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Abstract: The aim of the present paper is to study and investigate the geometrical properties of a
concircular curvature tensor on generalized Sasakian-space-forms. In this manner, we obtained results
for ¢-concircularly flat, p-semisymmetric, locally concircularly symmetric and locally concircularly
¢-symmetric generalized Sasakian-space-forms. Finally, we construct examples of the generalized
Sasakian-space-forms to verify some results.
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1. Introduction

In [1], the authors introduced and studied the notion of generalized Sasakian-space-
forms with geometrical and physical significance. A generalized Sasakian-space-form is an
almost contact metric manifold (M, ¢, ¢, 77,g), whose curvature tensor is defined as follows:

A{8(Y, 2)X —g(X, Z)Y} @)
F{8(X,9Z)pY — (Y, 9Z)pX +2g(X, ¢Y)PpZ}
f{n(X)n(Z2)Y —n(Y)n(2)X

8(X, Z)n(Y)¢ —8(Y, Z)n(X)¢},

where f1, f», f3 are differentiable functions and X, Y, Z for vector fields on M2"*1(f1, o, f3).
The Sasakian manifold with constant ¢-sectional curvature is a Sasakian-space-form, and
cosymplectic and Kenmotsu space-forms are also considered particular types of generalized
Sasakian-space-forms. Additionally, the generalized Sasakian-space-forms have been
investigated in [2-21] and many others.

In Riemannian geometry, numerous researchers have studied curvature properties
and how much they affected the manifold itself. Symmetry and flatness are two important
curvature properties of the Riemannian manifold, which has many applications not only in
mathematics but in many other sciences as well. In recent years, the notion of symmetric
manifold has been studied by many authors by extending it to other sciences, such as
the spacetime of general relativity [22] and locally symmetric f-associated standard static
spacetimes [11]; for more detail, refer to [10,23].

In the context of generalized Sasakian-space-forms, Kim [13] investigated conformally
flat and locally symmetric generalized Sasakian-space-forms. Generalized Sasakian-Space-
Forms with Projective Curvature Tensor were explored by De and Sarkar [24] for some of
their symmetric characteristics. Prakasha proved in [16] that every generalized Sasakian-
space-form is Weyl-pseudo-symmetric. Further, Prakasha and Nagaraja [25] investigated
quasi-conformally semisymmetric and quasi-conformally flat generalized Sasakian-space-
forms. Sarkar and Akbar [26] constructed generalized Sasakian-space-forms that are
conharmonically flat and conharmonically locally-symmetric. Hui and Prakasha [27]
briefly looked at certain symmetric aspects of generalized Sasakian-space-forms using
the C-Bochner curvature tensor. We investigated a generalized Sasakian-space-form that

R(X,Y)Z =

+ o+ +
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satisfies a specific curvature requirement on the concircular curvature tensor in the current
research.

The paper is set up as follows: The definitions, basic formulas, and preliminary results
of generalized Sasakian-space-forms are included in Section 1. In Section 2, we investigate
¢-concircularly flat generalized Sasakian-space-forms and establish that a generalized
Sasakian-space-form is ¢-concircularly flat if and only if it is concircularly flat. In Section 3,
we investigate ¢-concircularly semisymmetric generalized Sasakian-space-forms and es-
tablish necessary and sufficient conditions for a generalized Sasakian-space-form to be
¢-concircularly semisymmetric. The study of locally concircular symmetric and locally
concircularly ¢-symmetric generalized Sasakian-space-forms is covered in Section 4. Here
it is shown that a generalized Sasakian-space-form is locally concircularly symmetric if
and only if it is conformally flat. Additionally, we discover that a locally concircularly
¢-symmetric generalized Sasakian-space-form is also conformally flat and hence, locally
concircularly symmetric. Finally, some examples of generalized Sasakian-space-form with
fi=1land f, = f3 = 0 are given.

2. Generalized Sasakian-Space-Form

A (21 + 1)-dimensional Riemannian manifold (M?"*1,¢) is said to be an almost
contact metric manifold [28], if there exists on M?"*1(fy, f,, f3) a (1,1) tensor field ¢, a
vector field ¢ (called the structure vector field) and a 1-form # such that

P*(X) = —X+n(X)E, 1) =1, @
gl¢X,¢Y) = (X, Y)—n(X)n(Y), @)
for any vector fields X, Y on M?"*1(fy, f», f3).

