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Abstract


In this paper, we incorporate a new type of fear effect into a predator–prey time-delay model to study their combined impact on the system’s dynamics. Without time delay, our results show that the prey-only and coexistence equilibrium points are globally asymptotically stable under certain conditions. We also find that a transcritical bifurcation occurs near the prey-only equilibrium, while a Hopf bifurcation arises near the coexistence equilibrium. The fear effect plays a crucial role in the system’s behavior, as it can lead to predator extinction or near-extinction of the prey. Moreover, the inclusion of time delay influences the coexistence equilibrium, potentially destabilizing it and giving rise to a stable limit cycle.
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1. Introduction


Anti-predator behavior is known to reduce the direct killing of prey populations and thereby decrease prey mortality, which may ultimately lead the predator population to extinction. One such behavior is seeking refuge from predation, which has been shown to help prey populations survive; see, for example, [1,2,3,4,5]. However, there are other behavioral responses to predation that can lead to a negative impact on the prey population, one of which is fear. Fear of predation has been shown to significantly reduce offspring production. For instance, Zanette et al. [6] experimentally demonstrated that there is a 40% reduction in offspring production of song sparrows (Melospiza melodia) due to the fear from predators. This finding motivated Wang et al. [7] to incorporate the cost of fear into prey reproduction and investigate the following predator–prey model:


       d u   d t      =    a u F  ( k , v )  − d u − b  u 2  − m u v         d v   d t      =    n m u v − e v     



(1)




where a is the birth rate of prey; d is the natural death rate of prey; b is the density-dependent coefficient; m is the capture rate; n is the conversion efficiency; e is the death rate of the predator; k is the level of fear; and the function   F ( k , v )   is the cost of anti-predator defense due to fear. It is assumed that the function   F ( k , v )   will affect the production of the prey population. Several studies have considered this idea to examine the combined effects of fear and time delay on the dynamics of predator–prey models; for instance, see [8,9,10,11,12]. However, all these studies considered the form of fear cost described in (1) either directly or with a small modification as in [10].



Other studies use this same concept and assume that the function   F ( k , v )   takes the form   F  ( k , v )  =   1  1 + k v     , where k represents the cost of fear [7]. Sasmal [13] studied a predator–prey model with the Allee effect in prey and cost of fear from the predator as follows:


       d u   d t      =    r u  1 −   u k     ( u − θ )    1  1 + f v    − a u v         d v   d t      =    α a u v − m v     



(2)




where r is the intrinsic growth rate; k is the carrying capacity of the environment; a represents the predation rate;  α  is the conversion efficiency of the predator by consuming prey; m is the predator’s natural mortality rate;  θ  is the Allee threshold, with   0 < θ < k  , below which the population goes extinct; and f represents the cost of fear. In 2020, Huang et al. [14], motivated by Sasmal [13], developed a model incorporating fear, the Allee effect, and prey refuge. Their model took the form


       d u   d t      =    r u  1 −   u k     ( u − θ )    1  1 + f v    − a  ( 1 − η )  u v         d v   d t      =    α a ( 1 − η ) u v − m v     



(3)




where   0 < η < 1   is the prey refuge constant;   η u ( t )   is the capacity of a refuge at time t; and all other parameters have the same meaning as in System (2).



Time delays of one type or another have been incorporated into biological models by many researchers [15]; we refer to the monographs of Cushing [16,17] and Kuang [18] for general delayed biological systems and to Beretta and Gopalsamy [19,20], Hastings [21], Ruan [22], and the references cited therein for studies on delayed predator–prey systems. In general, delay differential equations exhibit much more complicated dynamics than ordinary differential equations since a time delay could cause a stable equilibrium to become unstable and cause the populations to fluctuate.



Motivated by the above discussions, we develop a model based on System (3), incorporating a Holling type II functional response into the predator–prey interaction and introducing a time delay in the predation and conversion terms. This paper is organized as follows: In Section 2, we present the model without delay and analyze the stability of its equilibrium points as well as the occurrence of transcritical and Hopf bifurcations. Section 3 extends the model by including a time delay and investigates its impact on the stability of the equilibria. Section 4 provides numerical simulations to illustrate and support the theoretical findings. Finally, Section 5 concludes the paper with a summary of the main results.




