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1. Introduction

The Langevin function arises in diverse contexts including the classical model of
paramagnetism [1], and the ideal freely jointed chain model, e.g., [2]. It is defined, e.g., [3],
according to:

1 o
Y= L(x) = {Sf)théx:) . 2, x€(0,0) "
L(—x) = —L(x)

Whilst the Langevin function is well defined, its inverse, denoted L~ does not have a
known analytical form and significant research efforts have led to many approximations
with the papers, for example, and in chronological order, by Itskov (2012) [4], Nguessong
(2014) [5], Darabi (2015) [6], Jedynak (2015) [7], Kroger (2015) [8], Marchi (2015) [9], Rickaby
(2015) [10], Petrosyan (2017) [11], Jedynak (2018) [12], Marchi (2019) [13], and Howard
(2020) [14], providing useful approximations. Graphs of the Langevin function and the
inverse Langevin function are shown in Figure 1.
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Figure 1. Graphs of the Langevin and inverse Langevin functions.

Mez6 and Keady [15] detail the relationship between the inverse Langevin function
and a generalization of the Lambert W function. Whilst such a relationship is important,
it does not directly facilitate finding approximations for the inverse Langevin function
as the generalized Lambert W function does not have an explicit analytical form. The
contribution of this paper is to detail a relationship between the inverse Langevin function
and the rg-r;-Lambert W function which is a generalization of the r-Lambert W function
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that has been considered by Mez& [16], Mez& and Baricz [17], and Jamilla [18]. The derived
relationship leads to new approximations for the inverse Langevin function with potentially
lower relative error bounds than comparable approximations. Improved approximations,
based on Schroder’s root approximations of the first kind, e.g., [19-21], are detailed. Several
applications of the results are also detailed.

Section 2 details the definitions that underpin the paper. Section 3 details the relation-
ship between the inverse Langevin function and the proposed ry-r1-Lambert W function.
Section 4 details approximations for the ry-ri-Lambert W function and, thus, the inverse
Langevin function. Section 5 details the establishment of approximations of higher accuracy
through the use of Schroder’s root approximations of the first kind. Several applications of
the results are detailed in Section 6. A summary of results, and conclusions, are detailed
in Section 7.

2. Definitions

By utilizing the exponential function-based definition for the hyperbolic cotangent
function, the following alternative definition for the Langevin function is valid:

y=L(x) = S0 0y € (0,1). )

x(1—e=2x)

It then follows that the relationship between x and y = L(x) is equivalently defined by
either of the equations:

—2x __ 1 _x(l _]/)
e T T1tx(1-y) ®
floy)=1-Q0-y)x—[1+ 1 +yxle®, flx,y)=0, )

For x > 0, y € (0,1). The graph of the function f is shown in Figure 2. This function
underpins a link between the inverse Langevin function and a generalization of the Lambert
W function. The following definitions are fundamental to establishing the required link.

Figure 2. Graph of f(x, y).

Definition 1. Lambert W Function.

The Lambert W function, denoted W, is the inverse of , i.e., k=1 (z) = W(z), where h
is defined according to:
z = h(w) = we®. (5)

For the general case, w € C, the Lambert W function is multivalued, e.g., [22]. For the
real case, w € (—oo,0), the principal branch of the Lambert W function, denoted W, is
associated with the interval w € [—1, c0) whilst the negative one branch, denoted W_1, is
associated with the interval w € (—oo, —1).
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Definition 2. Generalized Lambert W Function.
The generalized Lambert W function, e.g., [15], is denoted
all PEY ’ an
W z 6
P ©

and is the inverse of the function / which is defined according to

z:h(w):ew~(w_al)m(w_a") (7)

(W —p1) - (w—Pn)

For the general case w, a1, -+ , a4, B1,- -+, Bn € Cbut often the real case is of interest.

Definition 3. r-Lambert W Function.

The r-Lambert W function, e.g., [16-18], denoted h, L or W,, is the inverse of h, defined
according to
he(w) = rw + we®. (8)

For the general case w,r € C. A generalization of this function is the ry-r;-Lambert
W function.

Definition 4. ry-r1-Lambert W Function.

-1

The ro-r1-Lambert W function, denoted h; ;,

defined according to:

or Wy, r,, is the inverse of h,, ,, which is

hygr (W) = 1o + r1w + we®. 9)

For the general case w, 1o, 1 € C. The real case is considered in this paper.

2.1. Link: Inverse Langevin Function and Generalized Lambert W Function
Manipulation of (3) (see [15] Section 2.2.1) leads to the relationship

(10)

2 11
L) = —zw[yél T
y—1

y+1

which directly links the inverse Langevin function to the general Lambert W function.
Whilst such a link is important, it does not directly facilitate finding approximations for
the inverse Langevin function, as an explicit analytical approximation for the Lambert
W function is unknown and research to develop approximations is ongoing, e.g., [23,24].
The relationship between the inverse Langevin function and the ry-r1-Lambert W function,
which yields new approximations, is detailed below after the next subsection, which lists
established approximations for the inverse Langevin function.

