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Abstract: Despite its significance, hysteresis remains underrepresented in mainstream
models of plasticity. In this work, we propose a novel framework that explicitly models
hysteresis in simple one- and two-neuron models. Our models capture key feedback-
dependent phenomena such as bistability, multistability, periodicity, quasi-periodicity, and
chaos, offering a more accurate and general representation of neural adaptation. This
opens the door to new insights in computational neuroscience and neuromorphic system
design. Synaptic weights change in several contexts or mechanisms including, Bienenstock—
Cooper-Munro (BCM) synaptic modification, where synaptic changes depend on the level
of post-synaptic activity; homeostatic plasticity, where all of a neuron synapses simulta-
neously scale up or down to maintain stability; metaplasticity, or plasticity of plasticity;
neuromodulation, where neurotransmitters influence synaptic weights; developmental
processes, where synaptic connections are actively formed, pruned and refined; disease
or injury; for example, neurological conditions can induce maladaptive synaptic changes;
spike-time dependent plasticity (STDP), where changes depend on the precise timing of
pre- and postsynaptic spikes; and structural plasticity, where changes in dendritic spines
and axonal boutons can alter synaptic strength. The ability of synapses and neurons to
change in response to activity is fundamental to learning, memory formation, and cogni-
tive adaptation. This paper presents simple continuous and discrete neuro-modules with
adapting feedback synapses which in turn are subject to feedback. The dynamics of con-
tinuous periodically driven Hopfield neural networks with adapting synapses have been
investigated since the 1990s in terms of periodicity and chaotic behaviors. For the first time,
one- and two-neuron models are considered as parameters are varied using a feedback
mechanism which more accurately represents real-world simulation, as explained earlier.
It is shown that these models are history dependent. A simple discrete two-neuron model
with adapting feedback synapses is analyzed in terms of stability and bifurcation diagrams
are plotted as parameters are increased and decreased. This work has the potential to
improve learning algorithms, increase understanding of neural memory formation, and
inform neuromorphic engineering research.

Keywords: adaptive synapse; bifurcation diagram; bistable; chaotic system; feedback;
hysteresis; memristor; multi-stable; neural network; quasi-periodic; stability

MSC: 34C23; 34C55; 92B20

1. Introduction

In 1992, Dong and Hopfield [1] considered neural networks with two kinds of time-
dependent dynamics that occur, one involved the action potentials of neurons and the other
the change in synaptic strengths between those neurons. Adaptive synaptic connections
play a crucial role in brain plasticity, or neuro-plasticity, which is the brain’s ability to
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reorganize itself by forming new neural connections throughout life in response to new
experiences or learning. This adaptability allows the brain to compensate for injuries,
adapt to new situations, and learn new skills; for example, [2]. Elasto-plasticity was first
observed in solids by Tresca in 1864 [3], and the term “hysteresis” was first coined by
Sir Alfred James Ewing in 1885 when describing magnetic materials [4]. Hysteresis is a
phenomenon in which the state of a system depends not only on its current conditions but
also on its past history. In other words, the output or response of the system lags behind
changes in the input. This creates a sort of memory effect, often visible as a bistable loop
when input-output relationships are graphed. The author has demonstrated hysteresis in a
wide range of phenomena, including single muscle fiber, non-linear electrical circuits, non-
linear optical resonators and microfiber ring resonators, mechanical engineering, chemical
kinetics, population dynamics of blood cells, and angiogenesis and hemotopoiesis; for
example, see [5]. Hysteresis is prevalent in biology, as shown in [6], so it should come as no
surprise that it occurs in these neuronal models with adaptive feedback synapses.

