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Abstract: The well-known Enestrom-Kakeya Theorem states that, for P(z) = Y./_, a 12!, a polynomial
< ay, then all the zeros of Pliein |z| <1
in the complex plane. Motivated by recent results concerning an Enestrom-Kakeya “type” condition

of degree n with real coefficients satisfying 0 < a9 <ay < ---
on real coefficients, we give similar results with hypotheses concerning the real and imaginary parts
of the coefficients and concerning the moduli of the coefficients. In this way, our results generalize

the other recent results.
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1. Introduction

The classical Enestrom—Kakeya Theorem concerns the location of the complex zeros of
a real polynomial with nonnegative monotone coefficients. It was independently proved
by Gustav Enestrom in 1893 [1] and So6ichi Kakeya in 1912 [2].

Theorem 1 (Enestrom—Kakeya Theorem). If P(z)
(where z is a complex variable) with real coefficients satisfying 0 < ag < a; < - --
the zeros of P lie in |z| < 1.

= Y7, a,2" is a polynomial of degree n
< ay, then all

A huge number of generalizations of the Enestrom—Kakeya Theorem exist. Most of
these involve weakening the condition on the coefficients. For a survey of such results
up through 2014, see [3]. For example, Govil and Rahman ([4], Theorem 2) proved the
following in 1968.

Theorem 2. If P(z) = Y}_, a,z" is a polynomial of degree n with complex coeﬁ‘icients such that
larg(as) — B] < a < 7t/2 for 0 < £ < n for some real B and |ag| < |ai| < -+ < |ay|, then all
the zeros of P lie in

2
|z| < cosa+sina + |sm‘oc Z lag]|.
7’l

With & = 8 = 0, Theorem 2 reduces to the Enestrom-Kakeya Theorem.

As a corollary to a more general result, Gardner and Govil ([5], Corollary 1) presented
the following result concerning a monotonicity condition on the real and imaginary parts
of the coefficients.

Theorem 3. Let P(z) = Y}_, a,z" be a polynomial of degree n with complex coefficients, where
Re(ay) = wy and Im(ay) = By for £ = 0,1,...,n. Suppose that g < a7 < --- < , and
Bo < B1 < -+ < By. Then, all the zeros of P lie in

lag| — (wo + Bo) +
|an]

|ao|

(an + )
|an| — (2o + o) + '

<|z| <

(an + Bn)
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With By =0for ¢ =0,1,...,n, Theorem 3 implies a result of Joyal, Labelle, and Rah-
man ([6], Theorem 3).

Aziz and Zargar [7] gave the following result in 2012, which involves a slight gen-
eralization of the Enestrom-Kakeya monotonicity condition on the real coefficients of
a polynomial.

n
Theorem 4. Let P(z) = Z ayz" be a polynomial of degree n with real coefficients such that,
(=0
for some positive numbers k and p with k > 1 and 0 < p < 1, the coefficients satisfy

0 <pag <ay <ay <--- < ayq < kay. Then, all the zeros of P lie in the closed disk
lz+k—1] <k+2a9(1—p)/an.

With k = p = 1, Theorem 4 implies the Enestrom-Kakeya Theorem.
Recently, Shah et al. [8] proved the next result, which maintains the monotonicity
condition on the “central” coefficients, but imposes no condition on the “tail” coefficients.

n
Theorem 5. Let P(z) = Z a,z" be a polynomial of degree n with real coefficients such that,
(=0
for some positive numbers p and q with 0 < g < p < n, the coefficients satisfy ag < ag1q < --- <
ap-1 < ap. Then, all the zeros of P lie in the closed annulus:

4

M, — M
rnin{l, |ag| } <ol < |lag| + My — ag +ap + M,
My —ay +ap + My + |ay| |an|

n

q
where My = Z lag —ap_q| and M, = Z lag —ap_q].
(=1 l=p+1

With p = n and q = 0, Theorem 5 implies a result of Joyal, Labelle, and Rahman [6].
Additionally with ag > 0, it then implies the Enestrom-Kakeya Theorem.

The purpose of this paper is to combine the hypotheses of Theorems 4 and 5 and apply
them to polynomials with complex coefficients. We apply the hypotheses to the real and
imaginary parts of the coefficients and to the moduli of the coefficients.