2.2. Published Approximations

Representative approximations for the inverse Langevin function include:

_ 3 24y 2242
i = 121 5+ 5 an
3 2 vt 2
1y =Y | Y A
Lo, (y) = 2 [ T (12)
_ 2 (7 3
Lo,é (y) =3y + ygsm {Zy} + 1y_ y (13)
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o yB=y)  ylos _7
Lil( ) = Sy+ayy’tazy’ +agyt [4/4] approx.
05WYW) = T by (y— ) 103 () 0 (P )

4 = —6.98408968, a3 = 5.69026957, a; — —1.35415696, (19
by = —1.33411915, by = 0.03919556, b, — 0.64694651,

which, respectively, have been published in [5,8,11,13,14]. The relative error bounds (see
definition below) that are associated with these approximations over the interval [0,1),
respectively, are: 9.69 x 1072,2.75 x 1073, 1.79 x 103,7.22 x 10~* and 1.80 x 10~*.

2.2.1. Relative Error Bound

For an arbitrary function f, defined over the interval [, B], an approximating function
fa has arelative error, at a point x7, defined according tore(x1) =1 — fa(x1)/f(x1). The
relative error bound for the approximating function, over the interval [«, f], is defined
according to:

rep = max{|re(x1)|: x1 € [&, B]} (16)

In this paper, Mathematica has been used to facilitate analysis and to obtain numerical
results. In general, relative error results associated with approximations have been obtained
by uniformly sampling the interval [0, 1] with 1000 points.

3. Relationship between Inverse Langevin and rp-ri-Lambert W Function

With the function f defined according to (4), it is the case that f(x,y) = 0 when
x = L™1(y). The following result then holds:

Theorem 1. Relationship: ro-r;-Lambert W Function and Inverse Langevin Function
With hy, », and f defined, respectively, by (9) and (4), the general result
) (@) = 1oy) + (o +e® = k) f[Fh — %], y#£ -1 A7)

holds for the case of x,y € R when

_ 4e72/(4y)

. 2 —2/(14y)
() = 2200 ) = U ) =238y Aol ay)
It then follows that

472/ (14y) w(lfy)e_y(l'*'y) w

hry ), () (@) = (11y)? + T+y +we?, y# -1, (19)

and the inverse Langevin function can be defined according to

h
-1 (y) = =1 _ 70(}/)/721@) ), 0<y<l (20)
Proof of Theorem 1. The proof is detailed in Appendix A. [J

3.1. Determining Root of h

Consistent with (20), the inverse Langevin function can be defined once the appropriate
root of 1, () , () is known. It can readily be shown that

h’o(y)/ﬁ ) [%} =0, vy # -1, (21)
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which implies h;o%y) ") (0) = % However, this result is associated with a branch of 1!
which is not consistent with the validity of the relationship specified by (20). The branch
of h~! that is required can readily be seen by considering the nature of h for the case of

0<y<l

3.1.1. Graphs

For the case of 0 < y < 1, it is the case that 1/e < rg(y) < 4/e*>and 0 < r{(y) < 1/¢2.
Graphs of ry(y) and r1(y), for the case of y € [0,1], are shown in Figure 3. The graph
of Iy (), (y) (w) is shown in Figure 4 for two set values of y to illustrate the nature of
the variation of h, (), (,)(w) for set values of y. The variation, with y, of the root of
Ny (y)m (y) (W), that is to the left of —2/(1 +y), is shown in Figure 5.

PR, e ro(y) ]
04t il/e
03 :

Ve ]
0.2 ]
y rl(y) ]

0] ]

u_ui PSR S SR TS RS SR S S SRR |
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Figure 3. Graphs of ro(y) and rq (y) for the case of y € (0,1).
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Figure 4. Graphs of I, () ,, () (w) for the set values of y of 0.01 and 0.5.
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Figure 5. Graphs of fh;o%y) "y

) (0), y € (0,1), which is the negative of the root of h, () , () (w) that
is to the left of —2/(1 +y).

3.1.2. Required Branch for Root of 1

The variation of h, () », () (w), with w, is illustrated in Figure 4 along with the first
negative root of w = —2/(1 + y) as defined by (21). The required root is to the left of the
local maximum of k), (,) (w) that is located left of the first negative root. To establish

where this local maximum occurs, consider the derivative of h, () ,, () (w):
1) _
hro(y),rl ) (w) =r1(y) + (1 +w)e”. (22)
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The root of this function, denoted wy;, occurs when (1 4wy, )e“" = —r(y), or, after a
change of variable w; = 1+ wy,, where w1l = —eri(y). As 0<ri(y) < 1/¢€? for
0 <y < 1 (see Figure 3), it is the case that

—1/e, =0, =1/¢?
W1€wl — /6 y n (y> /E 5 (23)
—er1(y), 0<y<1,0<r(y)<1l/e

with solutions, consistent with the nature of the Lambert W function, e.g., [22], defined

according to
-1, =0
w = / 24)
Wol—er1(y)] or W_q[—eri(y)] , 0<y<1

where Wj is the principal branch solution and W_ is the negative one branch. It is the
negative one branch that provides the required solution and, thus:

= > y=0 25)
—1+W_q[—eri(y)], O0<y<1

Hence, the goal is to establish the root of I, () ,(

y
of z = Iy () r, (y) (W), and its inverse w = hr_o%y),n ) (z), are illustrated in Figure 6 for the
case of w < wy, and a fixed value of y.