2. Model Building and Analysis


Huang et al. [14] studied a predator–prey model with combined Allee and fear effects, adopting the following particular form for the fear effect:   f  ( e ; P )  =   1  1 + e P     . This model assumed that the prey population grows with a growth rate equal to r, with this growth regulated by the carrying capacity  κ , and reduced due to the fear effect of the described form, and the predator–prey interaction (i.e., the predation) is assumed to follow Holling type 2 functional response with a predation term equal to b and a conversion rate equal to  ϵ ; it is also assumed that the predator’s natural death rate is c, and its handling time is  α . Hence, we have the following model:


        d N   d t    = r N  1 −   N κ      1  1 + e P    −    b N P   1 + α N             d P   d t    = − c P +    ϵ b N P   1 + α N        



(4)




where N represents the prey population and P represents the predator population, and the definition of model parameters is given in Table 1.



2.1. Equilibrium Points


System (4) has the following equilibrium points:




	(i)

	
   E 0   ( 0 , 0 )   , the trivial equilibrium point, where both populations are extinct.




	(ii)

	
   E 1   ( κ , 0 )   , which represents the existence of prey only.




	(iii)

	
   E 2   (  N *  ,  P *  )   , which represents the coexistence of prey and predator, where    N *  =   c  ϵ b − α c     , provided that   ϵ b − α c > 0   to ensure the positivity of the equilibrium, and   P *   is the solution of the second-order equation


    1  ϵ b − α c     (  H 2   X 2  +  H 1  X +  H 0  )  = 0  








where


     H 0    =    ( κ ( b ϵ − α c ) − c ) ϵ r       H 1    =    κ r ( ϵ b − α c )       H 2    =    − e κ     











To get a unique positive solution, we need to take   κ ( b ϵ − α c ) − c > 0  . If we take   κ ( b ϵ − α c ) − c < 0  , we will get two negative solutions or imaginary solutions. When   κ ( b ϵ − α c ) − c > 0  , the solution is given by


   P *  =    − κ r  ( ϵ b − α c )  +     ( κ r  ( ϵ b − α c )  )  2  + 4 ϵ r e κ  (  ( b ϵ − α c )  − c )      − 2 e κ     


















2.2. Local Stability of the Equilibrium Points


Theorem 1. 

The stability of System (4) is given by the following:




	(i) 

	
   E 0   ( 0 , 0 )    is unstable; i.e., the system will never allow for both populations to go extinct, regardless of their initial sizes.




	(ii) 

	
   E 1   ( κ , 0 )    is locally asymptotically stable if   κ ( ϵ b − α c ) − c < 0  ; i.e., under this condition, the predator might go extinct if its initial population size was very small.




	(iii) 

	
   E 2   (  N *  ,  P *  )    is locally asymptotically stable if   κ α b  P *   ( 1 + e  P *  )  − α r  N *   ( 1 + α  N *  )  − r < 0   and   e b κ  P *   ( 2 + e  P *  )  + e r  ( κ −  N *  )   ( 1 + α  N *  )  + b κ > 0  ; i.e., under these conditions, both populations will coexist.











Proof. 

From Equation (4), the Jacobian matrix of the system is given by


  J  (  E i  )  = [     r  ( 1 −   N κ   )    1  1 + e P    −    r N   κ ( 1 + e P )    −    b P    ( 1 + α N )  2        − r e N  ( 1 −   N κ   )    1   ( 1 + e P )  2    −    b N   ( 1 + α N )            ϵ b P    ( 1 + α N )  2       − c +    ϵ b N   1 + α N        ] .  








By evaluating the Jacobian matrix at each equilibrium point, we get the following:




	(i)

	
The Jacobian matrix at    E 0   ( 0 , 0 )    is given by


   J  (  E 0  )  = [    r   0     0   − c    ]  ,  











Clearly, the eigenvalues of the matrix are r and −c, and hence, it is obvious that E0(0,0) is unstable.