Synaptic weights can change in a variety of ways but hysteretic effects are rarely
covered. BCM synaptic modification, particularly in the visual cortex, is studied in more
biophysical detail in [7], and implementation has recently been achieved with memristors
in [8]. Homeostatic plasticity in a mouse primary visual cortex is investigated in [9] where it
is shown that homeostatic forms of plasticity can be recruited in a structured way according
to the evolving needs of a developing neural circuit. A metaplasticity view of the interac-
tion between homeostatic and Hebbian plasticity is covered in [10]. Neuromodulation is
important in human movement control and an imbalance of neurotransmitters, such as
dopamine and serotonin, can be associated with various neurological disorders causing
tremors or spasms [11]. There are over one hundred different types of neurotransmitter in
the brain with 80% being excitatory and 20% inhibitory. Neurotransmitter concentrations
in the human brain vary throughout the day, in fact, this variation is essential for regu-
lating sleep, mood, attention, and overall brain function. In the womb, autism spectrum
disorders can manifest from the developmental synaptic processes involving genes and
other elements such as epigenetic factors, hormonal and inflammatory signals, microbiota,
and stress [12]. Adaptive plasticity after damage to the human brain is discussed in [13]
and behavioral training has been shown to induce synaptic plasticity in both intact and
injured animals [14]. STDP was successfully implemented with Ta;Os-based memristors
with CMOS-based neurons with applications in unsupervised learning tasks [15]. Synap-
tic plasticity in optoelectronic devices provides a promising route in the development
of energy-efficient and adaptive optoelectronic neuromorphic systems [16]. Multistable
synaptic plasticity and its influence on collective synchronization is shown to give rise
to co-existing chimera-like and bump-like states simultaneously in a network [17]. In
2021, Bao et al. studied a memristive single neuron model with an adapting synapse and
constructed an analog circuit implementation [18]. The phase portraits on the oscilloscopes
are similar to those shown in this paper. More recently, Seralan et al. [19] consider a regular
network of neurons connected through memristive synapses. They begin with one- and
two-neuron models before looking at simple networks of one hundred neurons. They
observed collective behavior and synchrony depend on the number of synaptic connec-
tions, coupling strengths, and rewiring probabilities. Ma et al. [20] investigate a discrete
memristor-coupled Rulkov neuron map, using discrete memristors to model synaptic
functionality, they present both numerical and experimental results.

For the first time, this paper presents hysteretic models of simple continuous and
discrete neuronal systems where a single parameter is increased and decreased and synap-
tic connections adapt. In the real-world examples listed above, a number of parameters
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increase and decrease, and hysteresis will inevitably follow. Future research should concen-
trate on how hysteresis affects those models.

For definitions, theory, programming, and applications in dynamical systems, the
author recommends his books based on MapleTM [21], Mathematica® [22], MATLAB® [23],
and Python® [24]. The reader might find it useful to discover some MATLAB R2025a and
Python 3 program files listed in this pape. Appendix A lists a MATLAB program to produce
an animation of a phase portrait as a parameter increases. Appendix B lists a MATLAB
program, using the second iterative method, to plot a bifurcation diagram. Appendix C
gives a Python program for plotting a stability diagram. Finally, Appendix D shows a
Python program, using the second iterative method, for plotting a bifurcation diagram.

2. Continuous Neuron Models with Adapting Feedback Synapse

When modeling simple neural networks, two variables are often employed; the action
potential of the neuron and the synaptic strength of connections between the neurons. First,
consider the single neuron model, as described by Li and Chen [25]:

% = —u+¢(u)p(s)+ I(t), % = —as + a¢*(u), (1)
where u is the action potential of the neuron and s represents the adapting synapse strength.
The activation functions are defined by ¢(u) = f(au) and ¢(s) = f(bs), where a and
b are positive constants, and f(u) = 3ue /2. The input is given by I(t) = esin(wt),
making this a non-autonomous periodically driven system. The function f is the same as
that used in [25] and its shape is reminiscent of the derivative of a Gaussian function and
resembles the receptive fields of certain biological neurons, especially those in the visual
cortex. The function also captures a strong response to moderate levels of stimulation and
a diminishing response to high input, which mimics the saturation behavior of biological
neurons. This is useful in pattern recognition, function approximation, and unsupervised
learning contexts like self-organizing maps. The parameter « is related to how quickly or
slowly the synapse adapts. In biophysical mechanisms, it might correspond to, for example,
calcium dynamics, enzyme kinetics, or receptor trafficking. In artificial models, it often
reflects a design choice to control learning speed and memory trace duration.

