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Abstract

Parameterized quantum circuits play a key role in quantum computing. Measuring the
suitability of such a circuit for solving a class of problems is needed. One such promising
measure is the expressivity of a circuit, which is defined in two main variants. The variant
in focus of this contribution is the so-called dimensional expressivity, which measures
the dimension of the submanifold of states produced by the circuit. Understanding this
measure needs a lot of background from differential topology, which makes it hard to
comprehend. In this article, we provide this background in a vivid as well as pedagogical
manner. Especially, it strives towards being self-contained for understanding expressivity,
e.g., the required mathematical foundations are provided, and examples are given. Also,
the literature makes several statements about expressivity, the proofs of which are omitted
or only indicated. In this article, we give proof for key statements from dimensional
expressivity, sometimes revealing limits for generalizing them, and sketching how to
proceed in practice to determine this measure.

Keywords: quantum computing; differential topology; parameterized quantum circuits;
expressivity; variational quantum algorithms

1. Introduction

Quantum algorithms are unitary operations transforming an initial state into another
state that either directly represents the solution or that is a state that is measured, and
the measurement result leads to the solution of the problem [1]. Quantum algorithms
are typically realized as quantum circuits: a composition of unitary operations at lower
dimensions that represent the decomposition of the overall unitary transformation. These
lower-dimensional unitary operations are typically the operations supported by a concrete
quantum computer. Sometimes, the unitary operations are parameterized: for example,
these parameters are angles by which a state must be rotated. By varying the parameters
between different executions of the circuit, a solution is iteratively computed.

Such variational quantum algorithms (VQAs) [2] and especially their encompassed
parameterized quantum circuits (PQC) (Section 2.1) gain a lot of attention not only because
of their appropriateness for today’s available computers (which are noisy [3]) but also be-
cause parameterized quantum circuits represent applications in themselves (like quantum
neural networks [4,5]).

Whether or not a variational quantum algorithm can compute a solution of the problem
addressed depends on the “suitability” of the parameterized quantum circuit it encom-
passes. Thus, having a measure of “suitability” in this context is of utmost importance.
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Such a measure is called expressivity of the parameterized quantum circuit and has been
defined in two major variants:

e  First, a parameterized quantum circuit associates with each parameter tuple a unitary
matrix. The more of the unitary group is covered by the parameterized quantum
circuit, the better. This is because if circuits that solve the problem (i.e., unitary
matrices) exist, then the unitary matrices generated by the VQA should include them.
And the likelihood that this is achieved is higher the more of the unitary group is
covered. The coverage of the unitary group is suggested to be assessed by means of
how close the generated matrices are to being Haar random [6]. This is what we call
the “unitary approach”; it is described at a high level in Section 2.3.1 and in more
detail in Section 4.8.

e  The focus of this contribution is on the next variant of expressivity. While the first
variant is about capturing a solving circuit, the second variant is about the ability
to provide a solution itself. For this purpose, the unitary matrices generated by the
parameterized quantum circuit are immediately applied to a fixed initial state, which
results in another state, i.e., an element of the unit sphere in some Euclidean space
R™. Any solution of the problem to be solved by the variational quantum algorithm is
an element of this unit sphere. Thus, if the set of elements of the unit sphere covered
by this process is a significant subset of the unit sphere, the likelihood is high that a
solution is reached. The amount of coverage of the unit sphere is assessed by means of
the dimension of the submanifold generated by this process [7]. This is what we call the
“state approach”; Section 2.3.2 introduces this approach and provides corresponding
definitions, while Section 5 gives more details.

The issues with the “state approach” dealt with in this contribution are twofold: Read-
ers of the corresponding existing quantum computing literature require a lot of background
from differential topology. We compile and explain this background in detail and in a
vivid as well as pedagogical manner; precise references to the matching mathematical
literature are given. Furthermore, the corresponding quantum computing literature makes
a bunch of statements and claims that are often not proven, or proofs are only indicated.
This makes reading and comprehending the literature difficult. We give detailed proofs
for claims made in the context of the “state approach”; especially, we prove that the state
approach produces in many situations locally immersed submanifolds and even embedded
submanifolds (Section 5.2) such that speaking about “dimension” is meaningful at all. We
also give a counter-example that these immersions and embeddings can, in general, not
be extended to global immersions and embeddings (Section 5.3). Finally, we provide a
“recipe” for determining how the local submanifolds can be enlarged (Section 5.4).

Structure of the Article

The article is structured as follows: Section 2 motivates the need for a measure of
expressivity (Section 2.2) based on the structure and use of variational quantum algorithms
(Section 2.1). The two major definitions of expressivity are given and discussed (Section 2.3);
other approaches are briefly reviewed (Section 2.3.3). Section 3 proves that parameterized
quantum circuits are differentiable maps, reminds the format of such circuits in many
practical cases, and comments on the structure of the parameter space in practical situations.
These sections, as well as the next section, are a tutorial of the corresponding subjects.

Section 4 is the main pedagogical part: After proving a lemma on the existence of open
chains in connected spaces (which is needed in Section 5.3), the concept of differentiable
manifolds with boundaries is introduced, as well as some of their properties that are
needed in the rest of this paper (Section 4.2). Section 4.3 discusses singularities that require
special care in making claims or assumptions in our context. Next, differentiable maps and
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their differentials are discussed (Sections 4.4 and 4.5). Properties of maps with constant
rank are reviewed, and immersions as well as embeddings are discussed (Section 4.6).
Submanifolds (both immersed as well as embedded) are the subject of Section 4.7. In
Section 4.8, the notion of the volume of manifolds is motivated by describing the concept of
both linear approximations of manifolds themselves (Section 4.8.1) and “classical” volumes
of parallelepipeds (Section 4.8.2). Riemannian manifolds and their volume forms are
introduced in Section 4.8.3. Curvature is revealed as the origin of non-uniform distribution
of point sets on a manifold and the use of the Haar measure as a solution allowing uniformly
random distributions (Section 4.8.6). This allows us in Section 4.8.7 to introduce a precise
definition of expressivity in the unitary approach.

Section 5 provides proofs supporting claims from the literature about the state ap-
proach. This section contains mostly original contributions. It is proven in Section 5.1
that parameterized quantum circuits induce local immersions. This implies that slices of
the parameter space are locally mapped to immersed and even embedded submanifolds
the dimensions of which are determined by the local rank of the map induced by the
parameterized quantum circuit (Section 5.2). A usual technique to expand local properties
to global ones is sketched in Section 5.3, and it is shown that this technique fails in our
case, i.e., that local embeddings cannot be extended onto connected components. But a
high-level proceeding is roughly sketched in Section 5.4 (together with an example) on how
to determine “large” areas of the parameter space that are mapped to an embedded sub-
manifold by the parameterized quantum circuit. The contribution ends with a conclusion
in Section 6.

2. The Notion of Expressivity

This chapter discusses the basic principles of variational quantum algorithms
(Section 2.1), their origin (Section 2.2.1), and the need for a metric to assess the “suc-
cess probability” of such algorithms (Section 2.2.2). Two approaches for such a metric—i.e.,
expressivity—are introduced in Section 2.3, and other approaches are briefly reviewed.

2.1. Variational Quantum Algorithms

A Variational Quantum Algorithm (VQA) is a pair consisting of a parameterized quan-
tum circuit (also known as. ansatz) and an optimizer [2,8]. The ansatz prepares a state on a
quantum computer that is measured [9]. The measurement result is passed to the optimizer
that uses a problem-specific cost function to determine, based on the measured values, new
parameters for the ansatz. The goal is to find parameters that produce a quantum state
whose measurement result optimizes the cost function.
Figure 1 depicts the structure and main ingredients of a variational quantum algorithm.
(1) The parameterized quantum circuit (PQC) C(p1, ..., px) is given by a unitary operator
C that depends on real parameters py,...,px € R. (2) The measurement of the quan-
tum state produced by the quantum circuit is performed by means of problem-specific
observables { Oy,..., Oy }. The result of the measurement is, thus, (3) a tuple of val-
ues ((O1),..., (Om)), which is exactly the value of a cost function F in the parameters
P1,---, Pk
E(piy-- i) = ({01}, (Om)) &)

Thus, a problem is a suitable candidate for being solved on a quantum computer if
the cost function cannot be efficiently computed on a classical computer but can be on a
quantum computer. Otherwise, a quantum computer would not be needed at all.
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Figure 1. Structure of a VQA.

(4) Next, an optimizer is used: it computes (5) new parameters p1, ..., px that move
the value of the cost function closer to an optimum. Any kind of optimizer can be used,
e.g., gradient-based or derivative-free [10]. When the new parameters have been computed,
they are fed into the parameterized quantum circuit C(py, ..., px), and the loop starts over
again (1). The optimizer uses some termination condition, like the number of iterations
performed or the amount of improvement achieved by the new parameters. Once the
termination criterion is satisfied, the processing stops with the optimal parameters. The
quantum circuit is run with the optimal parameters, and measurement of the prepared
state in the computational basis represents the solution of the problem at hand.

A Quantum Neural Network (QNN) is also a parameterized quantum circuit [4].
Its cost function depends on training data in addition to other parameters. Once the
optimal parameters have been determined (also known as the QNN has been trained), the
parameterized quantum circuit is run with the optimal parameters on new data input to
perform the task of the QNN (e.g., classification).

Also, VQAs have been applied in several domains: ref. [2] describe applications
in multiple areas like finding ground states of molecules, simulating the dynamic evo-
lution of quantum systems themselves, solving linear equation systems (see also [11]),
performing classification tasks, or realizing autoencoders. Optimization problems can be
addressed, e.g., for energy distribution [12]. Tasks from computational fluid dynamics are
addressed [13].

Note that the overall processing of determining the optimal parameters iterates be-
tween a quantum part performed on a quantum computer and a classical optimization
part performed on a classical computer. Such a kind of processing is called hybrid quantum-
classical processing, and the corresponding algorithm is called a hybrid quantum-classical
algorithm (or just “hybrid” for short). In fact, most quantum algorithms and applications
exploiting quantum resources are hybrid [14,15].

Examples of variational quantum algorithms and their use can be found in [16] or [17],
for example.

2.2. The Origin of Expressivity

This section provides details about how to assess the suitability of a variational
quantum algorithm.

2.2.1. Suitability for NISQ

Variational quantum algorithms have a lot of properties that are of principal interest,
e.g., they are universal under certain conditions [18]. Also, some problems are inherently
solved by variational quantum algorithms like quantum neural networks [5]. But the main
operational aim behind variational quantum algorithms is to achieve an advantage or a
utility of quantum computing in the NISQ era (Noisy Intermediate Scale Quantum). This
era is roughly defined as the years during which quantum computers are still noisy and
have only up to a few hundred qubits [3]. “Noisy” means that the states of these qubits
are stable only for a short period of time (“decoherence”), and the gates show small errors
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(“lack of fidelity”). In this era, implementing quantum applications has a lot of issues to
consider [14].

One key consequence of being noisy is that an algorithm must use a QPU only for
a short period of time, i.e., less than the decoherence time Tp. A variational quantum
algorithm, thus, strives towards an ansatz C(py, ..., px) and measurement M via observ-
ables {Oy, } such that the time T that the ansatz is executed plus the time Ty that the
measurement requires is significantly smaller than the decoherence time:

Te+ Ty < Tp 2)

2.2.2. Finding Solutions

The other fundamental aim is that the ansatz is capable, in principle, of finding a
solution to the problem at hand. This capability can be assessed based on the following:

(i) The plethora of unitaries that an ansatz can produce;
(ii) The plethora of states that an ansatz can produce.

The first approach (that we call the “Unitary Approach” in what follows) considers the
parameterized quantum circuit C(p1, ..., px) as a map Q) that maps the parameter space P
of all possible parameters py, ..., px to the unitary group U(n) based on the fact that each
P1,---, Pk € Presults in a unitary map C(py, ..., px) € U(n) (see [19]).

The second approach (called “State Approach” in the following) fixes an initial state
|s) and uses for each py, ..., px € P the unitary map C(py,...,px) € U(n) to result in an
element C(py,..., px)|s) € S"~!, which is a map A from the parameter space PP to the unit
sphere S"~! (see [7]). Figure 2 depicts both approaches.

