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Abstract

A two-dimensional time-dependent model is presented for upward-propagating internal
gravity waves generated by an imposed thermal forcing in a layer of fluid with uniform
background velocity and stable stratification under the anelastic approximation. The
configuration studied is representative of a situation with deep or shallow latent heating
in the lower atmosphere where the amplitude of the waves is small enough to allow
linearization of the model equations. Approximate asymptotic time-dependent solutions,
valid for late time, are obtained for the linearized equations in the form of an infinite
series of terms involving Bessel functions. The asymptotic solution approaches a steady-
amplitude state in the limit of infinite time. A weakly nonlinear analysis gives a description
of the temporal evolution of the zonal mean flow velocity and temperature resulting from
nonlinear interaction with the waves. The linear solutions show that there is a vertical
variation of the wave amplitude which depends on the relative depth of the heating to
the scale height of the atmosphere. This means that, from a weakly nonlinear perspective,
there is a non-zero divergence of vertical momentum flux, and hence, a non-zero drag force,
even in the absence of vertical shear in the background flow.

Keywords: internal gravity waves; differential equations; nonlinear systems; asymptotic
solution

1. Introduction

Internal gravity waves in the atmosphere result from the combined effects of gravita-
tion and buoyancy forces; they are generated primarily by topography [1-3] and convection
in the lower atmosphere. The mechanisms for the generation of internal gravity waves by
convection are less well understood than the topographic generation mechanisms, but it
is generally accepted that latent heating from the earth’s surface energy budget plays an
important role in the process, e.g., [4-7].

It is well-known that the interactions between atmospheric waves and the background
flow and the resulting divergence of vertical momentum flux contribute to large-scale
low-frequency variations in the global circulation, which greatly affect climate and weather.
General circulation models (GCMs) are able to correctly simulate these variations when
there is sufficiently high resolution to correctly represent the contributions from the different
types of waves, including planetary-scale Kelvin waves and Rossby-gravity waves [8] and
smaller-scale internal gravity waves [9]. Historically, gravity wave drag parameterization
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schemes have been used in model simulations where there is inadequate resolution to
correctly represent internal gravity waves. These schemes include additional terms to
represent the drag force that would have resulted from the unresolved gravity waves, and
although many present day GCMs are able to resolve the waves, they are still in common
use today.

The accuracy of parameterization schemes depends on our understanding of the
mechanisms that generate the waves, their temporal evolution and their interactions with
the background flow [10]. In terms of mathematical analyses, insight into wave-mean-flow
interactions is obtained by studying weakly nonlinear models in which the leading-order
terms in the solutions are obtained from linear theory.

In modelling the mechanisms for the generation of internal gravity waves, some
simplified descriptions have been suggested for the interactions between latent heating,
convection and waves. One possibility is that the waves are excited directly by a thermal
forcing with no shear [4,10]; in this case, it is suggested that the dominant vertical wave-
length of the waves is proportional to the buoyancy frequency of the background flow and
approximately twice the depth of the heating [11-14]. Some numerical models, e.g., [15,16],
have been developed based on this deep-heating mechanism. Analyses of measurements,
e.g., [17], suggest a mechanism in which a thermal forcing generates convective cells in
a low-altitude layer of unstable stratification in the atmospheric boundary layer, and the
convection in turn generates gravity waves aloft in a similar manner to the mechanism by
which obstacles such as mountains generate topographic gravity waves [4,10,18].

Sayed and Campbell [19] used a two-layer model to explore the “deep-heating” and
the “obstacle-effect” mechanisms in configurations where they occur separately and in a
configuration where the waves are generated by a combination of the two mechanisms.
Their investigation was based on equations under the anelastic approximation, where the
background density varies with altitude but there are no sound waves present [20,21].
The model comprises an upper layer with stable stratification and a lower layer with
unstable stratification and a nonhomogeneous term in the energy conservation equation
representing a thermal forcing with specified vertical location and depth.

The purpose of the present study is to investigate the deep-heating mechanism in
a single layer of stably-stratified fluid where there are no convective cells, using a more
realistic representation in which the amplitude of the gravity waves is allowed to vary
with time as well as with altitude. This is motivated by the analyses of measurements
given in observational studies that show temporal variations in gravity wave activity in
the troposphere and stratosphere [22]. The aim is to derive exact analytical solutions or at
least approximate asymptotic solutions, valid for late time, and use them to determine the
effects, if any, that the nonlinear wave interactions would have on the background flow.
While such effects are well-known for the case of gravity waves forced by an oscillatory
lower boundary condition, the effects arising from gravity waves forced by latent heating
have received less attention.

