nabla—ABRv;—l denote the
Atangana—Baleanu—Caputo discrete Nabla fractional difference framework (left type and right
type) and the right and left Atangana—Baleanu (Riemann—Liouville) discrete Nabla fractional
difference framework (left type and right type).
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Definition 3 ([24,31]). Let a function z be defined on the Atangana—Baleanu—Caputo discrete
Nabla fractional difference framework (left type and right type) is given by

abla— -7 I-7 T VA !
<N bla—ABC o, Z) (t) = Z(Tliz(t)Jr Z(1r1)< v z)(t), T € (O’§>’

and

<NablaABCVyle> (t) = ;?Tsz(t) + Z(Tlfl) (Vy’“z)(t), T € (O,%).

The one-parameter Mittag—Leffler function is defined by the convergent series

) k
Z
ETl(Z) = kE:O 7F(T1k+1)/ >0 ze€ R.

In the discrete Nabla setting, the relevant evaluation is Eﬁ[— %, t—o(u)|, whereo(u) = u—1.
For further details on the discrete Mittag—Leffler function, see [24,31].

Definition 4 ([24,31]). The fractional sum associated with N?1a—=ABC 7™ 7 (1) py

abla— -7 _1-z 4 _xg-m
(N bla—AB Z) (t) = = iz(t)—i- Z(lrl) v hz(b),

where 0 < 7y < 1.
Lemma 1 (Integral inversion, [24,31]). Let 0 < 7y < 1and suppose z : Ny 1 — R satisfies
_ T
Nebla=ABG G 2(1) = 2(t), € Ngqr.

Applying the Nabla Atangana—Baleanu fractional sum (Definition 4) to both sides yields the
equivalent Volterra-type summation equation

— T T ¢
1Z(T1;z(t) + FrE L (1= olw) " z(w)
u=q

Lemma 2 (Boundedness of the Nabla kernel). For 1y € (0,1) and integers t > u > g +1,
the Nabla kernel (t — o (u))™~! is non-negative. Moreover, for any finite terminal time T, there
exists a constant My, > 0 such that

t —_
Y (t—o()" T <My,  te{g+1,...Th
u=q+1

3. Formulation of the Problem with the Effects of Rossler
Chaotic Attractor

The classical Rossler system [1] is formulated using the Atangana-Baleanu—-Caputo
fractional form. The system is presented as

4 =—Q() —R(t),
99— p(t) +aQ(t), W
& =BTREP(H) 7).
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Here, the parameter « governs the coupling between P and Q; 8 is a constant forc-
ing term in the R; and 7 is the threshold parameter controlling the onset of chaotic be-
havior. In system (1), ¢ is the independent time variable, and P(t), Q(t), R(t) are the
state variables.

Consider the following discrete Nabla fractional difference Atangana—-Baleanu—Caputo
sense of the Rossler chaotic attractor:

Nubla—A]B(%vtTlp(t) = —Q(t) — R(1),
NublafA]B(gvle(ﬂ = P(t) +aQ(t), (2)
Nabla—ABCZAR(H) = B+ R(t)(P(t) — 7).

Here, the initial conditions are P(0) = Py, Q(0) = Qo, and R(0) = Ry. The chaotic system
is described using the Nabla fractional difference: Atangana—Baleanu—-Caputo sense form,

represented by v “bl”_‘m%v? of order 77.

4. Main Results

To examine the solution for existence and uniqueness conditions derived from the
fixed-point techniques for the 3D financial hyperchaotic attractor. Applying the Nabla
fractional difference framework based on the Atangana—Baleanu—-Caputo sense of the
integral term (as defined in Definition 4) to both sides of attractor (2), we obtain the
following result:

Hi(t,P,Q,R) = —-Q—R,
Hz(t,P, Q,R) =P +aQ,
Hs(t,P,Q,R) =B+ R(P—1).