R Rk %
Un)
P \ s
A

Figure 2. Two Approaches to Assess Expressivity.

Then, a measure of the plethora of unitaries () C U(n) or a measure of the plethora
of states A(P) C S"~1, respectively, is referred to as the expressivity of the ansatz (or of the
parameterized quantum circuit, respectively). Thus, in addition to finding an ansatz that
satisfies Equation (2), an ansatz should show high expressivity. Finding such an ansatz is
considered to be quite difficult (see [9], for example).

Finally, it should be noted that the notion of “state” used here is an abstract one. Such
an abstract state is not always related to a state that can be directly realized physically. A
reader interested in this subject is referred to [20].

2.3. Defining Expressivity
Expressivity (sometimes also called “expressibility”) of an ansatz is measured, for

example, by its ability to generate states that represent the Hilbert space well (see [6]),
i.e., to uniformly explore the entire Hilbert space (see [2]). In this section, we define both
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approaches sketched in the section before more precisely. Note that other definitions exist,
but they are often tailored toward specific questions (e.g., see [21]); Section 2.3.3 provides a
corresponding brief overview.

2.3.1. The “Unitary Approach”

Let P C R¥ be a parameter space and let C be the ansatz that depends on the parameters
P1,---, Pk € P. The map Q)¢ is defined by Q¢ : P — U(n) with py,...,px — C(p1,..., Pk)-
Let X be a problem to be solved by a quantum circuit, and let S(X) C U(n) be the set of
unitary operators that solve the problem X, i.e., that produce a state that approximately
optimizes the corresponding cost function.

If Q¢ (P) contains an element of S(X) the ansatz C is called complete for the problem
X. Part (a) of Figure 3 shows the solutions S(A) and S(B) of two problems A and B; the
ansatz C is complete for problem B but not complete for problem A.

U(n) U(n)

o

@@ | (O

Figure 3. (a) Completeness and (b) Expressiveness of an Ansatz: The Unitary Approach.

But the solutions S(X) of a problem X are not known in advance. Thus, the complete-
ness of an ansatz cannot be assessed a priori. Consequently, the more of the unitary group
U(n) an ansatz covers (intuitively, “the larger” Q¢ (P) C U(n) is) the higher the likelihood
that it will intersect the set of solutions S(X).

More precisely, based on the fact that the unitary group U(n) is a Riemannian man-
ifold (see Note 10), a means to measure volumes is available on U(n). Roughly, for
an ansatz C, the number vol(Q¢(P)) (i.e., the volume of Q¢ (PP)) is called the expressiv-
ity of C. If C and C are two ansatzes, ansatz C is called more expressive than ansatz
C if vol (Qe (P)) D vol (O (P)).

Note that this definition is not the definition used in the literature, but it has the
purpose of being descriptive: the exact definition of expressivity of an ansatz C based on
the “unitary approach” compares its distribution of states from sampling with the collection
of Haar-random states (see [4,6]). In Section 4.8, we provide more background on this.

2.3.2. The “State Approach”

This approach is the one we focus on mostly; thus, we define it precisely.

Definition 1. Let C be an ansatz depending on parameters p1, ..., px. The set of all parameters
P C RF allowed by C is called the parameter space of C. Let [1) € S"! be a fixed cho-
sen state, the so-called initial state. Then, the map Ac defined by Ac:P — S""1 with
P, Pk = C(p1, ..., px) |t) is called the state map of the parameterized circuit C.

Ac¢(P) is the set of all states reachable by means of the parameterized circuit C. As
proven in Section 5.1, A¢ (IP) is under practical conditions locally an immersed submanifold
(Lemma 16) of S"~!, and locally often even an embedded submanifold of S*~! (Lemma 17).
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The reader is referred to Sections 4.2 and 4.7 (or to textbooks like [22] or [23], respectively)
for the definition of the terms “manifold” and “submanifold” (often, “manifolds” are
assumed to be smooth, i.e., of class C*°, in what follows—which is without loss of generality
according to Theorem 1).

Figure 4 depicts the images of the parameter space P C RF in the unit sphere S~
produced by two different ansatzes C and C. In case a circuit produces a submanifold of
sr-1 (immersed or embedded—see Section 5), this submanifold is called a circuit manifold,
i.e., the circuit manifold is the set of states reachable by means of the parameterized circuit.
In the figure, the circuit manifold A¢(IP) has dimension 1, and the circuit manifold AE(P)
is of dimension 2. Intuitively, the dimension of a circuit manifold is a measure of the
expressivity of a parameterized circuit [7]: the intuition is that a higher-dimensional circuit
manifold covers more of the enclosing manifold and, thus, has a higher chance of meeting
the solution of a problem.

Figure 4. Expressiveness of an Ansatz: The State Approach.

But this intuition is misleading: for example (see [23], example 4.20), there is an
immersed submanifold L of the torus T2 which is dense in T2, but dimL = 1. ie., L
is arbitrarily close to any point p ¢ L. Thus, a circuit manifold of dimension 1 may
approximate a solution with arbitrary precision (see Figure 5b for a rough indication),
while a “small” higher-dimensional circuit manifold may stay “far away” from the solution
(see Figure 5a). This means that, in general, dimensional expressivity is not a reliable
indicator for the success of an ansatz: an ansatz with a circuit manifold with maximum
dimensional expressivity might not solve the underlying problem, while an ansatz with a
lower dimensional expressivity might be successful.

Sn—l

()

Figure 5. Misleading Intuition of Dimensional Expressivity.

However, the dimensional expressivity allows us to identify parameters of a parame-
terized circuit that are superfluous, i.e., that can be removed without affecting the capability
of an ansatz to determine a solution (see [7] for the details). A reduced number of param-
eters has the advantage of a speedup of the overall processing, e.g., by less optimization
work required.



AppliedMath 2025, 5,121

8 of 38

2.3.3. Other Approaches and Relations

While the two approaches sketched before are generally applicable, other approaches
to assess expressivity have been proposed, which are specific to certain domains. Also, the
relation between expressivity and other aspects of a circuit has been investigated.

For example, ref. [24] introduces a measure of expressivity called the covering number,
which is derived from statistical learning theory. This number is the minimum number
of balls of a given radius that covers the hypothesis space of a parameterized quantum
circuit. Here, the hypothesis space is the subset of unitaries made available by using all
parameters. An estimation of the covering number is given that shows that this measure of
expressivity depends on the number of qubits used by the circuit, its gates, its observables,
as well as the error rate of the quantum computer used.

While the estimation of [24] provides an upper bound of the covering number of a
parameterized quantum circuit, ref. [25] derives a lower bound of the covering number.
This can be used to determine the appropriateness of a given circuit.

Another measure of expressivity is the effective rank introduced in [26]. The effective
rank, i.e., the rank of the quantum Fisher information matrix [27] of a circuit, represents the
number of independent parameters of a parameterized quantum circuit. It can be used to
determine “superfluous” parameters that can be eliminated, thus, making optimization in
the corresponding variational quantum algorithm more effective.

Expressivity can also be assessed by the ability of a parameterized quantum circuit
to approximate certain classes of functions. For example, ref. [28] investigates quantum
neural networks that approximate multivariate polynomials and Holder smooth functions.
Their notion of expressivity is how well a parameterized quantum circuit can approximate
such functions. They explicitly construct such circuits and give approximation boundaries
in terms of depth and width of the constructed circuit.

Ref. [29] focusses on parameterized quantum circuits that can be represented as a
Fourier series. This is the case when the circuit not only depends on parameters that
are iteratively modified but also on input data that is reflected in the circuit by matrix
exponentials of Hamiltonian operators. The spectrum of the Fourier series then depends
on the eigenvalues of these Hamiltonians, and the Fourier coefficients depend on the
parameterized unitaries of the circuit. Ref. [29] uses the unitary approach sketched in
Section 2.3.1 to measure expressivity but shows that such parameterized quantum circuits
suffer from exponentially vanishing Fourier coefficients for growing numbers of qubits.
This limits the expressivity of the corresponding circuits.

Using the unitary approach, ref. [30] studies the expressivity of a parameterized
quantum circuit and its entangling power in relation to specific classes of gates used within
the circuit. The main finding is that the use of so-called quantum switches in a circuit result
in better expressivity when the depth of the circuit increases. Also, the corresponding
circuits result in higher entanglement power when their depth increases.

The impact of the types of gates used in a parameterized quantum circuit on its
expressivity (according to the unitary approach) is also studied in [31]. It turns out that
CNOT gates have a decreasing effect on expressivity, while rotational RX, RY, and RZ gates
strengthen it: RX has the strongest effect, followed by RY, followed by RZ.

Ref. [32] investigates the impact of the graph structure of a quantum computer—i.e.,
the graph consisting of the qubits of the quantum computer as nodes and the physical
connections between the qubits as edges—on the expressivity of circuits executed on
the machine. Based on two different ansatzes of parameterized quantum circuits, their
finding is that a graph with a ring structure achieves the highest expressivity (measured
via the unitary approach), followed by a linear graph, an any-to-any graph, and a star-
shaped graph.
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Variational quantum algorithms are subject to so-called barren plateaus: the graph
of the cost function C may become flat such that the optimizer can no longer efficiently
determine better parameters. This is a significant problem limiting the practical use of
variational quantum algorithms. It turns out that high expressivity is one possible source
of barren plateaus. Ref. [33] presents a Lie algebraic theory that can be used to assess the
advent of barren plateaus. This allows us to determine whether the expressivity must
be adapted.

3. Parameterized Quantum Circuits as Differentiable Maps

Expressivity depends on properties of parameterized circuits and their images in U(n)
or S"~1. The proofs of these properties are mostly sketched only in the literature. In what
follows, these proofs are given in detail.

3.1. Proof of Differentiability

The most fundamental observation is that in many practical situations, a parameterized
quantum circuit is a differentiable map (even smooth, i.e., of class C*). This can be seen by
noting that each unitary can be represented by a set of 1-qubit operations and CNOTs, and
by proving that these ingredient operations are smooth.

To begin with, we need the following known fact from linear algebra:

Note 1. For each unitary matrix A there exists a Hermitian matrix H such that A = e'l.
Proof. Each unitary is diagonalizable, i.e., there exists a T € U(n) such that
A= Tdiag(ei"’l,- o ,eiq’")T* with real numbers ¢1, ..., ¢, € R (see [34] Theorem 18.13).

Define the real diagonal matrix ® := diag(¢1,...,¢,) and set H := T®T*. Then, H is

Hermitian because H* = (T®T*)* = (T*)*®*T* @ TOT* = H, where (a) is valid because

®* = O for a real diagonal matrix ®. Then it is
eiH — piTOT*
W) iror-1

) Tei®T-1
_ Tediug(i(Plr-"’i(p”)T_l

) Tdiag(e'¥1,...,en)T~!

=A

Hereby, (1) is valid because T is unitary, i.e.,, I = TT*; thus, T-1 = T*. (2) is valid
because e5X5™" = SeX5~1 foreach S € GL(n), which is seen as follows:

T

pSXST °Z°; (sxs71)
k=1 Kk

(e Xk 1
_E]SFS
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Finally, (3) is valid because

‘ 00 diag(xl, . ..,xn)k
edmg(}q,...,x,,) —

k=1 k!
o diag (x’l‘, el x’;,)
N kgl k!

= diag(e,..., ")
Thus, each unitary matrix is the matrix exponential of a Hermitian matrix. [
Note 2. Each parameterized 1-qubit operation U : R D I — U(2) is smooth.

Proof. According to Note 1, each unitary matrix U is a matrix exponential of a Hermi-
tian matrix H: U = e'f. Especially, for I C R and a parameterized 1-qubit operation
U:1-—U(2), pr U(p), there exists a Hermitian matrix H such that U(p) = e/PH. Thus,
U(p) is a smooth operation. [J

If the 1-qubit operation U modifies the i-th qubit of an n qubit quantum register (i.e., all
other qubits j # i are left unchanged) it can be represented as the following tensor product:

i
A

T(p):1®~-~®1®ﬁ(p)®l~-~®l @3)

This is a smooth operation because the coefficients of the corresponding matrices
are either constant (i.e., 0 or 1 in case the matrix I) or are the coefficients of the smooth
1-qubit operation U(p). Finally, building the tensor product of matrices is a differentiable
operation itself.