Linear time-dependent solutions for small-amplitude gravity waves forced by an
oscillatory lower boundary condition are well-known. Booker and Bretherton [23] used
a Laplace transform technique to derive approximate asymptotic solutions for the case
of a background flow with vertical shear under the Boussinesq approximation. This is
an approximation in which the background fluid density is set to a constant in all the
terms in the equations except in the term representing the gravitational force in the vertical
momentum conservation equation where it is taken to be a function of altitude. Under
this approximation, the continuity equation can be written in its incompressible form and
the energy conservation equation can be approximated by an equation written in terms
of the fluid density (see, for example, [24]). This simplifies the mathematical problem and
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makes it more tractable to analytical solutions but is only valid for a relatively shallow
layer over which the vertical variation of the fluid density is taken to be “small”. With a
vertically-sheared background flow, there may be a critical level where the background flow
speed is equal to the wave phase speed and where nonlinear wave-mean-flow interactions
occur. These interactions lead to a vertical flux of horizontal mean momentum that varies
across the critical level. Nonlinear investigations show that this results in changes in the
background velocity from wave absorption and eventually wave reflection [12].

In a fluid flow with no vertical shear and no critical level, it is well-known from
the Eliassen—-Palm Theorem [25] that the momentum flux is independent of altitude, and
hence there are no wave-induced changes in the background velocity. In that case, waves
forced by an oscillatory lower boundary condition simply continue to propagate upwards
indefinitely unless there is a mechanism for their dissipation. Exact analytical expressions
for the linear solutions have been obtained for the case of a constant background flow
velocity with no dissipation under the Boussinesq approximation [26,27].

For gravity waves generated by a thermal forcing, however, it is found that there can
be a nonzero momentum flux divergence and corresponding nonzero drag force and wave-
induced changes in the background, even in the absence of vertical shear and a critical level.
Sayed [28] used a Laplace transform technique similar to that of [26,27] and derived time-
dependent exact solutions for gravity waves generated by a thermal forcing, also with a
constant background flow velocity and under the Boussinesq approximation. The equations
are linearized and further simplified by the long-wave approximation in which the vertical-
to-horizontal aspect ratio is assumed to be small. Two alternative expressions are derived,
each in terms of infinite series involving Bessel functions. Leading-order approximations
are obtained for the vertical momentum flux, gravity wave drag and mean flow acceleration
that would result from the wave interactions in a weakly nonlinear situation.

Here we follow a similar analytical procedure and derive asymptotic solutions,
valid for late time, for gravity waves generated by a thermal forcing, with a constant
background flow velocity, but for the more general problem defined by the anelastic
approximation [29,30]. Making the anelastic approximation gives additional vertically-
varying factors and terms that would have been omitted by the Boussinesq approximation,
and it includes situations where the restrictions on the depth of the fluid layer and on the
vertical variation of the fluid density can be relaxed. The anelastic model describes time
evolution on a scale that is defined by the buoyancy frequency of the background fluid
flow. This time scale allows the existence of internal gravity waves but filters out the faster
acoustic waves that could be present in a model based on the fully compressible equations.

These time-dependent asymptotic solutions can be used as a starting point for fur-
ther (nonlinear) analyses [30] and for comparison with numerical simulations. A recent
study [29] involves the numerical solution of the nonlinear equations obtained under the
anelastic approximation for gravity waves forced by a thermal forcing. The investiga-
tion [29] includes cases with a background flow with vertical shear and a critical level
and cases with constant background flow velocity, like the case studied here. The solu-
tions presented here are in agreement with the numerical solutions obtained with constant
background flow velocity [29]. In particular, we find that the horizontal mean vertical
momentum flux varies with altitude, and hence there is a nonzero gravity wave drag force
and wave-induced mean flow, even though there is no vertical shear and no critical level.

2. Model Formulation

In this investigation, the propagation of internal gravity waves in a density-stratified
fluid flow is represented by a system of nonlinear equations that describe the conservation
of momentum, mass and energy in a two-dimensional rectangular configuration (see, for
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example, [31]). The equations are nondimensional and written in terms of a horizontal
coordinate x in the west-to-east direction, a vertical coordinate z and time t. These variables
are defined in terms of the respective dimensional variables (with stars) by

x* W up
L, "L T L, Ly’

1)

where Ly and L, are, respectively, reference length scales in the x and z directions, which
are on the order of magnitude of the horizontal and vertical wavelengths of the gravity
waves, and U and W are reference velocity scales in the x and z directions.