Based on the above-mentioned three equations, our projected attractor (2) can be
expressed as:

Nabla=ABC (7 (1) =H(tLT(t), t€[0,T],0<n <1, 3)
J(0) =,
where
gty = {P(t), Q) R(), To = {P(0), Q(0), R(0),
and

H(t, T (1) = {Hl(t,P(f),Q(t)/R(f))/ Ha(t, P(t), Q(1), R(t)), Hs(t, P(t), Q(t), R(t)). (4)

Applying the fractional integral term from Definition 4 and utilizing Lemma 1 to
Equation (3) yields the following result:

1—T1 el t B . = . )
2y PO+ Frry L (- o) TR T ().

u=g+1

4.1. Existence of a Solution

In this subsection, it is necessary to examine the solution of the existence criteria for
the Nabla fractional difference framework for the 3D Rassler chaotic attractor, which we
expressed below:
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1—7
T t a1
+ Sy o (o) - et R,

u=g+1

1—T1

Q) = Q(0) = 1 [P +Q(1)|

t

Y (t=o() T [P(n) +aQ(w)],

u=g+1

51

2@

R() = R(0) = =+ [B+RO(P(D) — )

T

T 2@

t -
Y (t=o()™ B+ R(u)(Pu) = 7).

u=g+1

By employing the Atangana—Baleanu fractional integral derivative to solve the pro-
jected model, we define functions #;, fori =1,2,3 ori € N, 13, as follows:

P(t) = P(0) = F:5H1(t P, QR) + zz iy Limge (= o))" "M (, P, Q,R),
Q(t) - Q(O) = %Hz(tl P/ Q/ R) + W Z;:q+1(t - 0’(”)).“717{2(”/ P/ Q/R)/ (5)
R(t) - R(O) = %H:s(tl P/ Q/ R) + W it:q+1(t - U(u))Tl_lH3(u/ P/ Q/ R)/

Hi(t,P,Q,R) = —Q(t) = R(t),
Ha(t,P,Q,R) = P(t) +aQ(t),
Ha(t,P,Q,R) = B+R()(P(t) —7).

Theorem 1. The kernels H;, for i € N3, satisfy the Lipschitz criterion. If the subsequent respective
conditions 0 <Y¥; <1,i¢€ N13 are satisfied.

Proof. Considering the kernel

H.(t,P,Q,R) = —Q — R.
We define two sets of functions (P, Q, R) and (P, Q1, R1); then, we have

HHl(tIP/ Q,R) 7,H1(trP1rQ1/R1)H = H(foR) - (7Ql 7R1)||/
< Q1 = QI + [[R1 = R].

Since H; is independent of P, the Lipschitz condition for H; involves only Q and R.
Assuming Q and R are bounded, we find a constant ¥; such that

[H1(t, P, Q,R) — Hq(t, Py, Qu, Ry)|| < ¥1(1Q — Q1| + IR — Ry ). (6)

For Hy(t,P,Q,R) = P(t) + aQ(t):

IH2(t, P, Q,R) — Ha(t, P, Qu, R1) || < [[P = Pif| + |af [Q — Qi
< @+ [a)) (I[P = Pof 4+ 11Q — Qull),
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so ¥, = 1+ |a|. For H3(t,P,Q,R) = B+ R(t)(P(t) — ), assuming ||P|| < Mp and
IR[| < ME:

IH3(t, P, Q, R) = Hs(t, Pr, Q1 Ry) || < (Mg + Mp)([P = Pyl + [[R = Ry]),

so Y3 = Mg + Mp. Similarly, we can get for H, and H3 as follows:

{”Hz(t,P,Q,R)—Hz(t,Pl,Ql,Rl)H S“Y2(HP—P1H—‘1-HQ—Q1||+||R—R1||), (7)

|Hs(t, P,Q,R) — Hs(t, P1,Q1,Ry)|| < Y¥3([|[P— Pyl +[|Q— Q1| +[[R — Ry]]).