2. Results

By introducing the parameters k and p of Aziz and Zargar, along with the parameters
p and g of Shah et al. and imposing the hypothesis that results on the real and imaginary
parts of the coefficients of a polynomial, we obtain the following.

n
Theorem 6. Let P(z) = ) a,z" be a polynomial of degree n with complex coefficients. Let
=0
ay = Re(ay) and By, = Im(ay) for 0 < ¢ < n. Suppose that, for some positive numbers kg,
ki, pr, p1, p,and qwith kg > 1,k > 1,0 < pr < 1,0 < p; < 1,and 0 < q < p < n,
the coefficients satisfy

PrRAg S agi1 Sagyn <o <y 1 < kray

and
P1Bq < Bgr1 < Bg2 < - < Bpo1 S kB

Then, all the zeros of P lie in the closed annulus:

min {1, ol /(M + (1= ) o] = pey + (1.~ 1) By = p1By + ey + (k= Dy |
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iy + k= 1)1By] + My + o)) | < el < (1ol + My + (1= ) lag| - sy

+(1 = p1)|Bgl = p1By + (kr = Dlap| + krty + (k1 = 1) Byl + K1y + My ) /laal,

n

q
where My = Z lag —a;—1|and M, = 2 lag —ap_q]|.
(=1 l=p+1

Notice that, when B; = 0 for 0 <i < n and kg = pr = 1, then Theorem 6 reduces to
Theorem 5. When 8; =0for0 <i <n,kg =pr =1,9 =0,and p = n, then Theorem 6
reduces to a result of Joyal, Labelle, and Rahman [6]. If, in addition, a9 > 0, then it further
reduces to the Enestrom-Kakeya Theorem. Withkgr =k; =pr=p;=1,g=0,and p =1,
then Theorem 6 reduces to Theorem 3.

By imposing a hypothesis similar to that of Theorem 6 on the moduli of the coefficients
of a polynomial, we obtain the following.

n
Theorem 7. Let P(z) = ) _ a,z" be a polynomial of degree n with complex coefficients. Suppose
(=0
that, for some positive numbers k, p, p, and qwithk > 1,0 < p < 1,and 0 < g < p < n,

the coefficients satisfy |arg(ay) — B| < a < 71/2 for some real p and for q < ¢ < p, and
plagl < laga| < lagia] <--- <fapa| <klay|.
Then, all the zeros of P lie in the closed annulus:

p—1
min{1,|a0|/(Mq+|aq|+p|aq(sinzx—coszx—l)+2 Y. lag|sina
l=g+1

. 1
+klay|(cosa +sina + 1) — |ap| + My + an|>} <z| < a<|a0| + My + |ag]

||

p—1
+plag|(sinae —cosa —1) +2 ) |ag|sinoc+k|ap|(coszx+sinzx—|—1)—|ap|+Mp>
l=q+1

q n
where My =Y |ay—ap_q|and My = Y |ag—a;_4].
=1 l=p+1
With g =0, p =nand p = k = 1, Theorem 7 implies that P is nonzero in
lao|(1 — sina — cosa) + ZZZ;(} |ag| sina

||

|z| < cosa+sina +

which is a slight improvement of Theorem 2. Additionally, with « = 8 = 0, it then reduces
to the Enestrom—-Kakeya Theorem.
In connection with the Bernstein inequalities, Chan and Malik [9] (and, independently,
n

Qazi [10]) considered the class of polynomials of the form P(z) = ag + 2 ang . We can

l=m
apply Theorems 6 and 7 to this class of polynomials by imposing the inequality hypotheses
of those results. We obtain the following.

n
Corollary 1. Let P(z) = ag+ ) a,z" be a polynomial of degree n with complex coefficients. Let
l=m
ay = Re(ay) and By = Im(ay) for £ = 0and m < ¢ < n. Suppose that, for some positive numbers
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kr, k1, pr, o1, poand qwithkr > 1, k1 >1,0<pr <1,0<p; <1, and1 <m <g<p<mn,
the coefficients satisfy