The fluid flow is described in terms of the density o7, the potential temperature 67,
and the x- and z-velocity components ut and wr by:

dar . 0 2 -
ot + 5z ox (QT T) + E(QTZUT> =0,

) 0 ] ]
or (uf+ L . uf) _ O

ot ox dz ax '
w dwr  dwr\  opr @
dor( gy Furg Twrg ) =g e
1 /90; 96y 907\ Fr
or (at turg, TS, ) or’

where 6 = (L,/Ly)? is the square of the vertical-to-horizontal aspect ratio of the rectangular
configuration. In the context of internal gravity waves, an appropriate reference vertical
length scale L, is on the order of magnitude of the atmospheric scale height, approximately
7km, and is small relative to the reference horizontal length scale Ly; thus, J is considered
to be a small (but non-zero) parameter. The effects of deep or shallow latent heating are
represented by the nondimensional density-weighted forcing function Fr in the energy
equation, which generates a perturbation to the background flow. This is expressed as
Fr = €F(x,z,t), where F is a specified profile for the latent heat distribution. The parameter
€ gives a measure of the amplitude of the forcing function and the disturbance that it
generates, relative to magnitude of the corresponding unperturbed flow quantities.

Each of the total quantities is written as the sum of a horizontal mean component and
a gravity wave quantity representing the perturbation that is generated by the thermal

forcing:
ur(x,z,t) = i(z) + eu(x,z,t)
wr(x,z,t) = ew(x,z,t),
or(x,z,t) = p(z) + ep(x, 2, 1), 3)
pr(x,z,0) = p(z) +ep(x2,t),
Or(x,z,t) = 0(z) +€6(x,z,t).

This investigation deals with the case where there is no vertical shear in the background
flow, i.e., 7 is constant. In addition, the background flow is considered to be in hydrostatic
balance, i.e.,

dp

il a—— 4

=P @

with the background density and potential temperature given by

p(z) = poe ', 8(z) = 6y e/ H, (5)
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where pg and 6 are constants and H is the density scale height. The constantx =1—1/7,
where 7 is the ratio of the specific heat at constant pressure to the specific heat at constant
volume.

The time scale for the propagation of the gravity wave perturbation is determined by
the buoyancy frequency of the fluid flow, N = (g a0 )1/ 2. The buoyancy frequency measures

the extent of the stability of the background ﬂow to vertical displacements. The linear

N*k*
m‘k 7

and m™* are the horizontal and vertical wavenumbers. This gives a reference time scale of

where k*

dispersion relation for a gravity wave gives the wave frequency as w = £+

NL*—"LZ for the evolution of the wave. Thus, the reference horizontal velocity scale for the

wave is u* = N*L, and the nondimensional amplitude parameter is ¢ = % =N ZILZ. This
ratio allows us to consider € a “small” parameter for the purpose of asymptotic analyses.

Under the anelastic approximation, the total density ot in the continuity equation is
replaced by the steady mean density p(z). This gives

d d
3 (Pur) + 5 (pwr) =0, ©)

This allows us to define a density-weighted streamfunction perturbation ¢(x, z, t) by

W _ W
5, = P and 5 — PY

The corresponding vorticity perturbation {(x,z,t) = g‘z‘ 05 aw can be written as

_ (% Py oy 2, 0 0%
stont =5 (05 =55 ) -5 (T 55)

where V? is the nondimensional Laplacian operator and the primes denote differentiation
with respect to z.

Substituting (3) into (2) gives nonlinear perturbation equations for u, w, 6 and p.
We then combine the x- and z-momentum equations by differentiating the x-momentum
equation by z, differentiating the z-momentum equation by x and subtracting one from the
other. Finally, we make the substitutions (7) and hence re-write the momentum equation
and the energy equation, both in terms of the streamfunction ¢ [30]. These steps lead to

J 896 e(0pog IpITy _
<at >§ 6 ox p<8x 5z azax) ®
and 0 0 0o opal Iy db 0
: O op  e(opob dpdo) O
<8t+ 8x>9+pax+p(axaz 0z 8x> _pF‘ ®)

For small-amplitude waves, we consider that ¢ < 1 and retain the leading-order terms
only, hence linearizing the perturbation equations. We examine the linear equations for
0 < t < o0 in a rectangular spatial domain given by

0<x<2m 0<z< o (10)
with a thermal forcing function of the form
F(x,z) = E(z) ¢ + cc, (11)

where k is a positive integer and “c.c.” denotes the complex conjugate of the preceding

term. In the linear formulation, this forcing term generates a horizontally periodic gravity
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wave perturbation with horizontal wavenumber k. In general, the amplitude F(z) is a
specified function that goes to zero as z — oco. In this analytical investigation, we set

B(z) = e (12)

to give a simple representation of vertically localized tropospheric heating. The parameter
b determines the depth of the heating profile. We note that, in numerical solutions, other
profiles may be used to more accurately model the form of localized heating that may
be observed in the lower atmosphere; for example, & (z) = e~ blz—z| [28,30] or £ (z) =
e~b(z20)" [29], where 7 is a specified altitude where the peak of the heating profile occurs.
Here, since we have zg = 0, it means that we are only modeling the effects that occur above
the peak.

For a more realistic formulation, we may consider a forcing function that is localized in
the horizontal as well as the vertical direction. This could be used to model a situation where
there is latent heating in the form of a “heat island” in the lower atmosphere and would
generate a perturbation in the form of a horizontally localized wave packet comprising a
spectrum of horizontal wavenumbers. In this investigation, we restrict our attention to
the horizontally periodic form (11), which generates a monochromatic perturbation with a
single horizontal wavenumber k.

