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Abstract

This work proposes a novel multi-objective genetic algorithm to solve the Periodic Vehicle
Routing Problem with Time Windows (PVRPTWs) tailored for sales teams with diverse
geographic scales and visit frequency requirements. Unlike existing models, our approach
incorporates workload balancing and applies a clustering-based preprocessing step for
long-distance routes using multidimensional scaling and fuzzy clustering, improving initial
route grouping. When tested on three salesperson profiles (short-, mid-, and long-distance),
the model achieved up to a 69% reduction in total travel time compared to a nearest
neighbor baseline. These results demonstrate substantial improvements over existing
methods and underscore the model’s flexibility and potential for extension to dynamic or
real-time sales routing applications.

Keywords: fuzzy clustering; genetic algorithm; multi-objective optimization; periodic
vehicle routing problem with time windows; route optimization

1. Introduction
In Canada, a substantial portion of the market for the sales, rental, and after-sales

services of heavy construction equipment is covered by operations that extend across more
than half the national territory. Managing such a wide geographical area poses considerable
logistical challenges, particularly for commercial teams that must travel frequently to serve
clients dispersed across distant regions.

In this context, optimizing sales route planning becomes a critical opportunity to
enhance operational efficiency. Effective planning can significantly reduce travel time and
costs while also contributing to better service quality and stronger client relationships.

Efficient route planning has become increasingly important for companies whose
operations rely on frequent client interactions. Sales teams, in particular, often struggle
to organize their routes in a way that balances time and client satisfaction. Without a
structured approach, scheduling is typically based on individual intuition, which can
result in inefficient travel patterns, the under-servicing of valuable clients, and missed
opportunities for engagement.

Recent advances in route optimization, particularly within the context of the Vehicle
Routing Problem (VRP), have provided companies with tools to improve logistic efficiency
and reduce operational costs [1,2]. Among these, the Periodic Vehicle Routing Problem with
Time Windows (PVRPTWs) is a prominent model for structuring recurring visits across
multiple days while respecting constraints such as time windows and visit frequency [3].
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This work aims to develop an optimization model that considers both the varying
importance of clients and the distinct profiles of salespeople. Each client is grouped
according to their significance. Based on these groups, the required number of visits within
a specific time interval is determined. In large sales teams, there are typically different
types of salespeople, each with distinct client distribution patterns. Some salespeople
work with clients located in urban areas, where clients are relatively close to each other,
minimizing travel time and allowing more time for client visits. Others have clients in areas
that lie between urban and rural regions, resulting in greater distances between clients
and an increased need for travel time. Finally, some salespeople are assigned clients in
very remote areas, where clients are far apart, and daily travel to and from home is not
feasible. For this reason, a different optimization model is required for these long-distance
salespeople. In this work, the salespeople are categorized as short-distance, mid-distance,
and long-distance based on the spatial distribution of their clients.

All computational work was performed using the Python 3.13 programming language.
A variety of libraries supported different aspects of the workflow, ranging from data
manipulation and visualization to the formulation and solution of optimization models.
Key packages include Pandas 2.2.3 [4], Matplotlib 3.10.0 [5], Scikit-learn 1.5.2 [6], and
DEAP 1.4.1 [7]. All computation times reported in this work were obtained on a MacBook
with an M1 chip and 8 GB RAM.

Section 2 reviews clustering-related ideas used to address the challenge of long-
distance salespeople. Section 3 explains how the problem can be framed as a PVRPTW
and presents relevant optimization methods to solve this type of problem, including
a brief overview of genetic algorithms. Section 4 introduces a hybrid multi-objective
genetic algorithm designed to solve a realistic PVRPTW by incorporating client importance,
salesperson heterogeneity, and spatial clustering within a unified metaheuristic framework.
The mathematical formulation of the problem is also provided. Section 5 presents the
results for each salesperson profile, and Section 6 discusses these findings.

2. Clustering
Clustering is a technique that can provide valuable input for optimization methods, es-

pecially in scenarios where clients are widely dispersed. It is a technique from unsupervised
machine learning used to group data points based on their similarity. Unlike supervised
learning, it does not rely on predefined labels; instead, it identifies natural patterns or
structures within the data. The goal is to assign observations to clusters such that those
within the same cluster are more similar to each other than to those in different clusters.

This process typically depends on a similarity measure, most often a distance metric
like Euclidean distance, to evaluate how close or related data points are. These similarity
scores guide the algorithm in forming coherent and meaningful clusters [8].

2.1. Fuzzy C-Means

Fuzzy clustering, also known as soft clustering, is a method that allows each data
point to belong to multiple clusters simultaneously, with varying degrees of membership.
A commonly used method in soft clustering is fuzzy C-means, which was originally
introduced by Jim Bezdek in 1981 [9]. Fuzzy C-means iteratively assigns to each data point
a degree of membership to every cluster by optimizing the following objective function:

J(U, C) =
n

∑
i=1

c

∑
j=1

um
ij ∥xi − cj∥2 , (1)

where m is any real number greater than 1, uij is the degree of membership of point xi in
the cluster j , and cj is the centre of this cluster. Firstly, the membership matrix U = [uij]
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is initialized randomly, ensuring the memberships of each data point sum to 1 across
all clusters. Afterwards, the cluster centers cj are updated as weighted means of the
data points:

cj =
∑n

i=1 um
ij xi

∑n
i=1 um

ij
. (2)

Then, the membership degrees uij are also updated using

uij =

 c

∑
k=1

( ∥xi − cj∥
∥xi − ck∥

) 2
m−1

−1

. (3)

These last two steps are repeated until the changes in the objective function J , (or in
the membership values) become smaller than a predefined threshold [10].

2.2. Clustering Geographic Coordinates

Clustering methods like fuzzy C-means clustering require that each data point has
numeric coordinates (features), and that a well-defined distance measure (such as Euclidean
distance) can be used to compute both the positions of cluster centroids and the degree
to which each data point is associated with each cluster. While it might seem reasonable
to use a travel time matrix as input, this approach poses several challenges. A time
matrix only provides pairwise dissimilarities without explicit coordinates, which prevents
centroid computation. Additionally, the distances may violate essential properties such
as the triangle inequality, making techniques like multidimensional scaling ineffective for
converting them into usable Euclidean space [11,12].

For clustering geographic locations, accounting for Earth’s curvature is essential. Instead
of relying on simple Euclidean distances, which assume a flat surface, it uses the Haversine
distance, which computes great-circle distances based on latitude and longitude [13].