From (6) and (7), we find that the kernels H;, H, and H3 satisfy the Lipschitz condi-
tion. Furthermore, if 0 < ¥; < 1 then the kernel H; for i = 1,2, 3 is a contraction. Utilizing
the above kernels, one can rewrite the Equation (2) as

P(t) = P(0)+ gy Hi(t, P, Q.R)
+ﬁ it q+1(t_U(u))Tlilﬂl(u/P/Q/R)r
Q) = Q(0) + F5Ha(t, P, Q,R)

T (®)
+ 300 Yheg1 (b= 0o (u))™" " Ha(u, P,Q,R),
R(f) = R(0)+ 3 Hs(t, P, Q,R)
+ 2wy Lieget (E— () Hs(u, P, Q, R).
Now, we get the recursive formula as follows:
Py(t) =Py(0)+ ;TT;) H1(t, Pu1,Qn-1,Rn-1)
+W tu=q+1 (t - U(u))Tl_lHl (u/ Py_1,Qn-1, Rnfl)/
Qn(t) = Qn(O) + éz-;?) 7'[Z(t/ Py 1,Qn-1, Rnfl) )

+ 505970y Lumg a1 (t— o (u ) Ha (1, Py1, Qu-1, Ru1),
Ru(t) = Ru(0) + 3(;]) H3(t, Puo1,Qu-1,Ru-1)
+m U= q+1(t_ ( ))Tl 17‘[3(14,1),1,1, anernfl)-

We can introduce a new expression to represent the difference between successive terms
as follows:

P]D)n(t) = Pn(t) -P,4 (t)

_ (L=m)(Ha(t, Pa1, Qu—1, Ru—1) — Ha(t, Pu—2, Qu—2,Rn—2))
Z(7)

+ W}(ﬁ) u:;H(t — O'(M))le(’H] (14, Py_1,Qu-1, Ru_1)

- Hl (M, Pi’l*Z/ anzl Rn72)>/

QDn(t> = Qn(t) - Qn—l (t)

_ (1 — Tl)(/HZ(t/ Pnflz anernfl) — HZ(tr Pn—Zr Qn—Zz Rn—Z))
Z(n)

t

L 3 (= ()" (M, Pa 1, Qa1 Ru1)

" Z()l(n) 4

— Ho(u, Py—2,Qn—2, Rn—z)),
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RDn(t) = Ru(t) — Ry_1(t)

(1 —7)(Hs(t, Py—1,Qu-1,Ry—1) — H3(t, Pu—2, Qu—2,Rn—2))
Z(n)

t

Y (=) (Ha(u, Pur, Qu-1,Ru1)

u=g+1

— Ha(u, P2, Qn_2, Rn72))' (10)

Then,

M-

Pu(t) =Y pDi,  Qu(t) =) oDi, Ru(t) =) rD:
i=0 i—0

i=0

Taking the norm for both sides of (10) and using the Lipschitz conditions, we obtain

(1 — Tl)"}rl Tllyl -1
Dyl € ———=5—|| Du1||+ 55— t—o(u))" D, 1],
HP VlH Z(Tl) pr 1 Z(T])F(T1) ugl( ( )) p 1
(1-7m)%2 7% d 1
Dy| € ——5—=| Dya|| + 5—— t—o(u))n Dy,_1],
loPx Z(n) llg "t Z(Tl)r(Tl)u:qH( () Q "t
(1-1)¥s GRE =
Dyl € —=——=—1|| D,_ = t— A D,_ H 11
||R 71|| = Z(Tl) R n—1 +Z(T])F(Tl) u:q+1( U(u)) R n—1 ( )
By using the recursive method with the above inequalities, we get
r an
1-1 7 ¥
IPDall < 255 + Zoyrmy | 1Pl¥3
- In
1— ¥
||Q]D)n|| < Z(TTll) + Z(fll)rl(fl) HQOHTg/ (12)
- In
1-7 7Y
||R]D)HH < Z(Tll) + Z(Tll)rl(fl) HROHTEI

O

Remark 1. Kernels Hq and Hy are linear, and their well-posedness follows from linear theory [25].
In contrast, H3 = B + R(P — vy) is nonlinear due to the bilinear term RP, so Banach’s contraction
principle provides the natural analysis framework. The Lipschitz constants ¥; and contraction
parameters A; derived here are directly used in Section 5 to obtain explicit Ulam—Hyers stability
constants KC;. This unified fixed-point approach yields rigorous, quantitative stability bounds for the
full coupled system.