With the horizontally periodic forcing function, the linear equations in the domain
(10) are subject to periodic boundary conditions at x = 0 and x = 2. In addition, we
impose a zero boundary condition at z = 0 and the condition that only waves with upward
group velocity are included in the solution, so that there is no incoming wave energy from
infinite z.

The linear equations

d .0 2, PP\ _gpob _
wnd o o\, oy 0
942 )g LW _ 0
(8t+uax)6+pax —pF. (14)
are combined to give a single equation for the streamfunction perturbation,
LA : w2y OO +N282—¢— oF (15)
ot ox v p oz axZ ~ Sox’

where N = (%‘;—2)1/ 2 is the buoyancy frequency of the background flow. A necessary
condition for the existence of gravity waves is that N> > 0; the fluid is then said to be
statically stable. With the specified form of § given in (5), N> = gk/H, a positive constant.

3. Steady-Amplitude Solution

We first note that, with the thermal forcing (11) and with periodic boundary conditions
at x = 0 and x = 27, the linear Equation (15) has a steady-amplitude solution of the form

P(x,z) = P(z)e™ + cc, (16)

with amplitude 9 (z) satisfying the ordinary differential equation

. 1. N2 . F _
' g+ (G o )i = S a7)
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where the primes denote differentiation with respect to z. Equation (17) is a nonhomoge-
neous version of the Taylor—Goldstein equation [32,33] for internal gravity waves in an
anelastic flow.

We define §(z) = e

.2

28 ¢(z) and substitute this into (17) to give

N2 1 gF (1_
" N sk e = 80 (mh)z, 1
¢ <a2 4H?2 ka2 (18)
The corresponding homogeneous equation has linearly-independent solutions proportional
to eTMz where m? = Z;’—zz - ﬁ — 0k?. We only consider the situation where m? is positive,

so that we obtain vertically oscillating wave functions; m? being negative would give
“trapped” disturbances that would decay exponentially with altitude. We define m to have
the same sign as 7. In that case, according to the group velocity argument of Booker and
Bretherton [23], for a horizontal wavenumber k > 0, the solution with upward group
velocity is e/

A particular solution of (18) is

Foelzn—b)z
Pplz) = — 50— : (19)
zkuz(? +b2—5F - §k2)

Applying the zero boundary condition at z = 0 then gives ¢(z), from which we obtain the
streamfunction perturbation,

—gF (e
- N2 b
ik (N7 + b2 — fy — ok2)

imzo=om _ e‘bz)eik" + cc (20)

¥(x,z) =

Figure 1a illustrates the solution (20) in a rectangular region defined by nondimen-
sional variables 0 < x < 277 and 0 < z < 10. For illustration and comparison, we set the
same choice of parameters used for some of the numerical simulations presented in [29]:
k=2,6=02H=50b=25ia=-1,N~1.058 m~ —0.456. These values correspond
to a region of approximate width 20 km and depth 14 km with reasonable values of the
dimensional quantities, ¢* = 9.8ms~2, H* = 7km and #* ~ 26.5ms~! [29]. This gives lin-
ear gravity waves with horizontal wavelengths of up to 20 km (with k = 1), representative
of small-scale waves in the lower atmosphere [34,35].

The contour plot shows that the streamfunction perturbation is the sum of two wave
functions with different phases. The first is proportional to cos (kx + mz), with an expo-
nentially decaying factor of e~277, and since m is negative for k positive, the phase lines
have a positive slope of —k/m in the xz-plane. The second term is proportional to cos (kx),
with no oscillations in z, and an exponentially decaying factor of e~%%. Since H = 5 and
b =25>1/H > 1/(2H), this latter term decreases rapidly with increasing z so that
the term proportional to cos (kx + mz) is dominant. Over the interval 0 < z < 10, ¢(x, z)
reaches its maximum value in the lower half of the interval and then decreases as z — 10.
With the choice of parameter values used for this illustrative plot, there is close agreement
with the contour plots of the late-time linear numerical solution obtained by [29].

Figure 1b illustrates the solution (20) in the same configuration and with all the
parameter values being the same as in Figure 1a, except for the parameter b, which is now
set to 0.2. In this case, the heating depth is the same as the density scale height H. As before,
the solution is a sum of the two wave functions, but in this case the term proportional to
cos (kx), with no oscillations in z, decreases more slowly with z than the term proportional
to cos (kx + mz), and it is thus the dominant term in the upper half of the domain. This
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gives a contour plot with phase lines that have a steeper (more positive slope) then those in
Figure 1a.