To further adapt geographic data for clustering, multidimensional scaling (MDS) can
be applied. Although geographic coordinates are two-dimensional, Haversine distances
are not Euclidean. MDS transforms these into a 2D Euclidean space where distances
approximate the original ones, making them suitable for fuzzy C-means [14].

In this work, the Scikit-learn implementation of MDS is used, which employs the
SMACOF algorithm, an iterative optimization technique that minimizes a stress function:

Stress(X) = ∑
i<j

(
dij(X)− δij

)2 , (4)

where dij(X) is the Euclidean distance between the embedded points i and j, and δij is the
original dissimilarity between the two points, calculated as their Haversine distance:

δij = 2r arcsin

(√
sin2

(
ϕj − ϕi

2

)
+ cos(ϕi) cos(ϕj) sin2

(
λj − λi

2

))
. (5)

Here, ϕi, λi and ϕj, λj represent the latitudes and longitudes (in radians) of points i
and j, and r = 6371 km is the radius of the Earth [15]. The algorithm refines point positions
iteratively to minimize stress, enacting multiple runs from different initial configurations
and retaining the result with the lowest stress [16].

To help illustrate the role of δij and dij in the stress function, and to clarify the trans-
formation performed by MDS, Figure 1 provides a schematic comparison between the
original geographic space and the resulting 2D embedded space. In the original space, the
dissimilarities δij correspond to geodesic (Haversine) distances over the Earth’s surface.
After applying MDS, these curved distances are approximated by straight-line Euclidean
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distances dij(X) in a flat 2D space. The “stress” measures how well these straight-line
distances preserve the original geodesic structure.

Figure 1. Illustration of the MDS transformation. Left: Original space with points A and B on the
Earth’s surface, where δij represents their geodesic (Haversine) distance. Right: The same points
embedded in a 2D Euclidean space, where dij is their straight-line distance. The “stress” minimized
during MDS reflects the discrepancy between these two distances across all point pairs.

3. Periodic Vehicle Routing Problem with Time Windows
3.1. Definition of the Problem

The Periodic Vehicle Routing Problem with Time Windows (PVRPTWs) is a challeng-
ing logistics optimization problem. It requires designing routes for vehicles to serve a
group of customers across multiple days while ensuring visits occur within specific time
windows. This problem is characterized by several key features. First, the planning horizon
spans multiple days, requiring the routes to be scheduled over several days. Second, each
customer must be serviced within a designated time window. Third, customers have
predetermined sets of valid combinations of visits and periods, known as patterns.

The main objective of the PVRPTWs is to minimize total transportation costs or time
across the entire planning horizon while satisfying all customer needs and complying with
operational constraints [17]. A simplified representation of the PVRPTWs is illustrated
in Figure 2.

The PVRPTWs is represented using a complete directed graph G = (V, A), where
V = {0, 1, . . . , n} represents the set of vertices, and A = {(i, j)|i, j ∈ V, i ̸= j} represents the
set of arcs. The planning horizon is defined as a set of t days, represented as T = {1, 2, . . . , t}.
Vertex 0 represents the depot, which has a time window [a0 , b0] and serves as the base for
the salespeople. The vertices i correspond to the customers and the depot. Each customer i
is characterized by a service duration di ≥ 0 , a time window [ai , bi], a required service
frequency fi , and a set Ci ⊆ T that specifies the allowed combinations of days for visits.
Every arc (i, j) ∈ A is associated with a travel time or cost cij > 0, representing the effort
required to move between the respective vertices [18].

In this work, to solve this problem, a complete directed graph is constructed for
each salesperson. It is considered that the depot (vertices 0 and Nc + 1) corresponds to the
salespeople’s homes, and it is considered to operate within a time window of [8 a.m. , 7 p.m.].
It is also considered that each customer has a uniform time window of [9 a.m. , 4 p.m.] and
service duration of di = 30 min, reflecting typical visit times, as specified by the sales team
manager. This value was used for illustration, but the model supports any service duration
as appropriate for the application context. The service frequency fi and the allowed visit-
day combinations Ci for each customer are determined by their assigned group. This
grouping enables the identification of higher-value clients, who are consequently allocated
a greater number of visits. During this time interval, clients in frequency category 1 have
monthly visits, with six being in-person visits; clients from frequency category 2 are visited



AppliedMath 2025, 5, 103 5 of 25

every 3 months, with two being in-person, and those from category 3 are visited twice a
year, involving one in-person visit. This last constraint forces the optimization process
to span the entire year since the optimization must account for which semester is more
efficient for conducting the in-person visit. Moreover, short- and mid-distance salespeople
conduct in-person visits on only 3 days of the week, reserving the remaining days for
remote visits.

Depot

Visit frequency

Daily

Two-day

Three-day

First day
Second day

Third day

Figure 2. Illustrative representation of a general PVRPTWs solution over a three-day planning
horizon. Clients are color-coded by visit frequency: green (daily), blue (twice per period), and brown
(three times). Routes for each day are represented by different line styles—solid (first day), dashed
(second), and dotted (third)—connecting clients to the depot (red diamond). This figure demonstrates
how visits are distributed to meet frequency requirements while optimizing route efficiency.

3.2. Optimization Methods to Solve the PVRPTWs

Solving the PVRPTWs problem can be addressed using a range of optimization meth-
ods. These methods span from exact approaches [19], which guarantee finding the optimal
solution by exploring the entire solution space, to metaheuristic techniques [20], which pro-
vide near-optimal solutions more efficiently by navigating the solution space strategically.
The choice of the method depends on the size of the problem, the computational resources,
and the quality of the desired solution.

The PVRPTWs is classified as an NP-complete problem with an estimated exponential
time complexity [21], meaning that finding an optimal solution becomes increasingly
challenging as the problem size grows. In particular, solving instances with 100 or more
customers to optimality is highly complex [22]. Consequently, metaheuristic approaches
are explored to address this challenge.

3.2.1. State of the Art

Metaheuristic techniques are particularly valuable for tackling complex optimization
problems with large solution spaces and limited prior knowledge about optimal solu-
tions. They iteratively explore and refine candidate solutions, making them effective in
high-dimensional or nonlinear contexts where traditional methods struggle [23]. Various
metaheuristics have been successfully applied to solve the PVRPTWs.