	(ii)

	
The Jacobian matrix at    E 1   ( κ , 0 )    is given by


  J  (  E 1  )  = [     − r     −    b κ   1 + α κ         0      κ ( ϵ b − α c ) − c   1 + α κ       ] ,  



(5)




which is an upper triangular matrix whose eigenvalues are   − r   and     κ ( ϵ b − α c ) − c   1 + α κ    . This implies that    E 1   ( κ , 0 )    is asymptotically stable if   κ ( ϵ b − α c ) − c < 0  .




	(iii)

	
The Jacobian matrix at    E 2   (  N *  ,  P *  )    is given by


      [     −    r  N *    κ ( 1 + e  P *  )    +    b α  N *   P *     ( 1 + α  N *  )  2        − r e  N *   ( 1 −    N *  κ   )    1   ( 1 + e  P *  )  2    −    b  N *    1 + α  N *             ϵ b  P *     ( 1 + α  N *  )  2      0    ] .      



(6)




and hence the characteristic polynomial is given by


     P  ( λ )  =  λ 2  −    κ α b  P *   ( 1 + e  P *  )  − α r  N *   ( 1 + α  N *  )  − r   κ   ( 1 + α  N *  )  2   ( 1 + e  P *  )      N *  λ +    ϵ b  N *   P *   e b κ  P *   ( 2 + e  P *  )  + e r  ( κ −  N *  )   ( 1 + α  N *  )  + b κ      ( 1 + α  N *  )  3    ( 1 + e  P *  )  2     .     











Clearly, this point is locally asymptotically stable if   κ α b  P *   ( 1 + e  P *  )  − α r  N *   ( 1 + α  N *  )  − r < 0   and   e b κ  P *   ( 2 + e  P *  )  + e r  ( κ −  N *  )   ( 1 + α  N *  )  + b κ > 0  .









□






2.3. Bifurcation Analysis of the Model


2.3.1. Transcritical Bifurcation Analysis


Theorem 2. 

System (4) undergoes a transcritical bifurcation at the positive equilibrium    E 1   (  N *  , 0 )  =  ( κ , 0 )    when   c =    ϵ b κ   ( 1 + α κ )     .





This theorem shows that when the parameter c has a certain value, the system will move from the state with the existence of the prey population only to the state with the coexistence of both populations.



Proof. 

The Jacobian matrix of the linearized system around the equilibrium point   E 1   is


  J  (  E 1  )  = [     − r     −    b κ   ( 1 + α κ )         0   − c +    ϵ b κ   ( 1 + α κ )       ] .  










  J  (  E 1  ,  c 0  )  = [     − r     −    b κ   ( 1 + α κ )         0   0    ] .  



(7)




Let us define   v =   (  v 1  ,  v 2  )  T    and   w =   (  w 1  ,  w 2  )  T    to be the right and left eigenvectors of    λ 2  = 0  . From (7) and   J (  E 1  ,  c 0  ) v = 0   as well as    J T   (  E 1  ,  c 0  )  w = 0  ,     − r  v 1  , −    b κ   ( 1 + α κ )     v 2   T  =   ( 0 , 0 , 0 )  T    and     − r  w 1  , −    b κ   ( 1 + α κ )     w 1   T  =   ( 0 , 0 , 0 )  T   .



So the left eigenvector is   w =   ( 0 ,  w 2  )  T    and the right eigenvector is   v =    v 1  ,    − r ϵ  c    v 1   T   . Here,   w 2   and   v 1   are any non-zero real numbers. Now, System (4) can be rewritten in the following vector form:


      X ˙  = f  ( X )  ,     








where   X =   ( N , P )  T    and   f  ( X )  = (     N  ( 1 −   N κ   )    1  1 + e P    −    b N P   1 + α N         − c P +    ϵ b N P   1 + α N       )  .



Taking the derivative on   f ( X )   with respect to c, we get


   f c   ( X )  = (    0     − P    ) ,   then     f   E 1  ,  c 0     ( X )  =     0     0     .   








Hence,    w T   f   E 1  ,  c 0     ( X )  = 0 .  



Next, taking the derivative on    f c   ( X )    with respect to   X =   ( N , P )  T   , we get


     D  f c   ( X )  =     0   0     0    − 1      .     