The same argument is used to prove the following:

Note 3. The controlled NOT operator with control qubit r and target qubit s CX["sl : H" — H" on
an n qubit quantum register is smooth.

Proof. The matrix CX"# is a permutation matrix, i.e., its coefficients are constant
(cxlrsl )ij € {0,1}. Thus, the matrix is a smooth operator. [J

A parameterized quantum circuit C(py, ..., px) has a parameter space P C R (we
will discuss properties of the topological structure of the parameter space in Section 3.3),
and for each parameter tuple (pj,...,px) € P the resulting operator is a unitary:
C(p1,...,px) € U(n). Thus, a parameterized quantum circuit is a map

C:P — U(n)

4
(plf-'-/Pk> Hc(pl/"'/pk) ()

As a unitary, C(py, ..., px) is composed of (parameterized) 1-qubit operators (in the
representation of Equation (3)) and CNOT operators CX 5] (see [1], Section 4.5.2). This
composition is performed by multiplying the corresponding matrices. But matrix mul-
tiplication is smooth: if (aij), (bst) are two matrices, then their product is a matrix, the
coefficients of which are a sum of the products of the coefficients of the factor matrices, i.e.,
(aij) - (bgt) = (Z]- a;jbjt)i, thus multiplying matrices are smooth. If the factor matrices of

the matrix product are smooth (i.e., their coefficients (aij), (bs¢) are smooth functions), the
result is smooth again. Because the factors of the matrix product resulting in C(py, ..., px)
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are smooth parameterized 1-qubit operators and smooth CNOTs (see Note 2 and Note 3),
C(p1,...,px) is smooth.

Let (Uij(p1, ..., pr))ij be the matrix representation of C(py,...,px). We choose an
arbitrary but fixed initial state |1) =|iy,...,1,) € H". Then the productU(py,...,px) |t) =
(Ui (P1,---,px) - 1j)i is smooth, i.e., the components of the resulting vector are smooth.
This finally proves:

Lemma 1. Let C:P — U(n) be a parameterized quantum circuit with matrix representation
(Uij(p1,- .., pr)) and let |1) € S"~1 be a fixed initial state. Then, both maps Q¢ : P — U(n) with
(p1,--- pk) = C(p1,--., px) aswell as A : P — S"= 1 with (py,...,px) — U(p1, -, x) 1)
are smooth.

Figure 6 summarizes the ingredients of a parameterized quantum circuit: The circuit
has an associated parameter space IP. The parameterized quantum circuit C itself assigns to
each parameter tuple (py, ..., px) € P a unitary operator C(py, ..., px) € U(n) (we do not
distinguish between the circuit C and its matrix representation ¢/). This unitary operator
transforms an initial state |¢) € S"~! into another state C(py,...,px)|1) € S"~L. Thus,
a parameterized quantum circuit C induces a smooth map A : P — S"~! that maps its
parameter space P into the unit sphere S" 1.

, *
ol (g(pl""’pk)ll> y

N/

In addition, an argument from practice can be used to see that a typical parameterized

Sn—l

Figure 6. Parameterized Quantum Circuit as a Smooth Map.

3.2. Differentiability in Practice

quantum circuit of a variational quantum algorithm is smooth. This is because often
(see [2,19]), a typical circuit has the format

C:P — U(n)
k i H, 5
(P1,-- -, Px) H],Ijle P, ©

with a set of fixed unitary operators { W;} and Hermitian operators {H;}, i.e., e #/iis a
rotation of angle p; generated by H;. The latter rotations are smooth, their product with a
constant matrix is smooth, and, thus, the overall product is smooth. The parameter space [P
in this case is a Cartesian product of connected intervals in R which are the domains of the
corresponding angles p;.

3.3. Differentiability on Parameter Spaces

By now we have not commented on the structure of a parameter space IP (except for
the special case of Section 3.2). Typically, a parameter space is not an arbitrary set in R but
it is assumed to have suitable properties. Especially, P must support the notion of maps
that are differentiable on P as their domain (see Section 4.4). For example, for arbitrary sets
PC RFa map f: P — R" is differentiable, iff a function F: U — R" with P C U Copen Rk
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exists that is differentiable in the ordinary sense and that fulfills F |p = f, i.e., F restricted to
P is identical to f (in this case, F is called a differentiable extension of f)—see Definition 5.

As another example, if P is a differentiable manifold (with or without boundary),
differentiability is defined in every point x € P by means of an appropriate chart around x
(see Section 4.4 and [23]).

In circuits like the ones in Equation (5), IP is a Cartesian product of open intervals.
This can slightly be generalized as follows (see Section 4.2): P = Py x ... x P, C R¥ with
P; Cms R being a connected manifold (with or without boundary) of dimension one,
dimP; = 1. Such a manifold PP; is an open, closed, or semi-closed interval. Thus, P is a
hypercube where some of its faces may belong to the hypercube; note that not all of the
intervals P; may include boundary points to avoid singularities—see Section 4.3. Thus, in
general, P is a manifold with boundary (Section 4.2).

4. Facts from (Differential) Topology

In this Section, we prove that two points in a connected topological space are connected
by an open chain (Lemma 2). The definition of manifolds with boundaries is given, as
well as the differentiability of maps. The concept of singularities is presented (Section 3.3).
Differentiability of maps, their differentials, and properties of maps of constant rank are
summarized. Also, we remind the rank theorem, which implies that immersions are locally
injective, and we remind a condition under which injective immersions are embeddings.
Submanifolds are introduced, and their properties are discussed. Section 4.8 introduces
the volume form on manifolds as well as the Haar measure; this allows us to present
in Section 4.8.7 more details about the “unitary approach” (as sketched informally in
Section 2.3.1).

4.1. A Property of Connected Spaces

In this Section, we remind the notion of connectedness of a topological space (refer
to the textbook [35] for details). We prove a property of connected spaces (Lemma 2)
that we need later and that we did not find in the English literature (but in the German
textbook [36]).

Definition 2. A topological space X is called connected if for two non-empty open sets O1, Oz Copen
X, 01 # &, 0y # @ with X = O U Oy it follows that O1 N Oy # .

In other words, a topological space is connected if it cannot be split into two disjoint,
non-empty open sets. The following is well-known (e.g., [35], Proposition 9.8):

Note 4. Let X be a connected topological space and let Z C X be both, open and closed. Then
Z=gorZ =X

Definition 3. A family of open sets U = {U;}icr, Ui Copen X with Ujep U; = X is called an
open cover of X.

The proof of the following lemma is from [36].

Lemma 2. Let X be a topological space. X is connected <> For each open cover U of X and two
points a,b € X there are {Uy, ..., U, } C U with:

(i) acly,ad¢Ufori#l

(i) bel,b¢Ufori#n

(iii) Uiﬂu]'#@<:>|l.—]"§1
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An open cover U with the properties (i), (ii), and (iii) for each pair of points a4,b € X is
called an open chain connecting the points a,b € X (see Figure 7).

SVAY O

Figure 7. Chain of Open Sets Connecting Two Points.

Proof. “<" Let X be disconnected. We must show that there is an open cover of X that
does not satisfy conditions (i), (ii), and (iii). Because X is not connected, we find open sets
01,02 Sopen X with Oy # 3,00 # 3,00N0, = &, and O UO, = X. Choose a € O and
b € O,. The open cover U = {O1,0,} satisfies (i) and (ii) but not (iii).

“=" Let U be an open cover of X. Two points a,b € X are called I/-connected (in
symbols a ~ D) if there exists {Uj, ..., U, } C U with the properties (i), (ii), and (iii).

Then, “~” is an equivalence relation: reflexivity and symmetry are obvious. Tran-
sitivity is seen as follows: for a,b,c € X witha ~ b and b ~ c choose a chain of open
sets {Uj,...,U,} C U connecting a,b and choose a chain of open sets {V3,...,V,,} CU
connecting b, c.

Setr == min{i € {1,...,n} | N <j<m:U;NV;# @} ands = max{j € {1,...,m} | U,NV; # &}
Then, {Uy,...,U;, Vs, ..., Vi} C U is a chain of open sets with properties (i), (ii), (iii) con-
necting a, ¢,i.e., a ~ c.

Let [x] C X be a ~-equivalence class. If we show that [x] = X then we are done.
For y € [x] and a chain of open sets {Uj, ..., U, } € U connecting x, y it is U, Copen X by
definition, and it is U,, C [x] because each z € Uy, is U-connected with x. Thus, [x] Copen X.
This implies that X \ [x] = Uy¢[x][Y] Copen X, thus [x] Ceosed X-

Thus, [x] C X is open and closed in X, but [x] # @. Note 4 before implies [x] = X. [

4.2. Differentiable Manifolds

The definition of a manifold with boundaries is given (the seminal textbook [37]
provides many details and proofs, and [23] is a more modern treatment of the sub-
ject). For this purpose, we need the definition of the n-dimensional real half-space
R" := {x € R"|x, > 0};itis OR". = {x € R"|x, = 0} = R""! the boundary of R"..

Note that in the context of differentiable manifolds, topological spaces are considered
to be Hausdorff spaces and second countable. A Hausdorff space requires that any two
different points of the space have disjoint neighborhoods; the set of all neighborhoods
of a point p is denoted by &l,,. A space is second countable if it has a countable basis, i.e.,
every open set of the space is the union of a subset of the basis. See [38] for the detailed
definitions of these terms.

Definition 4. Let M be a Hausdorff and second countable topological space. If for each point
x € M there exists an open neighborhood U C M and a homeomorphism ¢ : U — @(U) Copen R,
then M is called a topological manifold with boundary of dimension n (in symbol: dimM = n ). The
pair (U, @) is called a chart of M around x. A set of charts A = {(U;, ¢;)|i € I} with U;jc; U; = M
is called an atlas of M.

A point x € Mwith ¢(U) Copen R™ is called interior point, and a point x € M with ¢(x) €
oR"} is called boundary point. The set of boundary points of M is called the boundary of M, denoted
by oM.

For two intersecting charts (Uy, ¢;), (Uj, ¢;) € 2, ie., charts with U; N U; # & the
map @; o q)]fl @i (U;NUj) — @i (U; N Uj) is called the transition function between the charts.
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M is called a differentiable manifold of class C" ( C"-manifold for short) if all transition
functions are differentiable of class C” ; the corresponding atlas U is called C"-atlas. For r = oo, the
manifold (and the atlas) is called smooth.

In Figure 8 p and g are interior points while 7 is a boundary point.

Figure 8. Charts and Transition Functions of a Differentiable Manifold With Boundary.

Textbooks on differential topology (e.g., [23]) or on differential geometry (e.g., [39])
contain many examples of differentiable manifolds as well as corresponding atlases. Stan-
dard examples include n-dimensional spheres in the (n + 1)-dimensional Euclidean space
R", a torus, graphs of differentiable functions (see Lemma 9), which then include curves
and surfaces in R3. Especially, the Euclidean space R" is a differentiable manifold (see next).

A C"-manifold may have several C"-atlases. For example, both, 2; = { (Rk, id) }
as well as 2, = {(Rk id), (Rk id)} are C"-atlases (for any r) of Rk, and so is

x>—17 x <1’
20 U2, In general, wflen adding a kchart (U, ¢) to a given C-atlas 2 and the resulting
atlas AU {(U, ¢)} is again a C"-atlas, (U, ¢) is said to be compatible with 2. Adding all
compatible charts to 2 results in the (unique) maximal atlas 2 (that contains 2/). A maximal
C'-atlas is called a C"-differentiable structure of the corresponding manifold. Any C"-atlas 2
determines a unique C’-differentiable structure (see [23], Proposition 1.17). Thus, we can
assume that the atlases of a manifold are differentiable structures.

The following is often used, and its proof can be found in [37].

Lemma 3. Let M be a C"-manifold with boundary, dimM = n. Then, OM C jys0q M and oM is
a C"-manifold without boundary, dimoM = n — 1.