Theorem 2. The Rossler chaotic system (2) has a solution provided that the following condition
holds true:

A=max¥;<1,i=1,2,3.

Proof. Set \; := [;Trll) v Z(n?r(n)}‘l’i- By (12), |pDall < A7[|Py. Since A; < 1 by

hypothesis, the series Y7 ||[pDy || < ||Pol|/ (1 — A1) converges absolutely by the geometric
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series test. Its limit P(t) = Y7, pDD,, is well-defined and satisfies (8), proving existence.
Identical arguments apply to Q and R.
From (8) and (9), we assume

P(t) = Pu(t), Q(t) = Qu(t), R(t) = Ra(t).

We define the functions

pQu(t) = P(t) = Pu(t),
QQn(t) = Q(t) - Qn(t)/
RQn(t) = R() = Ru(t).

Now, we show that |[pQux ||, [|0Qull, [[RQnu|| — 0as n — co.

1*1’1

190l < Z0o

”Hl (t/ Pnflz anlr Rnfl) - Hl (t/ Pn—2/ Qn—Zr Rn—Z) ”

I3

T E () (t— (1)) 1| Hy (it, Py_1, Qp1, Ru1)

u=g+1
- Hl (u/ Pn72/ anzr Rn72) H/

1*T1:| |: T :|
< Y1 ||P = Pyl + | =—— | ¥1||P = Pyq]|.
< || nlp =Pl + | g [ alP - Pl
This implies
1pQull < | Fro + Frmorrey | 1P~ Pt
Pl=12m) " 2m)rm)] ! Al

With help of (12), we obtain

nt1|1 =T 1 "
lpQull < ¥; [z(m*Z(n)r(n)} '

Similarly, using the same technique, we have

1 —T T n+1
<11;n+1|: 1, 1 ] ,
loQull < ¥ Z(t)  Z2(m)l(7)

1— T N T ]n-i-l
Z(n)  Z(m)l(n) '

1xQull < ‘fgﬂ[

Thus, from the above three functions, we find that ||pQy||, || 0Qull, [[RQu|| — 0as n — oo,
which completes the proof. [

4.2. Uniqueness of a Solution

In this subsection, it is necessary to examine the solution of the uniqueness criteria for
the Nabla fractional difference framework for the 3D Rossler chaotic attractor, which we
expressed below:

Theorem 3. There is a unique solution for the Rossler chaotic system (2) provided that

1—1 T
A= [{Z(Tli * Z(Tl)lr(ﬁ)}% - 11 <0

holds fori =1,2,3.
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Proof. Suppose (P, Q,R) and (P;, Q1, R1) are both solutions of the integral system (5), then
we have

t

PU(t) = Zrat Ml P Qu R + s 1 (1= a(w) T (P Qu Ry).

u=g+1

Taking the norm of the difference of the two P and applying the triangle inequality gives

IP =Pl < Fr Pt P,Q.R) — Ha(t, P Q1 R
* T _; (=@ TP, O R~ Ha P QR (1)
< [ Bl =Pl + [ [P = il
and so
Ll s
Equation (14) holds true if and only if
[P —Pi]] = 0.
Hence,
P(t) = Py(1).

Similarly, employing the same procedure with Q(t) and R(t), we obtain

Q(t) = Qu(t), R(t) =Ry ().
As a result, the solution for the system (2) is unique. [

5. Stability Analysis of the Projected Model

To establish the stability analysis of the projected model. The following definition is
provided from [25] and adapted for the mentioned technique.