Then,


     D  f   E 1  ,  c 0     ( X )  =     0   0     0    − 1      .     











We have    w T   D  f   E 1  ,  c 0     ( X )  · v  =    r ϵ  c    v 1   w 2  ≠ 0  .



Furthermore,


      D 2  f  ( X )  = [       − 2 r  κ      − e r  ( 1 −   N κ   )  +    e r N  κ   −   b   ( 1 + α N )  2        − e r  ( 1 −   N κ   )  +    e r N  κ   −   b   ( 1 + α N )  2        2 r  e 2  N  ( 1 −   N κ   )       0      ϵ b    ( 1 + α N )  2      0      ϵ b    ( 1 + α N )  2       ] .     










      D 2   f   E 1  ,  c 0     ( X )   ( v , v )     =    (       2 r   ( 1 + α N )  2   ( e N  v 2  −  v 1  )   ( κ e  v 2  − e N  v 2  +  v 1  )  − 2 b κ  v 1   v 2     ( 1 + α N )  2          2 ϵ b    ( 1 + α N )  2    v 1   v 2     ) ,        w T   [  D 2   f   E c  ,  c 0     ( X )   ( v , v )  ]     =       2 ϵ b    ( 1 + α N )  2     v 1   v 2   w 1  ≠ 0 ,     








where   ( v , v )   is a Kronecker product of    (  v 1  ,  v 2  )  T  . Therefore, according to Sotomayor’s theorem for local bifurcation [23], System (4) has a transcritical bifurcation at steady state   E 1   when the parameter c passes through the bifurcation value   c 0  . □






2.3.2. Hopf Bifurcation Analysis


Theorem 3. 

System (4) undergoes a Hopf bifurcation at the positive equilibrium    E 2   (  N *  ,  P *  )    when   κ =  κ 0  =    r  α  N *   ( 2 + α  N *  )  + 1    α b  P *   ( 1 + e  P *  )      .





This theorem illustrates that for a certain value of the parameter  κ , the system will move from the coexistence of both populations where each population has a constant size, to a state where both populations oscillate between some constant values for their sizes. This latter state is called a limit-cycle state.



Proof. 

The eigenvalues of the linearized system around the equilibrium point   E 2   are


   μ  1 , 2   = α  ( κ )  ± i β  ( κ )   








where


     α ( κ )     =   1 2   t r a c  ( J )        β ( κ )     =   d e t  ( J )  −   ( α  ( κ )  )  2        








and J is the Jacobian of the linearized system at the equilibrium point   E 2  . From (6),


  t r a c  ( J  (  E 2  )  )  = −    r  N *    κ ( 1 + e  P *  )    +    b α  N *   P *     ( 1 + α  N *  )  2    ,  








and determinant


  J  (  E 2  )  =    ϵ b  P *     ( 1 + α  N *  )  2     r e  N *   ( 1 −    N *  κ   )    1   ( 1 + e  P *  )  2    +    b  N *    1 + α  N *      ,  








Now, at   κ 0  ,


  β  (  κ 0  )  =    ϵ b  N *   P *    e 2  b  P  * 2   + e  r + 2 b  P *  + α  N *   ( 2 r + b  P *  )  + r α  N  * 2   + b  ( 1 + α  N *  )        ( 1 + e  P *  )  2    ( 1 + α  N *  )  4     ,  








  α (  κ 0  ) = 0  , and      d α   d κ      |   κ =  κ 0    =    r  N *     κ 2   ( 1 + e  P *  )     ≠ 0  .



Therefore, the proof is concluded. □





The numerical illustration of these theorems is presented in Section 4 using MatCont [24].





2.4. Global Stability of the Prey-Only Steady States


In this sub-section, the global stability of the prey-only equilibrium point will be analyzed.



Theorem 4. 

The prey-only equilibrium point    E 1   (  N *  , 0 )  =  ( κ , 0 )    is globally asymptotically stable.





Proof. 