Figure 1 shows how the activation function changes as the parameter a changes, either
stretching or contracting in the horizontal direction.

2 2 2
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Figure 1. The function ¢(u) = f(au), when: (a)a = 0.5; (b) a = 1; (c) a = 2.

Figure 2 shows phase portraits for the system (1) as the parameter « increases from
x = 0.5 to &« = 5. One can animate this process using a suitable mathematical package
as referred to earlier. Appendix A lists a program for animating a single trajectory as «
increases. There are periodic and chaotic attractors that connect for certain parameter
values. Of course, this behavior can be summarized in a bifurcation diagram, see Figure 3.
In Figure 2a, when a = 0.5, there are four period-1 orbits; as « increases to one, two of the
period-1 cycles become period-2. When a = 2, a connected chaotic cycle forms for two of
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the cycles, which persists when & = 3. When a = 3.7, there are again two period-1 cycles
and two period-2 cycles. Finally, when & = 5, there are four period-1 cycles again.
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Figure 2. Phase portraits for system (1), when a = 5,b = 5,¢ = 0.2, w = 2. Initial points were
taken across the plane, and transient trajectories were removed. Plots when (a) & = 0.5, there are four
period-1 cycles; (b) & = 1, two period-2 cycles and two period-1 cycles; (c) « = 2, a connected chaotic
attractor; (d) « = 3, a connected chaotic attractor; (e) « = 3.7, two period-2 cycles and two period-1
cycles; (f) « = 5, four period-1 cycles. Compare with Figure 3.

Comparing Figures 2 and 3, it is easy to see how the bifurcation diagram is a summary
of the phase portraits; however, there is no feedback in « as yet.
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Figure 3. A bifurcation diagram for system (1) using the first iterative method, wherea = 5,b =5,
€ = 0.2, and w = 27t. A Poincaré map is taken at multiples of t = 27, as the system is 277-periodically
driven. There are four attractors, the period-1 and period-2 cycles are clear and the chaotic attractors
merge for a range of « values. The figure shows that the system is multi-stable. Compare with
Figure 2.

Figure 4 shows a gallery of bifurcation diagrams obtained using the second iterative
method (see my books for an explanation). For the first time, hysteresis is shown in a
simple continuous neuron model with adapting feedback synapses. In Figure 4a, the
neuron remains in a steady state as « increases and decreases. In Figure 4b,c, the behavior is
sensitive to the step length used in the program and different hysteretic curves are formed.
In Figure 4d-f, the outcome is affected by different initial conditions, step lengths, or the
maximum number of iterations.

To conclude this section, consider a simple two-neuron model:

du

dv ds
g = Ut e@(s) 1), = —ot(u)g(s) +1(t), = —as+ap(u)g(v), (2)

where u, v are action potentials of the neurons, s is the adapting synapse strength with
¢(u) = f(au), p(v) = f(bv), and ¢(s) = f(cs), where f(u) = 3ue~"*/2, The inputs are
equal, I(t) = esin(wt).
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Figure 4. Bifurcation diagrams for system (1) using the second iterative method, wherea = 5,b =5,
€ = 0.2, and w = 27t. For each value of & one point is plotted. In all cases, red dots are ramped
up and blue dots are ramped down. (a) 1y = 0.5,59 = 0.1, step = 0.0005, period-1 ramping up and
down. (b) uy = 0.1,s59 = 1, step = 0.0005. (c) ug = 0.1,59 = 1, step = 0.001. (d) up = 0.1,s9 = 0.09,
step = 0.0005. (e) ug = —0.1,59 = 0.1, step = 0.001, Max = 5110. (f) uyp = 0.1,59 = 1, step = 0.01,
Max = 5060. Compare with Figure 3.