Definition 5. The Rossler chaotic system (2) is Ulam—Hyers stable if there exist positive constants
Ki>0,1i=1,2,3such that forall e; > 0, i = 1,2,3, satisfying

HP(t)_(ézgl)’}{l(t,P,Q,R)—i—m ;:W(t—a(u))iyl(u,p,Q,R))H <er,
|Q(t) = ($85H2(t P QR) + iy Thga (= 0 ()T 1 H2(w, P,Q,R)) | <2, (15)
|R() = ($85Ha(t P Q R) + 5Ty Togia (= o) Ha(w, P,Q.R)) | <3,

there exists a solution Py (t), Q1(t), R1(t) of the system (2), such that

|P—n| < Kue,

Q- QlH < Kaeo,

R— R1H < Kses. (16)

Remark 2. Assume that, if a continuous function hy exists such that the function J (t) is a solution
of the first inequality (15),

o« ()] < &, and
. Nablﬂ—ABSvtle(t) =H(t, T(t)) + hyi(t).
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Theorem 4. The Atangana—Baleanu Nabla fractional difference in the Caputo sense model (2) is
Ulam—Hyers stable.

Proof. By Definitions (5) and (8), let us consider (P(t), Q(t), R(t)) to be the exact solution
of (8) and (P; (), Q1(t), R1(t)) to be an approximate solution satisfying (16). Then, applying
the triangle inequality, we have

1

T
11 H/]_[l(t/ p, Q/ R) - Hl(trplr erRl)”

[P(t) = Pr(B)]| < er )

T t a1 _
+ Z(0)T(m) u:;rl(t —o(u)" [ Hq(u, P, Q,R) — Hq(u, Py, Q1 Ry),
1 —-—T
= Z(n)

T
Y|P —-P|| + =———
il 1l Z(n)I ()

Applying the Lipschitz condition (Theorem 1):

Y1[|P — Pyl.

-7 T

(1) * Z(n)l (1)

1
IP() =A@ < | 5 F1[P = P.

Taking e = ¥1 and Ky = ;{T?) + Z(rlT)lr(rl)' this implies

I[P =P < ek (17)
Now, applying a similar approach, we have

1Q — Q1 < e2KCy,

(18)
R — Ry < e3Ks.

Hence, by (17) and (18), the integral Equation (8) is Ulam—-Hyers stable. As a result,
the system (2) is Ulam—-Hyers stable. [

6. Numerical Simulation Test
6.1. Numerical Method

In this section, we present a numerical simulation for solving the system (2). We use
an iterative numerical method to simulate the system described by the following Nabla
fractional-order differential equation:

A6y () = Mty (1), (19)
Applying the basic concept of the Nabla fractional-order integral form, we derive

_ ¢ I
() = 9(0) + Fbv(t) + S L (o) Ty ). eo

Equation (20) can be reformulated to obtain an iterative scheme. For our specific system,
we write the integral form directly:

t

_ 1-7 _n —o(u))n L u
P(t) _P(0>+ Z(Tl)Hl(t,P/Q/R)+Z(Tl)r(l'l) ugl(t U( )) Hl( /P/Q/R)/
_ t _
Q) = QO) + ZEAalt P QR+ Friies 3 (1= 0(0)T Halu POR)
R(#) = R(0) + 12?5 Ha(t, P, Q,R) + m Y (t— ()" Hs(u, P, QR).

u=g+1
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The following iterative scheme is formulated:

Py (t) = Pn(o) Z(Tl) (tr P,_4, anernfl)
+ﬁ i (F— ()" "M (1, Py_1,Qu 1, Ru_1),
u=q+1
Q () Qn( ) ;( T;HZ(t Pn lrQn 1/ n— l)
T f Tlf
+ er('fl) u;ﬁl(t — U(u)) 17'[2(“/ P4, anernfl)/
Ru(t) = Ru(0) + ;T;Ha(t, Py1,Qu-1,Ru1)

Z t_ T171H3(M/Pn—1/ Qn-1,Ru-1).