Let   B  ( N , P )  =   1  1 + e P     , which is   C ∞   on the whole quadrant and, in particular, is non-singular at   P = 0  , be a Dulac weight function. Then define Dulac–Bedixon divergence as follows:


   D B   ( N , P )   =    ∂  ∂ N     B  f 1   +   ∂  ∂ P     B  f 2   .  








where   f 1   and   f 2   are the right-hand sides of System (4).



Now the divergence is given by


   D B   ( N , P )  =    r  1 −    2 N  κ    − c +    ε b N   1 + α N       ( 1 + e P )  2     −     b P     ( 1 + α N )  2   ( 1 + e P )     .  








Hence    D B   ( κ , 0 )  = r  1 −    2 κ  κ    − c +    ε b κ   1 + α κ    = − r − c +    ε b κ   1 + α κ    .   Using the local stability condition   κ ( ϵ b − α c ) − c < 0  , one will have    D B   ( κ , 0 )  < 0 .   Therefore, and by continuity of    D B   ( N , P )   , there exists a small open neighborhood U of   ( κ , 0 )   (intersected with the positive quadrant) on which    D B   ( N , P )  < 0  . Therefore, no closed orbits lie entirely inside U. This fact, along with the proven local stability, proves the global stability of the prey-only equilibrium point. □







3. The Model with the Time Delay


We build a model by including a time delay in the predation and conversion terms in model (4). Then we have the following new model:


       d N   d t      =    r N  1 −   N κ      1  1 + e P    −    b  N τ   P τ    1 + α  N τ             d P   d t      =    − c P +    ϵ b  N τ   P τ    1 + α  N τ         



(8)




where   N τ   and   P τ   refer to   N ( t − τ )   and   P ( t − τ )  , respectively.



Local Stability of the Equilibrium Points with Time Delay


For the stability of the equilibrium points of the system with time delay, we have the following theorem:



Theorem 5. 

The time delay does not affect the stability of the equilibrium points    E 0  =  ( 0 , 0 )    and    E 1  =  ( κ , 0 )   ; however, there is a value for the time-delay parameter, τ, such that when it crosses that value, the equilibrium point    E 2  =  (  N *  ,  P *  )    loses its stability and some oscillations come into existence; i.e., the time delay derives the system away from the coexistence state into a limit-cycle state.





Proof. 

The Jacobian of the system with time delay has the form


   J 1   (  E i  )  = [     r  ( 1 −   N κ   )    1  1 + e P    −    r N   κ ( 1 + e P )        − r e N  ( 1 −   N κ   )    1   ( 1 + e P )  2         0    − c     ] .  








and


   J 2   (  E i  )  = [     −    b  P τ     ( 1 + α  N τ  )  2        −    b  N τ    1 + α  N τ                ϵ b  P τ     ( 1 + α  N τ  )  2         ϵ b  N τ    1 + α  N τ        ] .  








By evaluating the Jacobian matrix at each equilibrium point, we have the following:




	(i)

	
The Jacobian matrix at    E 0   ( 0 , 0 )    is given by


   J 1   (  E 0  )  = [    r   0     0   − c    ] ,  








and


   J 2   (  E 0  )  = [    0   0     0   0    ] ,  











Clearly, there is no change in stability; i.e., the time delay does not affect this point.




	(ii)

	
The Jacobian matrix at    E 1   ( κ , 0 )    is given by    J ( E ) =  J 1   (  E 1  ) +   e  − λ τ    J 2   (  E 1  )     where


   J 1   (  E 1  )  = [       − r   1 + e P      0     0   − c    ] ,  








and


   J 2   (  E 1  )  = [    0      − b κ   1 + α κ        0      ϵ b κ   1 + α κ       ] ,  











Now,


  J  (  E 1  )  = [       − r   1 + e P       −  e  − λ τ      b κ   1 + α κ         0    − c +  e  − λ τ      ϵ b κ   1 + α κ        ] ,  











The characteristic equation is given by


   P ( λ )  = ( e λ P + λ + r ) ( κ α c + κ α λ + c + λ − ϵ b κ  e  − λ τ   ) = 0 ,  








so that   ( e λ P + λ + r ) = 0   implies   λ =    − r   1 + e P     , or   ( κ α c + κ α λ + c + λ − ϵ b κ  e  − λ τ   ) = 0 .  