For a (2 + 1)-dimensional (1 > 1) generalized Sasakian-space-form M>"*1(fy, f, f3),
the following relations exist in addition to relation (1) [1]:

RX,Y)S = (- f)in(MX—n(X)Y}, @)
R(E,X)Y = (fi—f){e(X,Y)¢—n(Y)X}, )
nRX,Y)Z) = (fi—f)HgY, Z2)n(X)—g(X, Z)n(Y)}, (6)
S(X,Y) = (@nfi+3f2—f)8(X,Y) = {832+ 2n-1)fz}n(X)n(Y), ()

r = 2n(2n+1)f; +6nf, —4nfs. (8)

In [29], the authors compute the concircular curvature tensor Zfora (2n +1)-dimensional
(n > 1) almost contact metric manifold:

r

Z(X,Y)Z =R(X,Y)Z — m{g(

Y, Z)X —g(X,Z)Y}, ©)

for any vector fields X, Y, Z € T(M).
By virtue of (1) in (9), we obtain

Z(X,V)Z = f{g(Y,Z)X -g(X,Z)Y}
+  f{g(X, ¢Z)pY — (Y, ¢Z)pX + 2g(X, Y )pZ}
+  fa{n(Xn(2)Y —n(YV)n(Z2)X + (X, Z)n(Y)§ — (Y, Z)n(X)¢}

s 1) 82X = g(X 2)}, (10)

Here, we recollect some results that will be required for further sections.

Theorem 1 ([30]). A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, fa, f3)

is concircularly flat if and only if f3 = %
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Theorem 2 ([24]). A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"*1(f1, fa, f3)

is Ricci semisymmetric if and only if f3 = 13_%”.

Theorem 3 ([13]). A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"*1(f1, fo, f3)
is conformally flat if and only if f, = 0.

3. ¢p-Concircularly Flat Generalized Sasakian-Space-Forms

Definition 1. A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, fa, f3)
is called ¢-concircularly flat if it satisfies

P*Z($X, pY)$Z =0, (11)

for any vector fields X, Y, Z € T(M) [31].

As per the definition, it follows that every concircularly flat generalized Sasakian
-space-form is ¢-concircularly flat, but the converse never holds. Interestingly, in this
section, we prove that the converse also holds good for a generalized Sasakian-space-
form of dimension greater than three. The importance of studying ¢-concircularly flat
generalized Sasakian space forms can be seen in this section.

Let us consider that M>"T1(f1, 5, f3) is concircularly flat. Then, by using (9) and
Definition 1, we have

FIRGXPIZ = 5 ROV, 02)9X = 29X, 92)9¥}] =0, (12)
Making use of (1) in (12), we obtain
¢*[1((PY, 9Z)pX — g(¢X, 9Z)$Y)

+h2(8(¢X, 9*Z)9Y — g(9Y, $*Z)¢* X + 28(9X, ¢*Y)9*Z))]
= P B 29X —a(Mn(2)9X = (X, 2)9Y +1(X)(2)gY].  (13)
Again, by virtue of (2) and (8) in (13), we have
fi{g (Y, 2)pX =y (Y)n(2)pX — (X, Z)gY +y(X)n(Z)gY}
+ fA(X, $Z)9?Y — g(Y, $Z)¢* X +28(X, ¢Y)§*Z}
= Gy (@1 DA +3R = 2R)[8(Y, Z)pX — n(Vn(2)0X
—8(X, Z)pY +n(X)n(Z2)pY]. (14)
Taking the inner product with arbitrary vector field U in (14), we obtain
fi{g(Y, Z)g(¢X, U) —n(Y)n(Z2)g(9X, U) — (X, Z)g(9Y, U) + 1 (X)n(Z)g(pY, U)}
+ 2{g(X,92)8(¢*Y, U) — g(Y,9Z)8(¢°X, U) +28(X, Y )g(¢°Z,U)}
= (2,111)((211 +1)fi+3f2—2f)[g(Y, Z)g(¢pX, U) —n(Y)n(Z)g(pX, U)
—8(X, Z2)g(oY, U) +n(X)n(Z)g (oY, U)]. (15)

Setting Y = Z = ¢; in (15), where ¢; is an orthogonal basis of the tangent space at each
point of the manifold and taking summation overi,i =1,2,...,2n + 1, we have

3fr —2f3

3f8(pX, U) = W(Zn - 1)g(pX, U), (16)
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which gives
3 =220, (17)
provided g(¢X, U) # 0, which implies that
fr= 22 (18)

Hence, we can state the following;:

Theorem 4. For a (2n + 1)-dimensional ¢-concircularly flat (n > 1) generalized Sasakian-space-
form M2FL(fy, o, £3), fa = 122 holds.