One of the earliest versions solves PVRPTWs using a unified tabu search heuristic
that efficiently handles both the periodic scheduling of customer visits and the routing
of vehicles within specific time windows [24]. The unified tabu search method applies
specialized neighborhood moves to reassign customers between routes and days, uses
adaptive memory to guide the search, and allows temporary constraint violations with
penalties to explore more solutions.
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Simulated annealing is a method inspired by the heating and cooling process in
metallurgy. It starts with an initial solution and high temperature to allow exploration of
the solution space, even accepting worse solutions to escape local optima. As the algorithm
progresses, the temperature gradually decreases, reducing the probability of accepting
worse solutions and focusing on improving the best solutions found [25]. This method has
been applied to solve the Periodic Capacitated Vehicle Routing Problem in [26] and also to
solve Vehicle Routing Problems with Time Windows in [27]. These studies demonstrate
that simulated annealing can also be applied to solve the PVRPTWs.

In [28], the PVRPTWs is addressed using a hybrid genetic algorithm that integrates
genetic operators with local search and repair strategies. This approach simultaneously op-
timizes customer scheduling and vehicle routing while effectively managing time window
and capacity constraints. In [29], a hybrid generational genetic algorithm that combines
specialized genetic operators with local search to optimize and repair solutions is also
applied. Each individual encodes visit schedules and daily routes, with local search en-
hancing quality and correcting constraint violations. The fact that this method does not rely
only on problem-specific knowledge or assumptions makes it applicable to a wide range of
complex, nonlinear, or high-dimensional optimization problems, being the most unbiased
and versatile of the three methods.

3.2.2. Genetic Algorithms

Genetic Algorithms (GAs) are inspired by Darwin’s theory of evolution by means
of natural selection, where survival and reproduction depend on natural selection and
beneficial mutations. These principles are applied in GAs to optimize complex problems
by mimicking biological evolution. GAs evolve solutions through selection, crossover, and
mutation, enabling them to explore large, high-dimensional solution spaces effectively [30].

In GAs, potential solutions are represented as chromosomes, typically encoded as
binary strings or real numbers. The fitness of each chromosome is evaluated using a fitness
function, guiding selection for reproduction. Selection methods, like a roulette wheel or
tournament selection, determine which chromosomes will produce offspring. The crossover
operator combines two parent chromosomes to create new solutions, while mutation
introduces small random changes to maintain diversity and avoid premature convergence.
These operators work together to evolve better solutions through generations [31].

Designing a GA involves decisions on encoding solutions, population size, selection
methods, crossover and mutation operators, and termination criteria. The process gen-
erally includes initialization, evaluation, selection, crossover, mutation, and replacement,
continuing until the stopping criteria are met.

For problems with multiple objectives, multi-objective genetic algorithms (MOGAs)
are used. These algorithms generate a set of solutions that offer trade-offs between objec-
tives, represented by the Pareto front. In MOGAs, a Pareto solution dominates another
if it is at least as good in all objectives and strictly better in at least one. The Pareto front
consists of all Pareto-optimal solutions, representing the best trade-offs [32], as visualized
in the combined schematic shown in Figure 3, which integrates the ranking of solutions by
Pareto dominance and the selection of the best solution using the utopian point.
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Objective 1

O
bj

ec
ti

ve
2

Utopian Point
(0,0) m

in
(d

)

Feasible solution

Non-dominated solutions

Best solution

rank 1
rank 2

rank 3

Figure 3. Illustration of multi-objective optimization using a genetic algorithm, showing the ranking
of feasible solutions based on Pareto dominance (color-coded by ranks 1 to 3) and the identification of
non-dominated solutions. The utopian point (0, 0) is used as a reference to select the best solution—
highlighted by a circle—as the one minimizing the Euclidean distance to this ideal point.

NSGA-II is a widely used MOGA that sorts solutions into Pareto fronts. Solutions are
ranked based on dominance and crowding distance, with the aim of maintaining diversity.
The algorithm ensures that solutions from less crowded regions of the Pareto front are
preferred, preserving a variety of trade-off solutions [33].

4. Routing Optimization Model
Figure 4 illustrates the overall workflow of the proposed approach, highlighting

the key stages from data preprocessing and clustering to optimization and evaluation of
multi-objective genetic algorithms.

Figure 4. Workflow of the proposed hybrid multi-objective genetic algorithm approach, highlighting
the integration of clustering, heterogeneous salesperson modeling, and multi-criteria optimization.

4.1. Hybrid Multi-Objective Genetic Algorithm for Diverse Salesperson and Client Profiles

This work develops a hybrid MOGA to address a realistic PVRPTWs, characterized
by heterogeneous clients and diverse salesperson profiles. The aim of the problem is to
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reduce the total travel time for improved efficiency while also minimizing daily travel time
variability to ensure balanced workloads.

Clients are grouped by importance, which determines their required visit frequency
over the planning horizon. This prioritization ensures that high-value customers receive an
appropriate number of visits.

Salespeople are categorized into short-, mid-, and long-distance profiles based on their
clients’ spatial distribution. This categorization captures differences in travel constraints
and scheduling flexibility. For long-distance salespeople, spatial clustering is applied to
group geographically close clients, improving route coherence and reducing travel costs.

The GA evolves a population of candidate solutions encoding visit schedules and daily
routes. It integrates specialized genetic operators with two local improvement methods:
2-opt local search, which optimizes route structure by swapping edges, and simulated
annealing, which accepts worse solutions probabilistically to escape local optima.

This hybrid approach balances exploration and exploitation, effectively navigating the
solution space and generating high-quality, feasible routes that satisfy time windows, visit
frequencies, and capacity constraints.

By incorporating client importance, salesperson heterogeneity, and clustering within a
hybrid metaheuristic framework, the proposed algorithm advances existing methods and
is well-suited for complex, large-scale applications.

4.2. Mathematical Modeling of the Problem

The mathematical formulation of the problem is as follows. In this model, a single
salesperson visits a group of customers over a planning horizon of Nk working days. To
construct the model, the following sets are defined:

Cc = {1, 2, · · · , Nc}—Set of customers;
Cd = {0, Nc + 1}—Set of depots (start and end);
C = Cc ∪ Cd—Full set of nodes (customers and depot);
C1 ⊂ Cc—Set of customers visited monthly, with six in-person visits;
C2 ⊂ Cc—Set of customers visited four times a year, with two being in person;
C3 ⊂ Cc—Set of customers visited two times a year, with one being in person;
K = {1, · · · , Nk}—Set of planning days.

The following parameters are also defined:

tij—Travel time between nodes i and j;
[ai, bi]—Time window within which service at node i is permitted;
H—Salesperson’s working hours per day;
Hin—Earliest allowable start time for a visit;
s(i)— Visit duration at customer i;
M = 107—A sufficiently large constant used for constraint linearization via the big-M
method [34].