PRAG S agiy Sagio <o <y g < kray

and
p1Bq < Bgr1 < Bgi2 < - < Bpo1 S kB

Then, all the zeros of P lie in the closed annulus given in Theorem 6, where we replace My of

q
Theorem 6 with My = Z lag —ap_q]|.
{=m

n
Corollary 2. Let P(z) = ag+ )_ ayz" be a polynomial of degree n with complex coefficients that
l=m
satisfy |arg(ay) — B| < a < 1t/2forq < ¢ < p and for some real B. Suppose that, for some positive
numbers k, p, p, and qwithk > 1,0 < p <1,and 1 <m < q < p < n, the coefficients satisfy

plag] < lagi| < lagral < -+ < lay1] < Klay).
Then, all the zeros of P lie in the closed annulus given in Theorem 7, where we replace My of

q
Theorem 7 with My = Y _ |ag — ag_4].

l=m

Theorems 6 and 7 also naturally apply to a polynomial of the form P(z) = ag +

!

m
Z ayz' + apz", where 1 < m < m’ < n — 1. With 1 <m<q<p<m <n-1,weobtain

{=m
corollaries similar to Corollaries 1 and 2, where M, is as given in the above corollaries,
m/
and Mp = ) |ag—ag | +|an —a,1].
l=p+1

3. A Lemma
In proving Theorem 2, Govil and Rahman used the following ([4], Equation (6)).

Lemma 1. Let {a,;}}_, be a set of complex numbers that satisfy |arg(as) — p| < a < 7/2
for 0 < ¢ < n and for some real B. Suppose |ag| < |a1| < |az| < --- < l|ay|. Then, for
¢e{1,2,...,n}, we have

g —ag_q| < (lag| = ar-1]) cosa + (|ag| + [a—1]) sina.

4. Proof of the Results

We now give a proof of Theorem 6.

Proof. Let P(z) =ag+az+ - +agz7+ - +apzP + - +a,_1z" ! + a,z" be a polyno-
mial of degree n satisfying the stated hypotheses. Define f by the equation:

P()(1~2) = ao -+ (an — a0)z -+ (ag = ag 1)z + (a1 — ag)a"™" -

(ap — @y 1) + (g1 — )2+ (@ — 212" — e = () — a2,
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If |z| =1, then
f(2)] = lao+ (a1 —ag)z+ -+ (ag—a;1)z"+ -+ (ap —ap_1)zV +---
+(ap —a,_1)z"|
< laol +[ar —ao| + -+ |ag_1 — ag—2| +[ag — ag1| + |agi1 —ag| + -

+lap —ap 1|+ lapy1 —ap| + -+ |an +a,_q]. 1)

Let ay = Re(ay) and By = Im(ay) for g < ¢ < p. Thus, for |z| =1,

g
f(2)] < laol + ) lag — aga| + lag1 +iBgr1 — ag —iBy]
=1

n
Hlagio +iBgro — agrn — iBgra| + o+ lap +iBp —ap1 —iBpa| + Y lar—apl.
{=p+1

Let M, = 2221 lag —a;—1|and M, = Z?:p-&-l |ag —ay_1]. Hence, for |z| =1,

f@)] < laol + Mg+ [agyr — agl + |agro — agia| + -+ |ap — ap1| + [Bg1 — Byl
+1Bg+2 — Bg+l + -+ 1Bp — Bp—1l + Mp
= lao| + My + |ag1 — prg + Pr&G — ag| + [agi2 —agig] 4+
+lap 1 —ap o] +|ay — krap +krap — ap 1]+ |Bgi1 — p1Bg + p1Bg — Byl
B2 = Byl + -+ Bp—1 = Bp-2l + By —kiPp + kip — Bp-1| + Mp.

Since prag < agyq < agya < - <ap g <krapand prfg < Byi1 < B2 <o < Ppo1 <
kiBp, where p > g, then for |z| =1,

If(z)| < laol + Mg + [agi1 — prtg + prROg — 00| — a1 +ap g
+lap —krap + krap — ap_1| + [Bg+1 — p1Bg + p1Bg — gl — Bg+1 + Bp—1
+|Bp —kiBp +kipp — Bp—1| + M,
lag| + My + [ag11 — prtg| + loRAg — g — g1 +ap 1
+lap —krap| + [krap — ap_1] + [Bg+1 — p1Bgl + [p1Bg — Bgl — Bg+1 + Bp—1
+1Bp — kip| + [kip — Bp—1l + My
= |ao| + Mg + (ag41 — pretg) + (1 — pr)|ag| — agi1 +ap1
+(kr = 1)]ap| + (krap — ap—1) + (Bg+1 = p1Bq) + (1 — p1)[Bgl — Bg+1
+Bp—1+ (ki = 1)|Bp| + (k1Bp — Bp—1) + Mp.