)(w) for the case of w < wy,. The nature

Zo = Py (W) = 0

w :hl

By 30, r, 9 (%) o
o = P, r(n(V)

Im h"o()’),h(y)(wm)

o
Wi = Py, 09 Zm)

Figure 6. Illustration of the functions z = h, (), (,)(w) and w = hr;%y) () (z) for y fixed and

w < Wy

4. Approximations for Inverse Langevin Function

Consistent with Theorem 1, an approximation to h;]%y) ") (0), for 0 < y < 1, leads

to an approximation for the inverse Langevin function. To establish approximations for
hr_o}y) ") (0), first, consider the following two restricted domain approximations which
arise from the analysis detailed in Appendix B:

hl 0)~-2—-4y, 0<y<1,

o ~ 2 —1- (26)
ot @~y y=1-80<A<1L
These approximations are consistent with the first order approximation:
-1 ) L )
My (0 = 5 —2y = - [1+y—y?], 0<y<1, 27)

Consistency arises, first, by noting —2/(1 —y) =~ —2(1+y), 0 < y < 1, and thus, the
approximation for y — 0 is —2 — 4y as required. Second, for the case of y = 1 — A,
0 < A < 1, the approximation approaches —2/(1 — y) as required. A measure of the error
in this approximation is shown in Figure 7 and the relative error bound associated with the
interval (0,1) is 4.45 x 1072,
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Figure 7. Graph, over the interval y € (0, 1), of a measure of the relative error, ey, in the approximation

-1 . -1
hl,ro W) (0), as defined by (27), to hro W) (0).

The approximation defined by (27) and the relative error measure e; shown in Figure 7

are consistent with

Mot ) (©) = Mgy O[T = e ()], (28)

and this relationship provides a useful basis for establishing better approximations. Im-
proved approximations include:

hz_}o(y),rl (y) (O) — % . [1 + 021sin (7'[]/26‘; szsil’l(ﬂyz)}

Cop — 28L (29)
21 = 10007 %22 = 7000

-1 _ 2 2 7/2 _
Bt (©) = 7 [1+y =] #0772 =

2
1-y

7/2 9/2
1+y—y2—y2+y21 (30)

i - 2. N P )]
h4r70(y)rrl(y>(0) 1y [1+y y] |:1 2

4 (31)
=2 [1+y-2 - L+ -]
B B 7/2 9/2 ol 32
h5,r10(y),r1(y) (0) = % [1 ty-y -+ yT} +o515° (1= y) (y — yo)e 3 —¥0) (32)
— 1133 — 2212
C51 = %00+ Yo = 3125
-1 _ -2 2 _ ¥ 4
M@ = T [1+y =y =5+ - k]
{1 +aoy?(1— y)2 (14 aoy? + azy® + agy* + asy® + azy’ + “SVSH (33)

_ 5813 3349 . _ 23467 . _
%0 = 100,000/ %2 = "0 +¥3 = —q0 &4 = 6526,
a5 = —7920, 07 = 8222, g = —4799.

Graphs of the magnitude of the relative errors in these approximations are shown in
Figure 8. The respective relative error bounds associated with these approximations, and
for the interval (0,1), are: 4.66 x 1073,3.71 x 1073,2.13 x 1073,2.33 x 10~* and 4.58 x 1075.

Ire(y)l
0.010.
0.001 I

107

Figure 8. Graphs of the magnitude of the relative error in approximations to hr;%y) ") (0) as defined
by (27) and (29) to (33).



AppliedMath 2024, 4

750

4.1. Associated Langevin Approximations

-1

Mot ) ©

Given the relationship L1 (y) : , as stated in Theorem 1, the above

_ -1
=1y
approximations for hr_o%y) ") (0), as specified by (27) and (28) to (33), lead, respectively, to
the following approximations for the inverse Langevin function:

A P yj
-1 2y dysin (7ty) +dzzsin(7ty2)
» W =1+ T (35)
dyy = 29, dop = 505
B 3 2 .52 ,9/2
50 - 2 1= -
3 2 .3 4 5 6 7
1y 3y Yy Yy vy .y Yy Y
L=y '"3 %6 673"%% 6} 57)
iy 3y vV 2 PP s =y) Y —Yo) sy
e L . e (38)
3 5
, [1-5og-teget-g
-1 _ _ 4 5 6
Lg (y)—@' 7“03'(13”~{17y2+y373%+3%*y7' (39)

1+ aoy? + azy® + agy* + asy® + a7y’ + asy®]

Graphs of the magnitude of the relative errors in these approximations are shown in Figure 9.
The relative error bounds associated with these approximations, and for the interval
(0,1), respectively, are: 4.94 x 1072, 1.83 x 1072,4.37 x 1073,2.44 x 10~3,2.58 x 10~* and
4.85x107°.

[re(»)

0.010

0.001

106 ...“:'-‘.l : PP B .:'. \':.. P B S
0. 0.2 04 0.6 0.8 1.0 ¥V

Figure 9. Graphs of the magnitude of the relative error in approximations to L' () as defined by
(34) to (39).

Notes

-1
210(y).r1(y)
have been chosen to minimize their respective relative error bounds over the interval [0, 1).

The fourth approximation, as given by (37), has a relative error bound of 2.44 x 1073
over the interval [0, 1). and is similar in form to that proposed by Kroger [8] and stated in
(12). The proposed approximation includes an order seven (rather than six) polynomial
and achieves a slightly lower relative error bound.

The fifth (38) and sixth (39) approximations achieve lower relative error bounds, re-
spectively, than the published approximations provided by Nguessong [5] and Marchi [13]
and which are stated in (14) and (15).