To address the problem, the decision variable is defined as follows:

xkij—Binary variable: A value of 1 if, on day k, the salesperson visits customer j immediately
after visiting customer i; otherwise, the value is 0.

Another variable is also introduced to ensure that the pre-established visit frequency
is met:

yki—binary variable: A value of 1 if the salesperson visits customer i on day k; otherwise,
the value is 0.

Finally, a time variable is defined:

wik , i ∈ C , k ∈ K—Specifies the start of service at customer i on day k .
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This study approaches the problem as a multi-objective task: minimizing total travel
time to enhance efficiency and minimizing the variance of daily travel time to ensure
balanced workloads. Although these objectives may conflict, as reducing one can increase
the other, accounting for the variance in daily travel time helps comply with time window
restrictions. It prevents situations where one day is overloaded due to routing in a client-
dense area, while the next day has very few visits. A weighted approach is employed,
giving higher priority to total travel time (−4) over variance (−1). These values were
chosen because, after testing various combinations, they proved most effective in satisfying
all constraints. However, they can be adjusted based on specific priorities or preferences.
An alternative using standard deviation was tested for interpretability, as both objectives
would have the same unit measure, but it proved less effective at penalizing extremes. As
illustrated in Appendix A, Figure A1, minimizing the variance of daily working durations
leads to earlier and more consistent end-of-day times when compared to minimizing the
standard deviation, thus better supporting compliance with time window constraints. For
this reason, the objective function is expressed as

TTV = ∑
k∈K

∑
i∈C

∑
j∈C

tij xkij + λ Var(tk) −→ min , (6)

where λ is a weighting parameter balancing travel time and variance, and Var(tk) is the
variance of the daily working durations:

Var(tk) =
1
|K| ∑

k∈K
(tk − d)2, with d =

1
|K| ∑

k∈K
tk , and tk = ∑

i∈C
∑
j∈C

tij xkij .

The constraints of the model are the following:

∑
j∈Cc

xk0j = 1 , ∀k ∈ K (7)

∑
i∈C

xkih − ∑
j∈C

xkhj = 0 , ∀h ∈ C ∀k ∈ K (8)

∑
i∈Cc

xki(Nc+1) = 1 , ∀k ∈ K (9)

xkii = 0 , ∀k ∈ K ∀i ∈ C (10)

w0,k ≤ Hin , ∀k ∈ K (11)

wik ≥ wjk + sj + tji − M (1 − xkji) , ∀k ∈ K ∀i ∈ C ∀j ∈ C (12)

ai ≤ wik ≤ bi , ∀i ∈ C ∀k ∈ K (13)

∑
k∈K

∑
j∈C

xkji ≥ 1 , ∀i ∈ Cc ∀k ∈ K (14)

tk = w(Nc+1)k − w0k , ∀k ∈ K (15)

tk ≤ H , ∀k ∈ K (16)

∑
i∈C

xkij − ykj = 0 , ∀k ∈ K ∀j ∈ Cc (17)

∑
k∈K

yki = 6 , ∀i ∈ C1 (18)

∑
k∈K

yki = 2 , ∀i ∈ C2 (19)

∑
k∈K

yki = 1 , ∀i ∈ C3 (20)

Constraints (7) and (9) ensure that the route begins and ends at the depot. Con-
straint (8) is intended to make sure that whenever the salesperson visits a customer, he



AppliedMath 2025, 5, 103 10 of 25

leaves for another customer or the depot. Constraint (10) does not allow the salesperson
to visit the same customer consecutively. Constraint (11) ensures that the salesperson
leaves the depot before Hin every day. The restraint imposed by (12) makes sure that if
the salesperson on day k travels directly from customer i to customer j, then the start of
service at customer i (wik) has to be after the initial service time at customer j (wjk), plus
its duration of the service (sj) and plus the journey time from j to i (tji). Condition (13)
guarantees that the visit is within the customer’s visiting hours. In (14), the salesperson
is obliged to make visits every day. Conditions (15) and (16) ensure that the salesperson’s
working hours are not exceeded. The constraint in (17) aims to ensure that the variables xkij

and ykj are correctly aligned. Finally, Constraints (18) to (20) ensure that each customer’s
visit frequency is respected.

4.3. Model Implementation for Short- and Mid-Distance Salespeople

This subsection outlines the implementation of the multi-objective optimization model
used for scheduling visits by short- and mid-distance salespeople. It describes how solutions
are represented, how the GA operates, and how constraints are managed to ensure feasibility.

4.3.1. Solution Representation

Each solution is represented as a Python list, where each sublist corresponds to a
day and contains the ordered client visits for that day, as illustrated in the Figure 5. This
structure provides a clear and flexible way to model multi-day routes and simplifies
manipulation during optimization.

Clients in category 3 must be visited twice a year, once in-person and once remotely,
so the model spans the full year and selects the most efficient semester for the in-person
visit. The number of in-person workdays, and thus the number of sublists per solution, is
determined using Python’s datetime module.

[[0,17,...,0],[0,...,0],...,[0,...,0]]

Route day 1 Route day 2 Route last day

Figure 5. Representation of a route (individual/solution) in the GA model, showing the sequence of
visits starting and ending at the salesperson’s house (denoted by 0), with other numbers (e.g., 17)
representing clients.

4.3.2. Genetic Algorithm Design

This part describes the structure of the genetic algorithm, including how the initial
population is created and how selection, crossover, and mutation are applied. It also
explains how constraints such as time windows and work hours are managed to ensure
solutions are both optimized and feasible.

Initialization

The individuals are initialized by scheduling clients based on their visit frequencies
for in-person visits per year, depending on their category. Clients are assigned to available
days within their allowed time slots, prioritizing empty days to promote even distribution
and reduce schedule imbalance. This strategy helps respect time windows and sets a strong
foundation for feasible solutions. Once clients are assigned, each day’s route is finalized
by adding the depot (0) at the start and end. This process is repeated to generate the full
population for the first generation.
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Selection of Parents

Parent selection combines NSGA-II and tournament selection to ensure both quality
and diversity. NSGA-II ranks individuals by Pareto dominance and crowding distance,
prioritizing those that perform well across objectives and are more diverse. Then, tourna-
ment selection randomly compares two individuals, choosing the one with the better front
or, if tied, the greater crowding distance. This process continues until the full parent pool
is selected.

Crossover and Mutation

A two-point crossover is applied to exchange entire days (sublists) between two
parent schedules, as represented in Figure 6, introducing variation while preserving overall
structure. In this model, the mutation operators change the contents within each day. With
a given probability, mutation occurs by selecting two distinct days within an individual and
swapping one client from each, ensuring depots are not affected and that no duplicates are
introduced in either day. This design allows the model to explore new valid configurations
beyond simple day rearrangements.