IN

Notice that z"f(%) =Yy _olar— ay_1)z" ¢, where a_; = 0 has the same bound on |z| = 1

as f(z). Since z”f(%) is analytic in |z| < 1, we have

1
Z”f(z> ‘ < ao| + My — prag + (1 — pr)|ag| + (kr — 1)[ap]
+kray — p1Bg + (1 —p1)|Bgl + (k1 — 1)|Bp| + k1Bp + My
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for |z| <1, by the Maximum Modulus Theorem. Thus,
1 1
F(3)] = e (lol 4 8y = pny 4 (1= )l + (k= Dl
iy g1y + (1= p1) Byl + (k1 = DIy -+ ki + My
for |z| < 1. Replacing z with 1/z, we have
f(z)| < (Iﬂol + My — pratg + (1= pr)|ag| + (kg — 1)|ap|
sy = prfy-+ (1= polBal + (k1= 1By -+ iy + My ) 2"
for |z| > 1. We now have for |z| > 1

[(1=2)P(z)] = |f(z) —anz""}] > |anl[z"] = |f(2)]

12"] [|an||z| - (|ao| M, — pretg + (1 — pr)lag] + (kg — 1)y

%

by = pify-+ (1= polBal + (1= DIy -+ iy + My )|

Therefore if

1
lz| > |an|(|ﬂ0 + My — prag + (1 — pr)|ag| + (kr — 1)]ap| + krayp

—p1Bg + (L= p1)|Bql + (k1 = 1)|Bp| + kiBp + MP)

then (1 — z)P(z) # 0 and, hence, P(z) # 0. Therefore, all the zeros of P lie in

1
2 < (|ao|+Mq—pRaq+<1—pR>|aq|—mﬁq+<l—m>Bq|

|an|

+(kr = 1)|ap| +krap + (ky = 1)|Bp| +k1Bp + M,,),

as claimed.
Consider the polynomial:

S(z) = 2Z'"P(1/z) =apz" +a1z" 14+ agz" 1+ aqHz”_‘f‘1 4o
+apz" P+ a, 12" P 4 a1z + ap.
Let

H(z) = (1-2)S(z)
—a0z2" ™+ (ag — a1)2" + (a1 —a)2" 1+ + (ag—ag1)z" T+

+(ap — ap1)2" P4+ (app — ay_1)2* + (ay—1 — an)z + an.
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With ay = Re(ay) and By = Im(ay) for g < ¢ < p, we have

[H(z)| >

Y

Y

gl (ao —allzl + oy — g2 e g — aggaf2" T
Hap —apiallz|"P 4 ap—o = apoa |2+ ap-1 — an|2z] + |an|>

|ag|z|" ! — (ﬂo —ay||z|" + |a —ao| |z 4+ lag—1— ﬂqHZ|n_qul

lag +iBg — ag1 — iBgia |z T+ |agr +iBga1 — Hgr2 — Byl 2T +
oot oy +iBp1 — ap — Byl |2 TP 4 [ap — ap |z 4

lanez — g [z 4 a1 — anl2] + |an|)

Jaol|z["** — (ﬂo —aylz]" + [ay — aaf|2|"7T 4 - o+ Jagog — agl2]" T

+lag — pratg + pretg — g1 ||2]"T + | Bg — p1Bg + 01Bg — Bgsallz]" 1
Flagrr — ageal 21"+ [Bain — Baral 21"+ Jagia — agys| |27
+1Bgr2 — Baual |zl T2+ wpg — 2|

+1Bp—2 = Bpall2I" P2+ |ap 1 — krap + krap — ap|[z|" P

+[Bp—1—kiBp +ki1Bp — .Bp||Z’n7p+l +lap — apiallz]"P +

4 lang — au |22 4 oy — anll2] + |an|)

gl (ao o ll2l" + oy — agl 2" - g — gl

+lag| (1= pr) 2" + (g1 — prag) 2" + (g2 — agr) 297
(043 — tga2) 2" T2 o (o1 — ) |22

+(kratp — ap) 2" P 4 ap| (kg — 1)z P+ (Bl (1 = pr)z|"