Now, substituting   λ = i w , w > 0   implies


  − c o s ( ω τ ) ϵ b κ + κ α c + c + I ( s i n ( ω τ ) ϵ b κ + κ α ω + ω ) = 0  











Then we have


      c o s ( ω τ ) ϵ b κ =     κ α c + c       s i n ( ω τ ) ϵ b κ =     − ( κ α ω + ω )      



(9)







Hence,


   ϵ 2   b 2   κ 2  =  (  c 2  +  ω 2  )    ( 1 + α κ )  2  ,  








which implies


   ω 2  =     ϵ 2   b 2   κ 2     ( 1 + α κ )  2    −  c 2  .  











Hence,


   ω 2  =     ϵ b κ   ( 1 + α κ )    − c      ϵ b κ   ( 1 + α κ )    + c  .  








as we assume that without time delay, the equilibrium point must be stable, we must have       ϵ b κ   ( 1 + α κ )    − c  < 0  . Hence it is not possible to get a positive solution for  ω , and hence there is no change in stability due to the time delay.




	(iii)

	
The Jacobian matrix at    E 2   (  N *  ,  P *  )    is given by   J  (  E 2  )  =  J 1   (  E 2  )  +  e  − λ τ    J 2   (  E 2  )   , where


   J 1   (  E 2  )  = [     r  ( 1 −    N *  κ   )    1  1 + e  P *     −    r  N *    κ ( 1 + e  P *  )        − r e  N *   ( 1 −    N *  κ   )    1   ( 1 + e  P *  )  2         0    − c     ] .  








and


   J 2   (  E 2  )  = [     −    b  P τ *     ( 1 + α  N τ *  )  2        −    b  N τ *    1 + α  N τ *                ϵ b  P τ *     ( 1 + α  N τ *  )  2         ϵ b  N τ *    1 + α  N τ *        ] .  











Similarly,


  J  (  E 2  )  = [     r  ( 1 −    N *  κ   )    1  1 + e  P *     −    r  N *    κ ( 1 + e  P *  )    −  e  − λ τ      b  P τ *     ( 1 + α  N τ *  )  2        − r e  N *   ( 1 −    N *  κ   )    1   ( 1 + e  P *  )  2    −  e  − λ τ      b  N τ *    1 + α  N τ *            e  − λ τ      ϵ b  P τ *     ( 1 + α  N τ *  )  2        − c +  e  − λ τ      ϵ b  N τ *    1 + α  N τ *         ] .  











Hence, the characteristic polynomial is given by


  P  ( λ )  =  λ 2  +  (  u 1  +  u 2  exp  ( − λ τ )  )   λ + (   u 3  +  u 4  exp  ( − λ τ )  = 0 ,  








where


     u 1    =      c  (  ( 1 + e  P *  )  − r )  κ + 2 r  N *    κ ( 1 + e  P *  )         u 2    =      b   P *  − ϵ  N *   ( 1 + α  N *  )      ( 1 + α  N *  )  2         u 3    =      c r ( 2  N *  − κ )   κ ( 1 + e  P *  )         u 4    =      (  (  ( − 2  P *  α e − 2 α )   N  * 2   +  ( α  ( 1 + e  P *  )  κ − 3 e  P *  − 2 )   N *  + κ  ( 1 + 2 e  P *  )  )  r  N *  ϵ   κ   ( 1 + e  P *  )  2    ( 1 + α  N *  )  2            +    c κ  P *    ( 1 + e  P *  )  2   ) b    κ   ( 1 + e  P *  )  2    ( 1 + α  N *  )  2         











Substituting   λ = i w , w > 0   implies


  −  ω 2  − I  (  u 1  +  u 2  exp  ( − I ω τ )  )  ω +  u 3  +  u 4  exp  ( − I ω τ )  = 0 .  











