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1. Introduction

In 1989, Hibi [1] made several conjectures on the h-vectors of Cohen-Macaulay
standard graded algebras over a field. In particular, he conjectured that the h-vector
of a standard graded Cohen-Macaulay domain is flawless ([1], Conjecture 1.4). The h-
vector (hg, hy, ..., hs), hs # 0, of a Cohen-Macaulay standard graded algebra is flawless
ifhy <hg_;for0<i<|s/2]and h; 1 < h; for1 < i < |s/2]. Niesi and Robbiano [2]
disproved this conjecture by constructing a Cohen-Macaulay standard graded domain
whose h-vector is (1,3,5,4,4,1). Further, Hibi and Tsuchiya [3] showed that the Ehrhart
rings of the stable-set polytopes of cycle graphs of length 9 and 11 have non-flawless
h-vectors by computation using the software Normaliz [4]. Moreover, the present author
showed that the Ehrhart ring of the stable-set polytope of any odd cycle graph whose
length is at least 9 has non-flawless h-vectors ([5], Theorem 5.2) by proving the conjecture
of Hibi and Tsuchiya ([3], Conjecture 1).

However, these examples have the slightest flaws, i.e., there exists i with 0 < i <
|s/2] and h; = hs_; + 1. In this paper, we construct a sequence of standard graded
Cohen-Macaulay domains that have h-vectors with exponentially deep flaws, i.e., we show
the following.

Theorem 1. Let K be a field and ¢ an integer with £ > 2. Then, there exists a standard graded
Cohen—Macaulay domain A over K such that diim AY) = 8¢ — 3, a(A)) = —4, and an
h-vector (ho, hy, ..., hs,), hs, # O, with hs, /o) = hg, |5, /2] + 2263 In particular, A?), A®),
...1s a sequence of Cohen—Macaulay standard graded domains over K who have exponentially deep
flaws.

This theorem is proved at the end of this paper.

2. Preliminaries

In this section, we establish notation and terminology. For unexplained terminology
of commutative algebra and graphy theory we consult [6] and [7], respectively.

In this paper, all rings and algebras are assumed to be commutative with an identity
element. Further, all graphs are assumed to be finite, simple and without loops. We denote
the set of non-negative integers, the set of integers, the set of rational numbers, the set of
real numbers and the set of non-negative real numbers by N, Z, Q, R and R>, respectively.
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For a set X, the cardinality of X is denoted by #X. For sets X and Y, we define
X\Y:={x € X|x ¢&Y}. For non-empty sets X and Y, we denote the set of maps from
X toY by YX. If Y; is a subset of Y, then we treat Y1X as a subset of YZX . If X is a finite set,
we identify RX with the Euclidean space R*X. For f, f1, f» € RX and a € R, we define
maps f1 + frand af by (f1 = f2)(x) = fi1(x) = fo(x) and (af)(x) = a(f(x)), for x € X. Let
A be a subset of X. We define the characteristic function x4 € RX of Aby x4(x) = 1 for
x € Aand x4(x) = 0 for x € X\ A. We denote the zero map, i.e., a map which sends all
elements of X to 0, by 0. Further, if Xj is a subset of X, then we treat RX1 as a coordinate
subspace of RX, i.e., we identify R*1 with {f € RX | f(x) =0 forany x € X\ X;}. Fora
non-empty subset 2 of R, the convex hull (resp. affine span) of 2" is denoted by conv.2"
(resp. aftZ").

Definition 1. Let X be a finite set and & € RX. For B C X, we set &+ (B) := Y5 &(b).

For a field K, the polynomial ring with 1 variables over K is denoted by K"l Let
R = @,y Ry be an N-graded ring. We say that R is a standard graded K-algebra if Ry = K
and R is generated by R as a K-algebra. Let R = @,y Ry and S = @,,cn Si be N-graded
rings with Ry = Sp = K. We denote the Segre product @,y R @k Sy of R and S by R#S.
Let Y be a finite set. Suppose that there is a family {T, },cy of indeterminates indexed

by Y. For f € ZY, the Laurent monomial, [Tjey TJ 4 ), is denoted by T/. A convex polyhe-
dral cone in RY is a set C of the form C = R>oa; + -+ -+ Rsoa,, whereay, ..., a, € RY. If
one can take ay, ..., a, € QY, we say that C is rational.