Suppose f3 = 133%1 holds. Then by virtue of Theorem 1, M2**1(f}, f, f3) is concir-

cularly flat. Therefore, Z(X,Y)Z = 0, and hence ¢?(Z(¢X,$Y)$pZ) = 0. Thus, we state
the following:

Theorem 5. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, o, f3)
is ¢-concircularly flat if and only if f3 = if;n.

Using Theorems 1 and 5, we conclude the following Corollary:

Corollary 1. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"*1(fy, f», f3)
is ¢-concircularly flat if and only if it is concircularly flat.

Again, from (12), we have

g(R(<P?§,<PY)¢Z), pU)

—m{g(dﬂ/f PZ)g(¢X, pU) — g(¢X, pZ)g(¢pY, pU)} = 0. (19)
Using (1) and (2) in (19), we yield

r

(= 5y BOY.02)3(9X,9U) - $(¢X,42)5(gY, L)
+ 089X, 2)8(y, ¢U) — g(¢Y, Z)g(X, pU) +28(pX,Y)g(Z,pW)] = 0. (20)
Setting Y = Z = ¢; in (20) and taking summation over i, 1 <7 < 2n 4 1, we obtain
(= Spn 1) 280X 00) = 89X, 47U
+  f2l8(¢X, pU) + 28 (¢X, pU)| = 0. (21)
Using (2) in (21), we have
(= s 1)) 218X 0U) = 6 U) + 7 (X)n (W)
+  f28(¢X, U) +28(¢X, pU)| = 0. (22)
Again using (3) and (8) in (22), we obtain

(2n —1) f2g(¢X, pU) = 0. (23)
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which implies
fa=0. (24)
Provided g(¢X, pU) # 0, we have the following:

Theorem 6. Ifa (2n+ 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, fa, f3)
is ¢p-concircularly flat, then f, = 0.

For a (2n + 1)-dimensional generalized Sasakian-space-form, U.K. Kim [13] showed
the following results:
(i) Ifn > 1, then Mis conformally flat if and only if f, = 0.
(i) If M?"F1(f, f2, f3) is conformally flatand ¢ is a Killing vector field, then M2"*1(fy, f», f3)
is locally symmetric and has constant ¢-sectional curvature.

In the perspective of the first part of the above hypothesis of Kim, we obtain the following:

Corollary 2. Fora (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"+1(fy, f2, f3)
¢-concircularly flat and conformally flat are equivalent.

In the perspective of the second part of the above hypothesis of Kim, we obtain
the following:

Corollary 3. A ¢-concircularly flat (2n + 1)-dimensional (n > 1) generalized Sasakian-space-
form MP"FY(f1, o, f3) with & as a Killing vector field is locally symmetric and has constant ¢-
sectional curvature.

Suppose f, = 0. Then from (18), we must have f3 = 0; therefore, we obtain from
(1) that

R(X,Y)Z = fi{g(Y,Z)X — g(X,Z)Y}. (25)

In [1], P. Alegre et al. demonstrated that a Sasakian manifold with constant ¢-sectional
curvature is a Sasakian-space-form M?"*1(fy, f,, f3) with specific form, fj — 1 = f, = f3.
In this case f, = 0 implies f3 = 0 and f; = 1. Thus, from (25), we obtain R(X,Y)Z =
(Y, Z)X — g(X, 2)Y, indicating that the manifold has constant curvature 1. If a (21 + 1)-
dimensional (n > 1) Riemannian manifold has constant curvature, it is known to be
concircularly flat. Furthermore, concircular flatness implies ¢-concircularly flat. Conse-
quently, we can claim:

Corollary 4. A (2n + 1)-dimensional (n > 1) Sasakian manifold is ¢-concircularly flat if and
only if the manifold is of constant curvature 1.

