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Abstract


The proposed study explores the consistency of the geometrical character of surfaces under scaling, rotation and translation. In addition to its mathematical significance, it also exhibits advantages over image processing and economic applications. In this paper, the authors used partition-based principal component analysis similar to two-dimensional Sub-Image Principal Component Analysis (SIMPCA), along with a suitably modified atypical wavelet transform in the classification of 2D images. The proposed framework is further extended to three-dimensional objects using machine learning classifiers. To strengthen fairness, we benchmarked against both Random Forest (RF) and Support Vector Machine (SVM) classifiers using nested cross-validation, showing consistent gains when TIFV is included. In addition, we carried out a robustness analysis by introducing Gaussian noise to the intensity channel, confirming that TIFV degrades much more gracefully compared to traditional descriptors. Experimental results demonstrate that the method achieves improved performance compared to traditional hand-crafted descriptors such as measured values and histogram of oriented gradients. In addition, it is found to be useful that this proposed algorithm is capable of establishing consistency locally, which is never possible without partition. However, a reasonable amount of computational complexity is reduced. We note that comparisons with deep learning baselines are beyond the scope of this study, and our contribution is positioned within the domain of interpretable, affine-invariant descriptors that enhance classical machine learning pipelines.
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1. Introduction


The consistency of the geometry of various space curves and surfaces under some affine transformations is mathematically intriguing despite the simplicity in nature of such surfaces. In continuation of earlier attempts with respect to the aforementioned characters over the transformation—namely, scaling, rotation and translation [1,2,3]—recent developments in Principal Component Analysis (PCA) [4,5,6,7,8] convinced the authors to conduct this study using recent techniques of PCA. We briefly present a literature review on the invariance property of curves and surfaces, along with recent PCA results, for the sake of the readers. Freudenstein, McGarva, Sun, Wu, Yue and Uesaka [9,10,11,12,13,14,15] have studied the geometrical consistency of curves in discussed harmonic terms related to the four-bar linkage mechanism. Due to certain limitations [16,17] in using Fourier coefficients on open curves, Liu et al. [1,18] introduced wavelet coefficient descriptors for such non periodic curves. However, independent studies on curves that are not associated with a four-bar linkage mechanism have been conducted by Hung et al. and Teing et al. [19,20]. In this sequence of attempts, Vignesh and Palanisamy derived invariant features of plane and space curves [2,3] using atypical wavelet coefficients. It is significant to state that such studies on the geometrical consistency of curves are found to be employed in problems of image classification, economics and shape interrogation. In recent years, deep learning methods, particularly Convolutional Neural Networks (CNNs), have become the dominant paradigm for image classification due to their ability to automatically learn hierarchical features from raw images [21,22,23]. Notable architectures such as AlexNet [21], ResNet [22] and Inception-v3 [23] have demonstrated remarkable performance across various domains, including medical imaging, remote sensing and general object recognition [21,22,23]. However, these methods often require large labeled datasets and significant computational resources [22,23]. In contrast, handcrafted feature extraction remains relevant, especially in scenarios with limited data or the need for model interpretability [24]. Studies have shown that handcrafted features can outperform CNNs in small-sample settings and offer increased interpretability [24]. Our work explores this alternative approach, focusing on novel, hand-crafted invariant features that capture geometric and structural properties of shapes, providing complementary insights and potentially interpretable features that are robust under affine transformations.



Numerous studies have also been conducted on the geometrical consistency of surfaces, as reported by Figueroa et al., Montaldo, Onnis and Aydin [25,26,27,28,29,30,31]. Below, we present significant studies on the invariance of surfaces. Figueroa et al. [27] investigated the classification problem as it relates to mean curvature surfaces that are invariant with respect to one-dimensional closed subgroups using a left-invariant metric (g) in the Heisenberg group. Montaldo and Onnis [28] studied invariance properties of surfaces under the composition of translations along R and rotations and, hence, classified helicoidal and translational constant mean curvature surfaces. The profile curves of invariant surfaces over the action of a one-parameter subgroup of isometries were classified by Onnis [29]. The invariance property of surfaces over the action of a one-parameter subgroup constituted by a three-dimensional manifold of constant Gaussian curvature was determined by Montaldo and Onnis using reduction procedure [30]. Translated surfaces with constant curvature produced in the isotropic three-space using 2D and 3D curves were classified successfully by Aydin [31].



The development of research on PCA has motivated the authors to attempt, SIMPCA, which succeeded in an earlier attempt to establish geometrical consistency. Yang et al. [4] proposed a new PCA strategy known as 2DPCA, which is directly based on 2D images rather than converting them with 1D vectors. Kumar and Negi [8] designed a new algorithm for PCA that partitions each image into sub-images, after which the 2DPCA technique is employed—known as two-dimensional SIMPCA. It works based on local image variation and is found to be an efficient technique for classification problems. These novel algorithms led to Extended Sub Image PCA (ESIMPCA) and Extended Flexible PCA (EFLPCA), as proposed by Tapan Kumar et al. [32]. A vital problem associated with having lesser fewer coefficients under 2DPCA was resolved by Zhang and Zhou using two-directional 2DPCA [6]. Despite various other attempts in this direction by numerous researchers, in our work, we use an algorithm similar to two-dimensional SIMPCA. However, the aim of this article is to establish the consistency of the geometrical characteristics of surfaces using suitably modified atypical wavelet coefficients [2,3] of the two-dimensional SIMPCA obtained from the sample points of the considered surfaces. A parameter from said wavelet coefficients is derived for this purpose, and it is interesting to observe that this parameter plays a crucial role in reasonably reducing the computational complexity of the previous techniques. The rest of the paper is structured as follows. The proposed work is discussed in Section 2. Illustrated examples of the proposed work are presented in Section 3. The classification problem is studied in Section 4. The paper concludes with Section 5.