Let C be a rational convex polyhedral cone. For a field K, we define K[Z" N C] by
K[ZYNC] == & fezYne KT/. By Gordon’s lemma, we see that K[ZY N C] is a finitely
generated K-algebra. In particular, K[ZY N C] is Noetherian. Further, by the result of
Hochster [8], we see that K[ZY N C] is normal and Cohen-Macaulay.

A subspace W of RY is rational if there is a basis of W contained in QY. Let W; and W,
be rational subspaces of RY with W; N W, = {0} and C; be a rational convex polyhedral
cone in W; for i = 1,2. Then, C; + C; is a rational convex polyhedral cone in RY that
is isomorphic to the Cartesian product C; x C, and K[ZY N (C; + C)] = K[ZY N C] ®
K[ZY N Cy).

Let X be a finite set and let & be a rational convex polytope in R¥, i.e., a convex
polytope in RX whose vertices are in Q. In addition, let —co be a new element that is
not contained in X. We set X~ := X U {—co}. Further, we set C(Z) := R>o{f € RX™ |
f(—) =1, flx € £}. Then, C(Z) is a rational convex polyhedral cone in RX . We
define the Ehrhart ring Ex[Z?] of & over a field K by Ex[#] := K[ZX N C(2)]. We
define deg T_oc = 1 and deg Ty = 0 for x € X. Then, Ex[#] is an N-graded K-algebra.

Note that if W and W, are rational subspaces of RX with Wy N W, = {0} and 2 is a ra-
tional convex polytope in W; fori = 1, 2, then 2] + 22, is a rational convex polytope in RX
that is isomorphic to the Cartesian product % x &, and Ex [ + %] = Ex[ P [#Ek [P

It is known that dim Ex[#] = dim & 4+ 1. Moreover, by the description of the
canonical module of a normal affine semigroup ring by Stanley ([9], p. 82), we have the
following.

Lemma 1. The ideal

D KTf

fEZX Nrelint(C(2?))

of Ex[ 2] is the canonical module of Ex [ 2], where relint(C(2?)) denotes the interior of C(2) in
the topological space aff(C(2)).

The ideal of the above lemma is denoted by wg, |5 and is called the canonical ideal
of Ex[Z]. Note that the a-invariant (cf. ([10], Definition 3.1.4)) , a(Ex[2?]), of Ex[Z?] is
—min{f(—c0) | f € ZX Nrelint(C(2))}.
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A stable set of a graph G = (V,E) is a subset S of V whose no two elements are
adjacent. We treat the empty set as a stable set.

Definition 2. The stable-set polytope STAB(G) of a graph G = (V,E) is
conv{xs € RV | S is a stable set of G}.
Note that x,3 € STAB(G) for any v € V and xp € STAB(G). In particular,

dim STAB(G) = #V.
We set

TSTAB(G) := {f eRY

0<f(x)<1lforanyx eV, ff(e) <lforanyec E
and f*(C) < #¥-1 for any odd cycle C '

Then, TSTAB(G) is a rational convex polytope in RY with TSTAB(G) D STAB(G). If
TSTAB(G) = STAB(G), we say that G is t-perfect.

Let G = (V, E) be an arbitrary graph and n € Z. Set % := {K C V | Kis a clique and
#K < 3}. We define /") (G) by

u(z) > nforany z € V, ut(K) +n < p(—co) for
tu(”)(G) —due 7V~ | any maximal element of %" and ut(C)+n < p(—o0) -
' #C2—’1 for any odd cycle C without chord and length at

least 5

We abbreviate /(") (G) as 4™ if it is clear from the context.
By the definition of Ex [TSTAB(G)], we see that

Ex[TSTAB(G)| = €5 KT
yetll(o)

Further, for u € ZV, u € relint(C(Eg [TSTAB(G)])) if and only if u(z) > 0, u* (K) <
p(—o0) and pt(C) < p(—o0) - #-1, where z € V, K is a maximal element of .# and C is
an odd cycle without chords. However, since the values appearing in these inequalities
are integers, these inequalities are equivalent to p(z) > 1, ™ (K) +1 < p(—o0) and

ut(C)+1 < p(—o0) - #szl , respectively. Therefore, by Lemma 1, we see that

WEK[TSTAB(G)] = @ KT*.
petd®

3. Construction

Let K be a field. In this section, for each integer ¢ > 2, we construct a standard graded
Cohen-Macaulay K-algebra, A<€>, which has a non-flawless h-vector. The flaw of the
h-vector is computed in the next section.