Figure 5 shows a gallery of three-dimensional phase portraits for system (2). There
are more attractors than for the single neuron, but the dynamics are very similar. The
bifurcation diagrams for system (2) are similar to those for the one-neuron model and will
not be shown here.
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Figure 5. Three-dimensional phase portraits for system (2), whena = 5,b =5,c =5, = 0.2, w = 271.
Initial points across 3-D space, and transient trajectories were removed. Plots when: (a) « = 0.5, there
are four period-1 cycles and two period-2 cycles; (b) « = 1, four period-2 cycles and two period-1
cycles; (c) @ = 2, a connected chaotic attractor, and four period-1 cycles; (d) @ = 3, six periodic cycles;
(e) @ = 4, two chaotic cycles and four period-1 cycles; (f) « = 5, six period-1 cycles.

A neuron can form synaptic connections with itself in certain circumstances, a phe-
nomenon known as autoreception or autaptic synapses. Like other types of synapses,
autaptic connections can undergo changes in strength over time, which could play a role in
learning and memory processes. In the next section, we will consider a discrete two-neuron
model with self-synaptic connections.
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3. Discrete Neuron Models with Adapting Feedback Synapse

Consider the two-neuron model depicted in Figure 6a, consisting of two neurons with
activations u, and vy, respectively. The adaptive synaptic weights and biases are labeled
w11, Wip, Wo1, Wop and by, by, respectively. The discrete two-neuron model is given as follows:

Upp1 = by F w11 (un) + wi2¢2(vn),  Vug1 = by + w11 (un) + wnda(vn),  (3)
where the activation functions are follows:

¢1(u) = f(au), ¢2(u) = f(bu),

and f(u) = 3ue~"’, as in previous examples. The effect of changing the parameters a and b
is to stretch and contract the activation functions in the horizontal direction (see Figure 1),
and this is how the synaptic connections adapt.

5.0
bi
2.5
. Wil
wi2
W21 I Wi2 0.01
G‘ w22 —2.51
BII=1
b2 -5.0 5 (') 5
(a) (b) bi

Figure 6. (a) Two-neuron module with adaptive feedback synapses. (b) Stability diagram in the

(b1, wrp) plane when b, = —1,wy; = 1.5,wp; = 5,4 = 0.3 and b = 0.1. The curves denote the
boundaries where the system is bistable B*1, unstable Bl ‘:1, and quasi-periodic . Compare with
Figure 7.

In order to simplify the analysis, assume that wy; = 0 in Equation (3). The fixed
points of period one, or steady-states, satisfy the equations u,1; = u, = u, say, and
Up41 = Uy = 0, say. Thus,

by=u-— wnf(au) — wlzf(bv), y= by + ZU21f(£lu). 4)

Taking P = u,,41 and Q = v,,41, the Jacobian matrix is

f— (g 3 = (wnfew) wif (o)
%—% aa—g wor1 f (au) 0 ’

where f'(au) = 3ae~"4*/2 _ 343y2¢=4"4*/2_ The characteristic equation is given by

A2 — w1 f (au) A — wipwy f'(au) f' (bv) = 0. (5)
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The equations used to plot Figure 6b are derived below. Using Equations (4) and (5), when
A = +1, the bistable bounding curve B*!, is given by the parametric equations:
1-— w11f’ (au)
=——3——", bh=u-— - bv).
2 e gy M ) menf ()
When A = —1, the eigenvalues are purely imaginary and irrationally related. The quasi-
periodic bounding curve B -, is given by the parametric equations:
1+ w11f’ (au)
wp=——~——"- bi=u—w am) —w bo).
12 = o ) fbe) ! nf(au) —wipf (bv)
Finally, when det(J) = 1 and trace(J) < 2, the bounding curve B!/I=! is given by the
parametric equations:

1
~wy f'(au) f' (bo)’

Figure 7 shows how the stability diagram in Figure 6b relates to bistable, unstable and

w1y = bl =Uu-— w11f(au) — wlzf(bv).

quasi-periodic regions for this dynamical system. In Figure 7a, there is a large bistable
cycle isolated from any instabilities. In Figure 6b, there is chaos with periodic windows,
and in Figure 7c, quasi-periodic behavior is present in the upper and lower branches of the
bistable cycle.