2. Proposed Work


We intend to explore the consistency of geometrical character under scaling, rotation and translation of surfaces in three-dimensional space. The significance of the proposed work lies in the combination of the principal components of the sample points and the wavelet transform of the resulting principal components. This becomes possible due to the property of PCA that nullifies the effect of rotation, whereas the wavelet transform negates the translation effect. However, we consider the ratio of detailed wavelet coefficients to cancel out the effect of scaling and partition PCA to reduce the computational complexity. For this purpose, we consider   r  ( u , v )  = [  x 1   ( u , v )  ,  x 2   ( u , v )  ,  x 3   ( u , v )  ]   as a surface. Let   A =  [     r (  u i  ,  v j  )       ]  1 ≤ i ≤  M 1  , 1 ≤ j ≤  M 2      be the collection of sample points of the above surfaces, where i and j are natural numbers,    M 1  =  2  N 1     and    M 2  =  2  N 2    . Let   p  k j    be a block-wise partition, where   k =  2 L   ,   L = 0 , 1 , . . ,  N 1    and   j = 1 , 2 , … ,  M 2   . Therefore, the size of every partitions is    2   N 1  − L   ×  M 2   . This results in every partition (  p  k j   ) being a    2 L  × 1   vector, each of whose components is three-dimensional. Now, for every partition (  p  k j   ), we compute the mean vector (   μ  k j   =   1  2 L     ∑  k = 1   2 L   r  (  u k  ,  v j  )   ) for all j and k; then, we define    Σ  k j   =   1  2 L     ∑  k = 1   2 L    ( r  (  u k  ,  v j  )  −  μ  k j   )    ( r  (  u k  ,  v j  )  −  μ  k j   )  T   , which is known as the partition covariance matrix. If we denote   ∑ t   as the sum of the covariance matrices of all partitions, then    ∑ t  =  ∑  k = 1   2   N 1  − L     ∑  j = 1   M 2    Σ  k j    . Using diagonalization, we then perform eigenvalue decomposition of    ∑ t  = Q ∧  Q T   , where   ∧ = d i a g (  λ 1  ,  λ 2  ,  λ 3  )  ,   (  λ 1  ≥  λ 2  ≥  λ 3  )   and Q =   [  q 1  ,  q 2  ,  q 3  ]   are principal directions. Each partition (  p  k j   ) is then represented in the principal direction as     p ˜   k j   =  p  k j    Q T   . The above representation is similar to SIMPCA [6,8,32]. Then, the atypical wavelet transform [2,3] of each partition is denoted by   W T  (   p ˜   k j   )  = W   p ˜   k j    , where W is a wavelet transform matrix of order   k =  2 L   . Instead of applying a wavelet transform to the entire vector-valued function, we apply wavelet transform to each of the three components   ( x , y , I ( x , y ) )   independently, after which the components are collected in order.



Let    A ˜  =  ( S ∘  R θ  ∘ M )  A  , where S,   R θ   and M represent the scaling, rotation and translation matrices, respectively [3]. Let   ϕ  k j    be the partition of the transformed surface. Now, we obtain the atypical wavelet transform for the principal component of the above partitions—say,    ϕ ˜   k j   . In fact, the above wavelet transformation can be computed using the wavelet matrix (W) as   W T  (   ϕ ˜   k j   )  = W   ϕ ˜   k j    . In each partition of both the actual and transformed surfaces, the    2 L  − 1   rows leaving the first row correspond to the detailed vector of the wavelet transform. For these rows, we compute the component-wise ratios of all the detailed wavelet vectors relative to those of the last level, detailed vector. Interestingly, these ratios remains the same across the corresponding partitions of both the original and transformed surfaces. This invariance follows from Theorems A1–A3 given in Appendix A, since the resulting principal components of transformed surfaces differ only by scaling and translation. However, the wavelet transform nullifies the translation impact, whereas the ratio of the detailed wavelet coefficients will nullify the scaling effect. Thus, these ratios packed as a vector can be called the Transformation Invariant Feature Vector (TIFV) of any surface.



It is significant to highlight the advantage of establishing the consistency of geometrical characters through the proposed algorithm using partition. The proposed algorithm reasonably reduces the amount of computation relative to computation without partition. Additionally, it is helpful that the proposed algorithm is capable of establishing consistency locally, which is never possible without partition. It is to be noted that the invariance property can be established irrespective of the value of L using the proposed method. However, for larger L values, the performance will not be impacted much in classification problems, even if certain data are misread or unavailable due to this property of local consistency. This advantage of the proposed method is in addition to the complexity reduction. The details of the reduction in computational complexity are discussed in the following theorem.



Theorem 1.

The computational complexity of obtaining the wavelet transform of sample points from a three-dimensional surface using the direct method is   O   2  2 (  N 1  +  N 2  )     , while using the partition-based algorithm reduces the complexity to   O   2  2  N 1  +  N 2  − L    ,  , where   L ≤  N 1    is the partition parameter.





Proof. 

Consider a surface parameterized as


  r  ( u , v )  = [  x 1   ( u , v )  ,  x 2   ( u , v )  ,  x 3   ( u , v )  ] .  








Let


  A =  [     r (  u i  ,  v j  )       ]  1 ≤ i ≤  M 1  , 1 ≤ j ≤  M 2     








be the sample points of the surface, where i and j are natural numbers and the dimensions are given by    M 1  =  2  N 1   ,  M 2  =  2  N 2    . By concatenating the columns of A, we obtain a matrix (B) of size    2   N 1  +  N 2    × 3  . Then, the wavelet transform of B is   W T ( B ) = W B  , where W is a wavelet matrix of order   2   N 1  +  N 2    . The number of operations required to compute the wavelet transform in this case is


  3  (  2   N 1  +  N 2    +  2   N 1  +  N 2    − 1 )   (  2   N 1  +  N 2    )  = 3  (  2   N 1  +  N 2  + 1   − 1 )   (  2   N 1  +  N 2    )  .  








Ignoring constants and lower order terms, the complexity is


  O   2  2 (  N 1  +  N 2  )    .  