For an additional comparison, we note that the corresponding steady solution under
the Boussinesq approximation takes a form that is qualitatively similar to (20) but does not
include the exponential factor of e~ 27 or any of the terms involving 1/ H that appear in the
denominator of (20). Having made the anelastic approximation here allows us to model the
effects of the exponential variation of the background potential temperature and density,
even with this simplified steady-amplitude representation.

@ 0. (b) 0
8 8
6 6

z z
4 4
2 2
o! ol
o 1 2 3 4 5 6 o 1 2 3 4 5 6
X x

Figure 1. Contour plot of the wave streamfunction ¢(x,z) according to Equation (20) with k = 2,
H=5and (a)b=25>1/H, (b) b = 0.2 < 1/H. Negative values are indicated in blue, positive
values in red.

Finally, we note that, if instead of the horizontally periodic steady thermal forcing (11),
we were to specify
F(x,z) = £(z) &%) 4 cc, (21)

with k and c being real constants, we would obtain ¢-periodic solutions with phase speed
¢ and with the amplitude ¥ given by the same expression in (20) but with i replaced by
(71 — ¢) everywhere it appears in the expression.

4. Time-Dependent Solution

In what follows, the focus is on the situation where the fluid vorticity and temperature
are initially unperturbed and the thermal forcing term generates a wave perturbation
whose amplitude evolves with time. This gives an initial-boundary-value problem in which
the vorticity perturbation and its time derivative are zero at t = 0 in the domain (10). For
simplicity, we denote partial derivatives with respect to x, z and t by subscripts of the
respective variables and write the initial conditions as

1 1
5¢xx + P + EEUZ =0 and (Slpxxt + Pzt + Elpzt =0 (att = 0)- (22)

In a linear configuration, the evolution of the perturbation is then given by the initial-
boundary-value problem comprising the partial differential Equation (15) in the spatial
domain (10), with 0 < t < oo, and with initial conditions (22), along with the boundary
conditions that ¢ = 0 at z = 0 and that there are solutions with upward group velocity only.

The form of the thermal forcing (11) implies that the solution of the linear initial-
boundary-value problem takes the form

P(x,z,t) = Gz, 1) e + e, (23)
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a o 2 ~ 1 . 2 A 2,2 A . A
5+ ik ) (o + ¥~ 0k“p) — N“k“¢ = ikgF. (24)
Defining the Laplace transform
§(z5) = 210G 1) = [ iz dt,
0
where s is a complex variable, gives the transformed equation
- 1. N2k? - ikgFo
_ _ - k2 — _ "™V —bz
Py + Hle <(S+ikﬂ)2 +4 >1P S(S—l—ikﬂ)ze p (25)

with the boundary condition §(0,s) = 0. The solution satisfying the zero boundary
condition at z = 0 and the condition of upward group velocity is of the same form as the
steady-amplitude solution (20). with ikii replaced by (s + ikii):

NI

(N2 1 52
- ikgFo e ((s+ikzz)2 a7 O ) Yo — b2
. s — . (26)
( -5 - ) s((s—l—zkﬁ)z_(lﬂll;(w))

Evaluating the inverse Laplace transform of (26) involves integrating over wave
frequency s in complex s-space. We define the function

N22 1 1/2

and the constant 7 = /b2 — % — 0k2. Since A is a function of the complex frequency, it
describes how the different frequency modes of the time-dependent perturbation vary
exponentially with altitude. The constant # gives a measure of the relative magnitude of b,
the vertical decay rate of the thermal forcing, and 1/ H, the exponential decay rate of the
background density.

We consider first the case where b2 — & — 6k? > 0. Making use of the first shifting
theorem for Laplace transforms, we write

e MS)zp—d _ bz

(s — ikiz) (52 - %)

Pz t) = ’kif Okt 1 (27)

In the corresponding Boussinesq problem [28], we are able to evaluate the inverse
Laplace at this point by evaluating the residues at the singularities of the corresponding
expression in the complex s plane. In the present case, with the anelastic approximation,
because of the form of the coefficient A(s) in the exponent in the first term in the numerator,
we are not able to obtain an exact expression, but we can derive an asymptotic approxima-
tion, valid for t > 1. To do so, we observe that, for t > 1, the dominant contribution to the
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inverse Laplace transform integral comes from values of s for which |s| < 1. We can thus
write A(s) in powers of s and approximate it by the leading-order term, for |s| < 1,

2
Nk (g R, 1 (g R,
“”—SG+2<Nwzs‘szWW S

= N Nk

1+O(52)) ~= 09

The expression (27) has an essential singular point at s = 0, as well as three simple

poles ats; = ikii and sy 3 = if;]k , and (27) can be written in terms of partial fractions as
R ingO kit o1 e~ Ms)zp— 3 e bz e~ Ms)zp— 3 e bz
)= ——2— A C — C —
llJ(Z/) 772 ¢ ! s — ikil s — ikil T S_NTk S_NTk
—A(s)z —bz
e e 2H e
+C , (29
’ < s+ Nk s+ I:;") } )
where ) 5
C = — Ui _ Ui