Let ¢ be an integer with ¢ > 2. We define a graph G, = (V,, E/) by the following way.
Set
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L {1,2,3} 0<i<20—4
0 {1} 20-3<i<2’
Co = Hcoc1,.-- 00},
By = {byp|0<i<20kel},
V, = CpUBy,
Er = {{eyet|j—i=1 (mod2f+1)}U{{c;,bi} | ke I}
U{{cj, by} | j—i=1 (mod20+41)ke Iy;}
and
G( = (VK/EK)‘

The cases where ¢ = 3 and 4 are as follows.

ba1 by baz

In addition, set
A .= Ex[TSTAB(G;)] and R := Ex[TSTAB(G(C)))],

where G(Cy) is the induced subgraph of G, by C;.

In the following, up to the end of the proof of Lemma 5, we fix ¢ and write G, V, Ey,
Cy, By, Al R and Iy;asjust G, V, E, C, B, A, R and I;, respectively. Further, we consider
the subscripts of ¢;, I; and the first subscript of b; , modulo 2¢ + 1. For example, cp¢11 = ¢y,
Iy=1IDyrandb_31 =by 2.

We set

ej:={ci,ciy1} and K := {cj,cit1,bix}
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for 0 <i <2/ and k € I;. We also consider the subscript of ¢; and the first subscript of K; x
modulo 24 + 1.
We define y{ €ZV for0<i<2fand] C I_, by

1 z=cjforsomejwithj—i= 0,2,...,26—2 (mod 2¢+
yll( ) = 1),z ="b; pxwithk € Jorz = —oo,
0 otherwise.

It is easily verified that ],tll e U9, We also consider the subscript of y{ modulo
20+ 1. Note that (yl[)Jr(C) = (and (y{)+(Kj/k) =1ifj#i—2 (mod2l+1)orj=i—2
(mod 2/+ 1) and k € J. Otherwise, (P‘{)+(Kj,k) =0.

First we show the following.

Proposition 1. The ring A is a standard graded K-algebra.

Proof. Since
A= @ KTH,
petd®

it is enough to show that for any y € 114 with #(—o0) =n > Othereare yy, ..., yy € t1©)
with pj(—c0) = 1for1 <i <mand yu = p; + --- + pn (i.e.,, TSTAB(G) has the integer
decomposition property). We prove this fact by induction on 7.

The case where n = 1 is trivial. Suppose that n > 1. We first consider the case where
#(c) > 0 for any ¢ € C. Since

20

Y ut(e) =2u"(C) <2fn < (204 1)n,

i=0
we see that there exists j with u* (e;) < n. Set ] = {k | u(b;x) > 0}. Then, we claim that
u— ;4]]-+2 e U,

First, since p(c) > 0 for any ¢ € C by assumption and ‘u(bj,k) > 0 forany k € ], we see
that (u — y}lﬂ)(z) >0foranyz e V.

Next let i be an integer with0 < i < 2{and k € ;. Ifi # j (mod 2{ + 1) ori = j
(mod 2¢ +1) and k € ], then (P‘]]'+2)+(Ki,k) = 1. Thus, (y — ;4]]-+2)+(K1-,k) <p(—o0)—1=
(n — ;4]1+2)(—oo). Ifi =j (mod2¢+1)and k ¢ ], then pu"(e;) < nand pu(b;jx) = 0.
Therefore, (1t — il )+ (Kix) = it (er) <n—1= (4= p,,)(—c0).