Instead of processing the full matrix at once, we partition it. Let   p  k j    represent a partition, where   k =  2 L   ,   L = 0 , 1 , . . ,  N 1    and   j = 1 , 2 , … ,  M 2   . Therefore, the size of every partition is    2   N 1  − L   ×  M 2   . This results in every partition (  p  k j   ) corresponding to a    2 L  × 1   vector, each of whose components is three-dimensional. The wavelet transform of every   p  k j    is   W T  (  p  k j   )  = W  p  k j    , where W is a wavelet matrix of order   2 L  . Now, the number of operations required to compute the wavelet transform of the entire surface with partitioning is


  3  (  2   N 1  − L   +  2   N 1  − L   − 1 )   (  2   N 1  − L   )   (  2  N 2    2 L  )  = 3  (  2   N 1  − L   +  2   N 1  − L   − 1 )   (  2   N 1  − L +  N 2  + L   )   










  = 3  (  2   N 1  − L + 1   − 1 )   (  2   N 1  +  N 2    )   








which simplifies asymptotically to


  O   2  2  N 1  +  N 2  − L    .  








The proof of the theorem is evident from the above results. □






3. Illustrated Examples


The proposed method based on partition is used to capture the consistency of geometrical characters considering the sample points of the actual surface and their transformations. Figure 1 depicts the actual, scaled, rotated and translated versions of the considered surface. In fact, we newly construct a matrix representation of size   32 × 32   of 1024 equally spaced sample points on the surface (  x ( u , v ) = u  ,   y ( u , v ) = v  ,   z  ( u , v )  = 0.26  (  u 2  +  v 2  )  − 0.48 u v  ). The computations are carried out using Python 3.11 programming. The above generated points are partitioned as discussed in Section 2. Therefore, the size of each partition of the considered   32 × 32   grid is    2  5 − L   ×  2 5   , where   L = 0 , 1 , 2 , 3 , 4 , 5  . A common principal direction is obtained for every partition of each L. Thus, the principal components of the abovementioned   32 × 32   grids are computed. All the levels of wavelet transform are computed for the points obtained by PCA of each partition. The transformation of the sample points using in our study is carried out as detailed below. Scaling, rotation and translation are performed using   s = 2   scaling,   θ = 30 °   rotation and translations in both the row and column as    t x  = 2   and    t y  = 3  . The partition and the principal components are computed for the transformed points as for actual points. Then, we calculate the proposed atypical detailed wavelet coefficients [2,3] of the principal components for the partitions on both sets of points. For this purpose, we use various orthogonal wavelets to perform an atypical wavelet transform. Despite the actual size of   32 × 32   grid points, we provide only   8 × 4   sample grid points for the sake of convenient presentation. Table 1 and Table 2 present the abovementioned   8 × 4   sample grid of detailed wavelet coefficients of the points obtained by PCA of both the original and transformed images shown in Figure 2 by the Daubechies family of wavelets (  L = 0 , 1 , 2  ).



However, the geometrical consistency between the two sets of partitions is evidenced neither by the sample points nor by their wavelet coefficients. It is interesting to note the consistency of geometrical characters as the ratios of all the detailed wavelet coefficients to those of the last-level detailed wavelet coefficient [1,2,3]. They are calculated for both sets of actual and transformed wavelet coefficients of each partition, showing that the vectors are the same; this TIFV is presented in Table 3.



It is evident from Theorem 1 that the number of operations required to compute the wavelet transform of a surface with a grid size of   8 × 4   considered in the illustrated example without partition is 6048, and the number of operations with partitioning is 1440 for   L = 0  , 672 for   L = 1   and 288 for   L = 2  . Therefore, the proposed method reasonably reduces computational complexity. It is also to be noted that the TIFV established using this method is not affected, even when certain data are misread or unavailable. This is shown in Table 3 for large L values.




4. Leaf Image Classification Using Partition


In this section, we study the influence of partition-based feature vectors in the classification of leaf shapes of the Flavia dataset (http://sourceforge.net/projects/flavia/files/Leaf%20Image%20Dataset/, accessed on 15 September 2025) [33,34] shown in Figure 3. A dataset of 25 images of each of the 32 types of the Flavia leaf dataset is investigated for the purpose of classification. We use machine learning techniques based on the RF method and SVM [35,36,37,38] for the study of classification. The proposed model consists of the five steps shown in Figure 4. The images of the leaves are resized so as to be uniform. The surface points of the resized leaf images are considered to proceed with the proposed algorithm. For this purpose, we generated sample points of three components from every leaf that are comparable with the points of the surface, described as follows. These points, in fact, are obtained as the location of the image in two dimensions and the intensity value of the image at that location as the third component. Suppose that the intensity value of the image at a location   ( u , v )   is denoted as   I ( u , v )  ; then, the generated points will be of the form   r ( u , v ) = ( u , v , I ( u , v ) )  , that is, comparable with the points on the surface. The above such points are generated by grid sampling combined with point-in-contour filtering for the actual image and its transformations. We note, however, that the choice of intensity (  I ( u , v )  ) as the third coordinate, while mathematically valid, does not represent a fundamental geometric property of the leaf and may be influenced by lighting or scanning; a binary mask representation would provide a purer geometric alternative. For our study, we normalize the size of each leaf image to 32 by 32 pixels. The feature parameter described in Section 2 of our study is extracted using Python programming for the abovementioned images. In the next step, the conventional Measured Values (MVs) [3,39] and Histogram of Oriented Gradient (HOG) [40], along with the proposed feature vector using leaf images, are computed. We used Google Colab for machine learning algorithms. It primarily offers CPU computing, GPU support and substantial memory. It also offers cloud-based storage for our datasets, code and experiment results, ensuring accessibility and reproducibility. Google Colab supports Python, making it compatible with popular machine learning libraries like Scikit-learn and Tensor Flow. In fact, the proposed work uses features of MVs and HOGs of the two dimensional images, along with the feature vector of the partitioned surface points of the leaf images. The MVs include the length of the contour line; area; major axis of the approximate ellipse, which is the length of the leaf; minor axis of the approximate ellipse, which is width of the leaf; and ratio of length over width [3,39]. HOG features are then computed using 9 orientation bins,   4 × 4   pixels per cell and   2 × 2   cells per block. In fact, the HOG descriptor is formed by computing gradient orientation histograms in small cells, grouping those into blocks for normalization and concatenating all block-level histograms to form a single feature vector [40]. Ellipse approximation of the leaf and normalized leaf, as well as HOG descriptor visualization, is shown in Figure 5. The proposed method of achieving consistency of the geometrical characters of the surfaces discussed in Section 2 is used in the classification study of the Flavia dataset. It is significant to note that the inclusion of the proposed feature vector, along with the rest of the features, enhances the classification efficiency.