/b1

-5.0 -25 0.0 25 5.0 -4.0 -2.0 0.0 2.0 4.0 -4.0 -1.3 1.5 4.2 6.9
(a) (b) (c)

Figure 7. For all figures set by = —1,wq; = 1.5, w1 = 5,a = 0.3,b = 0.1, and vary the parameter b;.
(a) Set w1y = 2, and ramp the bias b; up and down, —5 < by < 5. There is a clear counterclockwise
hysteresis (bistable) cycle as by is ramped up (red dots) and ramped down (blue dots). (b) Set
wyp = —2, and ramp the bias b; up and down, —5 < by < 5. There is a clear instability (period-
doubling and un-doubling into/out of chaos), as by is ramped up and down. (c) Set wy, = 3, there is
quasi-periodic behavior as b; is ramped up and down. Compare with Figure 6.

Figure 8 shows how the bifurcation diagram changes as the parameter 4 increases
from zero up to a = 0.9. For the first time, it is shown how the hysteresis is affected as
synaptic strengths are varied. The parameter a alters the activation function, stretching and
contracting it horizontally, and this adapting feedback synapse greatly affects the behavior
of the neuronal system. When a = 0.05, there is no hysteresis, one path is followed as the
bias is ramped up and down. When a = 0.1, there is clearly an isolated counterclockwise
bistable cycle which grows as a passes through a = 0.2 and a = 0.3. Whena = 04, a
quasi-periodic bubble appears in the top branch of the bistable loop, and when a = 0.5, and
a = 0.6, there is quasi-periodic behavior in the upper and lower branches. When a = 0.8,
the bistable loop has vanished and there is predominant period-3 behavior. When a = 0.9,
there is periodic and quasi-periodic behavior on the two branches again.
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Figure 8. For all figures set by = —1,wy; = 1.5, wp = 2, wp; = 5,b = 0.1, and vary the parameter a.
(a) When a = 0.05, there is no hysteresis. (b) A small bistable cycle when a = 0.1. (c) The bistable cycle
is growing. a = 0.2. (d) The bistable cycle is large, 2 = 0.3. (e) Quasi-periodic behavior appears in the
top branch, a = 0.4. (f,g) There is quasi-periodic behavior in the upper and lower branches, a = 0.6.
(h) Periodic and quasi-periodic behavior on one branch, 2 = 0.8. (i) Periodic and quasi-periodic
behavior on two branches, a = 0.9.

4. Conclusions

We show that simple one- and two-neuron models with adaptive feedback synapses
are history dependent. Hysteresis is important in neuro-plasticity because it reflects the
brain’s ability to “remember” past states or experiences, which influences how it responds to
new stimuli. In simple terms, hysteresis means that the history of activity in a neural circuit
affects its future behavior, not just its current inputs. Hysteresis is vitally important for
stability in memory formation and threshold effects might result in the network requiring
stronger stimulus to change states.

For both models, the second iterative method is adopted where a parameter is varied
and the solution to the previous iterate is used as the initial condition for the next iterate.
In this way, a feedback mechanism is introduced, there is a history associated with the
process, and only one point is plotted for each value of the parameter, see Appendix B for a
program of a continuous model and Appendix D for a program of a discrete model.

Figures 4 and 8 show that the systems are history dependent, in both cases, the
parameters are ramped up in red and down in blue. Figures 6-8, demonstrate how the
analysis supports the main findings and bistable and unstable regions can be predicted
from a stability analysis.