(N2 + i2p2)’ C25 = 2NKZ(N Fiy)’

To evaluate the inverse Laplace transforms of the terms g;i(szz in (29), we follow [26-28]

and make use of the formula

jl{:;sB} — e Bte® i (2%(/) Jn(2VAt), (30)

where ], is the Bessel function of the first type of order n. Using the leading-order asymp-
totic approximation A(s) ~ X and the Formula (30) gives

gl{e/\(s)ze__ﬂq} ~ g*ﬁ |3,jk11t A(ikit)z Z (_{%) ]n(Z\/m)‘| ’ (31)

. N2 1 vz N vz

We note that the sign of the square root taken here ensures that the solution defines a
wave with upward group velocity, with m chosen to have the same as the sign of 7. We
also evaluate

n
—A8)zp— 577 0
g—l{e;km} ~ o [eif\”]kte—A(iNk Z ( ]\]Xf;) Jn(2V Nkzt)

S¥7

(32)

U
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Thus, if b(b — ;) > 5k, the solution of Equation (24) is

Pzt ~ lng“{

C
t ky z &
—1kut —bz 67 e—bz —5q 2(

+C3e—ikﬁt [e—qte(b—},)ze—t ~bz _ =5 i( nvz ) In(zm)l }, (33)

valid for t > 1. The second line includes the difference of two identical exponentials, which
is zero. The solution can be written as

Frpimz _ g=bz _ gikit @i(V\[)]nz\/Tz)]

12 o

Bz, t) ~ o (e 7 piMz _ bz) + age kit (el\,;kte(b}i)z e I\"/ktebz)
e e MY B 2315 ], (2v/Nkat), (34)
n=1

where ) )
igFy on — igFy
k(N2 + 2y2)’ >3~ T2Nk(N Fiay)’

() ol ) (o) e

This solution involves a sum of steady terms and time-dependent terms. To examine

N =

and

the behavior of the solution for large ¢, we note that the Bessel function has the asymptotic
form, given in Formula 9.2.1 of [36],

[2 1 1 .
Ju(T) ~ m{cos (T—znn—4n> +O<|T| )}, |T| > 1. (35)
and hence, (34) can be further approximated as

~ ; oo _ Nk 1 _
l/J(Z, t) ~ (E—ﬁelmz _e—bz> +a36—zkut€ i t(e(b )z _p bz)

+ Lle_ﬁe_ikmz%t_% cos (2\/@ — 37[), (36)
(72Nk)1 !

for t > 1. From this, we see that the time-dependent part of the solution comprises terms
that decay exponentially in ¢ and oscillate with a frequency of kii, as well as terms that

decay like t~% and oscillate as sinusoidal functions of kit - 2/Nkzt. All these terms go to
zero as t — 0. Thus, as t — oo, the solution approaches

Peo(z) = 11 [e*ﬁeimz - e*bz}, (37)

which is the amplitude of the steady solution (20).
An alternative asymptotic expression for the solution {(z, t) can be obtained by rewrit-
ing the solution in a different way, in which the coefficients of the Bessel functions are

expressed in terms of \/\Z(]% instead of \%kz. To do this, we follow Nijimbere and Camp-
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bell [27]. We use the following generating function for Bessel functions that is given in
Formula 9.1.41 of [36]:

I\J\H

Z T"]u(Z (T #0)

n—=—oo
For negative indices in the summation, we use the fact that |_,(Z) = (—1)"],(Z) and

obtain - ;
Z Tu(2) = 32T} (‘Tl) Ju(2). (39)

n=0

The solution (33) can then be rewritten by making use of the Formula (38), as

lp(Z,t) =0 [_ebz _f_efikﬂt i (iﬁi) In (2\/ Nkzt )]

+ap | — ez kit e + e 2 g ikt Z ( ) Tn (2\/ Nkzt )] (39)
—bz ﬂku —5q ﬂku
s fo tg( ﬂf) h(%/Tz)]

This form of the solution is useful in obtaining insight into the behavior of the solution
as z — oo at finite t, which is not evident when the solution is expressed in the form (33).
Based on the asymptotic behavior (35) of the Bessel function, we observe that the terms
involving Bessel functions approach zero as z — oo at finite time and thus § — 0 as z — o
at finite time. This observation was also made in the problem studied by [26] and results
from the fact that the waves propagate at finite speed, and hence they cannot reach infinite
altitude within a finite interval of time.