4.1. Classification by Random Forest Method


We use the sklearn module for the training our RF model—specifically, the RF Classifier function [37]. Hyperparameter tuning and cross-validation strategies are expected to significantly impact model performance [37]. We used 100 binary decision trees in this study. The random forest approach considers the 496 pairs from the Flavia dataset for the study reported in [39]. For each image pair, we generate the subsets from the complete dataset for the two images that are considered for comparison. Features and labels are combined for the two images to form the training set. We carry out six classification studies of leaf images—the first experiment uses MVs only; the second experiment uses MVs and HOGs; the third study uses TIFVs, along with MVs; the fourth study uses HOGs only; the fifth study uses TIFVs, along with HOGs; and the sixth study uses only TIFVs. The classification performance was measured using the weighted recall ratio. Recall ratios equal to or greater than 0.8, 0.7 and 0.65 and less than 0.65 were classified as great, good, fair and requiring re-work, respectively. The first study, which uses MVs only revealed that 254 out of the 496 pairs achieved a recall ratio of ≥0.65, which is 51.21% accuracy; the second study using MVs and HOGs shows 462 out of the 496 pairs achieved a recall ratio of ≥0.65, which is 93.15% accuracy; the third study using MVs and TIFVs shows that all 496 pairs achieved a recall ratio of ≥0.65, which is 100% accuracy; the fourth study using HOGs only shows 461 out of the 496 pairs achieved a recall ratio of ≥0.65, which is 92.94% accuracy; the fifth study using HOGs and TIFVs shows that all 496 pairs achieved a recall ratio of ≥0.65, which is 100% accuracy; and the sixth study using TIFVs only shows that all 496 pairs achieved a recall ratio of ≥0.65, which is 100% accuracy. The comparison of these six studies revealed that the feature vector proposed in this article improves the classification performance of the random forest method. This analysis is presented using a bar chart in Figure 6 for visualization, and the corresponding results are presented in Table 4. We also used a cross-validation (CV) technique to ensure the performance of the classification considering the combination of MVs, HOGs and TIFVs.




4.2. Classification by Support Vector Machine


We use the sklearn module for the training of our SVM—specifically, the Support Vector Classifier (SVC) function. The SVC is employed as the base classifier within the binary relevance transformation. The linear kernel parameter associated with the SVC is used in our study [36]. Feature scaling is used in our study to help the SVM algorithm converge faster and ensure that the decision boundary is not biased towards features with larger numeric ranges. We also use the multi-label binarizer, which simplifies multi-label classification tasks by converting them into multiple binary classification subtasks, making it easier for SVM to learn and make predictions. In fact, we use tensor flow, which provides GPU acceleration for certain operations and significantly speeds up computations. To ensure the reproducibility of data splitting, the random state parameter is set to 42 when splitting the data into training and testing sets [36]. We then proceeded with the algorithm by considering MVs in one case, MVs and HOGs in a second case, MVs and TIFVs in a third case, HOGs only in the fourth case, HOGs and TIFVs in the fifth case and TIFVs only in the sixth case. In all the cases, labeled datasets were provided as input. In our study, we used a linear kernel for classification. In fact, 80% of 800 images are used as the training set and 20% are taken for the test set. The SVM algorithm finds an optimal hyperplane that separates the classes using the training set and classifies the data of the test set [36]. The results of the SVM algorithm show that the classification model including TIFVs performs much better, with 100% accuracy, compared to the model with only MVs, which achieves 51.62% accuracy, whereas the combination of MVs along with HOGs achieves 94.18% and HOGs only achieves 93.67% accuracy. Of course, studies are also carried out using the polynomial kernel and the RBF kernel, which results in the same classification accuracy level. This analysis is presented using a bar chart in Figure 6 for visualization, and the corresponding results are presented in Table 4. Thus, this classification study clearly shows that the inclusion of TIFVs, as proposed in Section 2, improves the classification performance.



Furthermore, we employed both RF and SVM classifiers for evaluation of the effectiveness of different feature combinations comprising MVs, HOGs and TIFVs. To ensure the robustness of performance estimation and to avoid optimistic bias in model selection, nested cross-validation was applied for both classifiers. Specifically, a 5 × 3 nested CV scheme was used. Table 5 and Table 6 present the classification accuracies for RF and SVM, respectively, comparing simple three-fold CV against nested CV. The results clearly show that while MVs alone achieve only around 50% accuracy, the inclusion of TIFVs significantly improves performance for both classifiers. In particular, SVM with TIFVs achieves up to 99.2% nested CV accuracy, while RF with TIFVs attains 98.9% accuracy, demonstrating the strong discriminative power of the proposed TIFV descriptor.



To further validate these results, a confusion matrix was constructed for the best performing case of SVM with TIFVs. As shown in Figure 7, the predictions form an almost perfect diagonal matrix, confirming the high class separability.




4.3. Robustness to Additive Noise


To assess robustness, we inject Gaussian perturbations into the intensity channel (  I ( u , v )  ) of our normalized images as


   I σ   ( u , v )  = I  ( u , v )  + σ  η  ( u , v )  ,  η ∼ N  ( 0 , 1 )  ,  








with   σ ∈ { 0 , 5 , 10 , 15 , 20 , 25 , 30 }   (values are clipped to the valid 8-bit range).



At each noise level, we evaluate two complementary settings:



Train–clean/Test–noisy: Models are trained on clean augmented images and tested on noisy versions.



Train–noisy/Test–noisy (matched): The training and test sets are corrupted at the same noise level. The evaluation uses the same nested   5 × 3   cross-validation protocol as in the main experiments. The inner loop tunes the partition depth (L), wavelet family and kernel hyperparameters (for SVM), while the outer loop estimates generalization performance. We report the mean ± std of accuracy, macro F1 and macro recall across outer folds.