This study shows that learning depends on the neural state history, and what the
brain has experienced before. Hysteresis adds robustness to neural processing, filtering out
minor, irrelevant inputs that could otherwise disrupt memory or learned behavior, making
the network resistant to noise.
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Future work will look at hysteresis in BCM synaptic modification, homeostatic plastic-
ity, metaplasticity, neuromodulation, developmental processes, disease and injury in the
brain, STDP, and structural plasticity.

Finally, some of the MATLAB and Python programs are listed in the Appendices so
readers can experiment with the code.
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Appendix A

% MATLAB Program.
% See Figure 2. Animated Single Neuron with Adaptive Synapse.
% Start with u=-0.1 and s=1.
% Plot the single trajectory as the parameter alpha goes from O to 5.
clear
xa=zeros (10000) ;
xmin=-0.2;xmax=0.2;
ymin=0.2;ymax=2.6;
g=5;p=5;epsilon=0.2;w=2%pi;
t_int=500;
for j=1:500
F(j)=getframe;
alpha=0.01%j;
sys = @(t,x) [-x(1)+£1(q*x(2))*f1(p*x(1))+epsilon*sin(wkt) ;
-alphaxx(2)+alpha*fl(pxx(1))*£f1(p*x(1))];
options = odeset("RelTol",le-4,"AbsTol",le-4);
[t,xal=o0de45(sys, [0 100],[-.1 1],options);
plot(xa(end-t_int:end, 1) ,xa(end-t_int:end,2),"b")
axis([xmin xmax ymin ymax])
fsize=20;
set(gca, "FontSize" ,fsize);
xlabel("u(t)");
ylabel("s(t)");
F(j)=getframe;
end
movie(F,2)

% End Program.
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Appendix B

% MATLAB Program.

% See Figure 4c.

% Bifurcation Diagram using the Second, Iterative Method with Feedback.

clear

figure

global alpha;

xmin=0;xmax=5;

ymin=-0.2;ymax=0.2;

% Parameters.
Max=10000;step=0.0005;interval=Max*step;
u=0.1;s=1; % Initial conditions.

% Ramp alpha up. Take 2pi time intervals.
for n=1:Max

alpha=step*n;
[t,x]=0de45(’Sys1’,0:2*pi, [u,s]);
u=x(2,1);

s=x(2,2);

rup(n)=x(2,1);

end

% Ramp alpha down. Take 2pi time intervals.
for n=1:Max

alpha=interval-step*n;
[t,x]=0de45(’Sys1’,0:2*pi, [u,s]);
u=x(2,1);

s=x(2,2);

rdown(n)=x(2,1);

end

% Plot the bifurcation diagram.

hold on;

rr=step:step:interval;

plot(rr,rup,’r.’, ’MarkerSize’,1); % Ramp up, red dots.

plot(interval-rr,rdown,’b.’, ’MarkerSize’,1); % Ramp down, blue dots.

hold off;

fsize=20;

set(gca,’FontSize’,fsize);

axis([xmin xmax ymin ymax]);

xlabel(’\alpha’);

ylabel(Cu(t)’);

% Activation function.

function [y] = f1(x)

y = 3*x*xexp(-x~2/2);

end

% Single Neuron System.

function xdot=Sys1(t,x)
g=5;p=5;epsilon=0.2;w=2%pi;

global alpha;

xdot (1)=-x(1)+£1(q*x(2) ) *f1(p*x(1))+epsilon*sin(w*t) ;
xdot (2)=-alpha*x(2)+alpha*fl(p*x(1))*£1(p*x(1));
xdot=[xdot (1) ;xdot (2)];
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end

% End of Program.