Then we have


      −  ω 2  +  u 2  s i n  ( ω τ )  ω +  u 3  +  u 4  c o s  ( ω τ )  =    0      −  (  u 1  +  u 2  c o s  ( ω τ )  )  ω −  u 4  s i n  ( ω τ )  =    0     



(10)




or


       u 4  c o s  ( ω τ )  +  u 2  s i n  ( ω τ )  ω =      ω 2  −  u 3        ω  u 2  c o s  ( ω τ )  −  u 4  s i n  ( ω τ )  =      u 1  ω      



(11)




which, after some mathematical simplification, could be written as


   ω 4  +  (  u 1 2  −  u 2 2  − 2  u 3  )   ω 2  +  u 3 2  −  u 4 2  = 0  











Clearly, it is possible to have a positive solution for the last equation, and hence the time delay will affect the stability of the coexistence equilibrium point; i.e., there is a critical value   τ *   for  τ  after which the coexistence equilibrium becomes unstable and exhibits some oscillations.



To find this value   τ *  , we solve (10) to get


  c o s  ( ω τ )  =     (  u 4  −  u 1   u 2  )   ω 2  −  u 3   u 4     u 4 2  +  u 2 2   ω 2     ,  








which implies


   τ *  =   1 ω   c o  s  − 1        (  u 4  −  u 1   u 2  )   ω 2  −  u 3   u 4     u 4 2  +  u 2 2   ω 2       



(12)













□





An illustration of this theorem is given in Section 4.





4. Numerical Simulation


In this section, we provide some numerical simulations to verify our theoretical results and investigate the behavior of our models. The values of model parameters used for the simulation purposes are given in Table 2. Note that the values of some parameters will be varied to show their significance; also, different initial conditions will be used to show all possible scenarios. The initial conditions used are   (  N 0  = 50 ,  P 0  = 50 )  .



As stated earlier, the carrying capacity,  κ , plays an important role in the dynamics of the model without delay, as it is the parameter that is responsible for the existence of Hopf bifurcation, and it could also lead to transcritical bifurcation. These ideas are illustrated in Figure 1, Figure 2 and Figure 3. It is clear that when  κ  is relatively small (i.e.,   κ = 64  ), the solution of the model tends to the prey-only equilibrium point; when the value of  κ  increases (i.e.,   κ = 200  ), the solution tends toward the coexistence equilibrium point, and hence the system exhibits a transcritical bifurcation, which is illustrated in Figure 4; and when the value of  κ  further increases (i.e.,   κ = 635  ), the solution tends toward a stable limit cycle where the system exhibits the phenomenon of Hopf bifurcation, which could be seen in Figure 5. These numerical simulations also serve to illustrate the bifurcation results derived in Section 2.3.



Fear also plays an important role in the predator–prey interaction, as it could help in the survival of the prey population and lead the predator population to extinction, if the carrying capacity is relatively small. In other words, the reduction in the reproduction of the prey population due to fear, even with small values of the cost-of-fear parameter, along with low carrying capacity will result in the predator population not having enough food to survive, and hence it goes extinct. As a result, the fear effect disappears, allowing the prey population to recover from its low densities and to grow until it reaches its carrying capacity. These predator–prey dynamics are illustrated in Figure 6. However, for high carrying capacity, the reduction in the reproduction of the prey population due to fear will not be enough to drive the predator population to extinction. It will lead either to the coexistence of prey and predator populations when the cost of fear is small or to a stable limit cycle with a very small prey population when the cost of fear is high. In this case, the predator population shows rapid growth, as illustrated in Figure 7.



The effect of the time delay on the predator–prey interaction is illustrated in Figure 8, which shows that there is a critical value for the time delay (   τ *  = 0.63988   in this case). When   τ <  τ *   , there is no effect of the time delay on the stability of all equilibrium points; however, if   τ >  τ *   , then the coexistence equilibrium point loses its stability and the systems reach a stable limit as derived in Section 3.




5. Conclusions


In this paper, we have formulated and analyzed a mathematical model for the interaction between prey and predator populations, incorporating fear effects and time delays. We have used Holling type II functional response in the interaction terms. We have mathematically proven the local stability of the prey-only and coexistence equilibrium points and global stability of the prey-only, under certain conditions. The asymptotic behavior of the system has been illustrated numerically. We have also shown that the system exhibits a transcritical bifurcation where the prey-only equilibrium point loses its stability and the coexistence equilibrium becomes stable. Also, the system has been found to exhibit a Hopf bifurcation where the coexistence equilibrium point loses its stability and the system reaches a stable limit cycle around this equilibrium point. These bifurcation results have been confirmed by numerical simulation.