4. ¢-Concircularly Semisymmetric Generalized Sasakian-Space-Forms

A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form is said to be ¢-
concircularly semisymmetric if it satisfies Z(X,Y) - ¢ = 0, which implies ([7,32]),

(Z(X,Y)P)Z = Z(X,Y)pZ — $pZ(X,Y)Z =0, (26)

for all vector fields X, Y, Z € x(M).
Now, from (9) it follows that

(X092 = ROPZ = 5 s (300 92)X — g(X,92)Y @)
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By taking account of (1) in (27), we obtain

Z(X,Y)pZ

fi{g(Y, ¢Z)X — (X, ¢Z)Y}

PA8(X,0*Z)pY = g(Y, ¢*Z)pX +28(X, Y)p*Z}

fln(Xn(@Z)Y —n(YV)n(9Z)X + g(X, ¢Z)n(Y) — (Y, ¢Z)n(X)C}
ST W(Le2X —g(XpZ)Y 8)

+ +

Again, by virtue of (2) and (8) in (28), we obtain

Z(X,Y)pZ =

(3f2 —2f3)
- o 8(Ve2)X - g(X, 7)Y}
+ A8, 2)0X — g(X, Z)gY +(X)n(Z)pY —n(Y)n(Z)pX

— 28(X,Y)Z +28(X, ¢Y)n(Z)C} + f3{8(X, pZ)n(Y)E — (Y, 9Z)n(X)Z}.  (29)
Similarly,
PZ(X,Y)Z =
BR 2B fov, 2)px — (%, 2)gv)
+ {8V, ¢Z)X — (X, ¢Z)Y + (X, ¢Z)n(Y)E — g(Y,pZ)n(X)S
— 28(X,¢Y)Z +28(X,¢Y)n(Z)E} + f3{n(X)n(Z)pY — n(Y)n(Z)pX}. (30)

Substituting (29), (30) in (26)

(32211 +21fs) + H|{g(Y,2)pX — ¢(X, Z2)pY — g(Y,9Z)X + ¢(X, ¢Z)Y}

+ (o= )8, ¢Z)n(X)¢ — g(X,9Z)(Y)E — n(X)n(Z)pY —n(Y)n(Z)pX}
= 0. (31)

Setting Y = ¢ in (31), we obtain
Bf2+ (2n = 1) f51{g(X,¢Z) +1(Z)$pX} = 0. (32)

The above relation implies that

_ 3f
fs= 175 (33)

Hence, we can state the following;:

Theorem 7. For a (2n + 1)-dimensional (n > 1) ¢-concircularly semisymmetric generalized
Sasakian-space-form, M?"T1(f1, fa, f3), f3 = 13:%” holds.

Thus, in virtue of (33) and Theorem 1, we can state the following;:

Theorem 8. A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"+1(f1, fa, f3)

3f

is ¢-concircularly semisymmetric if and only if f3 = 1=5..

In virtue of Theorems 2 and 8, we can state the following:

Corollary 5. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"*1(f1, f2, f3)
is ¢-concircularly semisymmetric if and only if it is Ricci semisymmetric.
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By combining Theorems 1, 5, 8 and Corollary 5, we can state the following;:

Corollary 6. Let M>"T1(f1, >, f3) be a (2n + 1)-dimensional (n > 1) generalized Sasakian-
space-form. Then, the following statements are equivalent:

(i) M2FY(fy, fo, f3) is p-concircularly semisymmtric,

(i)  M2?"FL(f1, fa, f3) is p-concircularly flat,

(iii) M*>FY(f1, fa, f3) is concircularly flat,

(iv) M*7HY(fy, fa, f3) is Ricci semisymmetric,

() fz= 1if§n holds on M?"1(f1, f2, f3).

5. Locally Concircularly Symmetric and Locally Concircularly ¢-Symmetric
Generalized Sasakian-Space-Forms

If curvature tensor R of a Riemannian manifold M?'*1(f, f», f3) is parallel, then the
manifold is said to be locally symmetric, i.e., VR = 0, where V denotes the Levi—Civita
connection. The concept of semisymmetric manifolds was introduced as an appropriate
generalization of locally symmetric manifolds

(R(X,Y)-R)(U,V)W =0, X,Y,U,V,W e T(M)

and studied by many authors (e.g., [33-36]). A complete intrinsic classification of these
spaces was given by Z.I1. Szabo [37]. A (2n + 1)-dimensional (n > 1) generalized Sasakian-
space-forms M?"*1(fy, f», f3) is said to be locally concircularly symmetric if