The coefficients utilized in the approximations h and L, ! are different and
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The proposed approximations complement the list of published approximations for
the inverse Langevin function and with relative error bounds consistent with, or lower than,
comparable published approximations. Additional approximations remain to be proposed.

5. Schroder Based Higher Order Approximations

The following general approximations for an inverse function arise from the Schroder
root approximation of the first kind, e.g., [25] (Equation (21)), [19] (Equation (17)), [20]
(Section 3) and [21]:

Theorem 2. Schrider Based Approximations for an Inverse Function

Consider a real function f that is differentiable up to at least order n and is also strictly mono-
tonic in an interval around a point xy which includes the root x, of g(x) = f(x) — y, that is close
to xo. A nth order Taylor series for g, based on the point (yo,Xo),
Yo = f(xo0) — Yo, yields the nth order Schroder approximation for x, = f~'(y,), denoted x,,, and

defined according to

xn—xo+2 o) = vl DO f(x)]], ne 12}, @)

where D) is the operator denoting kth order differentiation. An explicit form is

_ﬂm%w_vm%m%®m>_vm%m%®my{1+U mﬂ}_

f®(xo) 2[f0 (x)]” 6[f(1)(x0)]4 F®(x0) f®) (x0)
g [1 070000 1ol of}_
24[fO(x)]” | SO (x0) f®) (x0) [fa (xo) :
_ 15 (x0) f¥) (x0) 10[f® (xo) }
O 1+fM)W() TGO |
uw<m] m[ x0)] £ (x0) NWWM] (41)
[ ]2 ) (xp) [F0 (x0)] £ ) (x
[ zv<mﬂ%m 3@%@#() 207 x0)
©)(xg) SO (x0) ) (x0) SO (x0) ) (x0) [FO (x )}zf(é)( 0) B
720[f<1>(x0)]7 2807 (xp) [ ®) xo)]2 1260[ <2>(x0)] f >(x0) 945[f @ (xo )
[ (Xo ] )] O (x0) [FO( (x0)]’f [f0 }4f6

+ CVG)—wl" b [f-1[f(x)]]

Proof of Theorem 2. This result arises from a Taylor series approximation for g~ ! at the
point (yp, x9) and the inverse function theorem. See, for example, [21]. [J

5.1. First, Second and Third Order Approximations for h=1(0)
Consider h, () » () (w) = ro(y) + r1(y)w + we, with rg and rq as defined in (18), and
an initial approximation for h;o%y) ") (0) being denoted /1, ! (0) where the argument of y is

implicit and assumed to be on the interval [0, 1). It then follows that the first, second, and

third order Schroder based approximations for hr:)%w ") (0), denoted, respectively, 1, L),

h,1(0), and 3 (0) are:

—4+ (1+y)*wexp|w + ﬁ
h'(0) = | |

. 5 5 (42)
1=+ 1yt w)eplot 2] | o
-0
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—4+(1 +y)2wz exp [w+ ﬁ]

-1 _ -
hz (0) - 1_y2+(1+y)2(1+w) exp[w-i-ﬁ]

{4+(1—y2)w+(1+y)2wexp {w-&-ﬁ”z(%—w) exp {w-&-ﬁ} (43)
2(1+y) [1=y+(14+y) (14w) exp[w+ ﬁ}r g (0)
h51(0) = hy " (0)— \
4+(1—y2)w+(1+y)2wexp[w+ %H exp[w—i—%}- )

—(1-y) (3+w) + (1) (980120 exp[w+ 3y ||

6(1-"-y)2 {1—y+(1+y)(1+w) exp {w—&-%”s

w=hy L0)

The proofs for these results are detailed in Appendix C.

Results

The relative error bounds associated with the above approximations, and based on i, L0)
as specified by (27) and (29) to (33), are detailed in Table 1. Specific cases are detailed below.

5.2. First Order Approximations: Explicit Cases

The general first order approximation form specified by (42) leads to the approxima-
tions detailed below which are valid for y € [0,1). The associated approximations for the
inverse Langevin function can then be defined consistent with Theorem 1.

52.1. Case 1
With the initial approximation h; rlo W) (0) specified by (27), it follows that
10) —4(1 -y +4(1+2y—1P)° exp[ [1 - *H -
1 = .
(I+y)(1—y)’ - (1) (1+4y+y> - )exp[ - €]

which has a relative error bound of 2.69 x 10~%. The relative error bound in the associated
approximation for the inverse Langevin function is 3.36 x 10—4.

5.2.2. Case 2
With the approximation /1 rlo W) (0) defined by (30), it follows, that

h(0) = —4(1-y)P (1) [ 22512021722 explpe ()]

(1=y)° (1) = (1) (1) [143y =292~y 2+ 2 |explpE (v)] (46)
_ 6y v _yr oy
PEW) =z |15 % T5%

which has a relative error bound of 8.52 x 10~°. The relative error bound in the associated
approximation for the inverse Langevin function is 1.17 x 10~°.