To further stabilize the wavelet-based TIFV descriptors under perturbations, we employ  ε -regularized ratios, i.e.,


  r =    |  d ℓ  |   |  d L   | + ε     ,  ε = κ ·  median ( |   d L   | )   κ ∈  [  10  − 3   ,  10  − 2   ]  ,  








and also consider log-ratio features, i.e.,


   r log  =  log ( |   d ℓ   | + ε ) − log ( |   d L   | + ε )  ,  








as an ablation. These stabilizations are motivated by the sensitivity of direct ratios to small denominators in the presence of noise.




4.4. Noise Robustness Results


Figure 8 shows the accuracy vs. noise level  σ  for MVs, HOGs and TIFVs. TIFVs degrade gracefully as  σ  increases and outperform MVs and HOGs at all noise levels. Table 7 summarizes numerical results at representative noise levels. The relative accuracy drop of TIFVs from   σ = 0   to   σ = 30   is modest compared with HOGs and MVs. Using  ε -regularized (and log) ratios further improves stability under higher noise levels. Similar trends are observed for macro F1 and macro recall. In the train–noisy/test–noisy (matched) setting, performance is uniformly higher than train–clean/test–noisy, indicating that the classifier can adapt to corrupted inputs. While Table 6 summarizes the baseline classification performance under clean conditions, it does not account for distortions that often arise in practical scenarios. To address this, Table 7 reports the nested CV performance when Gaussian noise of varying strength (  σ = 0 , 20 , 30  ) is added to the intensity channel. The results highlight that although MVs degrade rapidly with noise, HOGs remain moderately stable and TIFVs exhibit strong robustness, retaining high accuracy and balanced macro F1/recall even at   σ = 30  . This confirms that TIFVs not only achieve the best clean-image performance but also maintain reliability under noisy conditions. We restrict Table 7 to individual feature families; the combined variants follow the same robustness trends and are omitted for brevity. Note that Table 7 reports results for the train–clean/test–noisy setting only, whereas Figure 8 illustrates both train–clean/test–noisy and train–noisy/test–noisy (matched) scenarios to highlight the impact of training on noisy data.





5. Conclusions


The consistency of the geometrical character of surfaces under scaling, rotation and translation is studied in this article. For this purpose, the authors used the principal components by partitioning the considered surface. This investigation employed a suitably modified atypical wavelet transform of principal components. We used various orthogonal wavelets to perform an atypical wavelet transform. The results were found to be independent of the wavelets used. We captured the consistency of geometrical character using a specific ratio of detailed wavelet coefficients. It is significant to observe that the above ratio is useful in improving the performance of classification studies. The results show that the proposed TIFV significantly improves the classification performance. It is also interesting to note that the computation of wavelet transformation based on partition is much less complex, and it turns out to be beneficial that the proposed algorithm is capable of establishing consistency locally, which is never possible without partition. To strengthen fairness, we benchmarked the proposed TIFV descriptor against both Random Forest and SVM classifiers using nested cross-validation, showing consistent gains when the TIFV is included. In addition, robustness analysis under Gaussian noise perturbations further confirmed the superiority of the TIFV; both RF and SVM maintained high accuracies compared to conventional descriptors, even at higher noise levels. These improvements are demonstrated against traditional hand-crafted descriptors such as MVs and HOGs. Furthermore, we performed a robustness analysis under Gaussian noise perturbations, and the results confirm that the TIFV maintains high accuracy and degrades significantly less than competing descriptors. It is also be noted that comparisons against modern deep learning baselines are beyond the present scope and remain an important avenue for future work.
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Appendix A


Theorem A1.

For any set of data matrices (   A 1  ,  A 2  , …  A k  )   and any orthogonal rotation matrix (R) the principal components obtained from the covariance matrix of rotated data matrices remain invariant.





Proof. 

Let    A 1  ,  A 2  , … ,  A k    be k matrices, each of size   n × m  , representing n samples with m features. Also, let    C i  =   1 n    A i T   A i    be the covariance matrix of   A i   for   i = 1 , 2 , … k  . We define the total covariance matrix as   C =  C 1  +  C 2  + …  C K   . If we apply a rotation transformation to the data matrix (   A i  )   using an orthogonal rotation matrix (R), the transformed data matrix is    A i ′  =  A i  R  . Then, the corresponding covariance matrix after rotation is, say,    C i ′  =   1 n     (  A i  R )  T   (  A i  R )  =  R T   C i  R  . We denote the sum of all transformed matrices as    C ′  =  C 1 ′  ,  C  2  ′  …  C  k  ′   =    R T  C R  . Let v be an eigenvector of C with an eigenvalue of  λ , satisfying   C v = λ v  . Now, after rotation, the equation becomes    C ′   (  R T  v )  =  (  R T  C R )   R T  v  , since    C ′  =  R T  C R  . Then,    C ′   (  R T  v )  =  (  R T  C v )  = λ  (  R T  v )   . Thus, it is proven that the eigenvalues remain unchanged under rotation, but eigenvectors are rotated by   R T   for any covariance matrix. Therefore, the principal components of the original data are expressed as    A i  v  , and rotated data matrices are expressed as    A i ′  v =  A i  R  R T  v =  A i  v  . Thus, PCA is invariant under rotation. □





Theorem A2.

For any set of data matrices (   A 1  ,  A 2  , …  A k   ) and any translation matrix (M), the principal components obtained from the covariance matrix of translated data matrices are translated.





Proof. 

Let    A 1  ,  A 2  , … ,  A k    be k matrices, each of size   n × m  , representing n samples with m features. Also, let    C i  =   1 n    A  i  T   A i    be the covariance matrix of   A i   for   i = 1 , 2 , … k  . We define the total covariance matrix as   C =  C 1  +  C 2  + …  C K   . If we shift each column of   A i   by a constant translation vector ( t ),    A  i  ′  =  A i  + t  . Then, the new covariance matrix remains unchanged, that is,    C  i  ′  =  C i   , due to the properties of covariance. Therefore, it is evident that principal directions are invariant under translation. Then, the principal components of translated data are expressed as    (  A i  + t )  v =  A i  v + t v  . □





Theorem A3.

For any set of data matrices (   A 1  ,  A 2  , …  A k   ) and any scaling matrix (S) that is diagonal, the principal components obtained from the covariance matrix of scaled data matrices are scaled.





Proof. 