(VwZ)(X,Y)Z =0, (34)
for all vector fields, X, Y, Z are orthogonal to ¢. It is called locally concircularly ¢-symmetric if
$*((VwZ)(X,Y)Z) =0, (35)

for all vector fields, X, Y, Z are orthogonal to . First, by taking covariant differentiation on
both sides of the Equation (10) with respect to the arbitrary vector field W, we obtain

(VwZ)(X,Y)Z
dfi(W){g(Y,2)X - g(X, Z)Y}
df(W){8(X, ¢Z)pY — (Y, ¢Z)pX + 28(X, ¢pY)pZ}
LA8(X,9Z) (V)Y +8(X, (Vwe)Z)pY
(Y, ¢Z)(Vwe)X = g(Y, (Vwe)Z)pX
2¢(X, ¢Y) (V) Z +28(X, (Vwe)Y)pZ}
dfs(W){n(X)n(2)Y —n(Y)n(Z)X
8(X, Z)n(Y)¢ —8(Y, Z)n(X)¢}
FLVwm) (X)n(2)Y +1(X)(Vw
= (Vwn)(Vn(Z)X = n(Y)(Vwi)(
X Y)(Vwi)(Y)e +8(X, )y
— g(Y,Z2)(Vwy)(X)§ —g(Y, Z)
dr(W) X,

- 27’[(27’[—|—1){g(y Z)X g(

o+

+

U
Z)Y}. (36)
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If the vector fields X, Y, Z are orthogonal to ¢, then obtain from (36) that

(VwZ)(X,Y)Z
= dfiW){g(Y,2)X —g(X, Z)Y}
+ dR(W){g(X, ¢Z)pY — g (Y, 9Z)pX +23(X, pY)$Z}
+

fA8(X,9Z)(Vwe)Y + g(X, (V) Z)pY
= 8. pZ)(Vwe)X —g(Y, (Vwe)Z)pX
28(X,9Y)(Vwe)Z +28(X, (Vwe)Y)pZ}
d(2n(2n+1)f; +6nf,

- 2n(2n+1)_4nf3><w) {8(Y, 2)X —¢(X, Z)Y}. (37)

_|._

Let M?"*1(fy, f2, f3) be locally concircularly symmetric. Then from (34), we have

dfiW){g(Y, 2)X = g(X, Z)Y} + dfa(W){g(X, pZ)¢pY
— 8(Y,¢Z)pX +2¢(X,¢Y)9Z}
+ L{s(X9Z)(Vwe)Y +8(X, (V) Z)$Y
— 8V, 9Z)(Vwe)X —g(Y, (V) Z)¢X
+ 28X, o) (Vwg)Z +28(X, (Vwe)Y)9Z}

d((2n+ 1)1 +3f - 25)(W){g(Y, )X — g(X,2)Y} =0.  (38)

2n+1

Taking the inner product with respect to vector field U in (38), we obtain

dfi(W){g(Y, Z)g(X, U) — g(X, Z)g(Y, U)}
+ d(WH{(X, ¢2)g(eY, U) —g(Y,¢Z)g(9X, U) +28(X, ¢Y)g(¢Z, U) }
+ f{s(X,02)3(Vwe)Y, U) +8(X, (V) Z)g(oY, U)
- (Y, 92)e((Vwe)X, U) —g(Y, (Vwe)Z)g(9X, U)
+ 28X, 0Y)g((Vwe)Z, U) +28(X, (V) Y)g(¢Z, U)}

— S d(@n D+ 3% — 26 (W) {5(Y, 2)3(X,U) — g(X, 2)g(Y, W)}

= 0. (39)

Let{¢; : i =1,2,...2n + 1} be an orthonormal basis of the tangent space at each point
of the manifold. Setting Z = U = ¢; in (39) and taking summation overi, 1 <i <2n 41,
we obtain
2n+1

f{—8(¢X, (Vwe)Y) + 2 8(X, (Vwe)e)g(¢Y, ei)

2n+1

+ (oY, (Vwo)X Zg (Vwo)e)g(dX, ;)

2n+1

+ 2 ) 8(X 9Y)g((Vwe)ei er)}
= 0. 1 (40)
We now recall that (Vyg)(X,Y) = 0, yielding
Viwg(X,Y) — g(ViwX,Y) — (X, Vi) = 0. (41)

Putting X = ¢; and Y = ¢e; in (41), we have g(e;, pViye;) — g(ei, Viwee;) = 0.
Thus, we have

g(ei, (Vwe)e;) = 0. (42)
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By virtue of (40) and (42), we obtain

2n+1
F{—8(¢X, (Vwe)Y) + Z (X, (Vwe)e)g (oY, e)
2n+1
+ g(pY, (Vwe)X Z g(Y, (Vwo)e))g(@X, ei)} = 0. (43)

Equation (43) is true for any vector fields X, Y on the manifold. X # Y gives

f=0.