Also, it is well-known that any open subset of a manifold is again a manifold:

Note 5. (a) RF is a smooth manifold without boundary.
(b) For a C"-manifold M any open subset S Copen M is a C"-manifold.
(c) The interior M ~. 0M of a manifold with boundary is a manifold without boundary.

Proof. (a) A = {(RX,id)} is a smooth atlas that shows that R* is a manifold without
a boundary.
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(b) If (U, @) is a chart of M around x € S, then x € UN S and ¢|yns is a homeo-
morphism. Thus, (UNS, ¢|yns) is a chart of S around x. Also, restrictions of transition
functions are of the same differentiability class as the original functions.

(c) Itis M\ OM Copen M and, thus, the claim follows from (b). [

There are several ways in which manifolds can be constructed from existing manifolds,
e.g., by building their sums, quotients, and products (see [23]). In our context, the product
of manifolds is of interest: if {Mj,..., My} are C"-manifolds (without boundary) and
dimM; = n;, then their Cartesian product M; x ... X My is another C"-manifold (without
boundary). For example,

e The unit sphere S! C R? is a smooth manifold. Thus, T" := S! x - - - x S! (the product
of n copies of S') is a new smooth manifold called an n-dimensional torus.

e Anopen interval |a;, b; [gopm R (for 1 <i < n) is a smooth manifold. Thus, the open
n-dimensional cuboid Q" :=]ay, by[Xx - - - X]an, by[C R" is a smooth manifold.

For manifolds with boundaries, building their products is a bit less straightforward.
In general, there is an extensive theory behind this (see [40]). In our context, the following
facts suffice:

1.  Let {My,...,M;} be C" -manifolds (without boundary), dimM; = n;, and let
N be a C'-manifold with boundary, dimN = n. Then, M; X -+ x My X N is
a manifold with boundary, dim(M; x --- X My x N) = nj + --- + nx + n, and
d(My X -+ X Mg x N) = Mj x -+ x Mg x N (see [23], Proposition 1.45).

2. Thus, with ]a;, b;[Copen R for 1 < i < n and [a,b] Cpsea R, the product
Q:=lay, by[x - X]an, by [x[a,b] CR"™ is a manifold with boundary
90Q =lay, bi[x - - - X]ay, by[x{a}U)ay, by[x - - - X]ay, by[x{b} (for an example, see

Figure 9).
d I -------------- I
c O N
L b

Figure 9. A Product Manifold Q With Boundary.

4.3. Singularities

In Figure 9, the boundary of the manifold Q consists of the left and right edges without
their endpoints. This is an implication of the fact that a boundary of a manifold with
boundary is a manifold without boundary (see Lemma 3). If the endpoints of the left or
right edges were included, they would become the boundary of the manifolds consisting of
the left or right edges: contradiction.

This is a general phenomenon: manifolds exclude singularities, i.e., non-differentiable
structures. A vertex of a rectangle is an example of such a singularity: Part (a) in Figure 10
depicts the rectangle Q and one of its vertices x. Part (b) focuses on a neighborhood of x in
Q. Finally, part (c) extracts the boundary of this neighborhood, moves x to the origin, and
rotates the boundary by 45°; movements and rotations are smooth maps, i.e., the resulting
graph in (c) is diffeomorphic to the part of the boundary in (b). Obviously, the graph in (c)
is the graph of the absolute function. Assume that there is a chart (U, ¢) of the boundary
around x with ¢(x) = 0. Then ¢ is a diffeomorphism (see Note 6 below); thus, ¢! is
differentiable, but (p’l is the absolute function, which is known to be not differentiable
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at 0. This contradiction shows that x is a singularity, i.e., vertices must not be part of a
rectangular “shape” in order to be a manifold.

o
. L
! : :

Figure 10. Vertices in Rectangles are Singularities.

Many other kinds of singularities exist. For example (see Figure 11): Part (a) of
the figure shows a “cusp”, which is a curve that is not differentiable at the point x. An
intersection at point y in part (b) is not differentiable. Also, an edge of a cuboid (see part (c)
of the figure) consists of nodes, each of which is a singularity.

@

(®) ©
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Figure 11. More Singularities.

The intersection point in part (b) is already a topological singularity; i.e., no reference
to differentiability is needed to recognize this: Any point different from y is contained in a
neighborhood that is homeomorphic to an open interval in R. Thus, if a chart (U, ¢) around
y would exist, U could be chosen to be connected. Then, ¢(U) C R is connected. U ~\ {y}
consists of four connected components. Deleting a single point from a connected subset
of the real line results in two connected components, i.e., ¢(U) ~ {¢(v)} = ¢(U ~ {y})
consists of two connected components—a contradiction because ¢(U ~ {y}) consists of
four connected components.

Many of the results achieved in differential topology of manifolds are not valid in
the presence of singularities. This is why special care must be taken when claiming that
geometric objects are manifolds (with or without boundary): it must be proven that they are
manifolds to avoid singularities. Singularities are extensively studied (see [41,42], or [43]
for example).

4.4. Differentiable Maps

In Figure 8, x(W) is not an open set in R"; thus, the ordinary definition of differentia-
bility (that is typically defined for open sets) does not apply. Consequently, the notion of
differentiability is extended to functions with a domain that is an arbitrary subset of R".

Definition 5. Let A C R" be an arbitrary set and let f: A — R* be a map. f is called
differentiable of class C, iffamap F : U — Rk with A C U Copen R" exists that is differentiable
of class C" in the ordinary sense and that fulfills F| 4 = f, i.e., F restricted to A is identical to f. F is
called a differentiable C"-extension of f.

2 is a C®-map with F: R — R?,x — x? being a

For example, f:[0,1] — R2, x s x
differentiable C*-extension of f.
Based on this definition, we can define differentiable maps between manifolds (see

also Figure 12):
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Figure 12. Differentiability of a Map Between Differentiable Manifolds.

Definition 6. Let M and N be two C"-manifolds (with or without boundary) with dimM = n
and dimN = k. Amap f: M — N is said to be differentiable of class C", iff for every p € M there
exist a chart (U, ¢) of M around p and a chart (V, ) of N around f(p) with f(U) C V, such
that o fo el :(U) — ¢(V) is differentiable of class C".

Recall that R is a manifold with the atlas A = { (]Rk, id) } Thus, the definition before

covers the definition of differentiability of maps f : M — RF.
Maps that maintain the differentiable structure of manifolds are of special interest:

Definition 7. Let M and N be two C'-manifolds. A map f: M — N is said to be a C'-
diffeomorphism iff f is differentiable of class C’, is bijective, and has an inverse that is also
differentiable of class C". Furthermore, the manifolds M and N are called C"-diffeomorphic.

For example, f:R — R2 x+ x> is a C*®-map. According to Lemma 9, N =

{(x,y) | y = x*} is a C*-manifold and so is R as a Euclidean space. f : R — N is bijective
with ¢: N = R, (x,y) — x as inverse map, and g is also of class C*. Thus, f : R — N is
a C*-diffeomorphism.

Diffeomorphic manifolds cannot be distinguished based on differential topological
properties. A diffeomorphism in differential topology plays the same role as homeomor-
phisms in general topology or isomorphisms in algebra.

Next, we show that a chart is a diffeomorphism; this is a well-known fact but the proof
is instructive:

Note 6. Let M be C"-manifold (with or without boundary) with atlas A and let (U, x) € A bea
chart. Then, x : U — x(U) is a C"-diffeomorphism.

Proof. First, we have to show that x is of class C’; i.e., we have to show that
poxoe (W) — (V) is of class C" for a chart (W, ¢) of M and a chart (V,¢) of
RK. Choose (W, @) = (U, x) as a chart of M and (V,¢) = (Rk, id) as a chart of R¥. Then
poxoe ' =idoyox ' =id: x(U) — R¥, which is of class C".

X is a homeomorphism, i.e., x is bijective. Similar to before it is seen that x ! is of
class C". [J
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The general question is about the relevance of the differentiability class C". A famous
theorem by Whitney [44] proves that studying C*-manifolds suffice (a detailed proof of
this theorem can be found in [37], 2-2.10). Because of this theorem, the restriction to smooth
manifolds (i.e., C*°-manifolds) is justified:

Theorem 1. Let 1 < r < oo. Then: Every C"-manifold is C"-diffeomorphic to a C*-manifold.

4.5. Differential of a Map

A point p € M of a differentiable manifold M (with or without boundary) is associated
with its tangent space T, M (see Figure 13). This tangent space can be imagined as the set of
all tangent vectors to M through p; the precise definition is much more subtle and complex
(see [23], chapter 3) but for our purpose this descriptive idea suffices.

Figure 13. Tangent space and Differential.

T,M is a vector space, and if M has dimension m it is dimT,M = m ([23]
Proposition 3.12). The disjoint union of the tangent spaces of all points p € M is referred
to as tangent bundle TM of M: TM = W),cpy Ty M. With dimM = m, TM is a differentiable
manifold with dimTM = 2m ([23] Proposition 3.18).

If f: M — N is a differentiable map between two differentiable manifolds, then the
differential dfy of f at p € M is a linear map dfp : T,M — Ty(,)N (see Figure 13). As before,
the precise definition is quite complex ([23], chapter 3), but, again, a vague intuition suffices
for our purpose, especially because the differential df,, corresponds to the Jacobian matrix
of f ([23], p. 61 ff). We will need the latter representation of the differential of a map because
it allows us to compute the rank of the differential as the rank of the Jacobian matrix.

In case M = R" and N = R" are “just” Euclidean spaces, M and N are smooth
manifolds (see Note 5a), and their tangent spaces are the very same Euclidean spaces, i.e.,
T;R™ = R™ and T;R" = R" for any points x € R" and y € R" ([23] proposition 3.13).
The differential dfy : TyM — Tf(,)N of amap f: M — N becomes the total derivative
Df(p) = (3fi(p)/9x;) ([23] proposition C.3); thus, for v € T,M itis df,(v) = Df (p)(v) =
Dy, f(p) where D, f(p) is the directional derivative of f in the direction v.

For example, f : R* = R?, (x,y) — (x%,y) isa C®-map. Its differential df(, ) : R* — R?

2x

. 0 L 0
isdfi,,) = <O 3y2>. For (0,1) € T(xly)]Rz itisdf(,,) <1> (O 32 > ( ) ( )

4.6. Maps of Constant Rank

For each linear map L:V — W between vector spaces V and W the rank of L is
defined as the dimension of the image of L, i.e., rank L := dim img L. Note that in practice,
the rank of a linear map is determined as the number of linear independent columns
of the matrix representing the map L (see [34], Section 5.3, for more details). Since the
image of L is a subspace of W, it is always rank L < dim W. According to the Dimension
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Formula of Linear Algebra (see [34] Theorem 10.9) it is rank L 4 dim kerL = dim V; thus,
rank L = dim V — dim kerL. < dimV. This proves the following:

Note 7. Let L:V — W be a linear map. Then: rank L < min{dim V,dim W}.

The rank of differentiable maps f : M — N in p € M is the rank of the linear map df,.
It is key to the study of local and global properties of differentiable functions f.

Definition 8. Let f: M — N be a differentiable map between the two differentiable manifolds
M and N. The rank of f at p € M is the rank of its differential dfy : TyM — T, N, in sym-
bols ranky f. If f has the same rank r at every point p € M then f is said to have constant rank, in
symbols rankf = r.

According to the end of Section 4.5, the map f : R? — R?, (x,y) — (x?,1°) has the

differential df, ) = <2(;C 332) With df, ) = (25 332> itis dfgg) = (8 8), ie,
it is rankgg)f = 0. For (x,y) # (0,0) itis 2x # 0 and 3y2 # 0, ie., rank () f = 2.
And for x = Obuty # 0is 2x = 0 and 3y> # 0, i.e, rank(, f = 1. For (v,y) € U :=
{(x,y) | x>0AYy >0} Copen R? is rank. \f = 2,i.e., f has a constant rank on U.

Since dfy : TyM — Tf(,)N is linear, it is rank,f < min{dimM,dimN} (see Note 7
before). In case rank,f = min{dimM,dimN}, f is said to have full rank at p and just full
rank if it has full rank at every point of M. Maps of full rank have special names:

Definition 9. Let f : M — N be a differentiable map between the two differentiable manifolds
M and N. f is called an immersion in case rankf = dimM, i.e., dfy is injective. f is called a
submersion in case rankf = dimN, i.e., df, is surjective.