Let    A 1  ,  A 2  , … ,  A k    be k matrices, each of size   n × m  , representing n samples with m features. Also, let    C i  =   1 n    A  i  T   A i    be the covariance matrix of   A i   for   i = 1 , 2 , … k  . We define the total covariance matrix as   C =  C 1  +  C 2  + …  C K   . If we apply the scaling matrix (S), which is diagonal, the scaled data become    A  i  ′  =  A i  S  . Then, the corresponding covariance matrices after scaling are expressed as    C  i  ′  =   1 n     (  A i  S )  T   (  A i  S )  =  S T   C i  S  . We denote the sum of all data matrices as    C ′  =  C  1  ′  ,  C  2  ′  …  C  k  ′   =    S T  C S  . Let v be an eigenvector of C with an eigenvalue of  λ , satisfying   C v = λ v   after scaling (   C ′  v =  (  S T  C S )  v  ); since S is diagonal, the eigenvectors remain the same, and the new eigenvalues are    λ ′  =  S T  λ S  . Thus, we have proven that the eigenvalues of the covariance matrix corresponding to scaling are scaled by    S T  S  , but the eigenvectors remain the same. Then, the principal components of scaled data are expressed as   (  A i  S ) v  . Thus, principal components of scaled data matrices are just scaled. □
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Figure 1.   x ( u , v ) = u  ,   y ( u , v ) = v  ,   z  ( u , v )  = 0.26  (  u 2  +  v 2  )  − 0.48 u v  . 
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Figure 2. Original image, surface points and transformed points. 
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Figure 3. Leaf images of 32 shapes in the Flavia dataset. 
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Figure 4. Steps of leaf classification process. 
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Figure 5. Approximate ellipse, Normalized leaf and HOG descriptor. 
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Figure 6. Comparative analysis. 
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Figure 7. Confusion matrix for the 32-class classification task on the Flavia dataset using nested cross-validation. 






Figure 7. Confusion matrix for the 32-class classification task on the Flavia dataset using nested cross-validation.



[image: Appliedmath 05 00134 g007]







[image: Appliedmath 05 00134 g008] 





Figure 8. Accuracy versus Gaussian noise level ( σ ; added only to   I ( u , v )  ) under nested   5 × 3   cross-validation. Curves compare MV, HOG, and TIFV features. Solid lines: train–clean/test–noisy; dashed: train–noisy/test–noisy (matched). TIFVs maintain the highest accuracy and show the slowest degradation as  σ  increases. 
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Table 1. Wavelet detail coefficients of original image.    d  i j   = j  th vector of ith level wavelet detail coefficients.
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    L ,   p ˜  kj     

	
    d ij    

	
    W   p ˜  kj     






	
   L = 0 ,   p ˜   1 j     

	
   d 31   

	
(−6.3940, 12.720, 12.720)

	
(19.7091, −0.2755, −0.2755)

	
(−12.716, −2.0028, −2.0028)

	
(0.3200, −1.6752, −1.6752)




	
   d 21   

	
(−6.6829, −0.7732, −0.7732)

	
(12.409, −2.8985, −2.8985)

	
(−2.9784, 0.4966, 0.4966)

	
(1.7980, 6.1948, 6.1948)




	
   d 22   

	
(6.7078, 10.620, 10.620)

	
(11.557, −2.7910, −2.7910)

	
(−15.194, 5.7163, 5.7163)

	
(−1.3212, −1.6752, −1.6752)




	
   d 11   

	
(1.7269, 1.2054, 1.2054)

	
(8.5331, −2.6410, −2.6410)

	
(3.6799, −1.6949, −1.6949)

	
(7.8671, 6.1948, 6.1948)




	
   d 12   

	
(−0.6086, 0.3685, 0.3685)

	
(5.9457, −2.6410, −2.6410)

	
(−10.340, 6.1948, 6.1948)

	
(−2.9624, −1.6752, −1.6752)




	
   d 13   

	
(−0.0740, −0.2106, −0.2106)

	
(3.3767 −2.6358 −2.6358)

	
(1.9612 −1.6752 −1.6752)

	
(13.9361 6.1948 6.1948)




	
   d 14   

	
(−4.0898, 5.5290, 5.5290)

	
(−0.6016, −2.8946, −2.8946)

	
(−4.2710, 6.1948, 6.1948)

	
(−4.6036, −1.6752, −1.6752)




	
   L = 1 ,   p ˜   1 j     

	
   d 21   

	
(2.2002, −1.3324, −1.3324)

	
(−0.1387, 0.0964, 0.0964)

	
(−1.7159, −1.3324, −1.3324)

	
(0.1447, 0.0964, 0.0964)




	
   d 11   

	
(0.2350, 0.1150, 0.1150)

	
(3.1476, −2.0965, −2.0965)

	
(0.5730, 0.1150, 0.1150)

	
(−3.0144, −2.0965, −2.0965)




	
   d 12   

	
(−0.2332, 0.0964, 0.0964)

	
(−0.4105, −1.3324, −1.3324)

	
(0.0502, 0.0964, 0.0964)

	
(−4.3266, −1.3324, −1.3324)




	
   L = 1 ,   p ˜   2 j     

	
   d 21   

	
(5.2016, −2.0965, −2.0965)

	
(0.4603, 0.1150, 0.1150)

	
(−0.9604, −2.0965, −2.0965)

	
(0.7984, 0.1150, 0.1150)




	
   d 11   

	
(0.8949, −1.3324, −1.3324)

	
(−0.0442, 0.0964, 0.0964)

	
(−3.0213, −1.3324, −1.3324)

	
(0.2392, 0.0964, 0.0964)




	
   d 12   

	
(0.3477, 0.1150, 0.1150)

	
(1.0936, −2.0965, −2.0965)

	
(0.6857, 0.1150, 0.1150)

	
(−5.0684, −2.0965, −2.0965)




	
   L = 2 ,   p ˜   1 j     

	
   d 11   

	
(−5.6320, −1.3324, −1.3324)

	
(19.9277, 6.1750, 6.1750)

	
(22.0319, −12.7201, 0.0000)

	
(0.6383, −0.3685, 0.0000)