Finally, (4 — ],,)*(C) = p*(C) = (u},)*(C) < nt — £ = (= p), ) (—00). There-
fore, y — y][+2 e 0.

Next, suppose that i(c;) = 0 for some i. Take iy with yi(c;,) = 0. We define ' € ZV~
by the following way.

First, we define p/(cj,4;) (0 < j < 2/) by induction on j. We define p'(c;,40) = 0.
St/lppose that 1 < j § 2¢ and for any ;' with 0 < ],’ <j-1 W (ci0+,]/) is deﬁned.so tlr.lat
wcipay) € {0,1}, p'(cigyy) < p(cipyy) for 0 < ;" < j—1,and p'(cj4y) = 1 implies
# (Cipp+1) = 0for0 < ' < j— 2 (these assumptions are trivially satisfied when j = 1). We
set

(i) = { 1 if p'(ciprj-1) = 0and p(cjp1j) >0,
o1 0 if ' (ciyqj-1) = Lor p(ciyyj) = 0.
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Then, 1/ (cjy1) € {0,1}, p'(ciy+j) < p(ciy+j) and p'(ciy4j—1) = 1 implies p'(c; ;) = 0.
Thus, we can continue the induction procedure up to j = 2¢. We also set

1 if ‘Z/l,(Ci) = ]/l,(Ci+1) =0and ‘Z/l(bi,k) >0,
0 otherwise,

W) = 1

and we define ' € ZV . Note that Imy’ C {0,1}. Note also that 3/(c;) = 1 implies
W (ciy1) = 0and p'(c;) = 0 implies p'(c;_1) = 1 or u(c;) =0, forany i € Z.

Next we prove that 1’ € t4(©).

First since Imp/’ C {0,1}, we see that u(z) > O forany z € V.

Next we show that ¢/ (K; ;) <1, forany i € Z and k € I,. First consider the case where
#'(c;) = 1. Then, p'(ci+1) = 0. Further, 3/ (b; ) = 0 by the definition of y’. Therefore, we
see that (/)" (K;x) = 1. Next, consider the case where y'(c;) = 0. Since p'(b;;) < 1 and
#'(ci+1) = 1 implies that p/(b; ;) = 0, we see that (p/)*(K; ;) < 1.

Finally, since Imy’ C {0,1} and 3/(c;) = 1 implies y'(c;+1) = 0 for any i € Z, we see
that (/)7 (C) < £ = fu'(—o0). Thus, we see that i’ € /().

Next, we prove that  — ' € tt(0).

First, by the definition of i/, we see that u(z) = 0 implies y’(z) = 0 forany z € V.
Since u'(z) € {0,1} forany z € V, we see that (4 — p')(z) > Oforany z € V.

Next, we show that (y — p') " (K;x) < (y —p')(—c0) foranyiand k € L. If (1') " (K;x) =
1, then (1 — 1) (Kiy) = 1 (Kig) — 1 < p(—00) — 1 = (i — p')(—c9). Assume that
(W')"(Kix) = 0. Then, p'(c;) = p'(ci11) = p'(bix) = 0. Thus, we see that ju(b;x) = 0by
the definition of y’. Since y'(c,) = 0 implies p'(cy_1) = 1or u(cy) =0, forany i’ € Z, we
see that p(ci11) = 0. If u(c;) = 0, then (u — u') " (Kjx) = 0 < (u — y’)(—o0). Suppose that
#(c;) > 0. Then, y’(c;_1) = 1 by the property of i’ noted above. Therefore, p(c;_1) > 0.
Since p(ci—1) + pu(c;) < pt(Ki—11) < p(—o0), we see that p(c;) < p(—o0) — 1. Therefore,
(n = )" (Kig) = p(ci) < (p—p')(—00).

Finally we show that (u — p/)"(C) < £(u — p’)(—00). Since p(c;,) = ' (ciy) = 0, we
see that

14
(m=—u)tC) = (n—p)(ciy)+ X%(u — 1) (€ig12j-1)
=
V4
= Z(V - V/)+(eio+2j—1)

=

—_

< g(u = 1) (Kigs2j-1,1)
=

< Y (p—p)(—o0)
j=1

= (p—p)(~00).