Parents:

Children:

Crossover Points

Route for one day:

Figure 6. Representation of a two-point crossover.

Constraint Handling

Constraint violations are handled in two ways: through penalties in the evaluation
function and a repair function after crossover and mutation. Penalties discourage infeasible
solutions by adding weighted costs to the travel time, with higher penalties assigned to
more critical constraints, such as visit frequency (500,000) and time windows (50,000).
Lesser penalties are applied for exceeding daily work hours (1000) or not using all work-
days (500).

Since crossover and mutation often generate infeasible solutions, a repair function is
applied afterward to restore feasibility. If a client is scheduled for more visits than required,
the algorithm removes visits from days with the longest working hours, prioritizing keeping
visits on lighter days to maintain a balanced workload. If a client has too few visits,
the algorithm adds visits on available days with the shortest working hours, ensuring
constraints are met without overloading the schedule. Once client visit frequencies are
corrected, a 2-opt heuristic is applied to each day’s route to improve visit sequencing,
which may have been degraded by the changes introduced during mutation, by swapping



AppliedMath 2025, 5, 103 12 of 25

pairs of visits and retaining changes that reduce total travel time, thereby refining overall
route efficiency.

Island Model Implementation

To promote diversity and avoid premature convergence, the model uses an island
model approach, where four independent populations evolve in parallel and periodically
exchange solutions. This setup allows each island to explore different regions of the solu-
tion space while sharing strong individuals, improving overall solution quality. Migration
is cyclic and occurs every 10 generations, helping to maintain diversity without causing
excessive synchronization. Four islands were chosen to balance exploration and computa-
tional efficiency, ensuring manageable resource use while still capturing a broad range of
solutions from the Pareto front.

Selection of the Best Solution (Individual)

After the model runs, each island holds 50 individuals. To select the best solution, the
model identifies the individual on the first Pareto front of the four islands closest to the
utopian point (0, 0), which represents the ideal (though unattainable) minimum for both
objectives. This is carried out by calculating the Euclidean distance of each Pareto-optimal
solution to (0, 0), and selecting the one with the smallest distance as the best individual. In
Figure 3, a visual representation of this process is shown.

Handling Model Reruns

Throughout the year, changes such as client reclassification may alter visitation re-
quirements, necessitating re-optimization of the routing plan. To address this, the model
includes a rerun feature that considers all previous visits and focuses only on optimizing the
remaining days. During reruns, individuals are generated with sublists corresponding to
the missing days, and the algorithm proceeds with the same steps as previously explained.
The resulting solutions are then merged with the original plan to complete the schedule up
to the current date.

4.4. Model Implementation for Long-Distance Salespeople

Due to their extensive travel demands, the long-distance salesperson follows a distinct
planning approach. Since this type of role involves significantly more time spent traveling,
clients in groups 1 and 2 must now receive equal treatment, each visited four times per
year, with two in-person and two remote visits. Unlike other salespeople, this individual
typically travels for several consecutive days before returning home, rather than completing
daily round-trips. Additionally, because the clients of these salespeople are more dispersed,
some are located in very remote areas, where harsh winter weather can prevent travel for
weeks at a time.

4.4.1. Geographical Clustering of Clients

Since some customers are located very far apart in the long-distance salespeople con-
dition, which can make route optimization more complex and time-consuming, applying
clustering to group nearby clients together provides the GA model with a useful starting
point. This helps the algorithm better understand the spatial structure of the problem,
guiding it towards more efficient solutions faster.

Due to hazardous winter conditions that might make it impossible to travel, only
40 weeks of the year were considered for optimization, avoiding the most travel-
disrupted periods.

Clients were grouped into 10 geographic clusters using fuzzy C-means, ensuring
spatial coherence while maintaining an even distribution of visits. This soft clustering
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approach improves scheduling flexibility by allowing overlapping membership. The
choice of 10 clusters using fuzzy C-means was made to balance regional grouping and
scheduling flexibility across the 40-week planning period. Selecting too few clusters results
in inefficient, dispersed routes, while too many creates small, inflexible groups. A total of
10 clusters achieved a practical compromise between these extremes and were supported
by preliminary analysis. Varying the number of clusters can significantly affect route
optimization outcomes. Preliminary tests using NSGA-II without any clustering or MDS
preprocessing resulted in slower convergence and frequent violations of weekly time
constraints due to incoherent client allocations across highly dispersed regions. The fuzzy
clustering with MDS allowed the initial population to start from spatially meaningful
groupings, which not only improved feasibility from the outset but also reduced the
number of repair operations needed and accelerated the convergence process.

Clustering is based on clients’ geographic coordinates. Since fuzzy C-means assumes
Euclidean distances, the Haversine formula was used to compute real-world distances
between points, followed by MDS to project them into Euclidean space for more accurate
clustering. Each cluster is cyclically assigned to four fixed weeks; for example, cluster 1
corresponds to weeks 1, 11, 21, and 31, while cluster 10 corresponds to weeks 10, 20, 30,
and 40.

4.4.2. Solution (or Individual) Representation

Each solution is a Python list of weekly sublists, where each week starts and ends at
the depot, allowing overnight stays near clients. A 40-h weekly work limit ensures realistic,
efficient long-distance planning within labor constraints.

4.4.3. Genetic Algorithm Design

Only the components of the genetic algorithm that differ from the previous model are
described here; specifically, the initialization of individuals, the mutation process, and the
repair function used for constraint handling. All other elements, such as crossover, selection,
fitness evaluation, the island model, and the rerun logic, remain the same as before.

Initialization

Initialization in this model considers both visit frequency and spatial distribution
using fuzzy C-means clustering. Each individual instance is a list of 40 weekly routes,
starting and ending at the depot. Clients are assigned to weeks based on their required
number of visits and their strongest cluster membership, e.g., once-visited clients are
placed in a random week from their main cluster’s four designated weeks, while twice-
visited clients are assigned two distinct weeks. This ensures spatial coherence and avoids
duplicate scheduling.

Mutation

In the current model, the mutation step has been adapted to reflect the fact that clients
have already been assigned to weeks based on their highest fuzzy cluster membership,
ensuring spatial coherence. Because of this, mutation focuses on reordering visits within
each week rather than moving clients between weeks.