	
   L = 2 ,   p ˜   2 j     

	
   d 11   

	
(0.9111, 0.1150, 0.1150)

	
(−8.6555, −2.3382, −2.3382)

	
(−1.3392, 0.7732, 0.0000)

	
(−0.3648, 0.2106, 0.0000)




	
   L = 2 ,   p ˜   3 j     

	
   d 11   

	
(0.3337, 0.0964, 0.0964)

	
(2.7943, 1.1865, 1.1865)

	
(18.3949, −10.6203, 0.0000)

	
(9.5765, −5.5290, 0.0000)




	
   L = 2 ,   p ˜   4 j     

	
   d 11   

	
(0.1898, −0.2329, −0.2329)

	
(0.0987, 0.0128, 0.0128)

	
(2.0877, −1.2054, 0.0000)

	
(7.6548, 0.2755, 0.0000)











 





Table 2. Wavelet detail coefficients of transformed image.    d  i j   = j  th vector of ith level wavelet detail coefficients.
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    L ,   ϕ ˜  kj     

	
    d ij    

	
    W   ϕ ˜  kj     






	
   L = 0 ,   ϕ ˜   1 j     

	
   d 31   

	
(−12.782, 24.395, −26.441)

	
(39.373, 8.8521, 0.1949)

	
(−25.412, 5.5603, 3.7806)

	
(0.6390, 2.7376, 3.2431)




	
   d 21   

	
(−13.353, −1.4943, 1.6111)

	
(24.802, 3.8225, 5.6474)

	
(−5.9771, 6.9093, −1.2732)

	
(3.5951, −10.126, −11.992)




	
   d 22   

	
(13.405, 20.370, −22.077)

	
(23.124, 4.0297, 5.4236)

	
(−30.358, −11.043 −10.997)

	
(−2.6599, 2.7256, 3.2469)




	
   d 11   

	
(3.4716, 2.3143, −2.5064)

	
(17.059, 4.3182, 5.1116)

	
(7.3770, 2.6975, 3.2847)

	
(15.715, −10.138, −11.989)




	
   d 12   

	
(−1.2196, 0.7027, −0.7648)

	
(11.899, 4.3329, 5.1072)

	
(−20.692, −10.131, −11.990)

	
(−5.9124, 2.7528, 3.2385)




	
   d 13   

	
(−0.1640, −0.4276, 0.4452)

	
(6.7274, 4.3093, 5.1070)

	
(3.9324, 2.7393, 3.2425)

	
(27.859, −10.116, −11.996)




	
   d 14   

	
(−8.1874, 10.613, −11.496)

	
(−1.2150, 3.8435, 5.6357)

	
(−8.5093, −10.124, −11.992)

	
(−9.2255, 2.7484, 3.2400)




	
   L = 1 ,   ϕ ˜   1 j     

	
   d 21   

	
(4.3930, 2.1776, 2.5793)

	
(−0.2772, −0.1578,−0.1866)

	
(−3.3833, 2.1793, 2.5790)

	
(0.2876, −0.1581, −0.1866)




	
   d 11   

	
0.4690, −0.1880, −0.2227)

	
(6.2660, 3.4265, 4.0586)

	
(1.1370, −0.1885, −0.2225)

	
(−6.0287, 3.4058, 4.0653)




	
   d 12   

	
(−0.4983, −0.1598, −0.1860)

	
(−0.8457, 2.1775, 2.5795)

	
(0.1056, −0.1575, −0.1867)

	
(−8.5945, 2.1783, 2.5795)




	
   L = 1 ,   ϕ ˜   2 j     

	
   d 21   

	
(10.352, 3.4287, 4.0578)

	
(0.9318, −0.1880,−0.2227)

	
(−1.8871, 3.4559, 4.0497)

	
(1.6102, −0.1845, −0.2238)




	
   d 11   

	
(1.7988, 2.1789, 2.5790)

	
(−0.0975, −0.1576, −0.1867)

	
(−6.0279, 2.1778, 2.5796)

	
(0.4796, −0.1155, −0.1998)




	
   d 12   

	
(0.6851, −0.1853, −0.2235)

	
(2.1508, 3.4270, 4.0585)

	
(1.3680, −0.1869,−0.2230)

	
(−10.1380, 3.4025, 4.0665)




	
   L = 2 ,   ϕ ˜   1 j     

	
   d 11   

	
(−11.293, 2.1922, 2.5752)

	
(39.847, −10.180, −11.947)

	
(66.082, −38.159, 0.0000)

	
1.9152, −1.1062, 0.0000)




	
   L = 2 ,   ϕ ˜   2 j     

	
   d 11   

	
(1.8096, −0.1448, −0.2362)

	
(−17.270, 1.4552, 4.6251)

	
(−4.0264, 2.3168, 0.0000)

	
(−1.0767, 0.6249, 0.0000)




	
   L = 2 ,   ϕ ˜   3 j     

	
   d 11   

	
(0.6245, −0.1947, −0.1752)

	
(5.5673, −19.749, −1.5760)

	
(55.207, −31.860, 0.0000)

	
(28.744, −16.589, 0.0000)




	
   L = 2 ,   ϕ ˜   4 j     

	
   d 11   

	
(0.3877, 6.9877, 0.1890)

	
(0.2423, −0.3848, −0.0099)

	
(6.2650, −3.6192, 0.0000)

	
(22.955, 0.8265, 0.0000)











 





Table 3. TIFV of the image.
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L

	
TIFV






	
   L = 0   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
(1.0447, −0.0613, −0.0609)

	
(0.6299, 0.4318, 28.9813)

	
(0.2352, 1.2426, −0.3368)

	
(5.6265, −3.6988, −3.6978)




	
(−1.0487, 0.8350, 0.8350)

	
(0.5873, 0.4552, 27.8328)

	
(1.1946, −1.9861, −2.9087)

	
(−4.1628, 0.9956, 1.0012)




	
(−0.2716, 0.0949, 0.0948)

	
(0.4333, 0.4878 26.2319)

	
(−0.2903, 0.4851, 0.8688)

	
(24.5943, −3.7033, −3.6967)




	
(0.0954, 0.0288, 0.0289)

	
(0.3022, 0.4895, 26.2091)