In our context, immersions are of special interest. Thus, give some geometric intuition
of an immersion, which is helpful in what follows. Remember that the differentiability of
a map f at a point p means that it can be locally approximated by a linear map, i.e., by
its differential dfy: for points x close to p itis f(x) = f(p) + dfy - x. Thus, the properties
of the differential approximate locally properties of the map. Injectivity of the linear map
dfp means that it maintains the independence of “all directions” in T, M when mapping
to T¢(,)N: no two different vectors are “smashed” together. For the corresponding map f
this translates into the fact that f does not “fold” or “collapse” parts of a neighborhood of
the point p. Since an immersion f has a constant rank, which means that f transforms a
neighborhood of each point p somehow “faithful”, not introducing any “crushing”.

An often-used well-known property is that the rank of a map can locally not decrease:

Lemmad. Let f: M — N, p € Mand rank,f = k. Then there is a neighborhood U € 1, such
that ranky f > k for each x € U.

Proof. It is rankdf, = k; thus, there is k x k-submatrix A(p) of df, with detA(p) # 0.

W.l.0.g. this submatrix is
of
Alp) = <af(r7)>
] 1<i,j<k

A:M—>]R,x»—>det<§ﬁ(x)) .
X 1<i,j<k

Next, define the map
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According to the Leibniz formula from linear algebra it is

k :
A(x) =detdfy =) <Sgn(g) dofi (x)),

7ES; i—19%a i)

i.e., Ais continuous (even differentiable) because f is differentiable and the Leibniz formula
is a polynomial. Thus, with A(p) = detA(p) # 0 thereis an U € 4, such that A(x) # 0 for
each x € U. Consequently, ranky f > k for each x € U. O

Although the rank of a map can locally not decrease, it may increase. For example, for

o 0 2x 0 0
flx,y) = (y, x2 -+ y) itis df(x’y) = (1 ) ) . Thus, df(0,0) = <1 l) and m”k(0,0)f =1.
0 2
1 1
the rank is already maximal, it is locally constant since it cannot decrease locally; this proves:

Arbitrary close to (0,0) itis df(gls) = ,ie., fore > 0itis rank( )f = 2. However, if

I3

Lemma5. Let f: M — N beof full rank at p € M. Then it is of full rank in a neighborhood U € U,.
This has an important well-known implication:

Corollary 1. Let M, N be two dif ferentiable manifolds and f : M — N a differentiable map. Then:

a.  If dfy is surjective, then there exists a U € L, such that f|y is a submersion.
b.  If dfy is injective, then there exists a U € L, such that f|y is an immersion.

Proof. (a) By assumption df, is surjective, i.e., by definition rank,f = dimN. But
rank, f < min{dimM,dimN} implies that dimN < min{dimM,dimN}. Thus, dimN =
min{dimM, dimN} because dimN < min{dimM, dimN } would be a contradiction. Conse-
quently, rank, f = min{dimM, dimN } which shows that f is of full rank. The lemma before
proves the claim. (b) is proven the same way. [J

The next theorem (whose proof can be found in [23], Theorem 4.5) shows that in
case the differential is bijective at a point of a manifold without boundary the map is a
local diffeomorphism around that point. Note, that the precondition that the manifold
must have no boundary is essential here: The inclusion ¢: R’} — R" is corresponding
counter-example.

Theorem 2 (Inverse Function Theorem). Let M, N be two differentiable manifolds without
boundary and f : M — N a differentiable map. If df, is bijective there are U € Ly and V €
8¢y such that fly : U — V is a diffeomorphism.

In the theorem before the conditions that both manifolds must have no boundary
can be weakened: the codomain N may have a boundary but the image of f must be
in the interior of the codomain, i.e., f(M) € N \ dN; the reason is that N \. 0N Copen
N is a submanifold without boundary (see Note 5c), i.e., the original inverse function
theorem applies.

Special kinds of immersions play an important role:

Definition 10. Let f : M — N be a differentiable map between the two differentiable manifolds M
and N. f is called an embedding iff f is an immersion and f : M — f(M) is a homeomorphism
onto f(M) C N in the subspace topology.
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The map f:R — R?, x — (x3,0) is a homeomorphism, f is smooth, but because of
dfo =0, f is not an immersion, thus, no embedding. Thus, not every smooth homeomor-
phism is automatically an embedding. However, under the following condition injective
immersions are already embeddings (the proof can be found in [23], Proposition 4.22):

Lemma 6. Let f: M — N be an injective immersion, M and N be manifolds with or without
boundary. If any of the following holds, f is an embedding:

a.  Mis compact.
b. M has no boundary, and dimM = dimN.

The following theorem is the basis of many other theorems in differential topology
(see [45], Theorem 3.7.5):

Theorem 3 (Rank Theorem). Let M, N be two differentiable manifolds and f: M — N a
differentiable map. Let p € M, q := f(p) € N and let U € 4, be a neighborhood
of p such that for each x € U it is rankyf = r (i.e., f has constant rank in U ). Then there
is a chart for M around p and a chart for N around q, such that f has in these charts the

form f(x1,..., %, Xp41, -+, Xm) = (X1,...,%,0,...,0).
Several key well-known properties of maps are inherited by their composition:

Note 8. Let L, M, N be differentiable manifolds, and let f : L — M and g: M — N be maps. Then:

If f and g are injective or surjective or bijective then g o f is injective or surjective or bijective.
If f and g are immersions then g o f is an immersion.

If f and g are continuous then g o f is continuous.

If f and g are homeomorphisms then g o f is a homeomorphism.

S R0 SR

If f and g are embeddings then g o f is an embedding.

Proof. (a) g(f(x)) = g(f(y)) implies f(x) = f(y) because g is injective. Next, injectivity
of f implies x = y. This proves the injectivity of g o f.

f(L) = M and g(M) = N, thus, (go f)(L) = N.This proves the surjectivity of g o f.
Together, this proves the bijectivity of g o f.

(b) df and dg are injective. According to the chainruleitisd(go f) = dgodf,i.e., part
(a) shows that d(g o f) is injective. Thus, g o f is an immersion,

(c) Let O C N be open. Because g is continuous, ¢~ !(O) C M is open. Because
f is continuous, f~1(g71(0)) C L is open. With f1og™! = (go f)~! it follows that
(§of)"}(O) C L is open. Thus, g o f is continuous.

(d) f and g are bijective, so is g o f (see part (a)). f and g are continuous, sois go f
(see part (c)). ! and g~ ! are continuous, sois (go f)! = f~1 o ¢! (see part (c)). Thus,
g o f is a homeomorphism.

(e) f and g are embeddings, i.e., both are immersions as well as homeomorphisms.
Because of part (b) g o f is an immersion, and because of part (d) g o f is a homeomorphism.
Thus, g o f is an embedding. [J

4.7. Submanifolds

It is important to note that the definition of a manifold is completely independent of
any surrounding space like a Euclidean space. In this sense, manifolds are abstract entities.
Their concept has been introduced by Bernhard Riemann in 1854 (published 1868 [46]). It
generalizes objects like curves and surfaces that had been studied before that time. The
latter are entities within a Euclidian space. Thus, it is natural to ask whether any (abstract)
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manifold is “equivalent” (also known as. “diffeomorphic”) to a corresponding entity in a
Euclidean space: this has been proven by Hassler Whitney in 1936 [44]. In this section, we
summarize the corresponding concepts and results as relevant in our context.

A manifold maybe contained in another manifold (see Figure 14).

Rn—k
A

Figure 14. A Chart of an Embedded Submanifold.

Definition 11. Let M be differentiable C"-manifold, dimM = n and let S C M be a subset
of M . S is called an embedded submanifold of M of dimension k (or of codimension n — k,
respectively) and class C" if for any point p € S there is a chart (U, ¢) of M around p such
that p(UN S) = @(U) N (Rk x {0}).

Sometimes, embedded submanifolds are also called reqular submanifolds. Figure 14 depicts
the situation. If % = {(U;, ¢;)|i € I} is an atlas of M then | := {(U; N S, ¢;|uns)|i € 1} is
an atlas of S. Note that the latter assumes that S is a topological subspace of M, i.e., the
topology of S is the subspace topology. This will become important soon.

Especially, since 2| is an atlas of S, S is a C"-manifold in itself:

Note 9. Every embedded submanifold S of class C" and dimension k is a C"-manifold with dimS = k.

The following lemma motivates the name “embedded” submanifold (see [47], Theorem 11.14
for a proof):

Lemma 7. Let M be differentiable C"-manifold, and let S C M be an embedded submanifold of M.
Then, the inclusion 1 : S — M is a C"-embedding (and, thus, by definition an immersion).

Vice versa, the name “embedding” of a map is justified by the following lemma
(see [47], Theorem 11.13 for a proof):

Lemma 8. Let M and S be differentiable C"-manifolds, and let f : S — M be a C"-embedding.
Then, the image f(S) C M is an embedded submanifold of M.

A two-dimensional surface is an example of a manifold embedded in the three-
dimensional Euclidian space. In general, graphs of differentiable functions are examples of
such surfaces. The following lemma and definition generalizes the corresponding situation
(see [23], Proposition 5.4):

Lemma and Definition 9. Let M and N be C"-manifolds ( N with or without boundary), dimM =
mand dimN =n, U Copen Mand f: U — N be of class C". Then the graph T'(f) € M x N is
an embedded C"-manifold of dimension m without boundary.

Here, the graph of f is defined asT(f) := {(x,y) e M x N|x e UNy = f(x)}.

The Euclidean space R" is a manifold, so its embedded submanifolds are of interest.
The following is an often-used mechanism to produce embedded submanifolds in R":
For U Copen R and a C’-differentiable map f : U — R™ the graph I'(f) C RF x R™ is an
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embedded C"-manifold of dimension k without boundary (according to the lemma just
before). If f: U C R"~! — R is of class C', the graph I'(f) is a hypersurface in R", i.e., a
C’-manifold of dimension n — 1 (see Figure 15); obviously, this generalizes the notion of a
surface in R3.

RM

Figure 15. The Graph of a Map as Manifold.

Another important means to obtain embedded submanifolds is via so-called level-sets
and regular values:

Definition 12. Let f : M — N be a C"-map.

a. For any point g € N the set f~1(q) is called a level-set of f.

b. A point p € M is called a regular point if df, is surjective ( p is called a critical
point otherwise).

c. q € N is called a regular value if each point of f~1(q) is a reqular point ( q is called critical
value otherwise).

d. If q € N is a reqular value the level-set f~1(q) is called a reqular level-set.

Obviously, each point of M is a critical point if dimM < dimN (df, cannot be surjective
in this case). Any regular level set is a C"-manifold (see [23], Corollary 5.14):

Lemma 10. Let M and N be C"-manifolds, and f: M — N be of class C". Then, any reqular
level-set f~1(q) C M is an embedded submanifold of M with dimf~'(q) = dimM — dimN.

In Figure 16, f~1(c1), f~'(c2), and f~!(c3) are three level-sets of the differentiable
map f. Assuming that both ¢; and c, are regular values, the two level sets f~!(c1) and
f~Y(cp) are embedded submanifolds (the first one diffeomorphic to a circle, the second
one diffeomorphic to two disjoint circles) of M of dimension 1 because of dimM = 2 and
dimN = 1. But f ~1(c3) is not an embedded submanifold because it has the shape of an “8”,
i.e., it contains a singularity in the form of a self-intersection (see Section 4.3). This implies
that c3 is a critical value.

Figure 16. Level-Sets of a Differentiable Map.
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The lemma before allows us to prove that the set of unitary transformations of a
complex vector space is a manifold:

Lemma 11. U(n) is a smooth compact connected manifold (even an embedded submanifold)
with dimpU(n) = n*>.U(n) is even a Lie-group.