To optimize the order of visits within each route, simulated annealing is applied by
reversing random segments of the route. The algorithm accepts changes based on improved
travel time or, with decreasing probability, worse results, helping avoid local optima and
refining the solution without disrupting the initial clustering.
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Constraint Handling–Repair Function

Since the only constraint not directly handled during the initialization or mutation
steps is the weekly maximum of 40 working hours, a dedicated repair function was imple-
mented to enforce this limit.

The function begins by calculating the total travel time for each weekly route and
identifies those that exceed the 40 h threshold. For each overloaded week, clients are
ranked based on how weakly they are associated with that week’s cluster; those with the
lowest membership values are prioritized for reassignment. The function then relocates
these clients to alternative weeks, where their cluster membership is stronger, and the
resulting route still remains within the time constraint. This targeted reassignment helps
reduce weekly overloads while respecting the fuzzy clustering structure that guides client–
week associations.

4.5. Hyperparameter Tuning

To optimize the genetic algorithm’s performance, key hyperparameters, including
population size, crossover and mutation rates, and the number of generations, were tuned
to balance solution quality and runtime. Contrary to typical GA practices, always apply-
ing both crossover and mutation yielded better results, especially given the individual’s
structure (lists of sublists representing routes). Crossover enabled effective exploration
by exchanging entire routes, while mutation, enhanced with a 2-opt local or simulated
annealing optimizer, improved refinement and diversity, which is especially valuable in
small populations. It is important to note that, in our algorithm, the mutation operator
is not purely random; instead, it includes a local optimization procedure: 2-opt for short-
and mid-distance cases, or simulated annealing for long-distance instances. This hybrid
mutation operator serves both to enhance population diversity and provide solution re-
finement. This approach differs from conventional genetic algorithms, which typically use
lower, purely random mutation rates. In our setting, especially with small populations, this
“intelligent mutation” did not hinder convergence; on the contrary, it consistently led to
better solution quality by promoting both exploration and effective local improvement. The
empirical results showed that our combined mutation/local search strategy outperformed
standard random mutation in preliminary experiments.

A population size of 50 individuals per island was selected based on performance and
efficiency trade-offs. Mutation applied at 100% is particularly beneficial in early generations
(< 100) to avoid local optima, though this can be disruptive in longer runs. For the short-
distance case, convergence was reached by generation 50; for mid- and long-distance cases,
100 generations were optimal, as increasing to 150 brought no substantial improvements.

The final run times were 16.56 min (short distance), 17.31 min (mid distance), and
59.29 min (long distance), the latter being slower due to the use of simulated annealing
during route mutation. To improve clarity and support reproducibility, all key model
components and algorithm parameters are summarized in Table 1.



AppliedMath 2025, 5, 103 15 of 25

Table 1. Summary of model notation and genetic algorithm parameters.

Symbol Description

Cc = {1, 2, . . . , Nc} Set of customers
Cd = {0, Nc + 1} Set of depots (start and end)
C = Cc ∪ Cd Set of all nodes (customers and depots)
C1 ⊂ Cc Customers with monthly visits (six in person/year)
C2 ⊂ Cc Customers with 4 yearly visits (two in person)
C3 ⊂ Cc Customers with 2 yearly visits (one in person)
K = {1, . . . , Nk} Set of planning days
tij Travel time between nodes i and j
[ai, bi] = [09:00, 16:00] h Time window, during which service at node i is allowed
H = 11 h Daily working hours of the salesperson
Hin = 9 h Earliest allowable start time
s(i) = 30 min Service duration at customer i
M = 107 Large constant used for constraint linearization

xkij
Binary: A value of 1 if, on day k, j is visited after i; otherwise,
the value was 0

blueyki
Binary: A value of 1 if customer i is visited on day k;
otherwise, the value was 0

wik Start time of service at customer i on day k

Genetic Algorithm Parameters

Population size 50 individuals per island
Crossover rate 100% (always applied)
Mutation rate 100% (especially useful in early generations)

Local refinement 2-opt (short/mid-distance) or simulated annealing
(long-distance) used in mutation

Number of generations 50 (short-distance), 100 (mid/long-distance)
Convergence behavior No significant gain beyond 100 generations

5. Results
5.1. Analyses of the Time Matrices

In this work, it is considered that the short-distance salesperson serves a total of 588
customers, the mid-distance salesperson manages 342, and the long-distance salesperson
is responsible for 313. For the short- and long-distance salespeople, most clients belong
to category 2, whereas for the mid-distance salesperson, category 3 is the most common.
However, in the three cases, the number of clients in categories 2 and 3 is fairly similar,
while the number of clients in category 1 is very low, as shown in Figure 7.

Figure 7. Panels (a), (b) and (c) show the distribution of client frequency categories for the short-,
mid-, and long-distance salespeople, respectively. Clients in group 1 are shown in green, group 2
in blue, and group 3 in coral. While the number of clients in categories 2 and 3 remains relatively
consistent, there is a notable decrease in category 1 clients across all three salespeople.

The time matrices used as input for the models for each of the three types of salespeople
are based on proprietary data provided by Nors, Group, S.A., and cannot be shared publicly
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due to confidentiality restrictions. As a result, illustrative examples of these matrices are
not included as supplementary material. However, their structure and distribution in the
modeling process are described in detail within this work. Figure 8 shows the distribution
of each time matrix. The short-distance salesperson has a relatively compact, slightly
right-skewed distribution, with most travel times between 10 and 40 min (mean: 27.04 min;
median: 26.00 min; variance: 146.4 min²). The mid-distance salesperson exhibits a broader
and multimodal distribution for travel times, extending beyond 200 min. This pattern
is characterized by a higher average travel time of 83.45 min and a substantially larger
variance of 2450.3 min squared, indicating that the clients served by this salesperson are
geographically more widely distributed. The distribution of long-distance salespeople is
highly influenced on the right, with most travel times between 100 and 500 min, a mean of
330.41, and extreme outliers beyond 1000 min, indicating a large service area.

Figure 8. Distribution of travel times for (a) the short-distance, (b) mid-distance, and (c) long-distance
salespeople.

Figure 9 further illustrates these differences through boxplots and violin plots. The
short-distance salesperson shows a tight interquartile range (15–35 min) with a clear uni-
modal peak around 25 min and some longer outliers. The mid-distance has a wider
interquartile range (50–130 min) and a multimodal distribution, suggesting substantial
variability that complicates route optimization. For the long-distance salesperson, the in-
terquartile range spans 150–400 min, with a long upper tail and multiple peaks, highlighting
the need for careful planning due to significant variation in travel times.
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Figure 9. Distribution of pairwise travel times between locations for (a) short-distance, (b) mid-
distance, and (c) long-distance salespersons. Each subplot combines a violin plot (showing the kernel
density estimate of the time distribution) and a boxplot (showing the median, interquartile range,
and outliers). The x-axis indicates the salesperson profile; the y-axis measures travel time (minutes).