H(Bgs1 — p1Ba) 2"+ (Bgra — Baa) 2" T+ (Bgra — Bga2) 21" +
o Byt — Bp-2) 2" (kiBp — Bp1) 2P+ Byl (ky — 1)1z

+lay = a7 -+ 2 = a2+ s = anl el + o]

|£l1 — a2| |aq—1 - aq| “"q|<1 _PR)
z|" | |ag||z| — [ |ag — a gt
=1 lolll = (Joo —an + L2 B BE
+“q+1 —PR&q Ky —Xgp1  Kgq3 — Kggo
|z|7 |z\”7+1 |Z|‘7"'2
L=y krap —ap-1 |apl(kr —1)  |Bg|(1—pr)
|z[P—2 |z|P~1 |z[p=1 2|7
LPor =01y P2 —Pon Bos —Pe
BL B 2772
Boi =By Kibp—Bpr | IBplki=1) | lap—apal
|z]P2 |z|P—1 |z|P—1 |z|P
+|‘1n72 —ap1l| | a1 —an| | |ax]
R
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Now, with |z| > 1, so that 1/|z|"*/ < 1 for 0 < j < n, we have

|H(z)| > [z]" {|ﬂo||z| - (|ﬂ0 —ay| +lay —az| + -+ lag_1 — ag] + |ag|(1 — pr)
+(ag+1 — preg) + (g2 — agy1) + (g3 — agi2) + - + (ap—1 —ap—2)
+(kray —ap—1) + |ap|(kr — 1) + [Bq|(1 — p1) + (Bg+1 — p1Bg)

+(Bg+2 — Bg+1) + (Bg+3 — Bg+2) + -+ (Bp—1 — Bp—2) + (kiBp — Bp-1)

+|‘BP|(k1 -1+ |ap _ap+1| +o a2 —ap_1| + a1 — an| + an|>:|

q
—— [|ao||z| - (Z 0 — apa] + (1= pr) | — prag + kratp + (kg — 1)y
/=1

n
(1= p) 1By — p1Bo + ki + (ki — DB+ Y |ag—ae_1|+|an|)]
l=p+1
> 0
if

1
z| > |a0|(Mq + (1= pr)lag| — prag + (1 = p1)|Bgl — p1Bg + krap + (kr — 1) |ap|

+k1,3p + (k[ — 1)|,3p| + Mp + |11n|).

Thus, all the zeros of H(z) whose modulus is greater than 1 lie in

1
ol < |a0|(Mq+(1—PR)|'Xq|—PR“q+(1—P1)|5q|—P15q+kRﬂép+(kR—1)|‘Xp|

ey + (k= DIBy] + My + o] ).
Hence, all the zeros of H(z) and of S(z) lie in
lz[ < max {L (Mg + (1= pr)|agl — pratg + (1 — p1)|Bg| — p1Bg + krap + (kr — 1) ap|
+kiBp + (ki — 1)|Bp| + My + |‘1n)/”0}-
Therefore, all the zeros of P(z) lie in
z| > min {1, laol / (Mg + (1 — pr)lag| — pretg + (1 = p1)[Bg| — p1Bg + kretp
ke = Dlog] + k1B -+ (kt ~ DIy + My + o)},

as claimed. [
We now give a proof of Theorem 7.

Proof. Let P(z) = ag+ayz+---+agz7 +--- +apz’ +-- - +a,z" be a polynomial of degree
n with complex coefficients such that |arga, — p| < a < 7r/2for{ =gq,q+1,...,p and for
some real B and plag| < |ag1| < --- < k|ap| for 0 < p < 1and k > 1. Notice that we can
assume without loss of generality that § = 0. Consider
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P(z)(1—2z)=ao+ (ay —ao)z+ -+ (ag —a;1)z7+ -+ (ap —ap_1)z" +- -