52.3. Case 3
With the approximation h;rlo W) (0) defined by (31), it follows that

7 2
—4(1—y)*+4(1+y) [Hy U 77+y 77] exp[pe(y)]

(1-y)>(1+y)— (1—y) (1+y)* [1+3y 22—y +2y5—y Jexplpe (1) (47)

-6 3 4 5 6
) = T 15 -5 -+ 5+ 5 %]

h'(0) =

which has a relative error bound of 1.92 x 10~°. The relative error bound in the associated
approximation for the inverse Langevin function is 2.66 x 10—°.
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5.2.4. Case 4
With the approximation h6_,r10 W) ) (0) defined by (33), it follows that
2 2 2t e ]2
» ~4(1-y P49 Loy -5+~ | PWexplpe ()
hy 7 (0) = 3 2 A 7 (48)
(19 (9)+ (=9 (192 192 1932~ 5 +25— 5 | p(0) explpe )]
where
p(y) = 1+ a0y (1= y)? |1+ ooy +aay® + aay® + sy +azy” +agy®| (49)
2 3 4 5 6 7
o [t
= . 1- 314 315 6
PE(Y) =y @%LLP_f+f_%HF%_%} (50)

(14 aoy? + azy® + agy* + asy® + azy” + agy®

This approximation has a relative error bound of 4.07 x 10~1°. The relative error bound in
the associated approximation for the inverse Langevin function is 6.27 x 10~ 1°.

5.3. Second Order Approximations

With the approximation h;rlo ) (0) defined by (31), it follows, from (43), that:

11(y)

4 5 6
U LR s
4 5 6 :
W+’ 1=+ =% + 3 — L]explpe(y)] (51)
=555 - explpey)]

(1) [(1—y)? = (1) [143y—22 44255 —7 |explpe ()]

where 1 (0) and pg(y) are defined by (47). The relative error bound for this approximation
is 9.12 x 10~7. The relative error bound in the associated approximation for the inverse
Langevin function is 1.16 x 1078,

5.4. Direct First Order Schroder Approximation to Inverse Langevin Function

Consider the first order Schroder approximation to the inverse Langevin function,
based on an initial approximation denoted L 1, and defined by

L(x) -y

L) =x- |
1 L) L)

(52)

The nature of L} ! depends on the form assumed for the Langevin function. For the case of
L defined according to L(x) = coth(x) — 1/x, it follows that:

Li'(y) =

x3 — xsinh(x) [ 2sinh(x ) — xcosh(x) + xysinh(x)] J (53)
x=L7"1

x2 — sinh(x)?
For the case of L defined according to (3), it follows that:

3 x[2 — x + xy] — 2x[2 4+ 2x% 4 xy|e ™2 + x[2 + x 4 xyle
x=L;1

1—2[1+4 2x2]e=2* 4 ¢4
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Comparison

The approximations defined by (53) and (54) can be contrasted with approximating
the inverse Langevin function according to the relationship stated in Theorem 1, i.e.,

-1 h(0)
1+y 2

L7 (y) ~ (55)

where h 1(0) is the first order approximation defined according to (42). To compare the
approximations defined by (54) and (55), consider the initial approximations

3 212 4 26

1y~ Y vy

W= 15 "5t (36)
-2 4 7

—1/0) — _ Y-S ANV I

ho @%—1_y{1+y y—5 1y 2] (57)

The first was proposed by Kroger [8] (stated above in (12)) and has a relative error
bound of 2.75 x 1073, The second approximation is specified in (31) and has a relative error
bound of 2.13 x 1073. Use of (56) in (54) yields the approximation

L' (y) = —pe(v)

2y 2L 3w Y Y
( y)[ A A S N R (e R
2 y_y 3w Y P2
(1+y)[_§—7—T+T—m+m+?—5 pely) — 8)
172 83 / 37y 1598 28yl0  4y12 | 4yl
2\1+ 55— 50 ¥ — 5 + g |

2 6 8 10 12 14
(1-12) [1+ezﬂ5< ] 2[1+16y2 L/ T AN T T R

—6 2 2
pe(y) = [1*L*%+%]

with a relative error bound of 7.34 x 107, In contrast, the use of (57) in (42), and then (55),
leads to the approximation specified in (47), i.e.,

7 2
—4(1—y) +4 (14y) [ler yz (s 5+ 7—] exp(pe(y)]

(1-y)> (14y)—(1-y) (1+y) [1+33y72y471/‘+§y fyé]exp[r;e(y)] (59)
6
pe(r) = T 1% - -+ -]

ht(0) =

which has a relative error bound of 1.92 x 10~°. The associated approximation for L1 (y) is

-1 )
1+y 2

Li'(y) = (60)
and has a relative error bound of 2.66 x 107°.

Clearly, (59) and (60) have a simpler form than (58) and yield an approximation for
L~!(y) with a lower relative error bound. This, in part, is the rationale for the use of the
link between the inverse Langevin function and the r-r;-Lambert W function.

6. Applications
6.1. Limit Approximations

The approximations detailed in (26) lead to the following approximations for the
inverse Langevin function after using the relationship defined in Theorem 1:

'(y) = Hyﬁ+%} 0<y<1,

L
L (y) = 2, y=1-A0<A<1

(61)
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These approximations can be contrasted with established approximations. First, a Taylor
series approximation for the inverse Langevin function, e.g., [4], is

93 297y°  1539y7
1 9y y y
L7y~ 3y + 5+ =2 875

+-- (62)

Second, a first order approximation for the case of y =1 — A, 0 < A < 1,is L™ (y) ~
1/(1 —y) (see Appendix B of [8]). The graphs of the relative errors associated with these
approximations are shown in Figure 10. It is clear from these graphs that the approximations
defined in (61) are inferior to established approximations for arguments close to zero or
close to one. However, they serve as a useful basis for establishing approximations with
low relative error bounds over the interval (0, 1) for h~1 and, hence, L1, as summarized
in Table 2.

|re(y)

1_

0.100 | 2z 3
2 3y+ QL
0.010F 1=z _
0.001 | 1
3_y.|i]+2_yj| _Zz=1—y

104 1+y 3

104 0.001 0.010 0.100 13z

Figure 10. Graph of the relative errors in approximations to the inverse Langevin function for the
casesof 0<y<landy=1-A0<AK1.