Proof. Itis U(n) = {A € GL(n,C) | A*A =1}, and GL(n,C) = C" = R?"; thus, it is
U(n) C R?". Define f: R*" = GL(n,C) — GL(n,C) = R?" by A — A*A; f is differen-
tiable because building the conjugate transpose of a matrix is differentiable, and the multi-
plication of two matrices is differentiable too. The differential of fisdfs (V) = A*V + V*A
(see Appendix A).

Let H(n) = {A € GL(n,C) | A = A*} be the set of all Hermitian matrices. H(n) is a
R-vector space of dimension n? ([34] Lemma 13.15). Thus, H() is a smooth manifold of
dimension n2.

Because f(B)* = (B*B)* = B*(B*)* = B*B = f(B) for each B € GL(n,C), it is
f(GL(n,C)) C H(n), i.e., fis,infact,amap f: GL(n,C) — H(n) (and f is differentiable).

Next, we show that any unitary map A € U(n) is aregular pointof f : GL(n,C) — H(n),
i.e., that the differential df is surjective for each A € U(n):

Choose an arbitrary B € H(n) and define W := JAB € GL(n,C). Then, df4(W) =

IA"AB+1B"A"A Wip + 1B 1= 1B+ 1B @ 1p + 1B = B (hereby, (1) is because

A"A =1 and (2) because B* = B).

Now itis f~1(I) = U(n); thus, I € H(n) is a regular value and U(n) = f~1(I) is a
regular level set. Consequently, U (#) is an embedded submanifold (Lemma 10), and, thus, a
manifold itself (Note 9); furthermore, dimU(n) = dimf~1(I) = dimGL(n,C) — dimH(n) =
2n? —n? = n?.

Next, we prove compactness.

(@) f:GL(n,C) — GL(n,C) with A — A*A is especially continuous. Now, U(n) =
f~1(I), {I} € GL(n,C) is a closed set, and pre-images of closed sets under continuous
maps are closed, i.e., U(1) Cjpsed R27,

(b) Next, A*A = [ means especially that the columns of A = (aij) are unit vectors,

ie., Y a,-]-l2 =1 foreach1 < j < n. Thus, aijlz <1 foralll <i,j < n. This implies

that || A ||>= Pie1 ai]-l2 < n? for each A € U(n), i.e., U(n) is bounded in R2%_ Thus,

according to the theorem of Heine-Borel, U(n) is compact in R2"* = GL(n,C).

Finally, we prove connectedness.

Le A € U(n). Then, A is diagonalizable, i.e., there exists a unitary matrix T
such that A = Tdiag(ei‘Pl,n-,e"‘l””)Te ([34] Theorem 18.13). Let 0 < t < 1; then,
Ay = Tdiag(e'*#1,- - - ,e'¥)T" € U(n) (because A,B € U(n) = AB € U(n)). Itis Ag =1
and A} = A, i.e, there is a path from the identity matrix I to A. Thus, any two unitary
matrices can be connected by a path (e.g., via I): U(n) is path-connected. Since every
path-connected topological space is connected ([35] Proposition 9.26), U(n) is connected.

U(n) is a Lie group because matrix multiplication is a differentiable map - : U(n) x
U(n) — U(n), (ai]-) - (bst) = (Zj aijbjt) v and for two unitary matrices A, B € U(n) itis
(AB)(AB)* = ABB*A* = AIA* = ALY = I,ie, ABeU(n). O

Note that the condition “regular” is key in Lemma 10. Without that condition, any
closed subset of a manifold can be made the level set of a differentiable function (see [23],
Theorem 2.29 for a proof):
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Lemma 12. Let M be a differentiable C"-manifold, and let K C jys0q M be a closed subset of M.
Then there exists a C'-function f : M — R with f~1(0) = K.

In many practical situations, both, M and N are Euclidean spaces. For example,
with M = R""! and N = R, the map f:R""! = R, x »—>‘x 12 has the differential dfy, =
2(x1---xy) # 0for x # 0, ie., rankyf = 1 for x # 0; thus, dfy is surjective, except at
the origin. This implies that each ¢ # 0 € R is a regular value; according to the lemma
before, f~!(c) is a regular level-set for each ¢ # 0. Thus, f~!(c) = {x € Rt! |’x 12 = c}
is a sphere of dimension 7, especially the unit sphere S" = f~1(1) is an n-dimensional
embedded submanifold of R"*1.

There are important situations (e.g., in the context of Lie groups—see [48]) in which the
notion of a submanifold has to be generalized. Very roughly, any differentiable manifold
that is a subset of another differentiable manifold and is “properly situated” there is
considered a certain kind of a submanifold. More precisely,

Definition 13. Let M and N be C"-manifolds and f: N — M be an injective immersion of
class C". Then, the image f(N) C M is called an immersed submanifold of M.

For example, let f :] — 7, +71[— R?, x > (sin2x,sinx). Then, f is injective on the
open interval | — 7, +7[ (see Appendix B for more details). Also, f is an immersion
because dfy = (2cos2x,cosx) # 0, i.e., rankyf = 1 for x €] — r,+m[. Thus, f is an
injective C’-immersion, i.e., S := f(] — 7, +7[) € R? is an immersed submanifold (see
Figure 17). Furthermore, f:] — 7,+m[— S is also surjective, thus, bijective, but f is
not a homeomorphism because the image S Ccompact R? is compact with the subspace
topology (it is closed and bounded), | — 7r, +7t[C R is not compact, while compactness
is a topological invariant. Together, S C R? is an immersed submanifold, but S is not an
embedded submanifold of the manifold R?. Another argument supporting the latter: any
neighborhood of the origin of S contains a singularity, namely a shape like in Figure 11b.

1

fx) = (sin 2x, sin x)

1

Figure 17. An Injective Immersion That is No Topological Embedding.

According to Lemma 7, for any embedded submanifold S C M the inclusion
1:S— M is an embedding and, thus, an injective immersion, i.e., ((S) = S C M is
an immersed submanifold of M. This proves the following:

Lemma 13. Let M be a C"-manifold (with or without a boundary), S C M an embedded
submanifold. Then, S is an immersed submanifold.

The opposite is not true: the example before shows that an immersed submani-
fold is, in general, not an embedded submanifold. However, the following lemma ([23],
Proposition 5.21) gives two situations in which an immersed submanifold is already an
embedded submanifold:
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Lemma 14. Let M be a C"-manifold (with or without a boundary), S C M an immersed
submanifold. If dimS = dimM or if S Ccompact M then S is embedded.

Finally, we answer the question posed at the beginning of this section: Any compact
(abstract) manifold is diffeomorphic to an embedded submanifold of a Euclidean space of
high enough dimension—more precisely,

Theorem 4. Let r > 1 and let M be a compact C"-manifold with boundary. M can be embedded
into RA" 1 with 9M C 9RZ™ ! = {x € R¥"+1|xp,1 = 0}.

Again, this theorem is by Whitney [44], and a detailed proof can be found in [37]
(Theorem 1-4.3).

In summary, this section provided the necessary background of dimensional expres-
sivity as needed in Section 5. Before presenting the corresponding details, the next section
finally focuses on the unitary approach, giving a precise definition of the correspond-
ing notion of expressivity. This requires explaining first how volumes on manifolds can
be measured.

4.8. Volumes of Manifolds and the “Uniform Approach”

Section 2.3.1 motivated to define the expressivity of a variational quantum circuit by
the “volume” of Q¢ (P) in the unitary group U(n): vividly, the larger this volume, the
higher the likelihood that Q¢ (P) hits the solutions S(X) of a given problem X.

4.8.1. Linear Approximations

Here, we provide more details about the notion of “the volume” of a differentiable
manifold and especially how the notion of “volume” is related to the unitary group. For
this purpose, we first remember that a function f is called differentiable at a point x if it
can be approximated locally by a linear function:

fx+8) = flx) +Lg+o(l| ¢ []) (6)

Here, ¢ is a point in a small neighborhood of x, L is a linear function, and o(|| ¢ ||) is
the small error made when considering f(x) + L¢ as the value of f(x + ¢): in a small neigh-
borhood, the differentiable function f is nearly the linear function L. For a differentiable
function f: R — R this means that L is a real number and f(x) + L¢ is the tangent at x at
the graph of f; this tangent locally approximates the function f. Thus, the graph of f, i.e.,
the manifold I'(f) (see Lemma 9), is approximated by this tangent around (x, f(x)).

The idea of linear approximation can be used in arbitrary dimensions: in part (a) of
Figure 18, a basis vy, v; has been chosen for the tangent space T, M of the manifold M at
point p. The basis spans a parallelepiped Q := {a1v1 + 42021 < aq,a; < 1}. If we take
small vectors v1, vy the parallelepiped approximates the manifold M around p with a small
error, i.e., the manifold looks locally like a very small parallelepiped of the tangent space.

Applying this linear approximation to enough points py, ..., py of the manifold, i.e.,
if the manifold is “covered” by parallelepipeds, the manifold is turned into a linear ap-
proximation of the whole manifold: part (b) of Figure 18 depicts this for the upper part of
a manifold which looks like small parallelepipeds glued together (in the direction of the
tangent spaces).
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@@ | ®

Figure 18. Linear Approximation of a Differentiable Manifold.

4.8.2. Approximating Volumes

Such a linear approximation allows us to compute the approximate volume of the
manifold vol(M) by computing the volume of the parallelepipeds vol(Qp,) and summing
up their volumes:

k
vol(M) ~ Y _vol(Qp,) (7)
i=1

The volume of a parallelepiped is computed as follows: let 4, . .., v, be linear indepen-
dent vectors, and let Q := {}; 4;v;|1 < a1,4a,...,a, < 1} be the parallelepiped spanned
by these vectors. Then, from linear algebra, it is known that the volume vol(Q) of the
parallelepiped is

vol(Q) = |det(v1vy ... vy)| (8)
Define V := (v10; ... vy,) to be the matrix with columns vy, vy,...,0,. Then:
v0l(Q)2 = |det(V) 12 =det(V) - det(V)
= det(VT) - det(V)
=det(VT-V)

Thus,

vol(Q) = \/dEt(<Ui/Uj>)1§i,]§n )

4.8.3. Riemannian Manifolds and Volume Forms

Equation (9) reveals that computing the volume of a parallelepiped depends on a
scalar product. Consequently, we need a scalar product for every tangent space of the
manifold M.

Definition 14. Let M be a differentiable manifold, and let g be a function that associates with
each p € M a scalar product g, : TyM x T,M — R “in a differentiable manner”. Then, g is
called a Riemannian metric on M, and (M, g) is called a Riemannian manifold.

Note, that the phrase “in a differentiable manner” is left vague: a precise definition
would require to define differentiable vector fields which we do not need in this paper.
Also, the differentiability of g is not relevant in our context.
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Consequently, we assume that M is a Riemannian manifold; in fact, every differen-
tiable manifold is a Riemannian manifold ([39], Proposition 2.4). Then, the volume of a
parallelepiped Q, in T, M is as follows:

0ol (Qp) = \/det gp v”v]))l<1]<n (10)

With Equations (7) and (10) we can approximate the volume of a Riemannian manifold
M as follows:

k
vol (M Zvol Qp) = X;\/det(gp(vifvj))lgi,jsn (1)
1=

By choosing infinitesimal small parallelepipeds and correspondingly more and more
points from the manifold we perform a limit process. In analogy to the limit process that
defines the Riemannian integral we write very informally (and only conceptually) with

G= (8P(Uifvj))i,/:
vol(M / \/det(G (12)

The precise definitions behind this notion need a lot more concepts and machinery. The
most fundamental concept needed is that of a volume form dV that abstracts our informal
notation \/det(G)dx. In our context, the unitary group admits such a volume form:

Note 10. The unitary group U(n) admits a (unique) volume form dV .

Proof. Every differentiable manifold is a Riemannian manifold ([39], Proposition 2.4).
If a Riemannian manifold M is oriented then it admits a (unique) volume form dV ([39],
Proposition 2.41). According to Lemma 11, U(n) is a differentiable manifold, thus, it is a
Riemannian manifold also. Any Lie group is orientable ([49], Lemma 6). Since U(#n) is a
Lie group (Lemma 13) it admits a (unique) volume form. O

The volume form dV of a manifold is (in local coordinates) dV = /det(G dx it allows
(as Equation (12) indicates) us to compute the volume of M, namely vol (M) = |, vdV. It
also allows us to compute the integral of functions f, i.e., [,, fdV ([see 39], the discussion
following Proposition 2.41).