If |z| = 1, then

f@)] <

+(an — a,_1)2" — a,z" T = f(z) —a,z" L

lao| + |ar —ao| + -+ + |ag—1 — ag—2| +ag — ag—1| + ag41 —ag| +- -

+lap —ap 1|+ lapi1 —ap| + -+ |an +a,—1] by (1)

q p—1
lag| + ) lag —ap_a| + lager —agl+ Y lag—ag_q|+lap —apq
=1 l=q+2
n
+ Y lag—ap|
l=p+1
p—1
|ao| + My + |“q+1 - aq| +£ 2 lag —ap_q| + |ap - ap,1| + My
112

where M, = ZZ:l lag —a;—1| and M, = ZZZPH |ag — a;_q|. Thus, for |z| =1,

f2)] <

IN

IN

Hence, also,

p—1

|ao| + My + |ag 1 —ag| + Y lag —aga| +lap —ap1| + M,
l=q+2
p—1
lao| + Mg + |agy1 — pag + pag — ag| + E lag —a;_1|
l=q+2
+lap —kap +kap —a,_1| + M,
p—1
lag| + My + |ags1 — pag| + loag —ag| + Y |ag—apq
l=q+2

+‘ap - kﬂp| + |kap - Llp_1| + MP

a0l + My + (lags1] — lpagl) cos o+ (lags1] + pag ) sine

p—1 p-1
+lagl(1—p) + Y (lag| —lag-1|)cosa+ Y (lag| + |ag_1|) sina
l=q+2 l=q+2

+ap|(k—1) + (lkap| — |ap—1|) cosa + (|kap| + [ap_1]) sina + M,

by Lemma 1
|ao| 4+ My + [ag| + plag|(sina — cosa — 1)
p—1
+2 Y |ag|sina +k|ay|(cosa + sina + 1) — |ay| + Mp.
l=q+1

)‘ < ag| + My + |ag| + plag|(sina — cosa — 1)

p—1
+2 Y |ag|sina+k|ap|(cosa + sina + 1) — |a,| + M,
l=q+1
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for |z| = 1. By the Maximum Modulus Theorem,

1

an(z) ‘ < ao| + My + |ag| + plag|(sina — cosa — 1)

p—1

+2 Y |ag|sina+k|ap|(cosa + sina + 1) — |a,| + M,
l=q+1
holds inside the unit circle |z| < 1as well. If R > 1, then %e‘ie lies inside the unit circle for
every real 6. Thus, it follows that
‘f(ReiG)‘ < (a0| + My + |ag| + plag|(sina — cosa — 1)
p—1

+2 Y |ag|sina +k|ap|(cosa +sina + 1) — |a,| + M,,)R”

l=q+1

for every R > 1 and 6 real. Hence, for every |z| = R > 1,

P(2)(1-2)] = [-az"+f(2)|
> Janl IR = |f(2)]
> |an|R”+1—<|ao|+Mq+aq|+p|aq|(sinoc—coszx—1)
p—1
+2 ) |ag|sintx~|—k|ap|(coszx+sinoc+1)—|ap|+Mp>R”
l=g+1
= R"[|an|R—(|a0|—l—Mq—l—|aq|+p|aq|(sinzx—cosa—1)
p—1
+2 ) |ag|sinoc+k|ap|(coszx+sin¢x+1)—|ap|+Mp>}
l=q+1
> 0
if
1 .
R > |a|<|ao|+Mq—|—]aq|+p|aq\(smzx—cosu¢—1)
n

p—1
+2 Y |ag|sina +klay|(cosa + sina + 1) — |a,| —|—Mp>.
l=q+1

Therefore all the zeros of P(z) lie in

1 .
lz] < a<|a0| + M + |ag| + plag|(sina — cosa — 1)

= a

p—1
+2 ) lag|sina + k|ay|(cosa + sina + 1) — |a,| +Mp>,
l=q+1

as claimed.
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Consider the polynomial:

1
S(z) = Z”P(Z> =apz" + a2 agZ T a2 P b ay gz + ay.

Let
H(z) = (1-2)5(2)
= —apz"+ (ag —a1)z" + (@ — )"+ (ag — agia)Z T4
H(ap_1 — ap)z" P (A — ay1)2% + (@1 — A0)Z + an.
This gives

[H(z)| = |ao||z]"*" — {lao —m||z" + a1 = ap|[2|" 7+ ag — g2+
Hlap 1 —apllz]" P 4 a2 — g2+ a1 — an||2] + |an]
= ao||z["*" — Dao —mz" + a1 — aplz[" T - fagg — ag 2]
+lag — pag +pag —agi1||z|" T+ [ag2 — ﬂq+1||z|niqil +e
+lap_1— ap_o||z|" P + |ap_1 — kap + kap — ap||z|" P + |ap — apiq||z|" P