Our results also show that if the carrying capacity is small, then the fear could lead to the extinction of the predator population, while the prey population oscillates for some time and then reaches its stable point. However, for high carrying capacity, the system reaches a stable coexistence equilibrium point when the fear factor is small. Moreover, increasing the cost of fear on the prey population moves the system from a stable coexistence equilibrium point to a stable limit cycle with a very small prey population and a rapid growth in the predator population.



Numerical simulation also shows that when the time-delay parameter passes through a certain critical value, the system moves away from the coexistence state to a stable limit-cycle state. Note that in ecology, a limit-cycle state is more desirable than a coexistence state, as in a limit-cycle state, the dynamics are richer and closer to reality, and hence the time delay has the effect of making the model more realistic.
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Figure 1. The stability of the existence of prey-only equilibrium, where    N 0  =  P 0  = 50 ,  r = 0.4  ,   b = 0.06 ,  e = α = 0.002 ,  c = 0.35 , ϵ = 0.1  , and    κ = 64 .   






Figure 1. The stability of the existence of prey-only equilibrium, where    N 0  =  P 0  = 50 ,  r = 0.4  ,   b = 0.06 ,  e = α = 0.002 ,  c = 0.35 , ϵ = 0.1  , and    κ = 64 .  
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Figure 2. The stability of the coexistence point, where    N 0  =  P 0  = 50 ,  r = 0.4 ,  b = 0.06 ,    e = α = 0.002 ,  c = 0.35 ,  ϵ = 0.1  , and    κ = 200 .   
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Figure 3. The existence of a limit cycle around the coexistence point, where    N 0  =  P 0  = 50 ,  r = 0.4  ,   b = 0.06 ,  e = α = 0.002 ,  c = 0.35 ,  ϵ = 0.1  , and    κ = 635 .   
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Figure 4. The transcritical bifurcation of interaction of the prey–predator model, where    N 0  =  P 0  = 50  ,   r = 0.4 ,  b = 0.06 ,  e = α = 0.002 ,  c = 0.35  , and    ϵ = 0.1 .   
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Figure 5. The Hopf bifurcation of the interaction of the prey–predator model, where    N 0  =  P 0  = 50 ,    r = 0.4 ,  b = 0.06 ,  e = α = 0.002 ,  c = 0.35  , and    ϵ = 0.1 .   
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Figure 6. The effect of fear on the model when the carrying capacity is low, where    N 0  =  P 0  = 50 ,    r = 0.4 ,  b = 0.06 ,  α = 0.002 ,  c = 0.35 ,  ϵ = 0.1  , and    κ = 64 .   
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Figure 7. The effect of fear on the model when the carrying capacity is high, where    N 0  =  P 0  = 50 ,    r = 0.4 ,  b = 0.06 ,  α = 0.002 ,  c = 0.35 ,  ϵ = 0.1  , and    κ = 200 .   
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Figure 8. The effect of delay on the model, where    N 0  = 60 ,   P 0  = 50 ,    r = 0.4 ,  b = 0.06  ,   e = α = 0.002 ,  c = 0.35  , and    ϵ = 0.1 .   
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Table 1. Definition of model parameters.
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	Parameter
	Definition





	r
	The growth rate of prey



	  κ  
	The carrying capacity of prey



	e
	The cost of fear



	b
	The predation rate



	  ϵ  
	The conversion rate



	c
	The death rate of the predator



	  α  
	Handling time










 





Table 2. Parameters’ values used for simulations.
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	Parameter
	Definition
	Value





	r
	The growth rate of prey
	   0.4   



	  κ  
	The carrying capacity of prey
	200



	e
	Cost of fear
	   0.002   



	b
	The predation rate
	   0.06   



	  ϵ  
	The conversion rate
	   0.1   



	c
	The death rate of the predator
	   0.1   
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