4.8.4. Haar Measure

Computing volumes is tight to differentiable manifolds, not applicable to other

“spaces”. For this purpose, the concept of a measure is introduced (see [50] for details)

that is more abstract than a volume but mimics its properties. Luckily, in our context, both
concepts are the same. This is roughly seen as follows:

Each open set W of a differentiable manifold M is a differentiable manifold by itself
(Note 5). Thus, the inclusion map ¢: W < M induces a Riemannian metric on W, and
vol(W) = [,,dV is defined. This in turn, defines a measure on the Borel sets B(M)
of M, where B(M) is the smallest o-algebra containing all open sets of M (refer to [50]
for details about Borel sets, measure spaces, and measures). This turns the manifold M
into a measure space (M, B(M),vol) ([51], Section 1.7). A measure is more general than
computing volumes via integrals.

As a Lie group, U(n) admits a left-invariant measure, the so-called Haar measure.
This measure is unique up to multiplication by a positive constant ([48], Theorem 3.1).
A compact Lie group admits a bi-invariant Riemannian metric ([52], Proposition 2.17),
which induces a bi-invariant volume form. Since the Haar measure is unique, we obtain
the following:
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Note 11. The volume form dV on a compact Lie group is the Haar measure.

Especially, since U(n) is a Lie group, instead of abstractly speaking of the measure of
a subset of a manifold, we can speak about its volume.

4.8.5. Volume of Submanifold

Having the ability to determine the volume of manifolds, the question of volumes of
submanifolds comes up.

Note 12. Let M be a manifold with volume element dV, and let N C M be an (embedded or
immersed) submanifold. If dimN < dimM then vol(N) = 0.

Proof. Let M, N be differentiable manifolds and let f : N — M be differentiable map.
If dimN < dimM then f(N) C M has measure zero ([23], Corollary 6.11). For an (em-
bedded or immersed) submanifold N of M the inclusion map ¢ : N — M is differentiable
(Lemma 7), i.e., if dimN < dimM then N has measure zero in M. [

This implies that any submanifold S of the unitary group U(n) with dimS < dimU(n)
has measure zero. Since measure and volume coincide it is vol(S) = 0 for dimS < dimU(n):

Note 13. Let S C U(n) be a submanifold, dimS < dimU(n). Then vol(S) = 0.

Thus, vol (Q¢ (P)) = 0in case dimQ¢ (P) < dimU(n) (if Q¢ (P) is a submanifold at all—
see next chapter). Consequently, the illustrative motivation about measuring expressivity
in the “Unitary Approach” (Section 2.3.1) requires refinement.

4.8.6. Uniform Distribution

Let A =]0,€[x]0,¢[C R? be a small open square in the Euclidian plain. If a point has
to be picked randomly from A, the probability for any two points x,y € A being picked
is the same: picking is “uniformly random”. This means that the probability of a certain
point being picked is identical to the probability of any other point in A being picked: the
corresponding distribution of probabilities is uniform.

Obviously, the probability of a point being picked from A is related to the volume
of A: the smaller A the higher the likelihood of a point within A to be picked. If we
move the square around in the Euclidian plain, e.g., translating it by a vector v € R? to
Ay =v+ A= {v+t|t €]0,¢[x]0,e[} C R?, the probability distribution remains the same
because the volume is unchanged. This is based on the left-invariance of the volume in
Euclidean space: by adding v € R? from left to each vector in A does not change the
volume, i.e., vol(A) = vol(Ay) = vol(v+ A).

This is different for arbitrary manifolds: the Euclidean space if flat, but picking points
from areas on curved manifolds may behave differently. For example, let S? be the unit
sphere. Then

f:]0, [ x]0, 27| — §?

13
(9, 9) — (sindcosg, sindsing, cos?) (13)

is a chart of S? (leaving out both poles as well as the meridian of the sphere—otherwise f
would not be a diffeomorphism). Figure 19 depicts the images under f of different parts of
the domain:

e  Part (a) shows the image of the whole domain, i.e., the sphere S?;

e Part (b) is the image of |71/2 —¢,71/2 + €[x]0,27[ (¢ is a small positive number),
resulting in a belt around the equator;

e  Part (c) is the image of |7t — ¢, 71[x]0, 27| resulting in a cap of the north pole;

e  Part (c) is the image of ]0, €[ x]0, 277[ resulting in a cap of the south pole.
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Figure 19. Volumes indicating non-uniform distributions.

The figure indicates that the volume of the belt is larger than the volume of a cap.
But a larger volume of an area means a smaller probability of a point of the area being
randomly picked. Thus, points on the sphere with values of ¢ close to 7t/2 (i.e., points from
the belt) have a smaller probability of being randomly picked than points with values of ¢
close to 7t (i.e., points from the cap of the north pole) or close to 0 (i.e., points from the cap
of the south pole): by picking a random latitude, points close to the poles have a higher
probability to be picked than points near the equator. In this sense, points on the sphere
are somehow “concentrated” towards the poles. As a consequence, the corresponding
probability distribution is not uniform.

The volume that represents the probability distribution of randomly picking a point
must reflect this effect of concentration to become a uniform distribution. As the figure
indicates, shifting the belt to a pole does change its volume, i.e., the “usual” volume on
the sphere is not translation invariant. But the Haar measure is translation invariant by
definition. Thus, if we take the Haar measure to compute the probability distribution
(i.e., the volume of areas of the sphere), the distribution becomes uniform: every area
of the sphere of the same Haar measure has equal probability of containing a particular
chosen point.

Consequently, the difference between the Haar measure of an area and its “usual”
volume is an indicator of how much a distribution based on the usual volume deviates
from being uniform.

4.8.7. Measuring Expressivity

“Deviation” can be assessed by various means. Especially, whether “volume” is
computed directly or indirectly may differ. An example of an “indirect approach” is
described next and is based on [6].

Whenever A € U(n) has been uniformly randomly chosen (often called “Haar ran-
dom”), A|0) is a uniformly random state. Thus, if S C U(n) is a set of Haar random unitary
matrices, then 5|0) := {A|0)| A € S} is a Haar random set of states. But Q¢ (P) C U(n)
is not necessary Haar random, thus, the set Q¢ (P) |0) is not necessarily a set of uniformly
random states.

Different approaches have been defined to compare S|0) and Q¢ (P) |0). One approach
(see [4,6]) is as follows: first, the elements of these sets are turned into matrices, i.e., for
|p) € S|0) and |@) € Q¢ (P) |0) the density matrices |¢) (| and |@) (@] are taken. Note, that
9 ) (ldn

is computed as well as the matrix [p|@,)(@p|dx. Finally, the deviation between these two

in fact |@) =|¢,) depends on parameters p € P. For S = U(n), the matrix fU(n)

matrices is assessed and taken as expressivity of the ansatz C. For example, based on a
matrix norm, the expressivity 77(C) becomes

0@ =l [0l [ o) (gplax | (14)
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The smaller 77(C), the closer Q¢ (P) C U(n) becomes to being Haar random. If C and
C are two ansatzes, ansatz C is called more expressive than ansatz C iff 57(C) < 7 (CA ) . [31]
gives a procedure how expressivity of a specific ansatz can be experimentally determined.

5. Circuit Manifolds

In this section we continue the discussion of dimensional expressivity that was in-
terrupted by the section before giving the precise definition of expressivity according to
the unitary approach. We provide a detailed proof that a state map (i.e., the map defined
by a parameterized quantum circuit according to Definition 1) maps a properly chosen
parameter space into a submanifold of S"~1.

5.1. State Maps Induce Local Immersions

As introduced in Section 2.3.2, let P C R¥ be a parameter space and C be an ansatz
depending on the parameters py, ..., px € P, and let A¢ be the map A : P — "1 with
p1,---, P = C(p1,--.,px) |t) with a chosen fixed initial state |¢). Thus, A¢(P) C S"~!is
the set of all states reachable by the parameterized circuit C. Lemma 1 shows that A¢ is
smooth, i.e., of class C* for any s € N.

Assumption 1. From now on, we assume that the parameter space P C R¥ is an embedded
submanifold of R of dimension k. As discussed in Section 3.2 and Section 3.3, this is often the
case in practical situations.

Let g € P and let rank;A¢ = r. Thus, there is an r X r submatrix of the differential
d(A¢)y whose determinant is not 0; w.l.o.g. with d (Ac)q =: (/\ij)lgi,jgk this submatrix is
(Aij)1<ij<r - According to Lemma 4, there exists a neighborhood W € £l; open in RF such
that rank,A¢ > r for each x € W; w.l.o.g. W is an open ball centered around 4 contained in
P. Next, let R} := {x € RF| Xj=4qj,j > 1’} be the hyperplane of R¥ parallel to R" through
g,and let P := RZ N W (see Figure 20); i.e., P is the intersection of W with R;. IfWCPis
chosen to be small enough, it is contained in a chart (U, ¢) of P around g, i.e., W C U. With

P=Pnw open in P in the subspace topology, { (Iﬁ’, go|]13) } is an atlas of P. This shows the
following:

Note 14. P C P is an embedded submanifold of P with dimP = r.

It is Ac(xl,...,xr,...,x]-,...,xk) = Ac(xl,...,x,,...,fj,...,xk) for j > r and for
corresponding points in P (ie, xj = q; = Xj), thus, A¢ is constant in each of the x;
directions. Consequently, dA¢/dx; = 0 for j > r. Together with rankyA¢ > r this implies

rankyA¢ = r = dimP for x € P. This proves the following:

Lemma 15. /A\c = Ach@ P — "1 is an immersion.

r
Rk—r

Figure 20. Restricting the Parameter Space.
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5.2. Locally Embedded Circuit Manifolds

According to the Rank Theorem (Theorem 3), there exist charts around g and f(g)
such that /A\c has the form /A\C(Jq,, coo X)) = (x1,-..,%,0,...,0). Le. /A\C is injective in a
neighborhood of g € P. Thus, for W chosen properly (i.e., by possibly shrinking it), A¢ is
injective, and with A¢ being also an immersion, we achieve the following (Definition 13):

Lemma16. A¢c = Ac |p is an injective immersion, and Ac (I@) C S*Yis an immersed submanifold.

According to Note 14, P C Pis an embedded submanifold of P with dimP = r. By
Assumption 1, P C RF is an embedded submanifold of R¥. Thus (Lemma 7), both inclusions
P < P as well as P < R are embeddings, which implies that the composed inclusion
1:P— Rrisan embedding (Note 8e). According to Lemma 8, the image of the inclusion
t(@) = P C R¥ is an embedded submanifold. This proves the following:

Note 15. P C Rk is an embedded submanifold with dimP = r.

With P C R¥ being an embedded submanifold, choose a chart (U, ¢) of P around q,
ie, itis ¢(U) Copen R". Next, chose a compact ball Be(¢(q)) Ccompact ¢(U) with center
@(q). Now, Be(¢(q)) is a compact manifold (with boundary) of dimension r, and ¢! is a
diffeomorphism; thus, M := ¢~ (B(¢(q))) C P is a compact submanifold of dimension
r. According to Lemma 16, l/ic is an injective immersion, which implies that especially
Kc| M:M— S"-1 is an injective immersion. Then, according to Lemma 6a, /A\c |p is an
embedding, and Lemma 8 finally proves the following;:

Lemma 17. Ac(M) C S" 1 is an embedded submanifold of dimension dimA¢ (M) = rankgAc.

If choosing the construction before instead of the compact ball B¢(¢(g)), the open ball
Be(¢(q)),itis U := ¢! <B€(q)(q))> openin M, i.e., U € i, is an neighborhood of g open

in ]f”, ie,q €U Copen M. /A\C | M is an embedding, especially a homeomorphism onto the
image, i.e., A¢(U) Copen Ac¢(M). The lemma before showed that A¢(M) C S"~! is an
embedded submanifold.

Moreover, an open set O Copen N of a manifold N is again a manifold with dimO =
dimN (Note 5b). The inclusion ¢ : O < N is the identity in proper charts (U, ¢) of N and
corresponding charts (O, ¢|p) of O (w.lL.o.g O C U), and thus, it is an immersion. With
O Copen N, the inclusion is also a homeomorphism onto O = 1(0). In summary, : : O — N
is an embedding.