	
(0.8143, −1.8220, −3.1715)

	
(−9.2530, 1.0056, 0.9986)




	
(0.0128, −0.0175, −0.0168)

	
(0.1709, 0.4868, 26.2082)

	
(−0.1547, 0.4926, 0.8577)

	
(43.6002, −3.6953, −3.6989)




	
(0.6406, 0.4351, 0.4348)

	
(−0.0309, 0.4342, 28.9214)

	
(0.3349, −1.8208, −3.1721)

	
(−14.4382, 1.0040, 0.9990)




	
   L = 1   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
(0.1068, −0.0863, −0.0863)

	
(−22.6087, −21.7112, −21.7464)

	
(−0.3361, −0.0865, −0.0863)

	
(−20.9589, −21.5400, −21.7916)




	
(−0.1134, −0.0734, −0.0721)

	
(3.0513, −13.7972, −13.8215)

	
(−0.0312, −0.0723, −0.0724)

	
(−29.8788, −13.7765, −13.8269)




	
   L = 1   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
(0.1738, 0.6355, 0.6356)

	
(−0.1046, 0.8385, 0.8383)

	
(3.1942, 0.6302, 0.6370)

	
(0.2979, 0.6264, 0.8928)




	
(0.0662, −0.0541, −0.0551)

	
(2.3081, −18.2317, −18.2240)

	
(−0.7249, −0.0541, −0.0551)

	
(−6.2959, −18.4467, −18.1688)




	
   L = 2   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
   L = 2   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
   L = 2   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)




	
   L = 2   

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)

	
(1.0000, 1.0000, 1.0000)











 





Table 4. Analysis of feature-set combinations.






Table 4. Analysis of feature-set combinations.





	
Classifier

	
Features

	
Accuracy






	
Random

Forest

	
MVs

	
51.21%




	
MVs + HOGs

	
93.15%




	
MVs + TIFVs

	
100%




	
HOGs

	
92.94%




	
HOGs + TIFVs

	
100%




	
TIFVs

	
100%




	
SVM

	
MVs

	
51.62%




	
MVs + HOGs

	
94.18%




	
MVs + TIFVs

	
100%




	
HOGs

	
93.67%




	
HOGs + TIFVs

	
100%




	
TIFVs

	
100%











 





Table 5. Random Forest: comparison of classification accuracy (%) using simple CV and nested CV.






Table 5. Random Forest: comparison of classification accuracy (%) using simple CV and nested CV.





	Experiment
	3-Fold CV Accuracy (%)
	Nested 5 × 3 CV Accuracy (%)





	MVs only
	51.21
	49.8 ± 2.1



	MVs + HOGs
	93.15
	91.9 ± 1.6



	MVs + TIFVs
	100.0
	98.8 ± 0.9



	HOGs only
	92.94
	91.7 ± 1.4



	HOGs + TIFVs
	100.0
	99.0 ± 0.7



	TIFVs only
	100.0
	98.9 ± 0.8










 





Table 6. Support Vector Machine: Comparison of classification accuracy (%) using simple CV and nested CV.






Table 6. Support Vector Machine: Comparison of classification accuracy (%) using simple CV and nested CV.





	Experiment
	3-Fold CV Accuracy (%)
	Nested 5 × 3 CV Accuracy (%)





	MVs only
	51.62
	50.2 ± 2.3



	MVs + HOGs
	94.18
	92.4 ± 1.5



	MVs + TIFVs
	100.0
	99.1 ± 0.8



	HOGs only
	93.67
	92.1 ± 1.6



	HOGs + TIFVs
	100.0
	99.3 ± 0.6



	TIFVs only
	100.0
	99.2 ± 0.7










 





Table 7. Nested CV performance under Gaussian noise added to   I ( u , v )   (mean ± std across outer folds).   σ = 0   corresponds to clean images. Results are reported for both RF and SVM.






Table 7. Nested CV performance under Gaussian noise added to   I ( u , v )   (mean ± std across outer folds).   σ = 0   corresponds to clean images. Results are reported for both RF and SVM.












	Feature
	Classifier
	   σ   
	Accuracy (%)
	Macro F1 (%)/Macro Recall (%)





	MV
	RF
	0
	49.8 ± 2.1
	48.5 ± 2.3/49.1 ± 2.2



	
	SVM
	0
	50.2 ± 2.3
	48.9 ± 2.5/49.4 ± 2.4



	
	RF
	20
	45.2 ± 2.6
	43.8 ± 2.9/44.7 ± 2.7



	
	SVM
	20
	45.7 ± 2.7
	44.3 ± 3.0/44.9 ± 2.8



	
	RF
	30
	40.9 ± 3.1
	39.1 ± 3.2/39.8 ± 3.0



	
	SVM
	30
	41.3 ± 3.2
	39.6 ± 3.4/40.2 ± 3.3



	HOG
	RF
	0
	91.9 ± 1.6
	91.2 ± 1.8/91.5 ± 1.7



	
	SVM
	0
	92.1 ± 1.6
	91.4 ± 1.9/91.7 ± 1.8



	
	RF
	20
	86.7 ± 2.0
	85.4 ± 2.2/85.9 ± 2.1



	
	SVM
	20
	87.2 ± 2.1
	85.8 ± 2.3/86.3 ± 2.2



	
	RF
	30
	82.1 ± 2.5
	80.5 ± 2.7/81.1 ± 2.6



	
	SVM
	30
	82.6 ± 2.6
	81.0 ± 2.8/81.6 ± 2.7



	TIFV
	RF
	0
	98.9 ± 0.8
	98.8 ± 0.9/98.8 ± 0.9



	
	SVM
	0
	99.2 ± 0.7
	99.1 ± 0.8/99.1 ± 0.8



	
	RF
	20
	97.1 ± 1.0
	96.9 ± 1.1/97.0 ± 1.1



	
	SVM
	20
	97.5 ± 1.0
	97.3 ± 1.1/97.4 ± 1.1



	
	RF
	30
	95.4 ± 1.3
	95.1 ± 1.4/95.2 ± 1.3



	
	SVM
	30
	95.8 ± 1.3
	95.5 ± 1.4/95.6 ± 1.4
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