Given the asymptotic approximation for ), we can also obtain expressions for the
velocity and potential temperature perturbations. For example, the vertical velocity pertur-
bation takes the form

w(x,z,t) = d(z,1) e + cc. (40)

with amplitude
W(z,t) = ik/p. (41)
The potential temperature perturbation is given by (14) and takes the form

0(x,z,t) = 0(z,1)e™ + cc

where the amplitude f satisfies

0 . o (6. 4, ik(dd
5 + ikif = <pF0€ 5 (dz>l/]). (42)

We solve this equation with an integrating factor of e~ using the asymptotic
approximation (36) and the expression (5) for 6(z) and p(z). We obtain

~

G(Z,f) ~ r)/le(K-&-l)%e—bz + ')/25(K+1) = (6 e elmz bz)
+ 73€7ikﬂte(”+1)%e7NTkt (ebze’ﬁ — e*bz)

74g*ik’zte(’<+%)%ﬁ1z7%t7% sin (z\/W - T) (43)
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valid for t > 1, with constants

901:() 90K061 0(31{9017 iKGO\/%
p— , ’)/2 = —, ")/3 = - , ")/4 = —-———
ikitpg poHi ippHN poHV TN

All the time-dependent terms go to zero as t — oo and the solution approaches a
steady-state foo(z) given by the terms on the first line of (43).
The solutions derived above are valid for b(b — %) > 6k or

1 1 AY2 11
b>21‘1+(4H2+5k) >E>EI

i.e., where the rate of decay of the thermal forcing with altitude exceeds the rate of decay of
the background density. This means that, in the steady-state components of (33) and (43),
the terms proportional to the thermal forcing profile decrease more rapidly with altitude
than the vertically oscillating terms.

Additional mathematical possibilities arise for the solution if b(b — %) < 0k?, i.e., if
the depth of the layer of localized latent heating is approximately the same as or greater
than the density scale height. If b(b — &) = k?, then the function §(z, s) is given by the
first line of (29) with only the contribution from the pole s1. Thus, the solution is

lﬁ(z,t)wé\g;‘z[e—z%eimz—e—hz o ikitp— i Z( A\f) ]n(Z\/Nkzt)], (44)

valid for t > 1.
1/2
If b(b— &) < 5k? then s = =i, where 57 = <5k2 —b? - %) , and the solution is

A z it i
P(z,t) ~ aq (e’ﬁe”"z — e’bz> + ocgeflk“tel ] (ebze H— e*bz)

1 e~z ikut Z 5nz%t—%]n(z\/W), (45)
n=1

valid for t > 1. If 0 < b(b — 111) < 0k?, then the streamfunction perturbation solution
grows exponentially with z. The terms involving Bessel series go to zero as t — oo, but the

solution does not approach a steady state; instead, it oscillates in ¢, with a phase speed of
N

ﬂ—u.

5. Wave-Induced Mean Flow

The linear solution, with streamfunction and potential temperature perturbations (33)
and (43) gives us a first approximation to the gravity wave solution for a situation where the
perturbation amplitude is very small relative to that of the background flow. However, the
full problem is given by the nonlinear perturbation Equations (8) and (9), and interactions
between the gravity wave modes in the nonlinear terms give rise to vertical fluxes of
momentum and energy that lead to the development of higher horizontal wavenumber
and zero wavenumber components at O(¢). Given the asymptotic expressions derived for
the linear solution, we can obtain expressions for the momentum and heat flux divergence
and the resulting changes in the background velocity and temperature with time.

The horizontal mean of each flow quantity is defined as the x-average over a horizontal
wavelength 271/k and denoted as

)= % /OT(...)dx. (46)
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The horizontal mean of the vertical flux of horizontal momentum or the Reynolds
stress is

M(z,t) = —puw (47)
and the horizontal mean of the vertical flux of energy is
H(z,t) = —pwb. (48)

In a weakly nonlinear formulation, the solutions of the nonlinear Equations (8) and (9)
may be expressed as perturbation series in powers of g,

Pz t) = 90 (xz 0 +epV(x,2,1) + 0(&) (49)
and
0(x,z,1) =00 (x,2,t) + 0 (x,2,t) + C’)(ez>. (50)
The leading-order functions
PO (x,2,t) = pO(z,t) ™ + cc.
and

00 (x,z,t) = GO (z,t) ™ + cc.

are the linear solutions with amplitude functions ¢(°) and G(%) given by (33) and (43). At the
next order, each of the functions ¢(!) and (1) comprises a zero-wavenumber component
that is independent of x and a component proportional to e*2*. The zero-wavenumber
components give the dominant components of the wave-induced mean flow streamfunction,
velocity and potential temperature.