+oo Ao — ”n71||z|2 + |ay—1 — anl|z| + |ax|

A%

lal|z"* = ||ag — ay||z|" + |ag — az||z|" T 4 -+ + lag1— ﬂq||Z|n_qul

+lag — pag||z]" "7 + |oag — agia||2]" T + |agia — agallz" T 4
+lap1—apallz["P + a1 — kapHZVFP+1 + [kap — ‘ZPHZVFPH

Hlap —apal|z]"7F - fana — aya |2+ lap_1 — aullz] + g |-

Sincek > 1and 0 < p < 1, then

a1 — ap|

091 — a5 lagl(1-p)
H(D)| > |z|"[aoz|—(ao—a1|+|z|+~~+ 11~ %l 1o

z4—1 |z|‘7

[ap—1 —ap—2|  |ap—1 —kay|
|2[P~2 |zt

lpag — agal | |agr2 — agia]

B e T

lap|(k—1) | lap+ap1]
|z[P~ Edlg

|an—2 - an71| |an71 — ﬂnl ‘a”|
2 Tt )
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Now, with |z| > 1, so that 1/|z|"*/ < 1 for 0 < j < n, we have

|H(z)| > Z|"{|ﬂo||z|(|ﬂoﬂ1|+|ﬂ1ﬂ2+"'+|ﬂq—1ﬂq|+|ﬂq|(1p)
+loag — aga| + lagr2 — agal + -+ lap—1 — ap_| + |ap—1 —kay|

+|apl(k71) + |ap*”p+1| + -+ |an72*an—1| + |an—1 *ﬂn| + an|>:|

q
= | [|ao||z| - (2 lag — ap_1] + 1agl(1 — p) + a1 — pag
/=1
p—1 n
Y Jag—apa] 4 kay — apa] ey (k—1)+ ) |ag—ae_1|+|an)]
l=q+2 l=p+1

v

)" [|ao||z| - (Mq T lagl(1 = p) + (1as1] — plag) cosa

p—2
+(|ag1| + plag]) sina — [ag 1] (cosa +sina) +2 Y |ag|sina
l=q+1

+(klap| — lap_1]) cosa + |a,_1|(cosa + sina) + (k|ap| + [ap_1]) sina
+ap|(k—1) + M, + |an)] by Lemma 1
p—1
= |z| {|a0||z| - (Mq + |ag| + plag|(sina —cosax —1) +2 Y |ag|sina
l=g+1

+klap|(cosa +sina + 1) — |ap| + My + |an|)}

> 0

if
1 P
lz| > 2ol <Mq + |ag| + plag|(sina —cosax —1) +2 Y |ag|sina

l=q+1

+klay|(cosa +sina + 1) — |ap| + My + |an|>.

Thus, all the zeros of H(z) whose modulus is greater than 1 lie in

1 =y
lz] < |aO|(Mq+|aq|+p|aq|(sin1x—cos¢x—1)+2 )~ ag|sina
l=q+1

+klap|(cosa +sina + 1) — |ap| + M, + |an|>.

Hence, all the zeros of H(z) and of S(z) lie in

p—1
z| < max<1, | M+ |ag| + plag|(sinae —cosa —1) 42 ap| sina
q ql T Plaq ,
(=q+1

+klap|(cosa +sina + 1) — |ap| + M, + |an|>/|u0|}.
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Therefore, all the zeros of P(z) lie in

p—1
|z| > min{l,ao/(Mq+|aq|+paq|(sinoccosoc1)+2 Y. laglsina
{=g+1

+klap|(cosa +sina + 1) — |ap| + M, + an|> },

as claimed. 0O

5. Discussion

As explained in the Introduction, the hypotheses applied in this paper are consistent
with several existing results of the Enestrom-Kakeya type. In fact, the two main theorems
proven in this paper are generalizations of some of these results. Future research could
involve loosening the restrictions imposed on the coefficients of a polynomial given in
Theorems 6 and 7. For example, a reversal in the monotonicity could be introduced,
or additional parameters related to the monotonicity of the coefficients could be added
to give generalizations of these theorems. In addition, the analytic theory of functions
of a quaternionic variable could be applied to quaternionic polynomials (with the same
or similar conditions imposed on the coefficients) to restrict the location of the zeros of
such polynomials.
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