O

Remark 1. The functions y]I o and p" in the proof of Proposition 1 are the characteristic function
of some stable set of G. Therefore, the above proof shows that G is a t-perfect graph.

4. Structure of the Canonical Module

In this section, we study the generators and the structure of the canonical module of
A. First, we set

W= {f RV | fH(C) = tf(~e0)}.
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Then, W is a codimension 1 vector subspace of RV with W O RE. Further, we set
0 0
U = U (G) = {p € UO(G) | u* (C) = tu(~e)},

Uy (G(C)) = {n € UON(G(C)) | u*(C) = tu(—o0)}
and
A0 = P KM
yetb[ém

Then, A() is a K-subalgebra of A (we denote this ring by (A(?))(®) when it is necessary
to express ¢). Further, since

UEeE tuéo)(G) > |- € tu(()o)(G(C)),

forp et (0), we see that
RNAD = @ KT~
petdy’ (G())

We denote this ring by R(®). Note that yll € tu(()o) foranyi € Zand | C I;_». By ([5],
Lemma 4.3) and the argument following the proof of it, we see the following.

Theorem 2. The elements &, u?, ..., y?g of RV are linearly independent and
RO = [T, T, ... TH).
Further, we see the following.

Lemma 2. It holds that

20
A —K[TH [0<i<26]C L, =K[Z" N (2 Y Rzoyl[)].
i=0 ]Cli,z

Proof. It is clear that

20
K[TH [0 <i<20]C L, cK[ZV N (Z y Rzoﬂ{)] c AD,
i=0JCI;_»

In order to prove the inclusion A0 K[TV{ |0 <i<2(] C I, itis enough to
show that for any y € tu((f”, T € K[T”{ | 0 <i<2] C I_,]. We prove this fact by
induction on p(—o0).

The case where y(—oc0) = 0 is trivial. Let i be an arbitrary element of I/ ((]0) with
j(—c0) > 0. By the proof of Lemma 4.3 in [5], we see that there is i with (u — u?)(c) >0
forany c € Cand (4 — u?) " (¢j) < (u — u?)(—o0) for any j. Set | = {k | p(bj_o)) > 0}.
Then, it holds that y — ;11[ €t (()0).

In fact, (u — ;41[ )(z) > 0 for any z € V by the choice of i and the definition of J. If
jZi—2 (mod2l+1)orj=i—2 (mod2/+1)andk € ], then (y{)*(Kjrk) = 1. Thus,
(1 = )T (Kjp) = 1 (Kjp) =1 < p(—00) =1 = (= p])(—e0). Tf j = i — 2 (mod 20+ 1)
and k ¢ ], then pu(b;_5x) = yl[ (bi_px) = 0 by the definition of ]. Therefore, by the choice of
i, we see that (4 — u}) " (Kix) = (1 — ) (ei2) = (4 = u?)* (ei-2) < (4 — p?)(—00) =
(1 — p})(—c0). Finally, (1t — /) *(C) = u*(C) — (1)) *(C) = tp(—oc0) — € = £(n — u})(C).
Thus, we see that y — y{ € tU (()O) .
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Since (p — ‘ull )(—o0) = p(—o0) — 1, we see, by the induction hypothesis, that

THH € K[T"z[ |0<i<20,] C iyl

Thus, we see that

T = mlrr e KT [0 <i<26,] Iy
0

Since - B
RY =R ¢oRE and W D RB,

we see that B
W= (RS NW)a@RE.

Thus, R©" N'W is a codimension 1 vector subspace of R . Since dimR®™ = #C~ =
2/ +2and 7"1‘@ e RC NW for any 0 < i < 2/, we see, by Theorem 2, that ;460, y?, s, y% is
a basis of R© N'W. Set