6.2. Integral Results
As fox L(A)dA =In[sinh(x)] — In(x), the general integral result

y )
[Fima =y ) s - [ fd (63)
N 1)
assuming f~! and f are well defined, yields
}L‘l()\)d)\ =yL Y(y) +In[L7Y(y)] —In[sinh[L7*(y)]], v € (0,1). (64)
0

The proposed approximations can be utilized to establish approximations for the integral
of the inverse Langevin function. For example, use of the approximations specified by (36)
and (37), in (64), yield approximations for the inverse Langevin function with the respective
relative error bounds of 1.40 x 1072 and 3.91 x 10°. The latter approximation is:

¥ 2 2 3 4 5 6 7
_ 3
bfL 1(/\)d/\ ziyz.{l—yg—%—%—k%-l-%—%}#—
7

1-y
3y V_ vy _ vy Yy 65
h‘{kyf[l—?—?—?JriJrz—K] - (69)
2 3 4 5 6 7
m[sinh[liyyz.[l_%_%_%+%+%_%m, y € (0,1)

6.3. Roots of & + pw + we®

Consistent with (21) and Theorem 1, the roots of /1, () . () (W) = 7o (y) +71(y)w + we®,
0<y<1lare % and % — 2L~ Y(y). A desirable extension to these results would be a

specification of the roots of
harﬁ(w) = u + fw + we® (66)
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for arbitrary values of « and . Given the definitions of 7y and 74, this, in general, is not
possible. However, roots can be established for specific cases. For example, the roots of

2
(yfk) + 4% +we”, 0<k<1, (67)
are —1 —kand -1 —k—2L"! {%} , and arise from the case of y = %, 0<k<l1 Asan

example, the roots of
16 w

w
79e4/3 + 73e4/3 + we (68)

are —4/3 and —4/3 — 2L~1(1/2) ~ —4.927, and arise from the case of y = 1/2,k = 1/3.

Linear System Impulse Response
Note that & + fv, — v,e”% = 0 is consistent with a + Bw, + w,e” = 0 provided
Uy = —W,, 1.e., the roots of & + fw + we®” = 0 are the negative of the roots of & 4+ pv —ve™" = 0.
Consistent with (67), consider a linear system with an impulse response defined by

h(t) =1—kit —kote™t, t>0, (69)
D S A . : .
where k1 = TR ky = QL 0 < k < 1. The transfer function of such a system is defined
according to
1 k k
H(s)=-—- >3- —>— (70)

s 52 (1+5)

and is consistent with a system comprising an integrator, a cascade of two integrators, and

1-k

a second order system. The roots of the impulse response are 1+ k and 1+ k +2L~! {1 %

The impulse response is shown in Figure 11 for the cases of k € {1/10,1/4,1/2}.

h(t)

1.0

0.5

=
o

1 1
- o
=] [+ ]

QT

2 4 6 8 10 [

Figure 11. Graph of the impulse response of the transfer function defined by (69) for values of
ke {1/10,1/4,1/2}.

7. Summary of Results and Conclusion
7.1. Summary of Results
The approximations to h;o%y) ") (0), along with their associated relative error bounds,

are detailed in Table 1. The associated approximations for the inverse Langevin function
are detailed in Table 2.
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Table 1. Summary of approximations for hr;%y) n@) (0), as defined by (27) and (29) to (33), and their
relative error bounds for the interval [0,1).
Relative Error Relative Error Relative Error
Approximation Definition Relative Error Bound Bound: 1st Bound: 2nd Bound: 3rd
Order—(42) Order—(43) Order—(44)
hljjo ) =1ty -y 445 x 1072 269 x 1074 1.87 x 107° 1.32 x 107°
th}O w0 75+ [1+ carsin (71y) + cazsin(7y”) | 4.66 x 1073 220 x 107* 242 x107° 3.68 x 10°°
1 _ 7/2 9/2 -3 —6 -8 -10
h3f’0(y>"l (y)(()) ﬁ [1 ty—Pp - yT} 3.71 x 10 8.52 x 10 7.58 x 10 7.74 x 10
-1 _ 4 7 -3 -6 -9 —11
Mo (©) 2 [1 ty— -Gy y?] 213 x 10 1.92 x 10 9.12 x 10 459 x 10
ol 0 2ty -2 P2 233 %1074 3.15x 1078 1.68 x 1011 1.04 x 10714
5,10(y)rq (y)< ) 1-y 2 2 i : . :
2
5117 (1= y) (y — yo)e 3%
7
ety -y -y L]
Y : : 458 x 1075 4.07x10710 243 x 101 1.92 x 10718

i, (0)
6701 1)
o T+ay?(1-y)

1+ aoy® + asy® + aayt+
asy® + a7y’ + agy®

Table 2. Summary of approximations, based on the approximations to hr_o%y),h W) (0) detailed in Table 1,
for the inverse Langevin function along with their associated relative bounds for the interval [0, 1). The
relative error bounds for the first, second, and third order Schroder-based approximations arise from the
direct use of the approximations in the general approximation form defined in Theorem 2.