5.2. Results for the Short-Distance Salesperson

For the short-distance salesperson, the algorithm generated balanced schedules that
effectively grouped nearby clients, minimizing travel time (Figure 10a). The model ran in
16.56 min, producing a best solution with a total yearly travel time of 15,286 min (21.2 hpm
→ travelling hours per month) and a low daily work duration variance of 183.8 min2,
indicating consistent workload distribution. Daily client visits ranged from three to seven
clients (average: 5.2), and all constraints were satisfied without penalties. These travel
times were calculated by analyzing each day’s route and extracting inter-location travel
durations from the time matrix shown in Figure 8.

As shown in Figure 10b, daily routes ended between 12:51 and 14:40 (mean: 13:57),
assuming a 9:00 start. This leaves ample time each day for non-travel tasks, supporting
both efficiency and flexibility.

Figure 10. Workload and visit timing distribution for the short-distance salesperson. (a) Daily
working hours across in-person visit days, accounting for travel time to and from each client, as well
as 30 min visit durations. (b) Distribution of the ending times of the last client visit, assuming a
departure from home at 9:00 a.m.

Figure 11 shows six solutions from the Pareto front, illustrating the trade-offs between
the objectives. Observe that the Pareto front for the short-distance case exhibits a well-
distributed set of non-dominated solutions, which is quantitatively supported by the low
spread (∆) [33] value of 0.0703, indicating good diversity among the solutions. Moreover,
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this low value suggests that the population has settled and is not producing new, widely
separated solutions in the final generations, a typical signal that the search process has
stabilized. This visual evidence aligns with the convergence analysis in Section 4.5, where
no significant improvements were observed beyond 50 generations, confirming that the
front had stabilized. Still, the plot shows a clear spread of solutions, ranging from schedules
with lower travel time but higher variance, to those with more balanced workloads but
longer total travel times. The best solution, highlighted with a distinct marker, corresponds
to the one with the smallest Euclidean distance to the origin (0,0), representing the most
balanced trade-off.

Figure 11. Pareto front plot showing six selected solutions for the short-distance case. The blue
points represent local Pareto-optimal solutions obtained independently from different islands in
the multi-island genetic algorithm. Although some solutions may appear dominated from a global
perspective, they are included to illustrate the diversity of trade-offs identified across islands.

5.3. Results for the Mid-Distance Salesperson

For the mid-distance salesperson, the model ran in 17.31 min. As shown in Figure 12a),
the resulting schedules were less balanced than for the short-distance case due to greater
variability in travel times (Figures 8 and 9). Nonetheless, all constraints were satisfied. The
total travel time was 35,637 min (49.5 hpm), with a high daily work duration variance of
1504.10 min2.

As seen in Figure 12b), visit end times ranged from 9:39 to 16:16 (mean: 14:14),
assuming a 9:00 departure. Many first clients are over an hour away, so earlier departures
(e.g., 8:00) could shift schedules earlier while still respecting time windows, highlighting
the importance of considering travel dynamics in interpreting these results.

Figure 12. Workload and visit timing distribution for the mid-distance salesperson. (a) Daily working
hours across in-person visit days, accounting for travel time to and from each client, as well as 30 min
visit durations. (b) Distribution of the ending times of the last client visit, assuming a departure from
home at 9:00 a.m.
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Figure 13 illustrates the trade-off between total travel time and the variance in daily
work duration for six selected solutions in the Pareto front. The chosen solution, marked
with a red X and with the lowest Euclidean distance to the point (0,0), lies near the lower-left
corner of the Pareto front, indicating a good balance between objectives. This solution
achieves a relatively low total travel time while keeping daily work variance at a reason-
able level, showing that the model successfully identifies efficient and balanced routing
schedules. The overall set of non-dominated solutions displays a satisfactory distribution,
as supported by the calculated spread (∆) value of 0.28.

Figure 13. Pareto front plot showing six selected solutions for the mid-distance case. As in Figure 11,
the blue points represent local Pareto-optimal solutions from different islands in the multi-island
genetic algorithm, included to show the diversity of trade-offs.

5.4. Results for the Long-Distance Salesperson

Figure 14 shows the total working time per week for the long-distance salesperson.
The running time of the model was 59.29 min. The best trade-off solution resulted in a
total travel time of 29,204 min (40.6 hpm), with a variance in weekly work duration of
179,980.43 min2. The results indicate some variability in weekly workloads, with most
days falling between 10 and 26 h, though a few weeks reach even higher, peaking at over
34 h. These fluctuations may reflect the uneven geographic distribution of clients in some
clusters, which exists. Some clients in a cluster are very far away from the others. Despite
the variability, the results show that the 40 h working weekly limit is respected. The solution
also satisfies all the other requirements.

Figure 14. Weekly working hours across in-person visits, accounting for travel time to and from each
client, as well as 30 min visit durations.

The Pareto front shown in Figure 15 illustrates the trade-off between total travel time
and the variance in weekly working time for the long-distance salesperson. The best
solution, marked in red, reflects a compromise between the two conflicting objectives,
achieving relatively low total travel time while maintaining a moderate level of variance
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since it is the solution with the smallest Euclidean distance to (0,0). This balance suggests
that the model successfully identified a practical route plan that avoids excessive fluctuation
in weekly workload without incurring prohibitively high travel costs, aligning well with
real-world considerations for long-distance planning. The calculated spread (∆) for the
long-distance Pareto front is approximately 0.0655, indicating a well-distributed set of
solutions along the front.

Figure 15. Pareto front plot showing six selected solutions for the long-distance case. As in Figure 11,
the blue points show local Pareto-optimal solutions from different islands, highlighting the diversity
of trade-offs.

6. Discussion
The results obtained from the optimization model were critically examined. The aim

is to interpret how well the model performed in generating feasible and efficient schedules.
This discussion also highlights the advantages of the model, identifies its limitations, and
considers its practical implications for route planning.

6.1. Solution Evaluation and Performance

Since there are no available datasets that closely match the specific conditions ad-
dressed by this model that could serve as a benchmark test, it is not possible to precisely
quantify how much the proposed solution improved client reach or reduced travel time
relative to existing benchmarks. In the absence of appropriate benchmark datasets and the
ability to directly calculate the proportional decrease in travel time relative to this expanded
reach, alternative methods were used to evaluate the model’s performance.