Appendix C

# Python Program.
# Stability diagram. See Figure 6b.
import numpy as np
import matplotlib.pyplot as plt
b2 , wil , w21 , a ,b=-1,15,5, 0.3, 0.1
x = np.linspace(-2.5 , 3.2 , 1000)
y = b2 + w2l * 3 * (a * x) * np.exp(-a*x*2xx*x*x2/2)
plt.axis([-5 , 6 , -5 , 5 1)
wl2 = (1 - wll *(3 * a * np.exp(-ax*2xx*x2/2) - 3 * ax*3 * x**2 * \
np.exp(-a*x*x2*x*x2/2))) / (w2l (3*a*np.exp(-a*x*2xx*x*2/2)- \
Sxa*xx3*xx*k2xnp . exp (-a**2xx*x*2/2) ) * (3xb*np . exp (-b*x*2xy**x2/2) \
-3*bx*3xy*x2*np . exp (-b**2%y**2/2) ) )
bl = x - wll*(3*(a*x)*np.exp(-a**2xx*x*2/2)) - \
wl2* (3%bxy*np.exp (~b**2*y**2/2))
plt.plot(bl , wi2)
plt.xlabel("$b_1$")
plt.ylabel ("$w_{12}$")
plt.rcParams["font.size"] = 30
wl2 = (1 + wll *(3 * a * np.exp(-ax*2xx*x2/2) - 3 * ax*3 * x**2 * \
np.exp (-ax*2*x**2/2))) / (w21x(3*a*np.exp(-a**x2*x**2/2) - \
3xaxx3*kxx*k2xnp . exp (—ax*2xx**2/2) ) x (3xb*np . exp (-b**2*y**2/2) - \
3*kb**3*y**2*np . exp (-b**2%y**2/2)))
bl = x - will*(3*(a*x)*np.exp(-a*x*2xx**2/2)) - \
w12 (3xbxy*np.exp (-bx*2*y**2/2) )
plt.plot(bl , wil2)
wl2 = - 1 / (w21*(3*a*np.exp(-a*x*2xx*x2/2) - \
Skax*k3kxk*k2*np . exp (~ax*2kx**2/2)) * \
(3*b*np. exp (-bx*2ky**2/2) -3*b**3xy**2xnp . exp (-b**2*y*x2/2) ) )
bl = x - willx(3*(a*x)*np.exp(-a*x*2xx*x2/2)) - \
w12 (3xbxy*np.exp (-b**2*y**2/2) )
plt.plot(bl , wi2)
plt.savefig("stability.png" , dpi = 400)
plt.show()

Appendix D

# Python Program.

# See Figure 7b.

# Bifurcation Diagrams for a Two-Neuron Module with Adaptive Synapses.
# Unstable.

from matplotlib import pyplot as plt

import numpy as np

wil2 = -2
b2 , wil , w21 , a ,b=-1,15,5, 0.3, 0.1
start, max = -4, 8

half N = 9999



AppliedMath 2025, 5,70 14 of 15

N =2 % half N + 1
N1 =1 + half_N
xs_up, xs_down = [], []
x0, yO = -7.5, 5
ns_up = np.arange (half_N)
ns_down = np.arange(N1, N)
def f(x):
return 3 * x * np.exp(-x**2 / 2)
# Ramp bl up
for n in ns_up:
bl = start + n*max / half_N
x = Dbl + wil * f(a * x0) + wi2 * £(b * y0)
y = b2 + w21 * f(a * x0)
X = X
x0, y0=x, vy
xs_up.append([n, xn])
xs_up = np.array(xs_up)
# Ramp bl down
for n in ns_down:
bl = start + 2*max - n*max / half_N
x = Dbl + wil * £(a * x0) + wi2 * f(b * yO0)
y = b2 + w21 * f(a * x0)
X = X
x0, y0=x, vy
xs_down.append ([N-n, xn])
xs_down = np.array(xs_down)
fig, ax = plt.subplots()
xtick_labels = np.linspace(start, max, 7)
ax.set_xticks([(-start + x) / max * N1 for x in xtick_labels])
ax.set_xticklabels(["{:.1f}".format(xtick) for xtick in xtick_labels])

plt.rcParams["font.size"] = 30

plt.plot(xs_upl:, 0], xs_up[:, 1], "r.", markersize=1)
plt.plot(xs_down[:, 0], xs_down[:,1], "b.", markersize=1)
plt.xlabel(r"$b_1$")

plt.ylabel(r"$u_n$")

plt.show()
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