Approx Definition Relative Error Bound Relative Error Relative Error Bound:  Relative Error Bound:
pprox. Bound: First Order Second Order Third Order
L (y) S [1 _2 ] 494 x 102 240 x 1073 1.20 x 10~ 5.87 x 107
1=y’
L7 (y) v i) +psin(?) 1.83 x 102 294 x 104 529 % 10 923 %10
1-y ~y
= 3 2 52 92 -3 -5 -8 ~10
L;'(y) 2 [1 2Py VT} 437 %10 1.62 x 10 659 x 10 2.64 x 10
L'(y) N DI A N R A 244 x 1073 532 x 1076 1.24 x 1078 2.84 x 1071
4 2 |l-F "% - %Ttste %
3y 2 B2 P
Ls'(y) fr Rl s Ml i S 258 x 1074 6.47 x 1078 1.67 x 10711 422 x 10715
1P 0=NE=Y0) ,~3(y-y0)2
3y .
1-y2
-1 122w Y -5 -9 -13 -18
) A = 485 % 10 232 %10 114 x 10 5.48 x 10
(2 | 1 AL
-3 30 8
2T 2

+

1+ ay? + azy® + agy*
asy® + a7y’ + asy

=3

7.2. Conclusions

The relationship between the inverse Langevin function and the ry-r1-Lambert W function
was defined. The derived relationship leads to new approximations for the inverse Langevin
function with potentially lower relative error bounds than comparable published approximations.

It was shown that improved approximations for the ro-r;-Lambert W function, with
significantly lower relative error bounds, can be defined by utilizing Schréder’s root
approximations of the first kind. Approximations for the inverse Langevin function can
then be defined by utilizing the established relationship between the two functions. An
alternative approach is to directly use an establish approximation for the inverse Langevin
function in the general Schroder approximation form. Examples were given to illustrate
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that the former approach is likely to lead to a simpler analytical expression for a set relative
error bound.

It was shown how the defined approximations for the inverse Langevin function can
be utilized to establish approximations for the integral of the inverse Langevin function,
with, in general, low relative error bounds.

The link between the inverse Langevin function and the r-r;-Lambert W function was
utilized to establish the roots of the impulse response of a custom linear system comprising
an integrator, a cascade of two integrators, and a second order system.

In terms of future research, it is noted that iterative approaches can be utilized to
establish approximations with lower relative error bounds and several results for the
inverse Langevin function have been detailed, e.g., [14,21]. Berinda [26] and Gdawiec [27],
for example, provide an overview of iterative approaches that can be utilized for fixed
point problems. In general, iterative approaches lead to analytical approximations with a
high degree of complexity and rely on an initial approximation. To achieve results with
modest complexity, a low order of iteration is required along with an initial approximation
that has a low relative error bound and with low complexity. New approximations, thus,
are of interest and warrant ongoing research.
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Appendix A. Proof of Theorem 1

Consider the function f(x,y) =1— (1 —y)x — [1 + (1 + y)x]e 2" for the general case
of x,y € R,y # —1 and the transformations

z=1+(1+y)x, x=1i5, (A1)
w = %, z= _(1?)1‘}. (A2)

The definitions of f, and fi, according to f(w,y) = f1(z,y) = f(x,y), then lead to

_lz-1 ] 1-y (Q-yz -2z | 2
fl(z,y)—f[1+y,y] _1+1+y 1+y 2P 1+y P 1+y (83)

ftwoy) = £ | G| = i+ B B el exp | (a9

2 14y 2 2
It then follows that
20-2/04y) 44y (1—y)e Y Yy w
my Ry = Fp ETE (A5)
=10(y) + (Y)W + we® = hy () 1, ) (W)

when 2/(149)

402/ (1+y) (1—y)e 2/ Uty

— ——, e A
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From (A1) and (A2), it is the case that x = % — % and it then follows, from the relationship
fa(w,y) = f(x,y), that

-1 w
() =k 0)f | 155 — 58] = iyt () (A7)
when k¢ (y) = 26712 ﬁ;y) , which is the first required result.

To establish the last stated result, consider the specific case of f(x,y) =0,0 <y <1,
which defines the path

{y): x=17)y e 1)}, (A8)

Along the path defined by f(x,y) = 0,0 < y < 1, and with x = % — 9, it is the case that
K -1 w _ w_p, _

f(y)f m - Er]/ = 7’0(]/) +n (y)w +twe” = rg(y),rl(y)(w) =0 (A9)

ie,w = h;o%y) ") (0). Hence, with w = % — 2L~ Y (w), it follows that L~!(y) = % -

-1

U () C . . . .
%, which is the last stated result. This result is also valid for the case of y = 0.