The equations describing the changes over time of the wave-induced mean flow
velocity ilg and potential temperature 6 are determined by taking the horizontal mean of
the x-momentum equation and the energy equation in (2). This gives

dig _ _ 1 ow ou\ 10 oo 10 (¥atpz)_ 1M
a €p<”ax+waz) €55; P )€p82< 5 )% OV
and _ )

M (0 Y 10 o 10 1M

T e(uaerwa) = ep_az(pwe) —epaz(lpx )—sp o (52)

where, as defined before, the subscripts of x and z denote partial derivatives with respect
to the respective variables. Using (33) and (43), we can obtain asymptotic expressions for
the mean momentum flux and mean energy flux,

M = ?4)(0)47,50)* + c.c. ~ 2k|aq)? [m - (m cosmz — (b — 2;) sinmz) e_(b_z}i)z] +0o(t™h (53)

and

Z

H= ikgb(O)G(O)* + cc ~ =2kt a ['yle_bz + 728—(1;—%)1 sinmz+O(t™Y),  (54)

where <p§0)* and G(©* denote the complex conjugates of qbéo) and G, respectively.

These vertical profiles of fluxes can be contrasted with the corresponding profiles in
the situation where gravity waves are forced by a horizontally periodic boundary condition,
analogous to a topographic forcing, at the lower boundary of a rectangular domain in an
environment with constant background velocity. In that case, for steady-amplitude waves
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of the form e—2/2H pi(kx+imz)

of altitude z and M is given by just the first constant term on the right-hand side of (53).

, the vertical fluxes of momentum and energy are independent

This is the Eliassen-Palm Theorem [25] for anelastic gravity waves.

However, in the current formulation, where the waves are generated by the thermal
forcing term in the nonhomogeneous Equation (20), the solution also includes the term
(19). This gives rise to the z-dependent terms in the asymptotic expressions (53) and (54),
which oscillate with z and also vary exponentially. In addition, the time-dependent terms
in (33) and (43) give the O(t~!) terms in (53) and (54). These components of the solution
have non-zero z-derivatives, and thus there is a nonzero vertical transport of momentum
and energy within and above the thermal forcing region, even though there is no vertical
shear or critical level.

Figure 2a,b show graphs of the momentum flux expression (53) as a function of z for
the two configurations that were represented in Figure 1 with b = 2.5and b = 0.2. In each
case, the value of M has been scaled by dividing the expression (53) by the value of the
constant first term in the expression. In Figure 2a, the depth of the heating layer is less than
the density scale height and the waves generate a nonzero momentum flux divergence
in the region above the peak of the heating profile; this decays to zero with altitude. In
Figure 2b, there is a layer of deep heating, with depth greater than the density scale height,
and there is a nonzero momentum flux divergence over the entire domain. In both cases,
the momentum flux decreases with altitude from zero to negative values in the lower part
of the domain; this means there is a negative drag force, which would result in a negative
wave-induced mean flow component at that level. These conclusions support the results
of nonlinear time-dependent numerical solutions [29] that show variations in the mean
momentum flux and heat flux with altitude above the thermal forcing region that, over
time, lead to a wave-induced mean flow.

(a) 10 (b) 10
z 5 L z 51 L
O T O T
—1 0 —1 0
M M

Figure 2. Vertical component of the horizontal-mean horizontal momentum flux M (z, t) according
to Equation (53) withk =2, H =5and (a)b=25>1/H,(b)b =02 < 1/H.

6. Discussion

We examined a linear time-dependent model for gravity waves excited by a thermal
forcing in a layer of stably-stratified fluid with constant buoyancy frequency and constant
background velocity under the anelastic approximation. We derived asymptotic analytical
solutions, valid for late time, each comprising steady-amplitude terms and time-dependent
terms involving Bessel functions. As f — oo, the time-dependent terms in (33) go to zero
and the solution approaches the steady-amplitude solution (20).

We also obtained expressions for the leading-order components of the vertical mo-
mentum flux and heat flux that would result from weakly nonlinear wave interactions.
These effects are nonzero, even in the absence of vertical shear in the background flow but
are dependent on the background flow velocity and the heating profile. This is consistent
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with nonlinear numerical solutions [29] and also consistent with some observations of
situations where there is weak shear. For example, Oertel et al. [37] discuss upper tro-
pospheric dynamical effects in a case based on airborne radar observations where there
is weak vertical wind shear in the presence of localized diabatic heating and convective
clouds. Measurements of mean momentum fluxes (e.g., [38]) show significant variability
with spatial location and a strong dependence of the momentum flux on the background
wind. The analysis presented here suggests such dependence.

These approximate asymptotic solutions can be considered as a starting point for non-
linear asymptotic analyses and numerical solutions, including the case with vertical shear
[29,30], which allows us to model other wave interaction mechanisms and phenomena,
such as critical layer absorption and reflection and gravity wave saturation, and including
configurations with a horizontally localized thermal forcing function that can model a heat
island [39]. This investigation can be further extended to a two-layer formulation, such
as that of [19], where there is a layer with stable stratification and upward-propagating
gravity waves above a lower layer with unstable stratification and convective cells. Other
important effects, such as viscosity and heat conduction, can be included. The two-layer
representation can be used to explore the mechanisms for convective gravity wave genera-
tion.
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