Wi/ = Z Rx{hi—z,k} and W, = R}ll@ (&) Wz/
kel;_,

for 0 < i < 2/. Then,

RE=W,oW @ oWy, W=Wo&W @ - ®Wy and W;= Y Ry
JCli >

for 0 <i < 2/4. Set

Ci= ). Rzo#{
JCli»

for 0 <i < 2{. Then, by Lemma 2, we see that

20

A0 —K[Z" n <2 c,)] ~K[Z¥ NCl® - @K[ZV NCyl.
i=0
It is easily verified that K[Z" N C;] is isomorphic to the Ehrhart ring of the unit cube
for 2 < i < 2¢ — 2. Therefore,
K[z nC) =~ KP#kP#k
for 2 < i < 2¢ — 2. Further, it is easily verified that
K[Z" n¢] = KPP
fori =0,1,2¢ — 1 and 2¢. Thus, we see that
A >~ (KPRl Plgg 21 220-3 o k8],

It is verified by a direct computation, or by Theorem 2.1 in [11], that the Hilbert series
of KPI#KRI#K 2 is %. Therefore, the Hilbert series of A©) is

(14 4A 4 A2)26-3
(1 _ /\)8674
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For each integer k with 1 < k < 2/ —1, we define 1 € VASE by

1 z € B,
m(z) =< k z€C,

2k+2 z=-—

It is easily verified that 7, € V) and li(—o0) — 1 (C) = 2¢ — k. Further, we see
the following.

Lemma 3. It holds that a(A) = —4.

Proof. Since for any 5 € ), 5j(—c0) > 11 (KO 1) +1>#Kp1+1=4and y1(—o0) =4,
we see that a(A) = —min{yj(—o0) |y € tUV} = —4. O

Consider the graded A-homomorphism, ¢: A — wa(4), T" — TV, of degree 0.
Then Img is a submodule of w4 (4) generated by T"'. Further, we have the following.

Lemma 4. It holds that

Imgp(—4) = b KT".

vetu(l),fv(foo)flﬁ(C)22£71

Further, Img is a rank-1-free A-module with basis T".

Proof. This lemma is proved almost identically to Lemma 4.2 in [5].
O

Set
Dy = sy KT"
netdD, oy (—co)—yt (C)=20—k

for 2 < k <2¢ — 1. Then, the following holds.
Lemma 5. Dy is a rank-1-free A©) module with basis T for2 <k <20-1.

Proof. This lemma is proved almost identically to Lemma 4.5 in [5].
O

Now, we prove Theorem 1. First, note that dim Al = #V, +1 = 8¢ — 3. Let
(ho,h1,. .., hs,), hs, # 0, be the h-vector of At Then,

sy =dim A +a(AY)=80—7 and |s;/2] =40 —4.
By the second proof of Theorem 4.1 in [9], we see that

hs, + hsgflft + - 4 hgASt
(1— )\)8573 !

H(w ) (4),4) =

where H(M, A) denotes the Hilbert series of a graded module M. Since

CUA<(> = @ KT”
net!™ (Gy)
20—-1
— D KT | & P EB KT" |,
k=2 i/EtU (

qeru( )( Gy
T(Cp)

)
ty(~o0)—n =2

) [
>2/ ly(—e0)—yT(Cy)
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and there is an exact sequence

0— A0S w ) (4) = Cokg — 0,
we see by Lemmas 4 and 5 that

20—-1
H(w, i) (4),A) = H(A(@I/\) + E H((AM))(O)IA)AZkfz’
k=2

since deg Tk = n(—o0) = 2k + 2 for 1 < k < 2¢ — 1. Therefore,

(hs, = ho) + (hs,—1 — h1)A + -+ -+ (hg — hs, ) A™
(1— )83
2T (1 4 4 4 \2)2B)22
k=2 (1—A)84
21 (1 4 47 4 N2)2-3(\%-2 _ \2%-1)
= L (1= )3
(1447 +A2)203(A2 — A3 ... 44 )40-3)
(1 — /\)86—3 :

By comparing the coefficient of A*~3 in the numerators, we see that

hap—g = hag—3
_ (the sum of the coefficients of the odd powers of A of
T (@ +4ar + A7)

_ (the sum of the coefficients of the even powers of A of
(1441 +A%)2-3

(-1+4-1)%73

920-3.

Since |sy/2| =4¢ —4and s; — |s;/2] = 4¢ — 3, we see that

s 72 = s, (5,12 +2%°2,
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