Appendix B. Restricted Domain Approximations for h, () ., (,) (W)

Appendix B.1. Case 1: 0 <y << 1

For the case of 0 < y < 1, and consistent with the left graph shown in Figure 4, the
root of h, () ,, () that is of interest is close to, but left of, the known root of —2/(1 +y) (see
(21)). Consider h, () , ;) (w), defined by (19), and the case of k() ,, (,) (w) = 0, i.e.,

42/ (1+y) w(1— y)efz/(uy)

+ + we” = 0. (A10)
(1+y)? 1+y

With the form for w of w = —2/(1 +y) + ¢(y), it follows that:

4 1—y [ -2 )
a +y)2 + 1 _i_i- L Ty +s(y)} + L_i_y +s(y)}e€(y) =0. (A11)

Simplification, and a Taylor series expansion for the exponential function around the point
zero, leads to:

&2
24+ (1—ye(y) +[-2+ (1 +y)e(y)] {1 +e(y) + ¥ + - ] =0. (A12)

First, second, and third order expansions for the exponential function lead to the approximations:

e2(y)[1+y] =0, firstorder

e(y) {1 + (1+y72)s(y)} =0, second order (A13)

e2(y) {y+ “*32)5(” + (l+ygez(y)} =0, third order

with solutions:

e(y) =0, first order

-2
e(y) =0,e(y) = ﬁ, second order (A14)
e(y) =0,e(y) = —1—3yi2W, third order
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Consider the first non-zero solution for &(y), which is the second order solution of
e(y) = —2y/(1+y). For the case of y — 0, this solution implies w = —2, which is
consistent with the root —2/(1 +y).

The third order solution, which is consistent with e(y) -0, as y —0, is

_ —1-3y++4/1-18y—15y2 _ —6y—24y2
‘C'(y) - ~ 1+y

2(1+y)

and leads to the approximation:

—2—6y—24y>7 __
M) | Tl 20, 0<y <1, (A15)

Hence:

—2 — 6y — 242
-1 ~ ]/ ]/ ~ _ 9 __ o 2
Mstnn O ® 1y~ 24— 20y (Al6)

after using the approximation (1+y) ' ~1—y + 2.

Appendix B.2. Case 2: y -> 1

For y ~ 1, Taylor series expansions around the point one yield the approximations:

—2/(1+y) — —y)?
ro(y):4e ;yz%+127y+(1sey)+...
A i sy ey (A17)
n(y) = ylfymziey_liéz_
Substitution of these approximations into
oy m () (W) = ro(y) +r(y)w + we” =0 (A18)
yields
LI S ) SRR b ¢ ) LU P (A19)
e 2e 8e 2e 16e '

As y — 1 from below, the require root of (A18) becomes increasingly negative (this is
evident from a comparison of the left and right hand graphs shown in Figure 4). For the
case of |w| > 1, and w negative, the term we™ becomes vanishing small leading to

bt
W=t Aoy ¥Y=1-A0<AK], (A20)
e Tée
and the required result
-1 ~ =2 1 _
hro(y),rl(y)(o) ~ 1y’ y= 1-AO0<AKL (A21)

Appendix C. Proof for First, Second, and Third Order Schroder Approximations
With z = Iy (). ) (W) = ro(y) + r(y)w + we®, it follows, using the notation

h(w) = hry(y)r,(y) (W), that
D (w) = r1(y) + (1 +w)e®, h?) (w) = (2 +w)e®,
h®) (w) = (3 +w)e?, o h R (w) = (k4 w)ev.
It then follows, from Theorem 2, that the first order Schréder approximation is
_ _ 2 ,Ww
hl(z) = w— h(w) —z _ —ro(y) +we” +z (A23)

h(l)(w) w:hal(z) B 7’1(]/) + (1 +w)ew w:ho’l(z)
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assuming an initial approximating function ! for h~1. The approximation for the case of
z=0is
—ro(y) + w?e®

O ) A

(A24)

w=hy 10)

Substitution for rg and 71, as specified by (18), yields:

—4+ (1+y)*w?exp|w+ 1=
7 0) = o oy

(A25)

1-2+ (1+y)°(1+w)exp {w + %} o 0)
-0

Appendix C.1. Second Order
The second order Schroder approximation to &, as defined by Theorem 2, is

1 1 [h(w)—z)?h@ (w)
hy " (z) =" (z) - W

wshy '(2) (A26)
_ —rop) Atttz [ro(y) i (y)wtwe’ —z]* (2+w)e®
r(y)+(1+w)e? 2[r1 () +(1+w)e]?

w:hal(z)

and the approximation for the case of z = 0 is

h1(0) = —WEE o)t Wwtee 2wt

= n)+Itw)e 2[r1 (y) +(1+w)e]

(A27)

w=hy 1(0)
Substitution for ry and r; yields:

el _ —4+(1+y)*w? exp [er 1+1/] B
2 () 12+ (1) (14+w) exp [0+ 12 |
{4+(17y2)w+(1+y)2wexp [w+ ﬁyH

w) exp
(1+y){1 y+(1+y)(l+w)exp{ %H

(A28)

]

w:ha1 (0)

Appendix C.2. Third Order
The third order Schroder approximation to /, as defined by Theorem 2, is

hw) =P @) | 3 o)
61 (w)]* ) (w)h®) (w)

hil(z) = hyl(z) — (A29)

w=hy L(z)

and the approximation for the case of z = 0 is

100y _ 1) _ Il @t R
i3 (0) = h7(0) 671 (y)+ (L w)ev]’ (A%0)

. 3(2+w)2e?
{ T }

+(1+w)e®](3+w)e®

' (0)
Substitution for rg and r; yields the required result:
by (0) = hy ' (0)-
2 17° 2
[4+(1—y)w+(1+y) wexp[ Ty” exp{erm]

{— (1—y)(B3+w)+(1+y) (9+8w+2wz) exp [w-i— ﬁ] }

6(1+)? [1=y+(1+y) (1+w) exp [w+ 12, ]5

(A31)
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