6.2. Result and Discussion

In Figures 1-5, we present the numerical simulations for the Atangana—Baleanu—Caputo
fractional form. The time simulation was conducted for t = 200 s, with a step size of
h = 0.01 and fractional orders of 7y = 0.90,0.92,0.94,0.96,0.98,1.00, with initial values
(P(0); Q(0); R(0)) = (1;0;0). The Rossler chaotic system parameters set &« = 0.3, = 0.2, and
¥ = 5.7 correspond to the classical benchmark values introduced by Rossler [1] and widely
adopted in the chaotic attractor literature [8,32]. The graphs illustrate the 2D and 3D Rossler
chaotic behavior with P, Q, and R in the chaotic problem. Furthermore, the relationship
between the time-varying waveform of ¢t and P, Q, and R for the orders of 7; is shown.

Figures 1-3 depict 2D-phase plot comparisons of P vs. Q, P vs. R, and Q vs. R.
These plots reveal the chaotic attractor across fractional orders. Figure 4 displays 3D phase
portraits of the chaotic attractor dynamics between P, Q, and R. Finally, Figure 5 presents
2D time-series plots of the three state variables P, Q, and R as functions of time t. These
plots illustrate the attractor time evolution of the chaotic attractor for the fractional order
71 = 0.90,0.92,0.94,0.96,0.98,1.00 case, highlighting their comparative behavior.

3 0.9 s 0,92 1,7 0,94

‘/m ‘\\ ;
\ “( ) W 0
/ N A,

Figure 1. Two-dimensional plane (P-Q) of the Rossler attractor with parameters (¢ = 0.3,
B = 02,9 = 5.7) and initial conditions (P,Q,R)(0) = (1,0,0) for varying fractional orders
7 = 0.90,0.92,0.94,0.96, 0.98,1.00.
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Figure 2. Two-dimensional plane (P-R) of the Rossler attractor with parameters (x = 0.3,

B = 02,7 = 5.7) and initial conditions (P,Q,R)(0) = (1,0,0) for varying fractional orders
7 = 0.90,0.92,0.94,0.96, 0.98,1.00.
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Figure 3. Two-dimensional plane (Q-R) of the Rossler attractor with parameters (« = 0.3,

B = 02,4 = 5.7) and initial conditions (P,Q,R)(0) = (1,0,0) for varying fractional orders
7 = 0.90,0.92,0.94,0.96, 0.98, 1.00.
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i -0

7,204

Figure 4. Three-dimensional phase (P, Q, R) space of the Rossler chaotic attractor with parameters
(¢ = 0.3, = 0.2, = 5.7) and initial conditions (P, Q, R)(0) = (1,0,0) for varying fractional orders

71 = 0.90,0.92,0.94,0.96,0.98, 1.00.
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Figure 5. Time evolution of P, Q, R 2D plane of the Rossler attractor (x = 0.3, 8 = 0.2, ¥ = 5.7), and ini-
tial conditions (P, Q, R)(0) = (1,0, 0) for varying fractional orders 71 = 0.90,0.92,0.94,0.96,0.98, 1.00.
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7. Conclusions

In this study, a fractional Rossler chaotic attractor was investigated within the Atan-
gana—Baleanu—Caputo framework, with particular focus on Ulam-Hyers stability analysis.
The existence and uniqueness of solutions were established by applying Banach fixed-
point theory, thereby ensuring the mathematical well-posedness of the recommended
chaotic attractor. A numerical approximation solution was obtained using an Euler-type
scheme, enabling an in-depth investigation of the system dynamics under varying parame-
ter conditions, particularly the influence of different fractional order 7; values. The results
demonstrate the sensitivity and rich behavior of the attractor. This work advances fractional
chaotic systems and can be extended in future research to time-delay, stochastic hyper-
chaotic, and fuzzy fractional Nabla difference models, thereby broadening its applicability
across science and engineering.
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