One way to evaluate the model’s performance is by comparing the average home-
to-client distance with the actual total travel time per client after optimization. For the
short-distance salesperson, the average travel time from home to a client is 50.68 min,
yet the total travel time per client across all routes is only 26.00 min. This indicates that
the model effectively clusters clients and builds efficient multi-client routes, significantly
reducing redundant travel. Similarly, for the mid-distance salesperson, while the aver-
age home-to-client distance is 123.45 min, the total travel time per client is reduced to
104.20 min. Although the reduction is less dramatic due to longer base distances, it still re-
flects meaningful route optimization and consolidation. These differences suggest that the
model leverages spatial efficiencies by grouping geographically close clients and planning
visit sequences that minimize back-and-forth travel. The same reasoning applies to the
long-distance salesperson. In this case, the average home-to-client distance is 432.24 min,
while the total travel time per client after optimization drops significantly to 92.89 min.
This drastic reduction highlights the ability of the model to form highly efficient weekly
routes by grouping clients in distant regions in a way that substantially minimizes total
travel, even when operating on a broader geographic scale.
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Since the model successfully met all predefined constraints, it was important to evalu-
ate the quality of route ordering within each day. To do this, the Nearest-Neighbor (NN)
algorithm was used as a benchmark. This algorithm starts at the depot (the salesperson’s
home) and iteratively visits the closest unvisited client, mimicking the intuitive decision-
making process a salesperson could follow in the field. For each daily route generated
by the GA model, the same set of clients was reordered using the NN algorithm, and the
corresponding total travel time was computed. These values were then compared with the
routes generated by the original GA model to assess whether the model was producing
equally or more efficient route sequences.

We summarize the total travel time results obtained from the NN and GA approaches
for each type of salesperson in Table 2. As shown, the GA model consistently outperforms
the NN approach in all scenarios. The corresponding percentage reductions further il-
lustrate the efficiency gains of the GA method. The Figure 16 illustrates the daily and
weekly travel time differences between the NN and GA models for the three salespeople,
highlighting the efficiency improvements with the GA model.

Table 2. Comparison of NN and GA travel time results by salesperson type.

Salesperson Type Method Total Travel Time (min) Reduction (%)

Short-Distance NN 49,977 69%GA 15,286

Mid-Distance NN 64,270 45%GA 35,637

Long-Distance NN 65,369 55%GA 29,105

Figure 16. Differences in daily travel time between the NN and GA models for each in-person day,
highlighting how the GA consistently outperforms the NN algorithm, which mimics salesperson
intuition, by producing better-ordered routes.

The comparison with the NN algorithm reinforces the effectiveness of the GA model
in optimizing route sequencing. NN reflects a common and intuitive approach that a
salesperson might take, prioritizing proximity at each step. These findings highlight how
efficient the GA model is in ordering client visits within each route.
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6.2. Model Advantages and Limitations

The proposed model offers several advantages in addressing this adaptation of the
PVRPTWs. Its key strength lies in its flexibility to handle diverse constraints such as client
visit frequencies, time windows, and daily work hour limits. By using a multi-objective
genetic algorithm that minimizes both travel time and workload variance, it generates
balanced schedules and allows decision-makers to prioritize based on operational needs.

The integration of a 2-opt repair function further improves route quality by ensuring
geographically logical sequencing. The model performs well across various geographic
contexts, including long-distance routes, and can be easily updated when client data or
constraints change, demonstrating strong adaptability and scalability.

However, the model has limitations. The lack of benchmark data prevents the full
quantification of efficiency gains and does not yet account for real-world uncertainties,
such as traffic or delays. Its reliance on accurate travel-time matrices also means that input
errors could affect output quality. Since we are only accounting for the total travel time by
car and not the costs associated with it, a major limitation of our approach is the exclusion
of actual travel expenses and alternative modes of transportation, which, in some cases,
could reduce both cost and time.

Another limitation is the absence of a direct performance comparison with other
metaheuristic approaches, such as Tabu Search [24], Simulated Annealing [25], or Ant
Colony Optimization [35], which are commonly applied to VRPTW variants. Although the
Nearest-Neighbor heuristic was used as a baseline to evaluate route-ordering efficiency,
future work should consider benchmarking the proposed model against these established
methods on synthetic instances of a similar size to enable a more systematic evaluation
of solution quality and runtime. Nonetheless, the choice of a multi-objective genetic
algorithm in this study is supported by prior work showing the strong performance
of GA-based methods in high-dimensional VRP contexts [36,37]. Our approach builds
on these foundations by incorporating local search mechanisms, specifically 2-opt and
simulated annealing, within the mutation step, enhancing both solution refinement and
route sequencing quality.

Another factor to consider is that the current model does not explicitly account for
uncertainties such as travel time variability or unexpected changes in client availability.
Incorporating robustness assessment, as suggested in the recent literature [38] on multi-
objective optimization under uncertainty, would improve the reliability of the proposed
approach and represent a promising direction for future work.

7. Conclusions
We present a scheduling solution for large sales teams using a customized PVRPTWs

model that incorporates critical constraints such as client visit frequencies, time windows,
and daily work limits. In summary, the key findings of this study are the following:

• A MOGA was developed to balance total travel time with weekly workload distribu-
tion, offering flexibility for various business priorities;

• Scalability was demonstrated by applying the model to three representative salesper-
son profiles: short-, medium-, and long-distance;

• For long-distance scenarios, the combination of MDS clustering and fuzzy logic effec-
tively grouped clients, leading to improved route quality;

• The model consistently produced geographically efficient routes and outperformed the
NN heuristic baseline, reducing total travel time by up to 69%, by globally optimizing
visit sequences rather than relying on step-by-step proximity, which often leads to
suboptimal detours;



AppliedMath 2025, 5, 103 23 of 25

• The approach is practical for long-term use and easily adapts to updated client data or
operational constraints;

• Although the model assumes static conditions and lacks benchmarking against other
metaheuristics, performance proxies validate its effectiveness.

Beyond sales planning, the proposed methodology can also be adapted to other
real-world scenarios involving geographically dispersed operations, such as maintenance
scheduling, inspection tours, pharmaceutical logistics, or agricultural monitoring. Future
developments will focus on extending the model to multi-agent coordination, incorporat-
ing uncertainty in travel and service times, and benchmarking its performance against
alternative multi-objective optimization techniques.
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Appendix A

Figure A1. Distribution of the times of the latest stops every day for the mid-distance salesperson by
minimizing the standard deviation and the variance of the daily travel times.
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