With Ac(U) Copen Ac(M), the latter proves that A¢(U) is an embedded submanifold
of the embedded submanifold A¢(M) C §"~! (Lemma 8). As a consequence, A¢(U) is
an embedded submanifold of S"~!(Note 8¢). Furthermore, dimA¢(U) = dimAg¢(M) =
rankq?\c. Since the overall construction is valid for each p € P the following has
been proven:

Note 16. For each p € P there exists an open neighborhood of p, i.e.,p € U Copen P, such
that A¢|y is an embedding, and Ae(U) C S"1 is an embedded submanifold with dimAc(U) =
mnkq?\c.

Both, U and A¢ (U) are differentiable manifolds without boundary of the same di-
mension. Moreover, by construction A¢ lu:U— KC(U) is differentiable with bijective
differential d (/A\C |LI) . The Inverse Function Theorem (Theorem 2) then implies the following:

p
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Note 17. Foreach p € P there exists an open neighborhood Uy, of p,i.e.,p € Uy Copen P, such
that /A\C|up : Uy — Ac(Uy) is a diffeomorphism.

5.3. An Attempt to Extend Locally Embedded Circuit Manifolds

Many local topological properties, i.e., properties valid in a neighborhood of a point,
can be extended to connected components. For example, a function that is locally constant,
is constant on each connected component. Central for the corresponding proofs is Lemma 2.
In the case of locally constant functions, its use is as follows:

Let X be a connected topological space, and let f : X — R be locally constant, i.e.,
each point x € X has an open neighborhood x € Uy Cypen X and a number ¢, € R such
that f|;, = cx. Furthermore, if two such neighborhoods Uy, Uy intersect, the corresponding
numbers cy, ¢y are equal: for z € U, N Uy itis f(z) = cx and f(z) = ¢y, ie., cx = ¢y and, thus,
flu, = flu,- LetUd = {Ux | x € X} be an open cover consisting of such neighborhoods,
and choose two arbitrary points 4,b € X. According to Lemma 2, there is an open chain
{Uy,..., Uy} € U connecting a and b. Because U; N U; 1 # @ itis flu, = flu,,,, which
implies that f|y, = f[y; forany 1 <1i,j < n. Thus, flu, = f|u,, ie., f(a) = f(b). Because
a, b are arbitrary points from X, f is constant.

In our context, the question at hand is whether the rank of a differentiable map (which
can locally only increase according to Lemma 4) can globally only increase on a connected
component. In order to mimic the proof before, we make the following assumption on the
parameter space.

Assumption 2. Foreach q € Pand each 1 < r < k let @W = ]RZ NP be connected., i.e.,
especially q € Py .

More precisely, it suffices that Py, has a finite number of connected components, and
for the construction that follows, the connected component containing g is chosen. Thus,
w.lLo.g., we can assume that P, , is connected. This is directly the case in many practical
situations, e.g., if IP is an appropriate (see the discussion at the end of Section 4.2) semi-open
hypercube (see Figure 21). Similarly, a k-dimensional torus is an example of a parameter
space P where P, , consists of more than one but a finite number of connected components.

h

r
Rk—r

q.r

Figure 21. Slicing the Parameter Space.

Letg € @Wq with 7, := rank;A¢. According to the construction of Section 5.1, there
exists an open neighborhood of g with g € Uy Copen Py r, such that Ac|y, is an immersion
(Lemma 15), i.e., A¢ |uq has constant rank r4 in Uj.

For x,y € IF”q,yq choose Uy, Uy C P as before, such that Aclu, has constant rank ry
in U, and that Ac\uy has constant rank r,, in Uy. Note that x € Uy Copen Py r, but not
necessarily Uy Copen IP’Wq or Uy Copen P, similar for Uy,. Figure 22 depicts this situation
where ]P)Wq is two-dimensional, Uy one-dimensional, and U, three-dimensional. Thus,
it cannot be guaranteed that an open cover of Py, exists for which the rank of Ac|y is
constant for a member U of the open cover. Consequently, even if a IP;, is connected, it
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cannot be guaranteed via an argument involving Lemma 2 that the rank is constant on all
of Py .

A

oq

v

Figure 22. Neighborhoods of Constant Rank of A¢.

There is even a counterexample:

2x 0 .
Let f: RZ — R?, (x,y) — (xz,yz). Then df(x,y) = (O 2y>. The rank of df(x,y) is

as follows:

o

° Let (.X', y) = (0, 0) Then df(()’o)

0
0 0) = rankg) f =0

2x 0
<0 0) = mnk(xlo)f =1

o Lety=0Ax#0. Thendfy

0 0

o Lety#0Ax=0 Thendfq, = | 23/) = rankops =1

o Lety #0Ax #0. Thendf, = <ZOX 2?/) = rank(y, f =1

The following figure shows the landscape of the ranks of this map f.

f has rank 0 at the origin (red dot), and rank 1 at the x-axis and the y-axis (the green
and blue lines without the origin). Each point of the rest of the plane (gray shaded area)
has rank 2. For the point g shown, it is rank,; f = 2 = r;. With a properly chosen parameter
space PP (e.g., the dark gray shaded rectangle), the set P, , is as depicted. Py, is a manifold
without boundary, P; > is connected, and dimP;» = 2;i.e., IP; » satisfies Assumptions 1 and
2. However, the rank of f is not constant on I, ».

5.4. Determining “Large” Circuit Manifolds

The counterexample before (and Figure 23) indicates that within a set P , , large” areas
A exist in which the rank rankAc|a = 14 of A¢|a is constant, i.e., A¢|4 is an immersion.
For example, with U/ = {Ux Copen Fq,rq | rankAc|u, = rq} # @ define A := Jyey U and
A is then such a “large” area.

Locally, A¢|a is also injective (see the proof of Lemma 16). Thus, A¢(A) is locally
an immersed submanifold of S"~!. The domain of injectivity can be extended in concrete
situations by analyzing A¢(A). Here is an example of such an analysis:

Example: Let P = R and let C(x) = ¢*H for a hermitian matrix H. A set A C R has to
be determined such that C(x) is injective. Since every hermitian matrix is normal by definition
([34] Definition 18.1) and each normal matrix is diagonalizable ([34] Theorem 18.2), it is H =
Tdiag(e™, - - - &) T* for a unitary matrix U and the real eigenvalues A1, . .., Ay. Consequently,
itis et = Tdiag(e™1,- .. &™) T*. Finding the set of parameters for which C(x) = ¢*H is
injective means to determine when " = eYH implies x = y. Thus, we need to find X C R such
that e*H = eVH o x =y for x,y € X.



AppliedMath 2025, 5,121

35 of 38

>

/\_/.ran.k(x,y)f = 1

@] > X

\—’_\. rank, o, f = 1

Figure 23. Landscape of Ranks of f(x,y) = (x2,12).

Ll
[\S)

diag(e™™M, ..., e*M), and thus ¢*H, may be periodic—which implies non-injectivity:
If A1,.... A, € Q, then there exists a T > 0 such that ¢//'* = e H+T) for each x.

Assume x # y with ¢*H = ¢¥H_ Then, ¢!*=¥)H = [ Thus, the spectrum of (x — y)H
must be in 2717, i.e., Aj(x —y) € 27Z for each eigenvalue A; of H. If the spectrum of
H fulfills

YT > 0:0(H) = (Ao Mn} € (15)

then e/¥H L ] je, oH # eVH: C(x) is injective. Thus, if H fulfills condition (15), C and,
thus, A¢ is injective on all of R = P.

This example can be abstracted to a high-level procedure of how to determine “large”
circuit manifolds. First, the matrix A¢ has to be computed based on the ansatz C; this
matrix is used in step (2). For an ansatz like in Equation (5), often used in practice, this
is straightforward; otherwise, the steps that proved Lemma 1 in Section 3.1 must be
followed. Thenm
Fix a pointq € P
Determine r; := rank;A¢
Determine the slice qu
Determine U = {LI Copen RW | rankAclu = rq}

Build A — Uueu u gopgn @q,rq
Determine the maximal subset G C A such that A¢|¢ is injective

Determine a maximal subset K Ccompact G-
Ac(K) € §*1is an embedded submanifold

Step (4) and (5) determine a maximal open set A Copen Py, such that Ac|a has

*® NS WD

constant rank r; = dim@qrrq, i.e., A¢| is an immersion. Since A¢| 4 is also locally injective
(proof of Lemma 16), step (6) succeeds but is highly dependent on the ansatz C (see the
example before). After step (6) we know that A¢|g is an injective immersion, i.e., A¢(G)
is an immersed submanifold of S"~! (Definition 13). And after step (7) we know that
Ac(K) C §"!is an embedded submanifold (Lemma 6, Lemma 8).

In [53], an open-source package called QMetric is introduced that computes several
metrics (especially expressivity) of a parameterized quantum circuit. A description of how
expressivity, according to the unitary approach, is measured is given in [31].

6. Conclusions and Future Work

The literature about the expressivity of parameterized quantum circuits requires a lot
of background in differential topology, which makes it hard to comprehend. This contri-
bution provides the corresponding background in a single place with detailed references
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to textbooks and seminal papers, which may be consulted for a much deeper dive into
the domain. Similarly, statements about properties of parameterized quantum circuits are
often not proved in the literature, or a proof is only indicated. This contribution provides
proof of statements about dimensional expressivity (to be precise: proof for local versions
of such properties). Also, counterexamples are given, and limits are pointed out (e.g., by
highlighting the importance of singularities).

Section 5 clearly reveals the need for future work: Conditions under which local
embeddings can be extended to (global) embedding in the case of parameterized quan-
tum circuits are needed, especially if the circuits have the form of Equation (5), which is
practically relevant. Furthermore, the applicability in practical situations of the procedure
sketched in Section 5.4 must be evaluated in practice.
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have read and agreed to the published version of the manuscript.
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Appendix A

At the end of Section 4.5 it is shown that df,(v) = Df(p)(v) = Dyf(p), ie., the
differential applied to v is the directional derivative of f in the direction of v. By defini-
tion, the directional derivative is D, f(p) := lim;_y w, ie,dfy(v) = Dof(p) =
limtﬁof(p“vt)_f(p) )

Thus, for f(X) := X*X we obtain the following;:

dfa(V) _ g:ngf(AHVt)*f(A)
. (A+tV)*(A+tV)—A*A
_ lzm( +tV)*( t+ )

t—0
— lim (A*4+tV*)(A+tV)—A*A

t—0 ¢
A* A+t A VHVFAFERVIV—A* A
t

= lim
=0 A VAV A+VFV
— [ HATVAVE A+VY)

t—0 d
= lim(A*V + V*A+tV*V)

t—0
=A*V+V*A

This proves the claim df4 (V) = A*V + V*A.

Appendix B

We sketch a proof that f:] — 7, +71[— R?, x — (sin2x,sinx) is injective. Assume
s,t €] —m,+mn[and f(s) = f(t). Thus:

sin2s = sin2t A sins = sint

>

& 2sinscoss = 2sintcost A sins = sint
B . . . .

(<:>) sinscoss = sintcost N\ sins = sint
C . .

((:>) coss = cost N sins = sint

(A) is because of sin2x = 2sinxcosx, (B) is the division by “2”, and (C) is because
of sins = sint and division by sins, w.l.o.g. sins # 0 (otherwise s = t = 0 because of
s, t €] — 7, +7t[, which implies injectivity).
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Next, injectivity of both, sin :| — 71/2,4+m/2[— R and cos :]0, +7t[— R is considered,
thus: coss = cost for t €]0, r[ implies that s €] —7,0]; and vice versa t €] — 77,0 implies
that s € [0, 7r[. Otherwise sins = sint for t €] — /2, +7/2] impliess > /2 ors < —m/2.

Now, a case distinction is performed. Case 1: t €]0, 7r/2[ implies both, s €] —7,0]
aswellass < —m/2. But for t €]0,7/2[ and s €] — 7, —7t/2[ it is sint # sins. The other
cases follow analogously.
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