Conversely, suppose that f, = 0. In addition, if we consider X, Y, Z orthogonal to ¢,
then from (1), we find

R(X,Y)Z = fi{g(Y,Z)X — g(X,Z)Y}. (44)

From (44), we have
=2n(2n+1)f;. (45)

By virtue of (8) and (45), we obtain f3 = 0; hence, from (37), we obtain
(VWwZ)(X,Y)Z = 0. (46)

Therefore, M?"*1(fy, f2, f3) is locally concircularly symmetric. The above discussion
helps us to state the following:

Theorem 9. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, fa, f3)
is locally concircularly symmetric if and only if f, = 0.

Combining the results of Theorems 3 and 9, we obtain the following Corollary:

Corollary 7. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"*1(f1, f», f3)
is locally concircularly symmetric if and only if it is conformally flat.

Next, suppose that M?"*1(f1, f,, f3) is locally concircularly ¢-symmetric. Then from
the (2) and (35), we obtain

—(VwZ)(X,Y)Z+7((VwZ)(X,Y)Z){ = 0. (47)

Taking the inner product of Equation (47) with respect to an arbitrary vector field U,
we have

—8((VWZ)(X,Y)Z,U) + 1 ((VwZ)(X,Y)Z)n(U) = 0. (48)
By considering U is orthogonal to ¢, from (48), we obtain
s((VwZ)(X,Y)Z,U) =0. (49)

The above equation is true for all vector fields U orthogonal to ¢. If we choose U # 0
and orthogonal to (ViyZ) (X, Y)Z, then it follows that

(VwZ)(X,Y)Z =0.

Hence, M?"*1(fy, f», f3) is locally concircularly symmetric, and hence, by Theorem 7,
it is conformally flat.
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Conversely, let M2l (f1, f2, f3) be conformally flat, and hence, f, = 0. Again, for X,
Y, Z orthogonal to ¢, f, = 0 implies f3 = 0. Therefore we obtain from (37), using (2) and
considering X, Y, Z orthogonal to ¢,

¢*(VwZ)(X,Y)Z
dfiW{g(Y, 2)X - g(X, Z)Y}

+ da(WH(X, ¢Z)pY — g(Y, ¢Z)pX +28(X, ¢Y)pZ}
+ {8(X.9Z)(Vwe)Y +8(X, (Viwg) Z)$Y

— 8V, 0Z)(Vwe) X = g(Y, (V) Z)9pX

+ 28X, oY) (Vwg)Z +28(X, (Vwe)Y)9Z}

(2 Dfi + 36— 26) (W) (L Z)X —g(X2)Y) (50

Hence, for f, = f3 = 0, from (50), we obtain
¢ (VWZ)(X,Y)Z = 0.

Therefore, M?"*1(f1, f2, f3) is locally concircularly ¢-symmetric.
This leads to the following Theorem:

Theorem 10. A (21 + 1)-dimensional (n > 1) generalized Sasakian-space-form M*'*1(f1, fa, f3)
is locally concircularly ¢-symmetric if and only if it is conformally flat.

Combining the results of Theorem 10 and Corollary 7, we find the following:

Theorem 11. A (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M>"+1(f1, fa, f3)
is locally concircularly ¢-symmetric if and only if it is locally concircularly symmetric.

Theorem 12. Ina (2n + 1)-dimensional (n > 1) generalized Sasakian-space-form M*"*1(f1, f2, f3),
the following conditions are equivalent:

(i)  M*>7FY(f1, fo, f3) is locally concircularly symmetric,

(i)  M*FY(f1, fo, f3) is locally concircularly ¢-symmetric,

(ii) M?"FL(f1, f, f3) is conformally flat,

(iv) fo = 0holds on M*"*1(fy, fo, f3).

6. Examples

In this section, we give some examples on generalized Sasakian-space-form with

f2:f3:0andf1:1.

Example 1. In [1], it is shown that the warped product R x r C™ is a generalized Sasakian-space-
form with

11

U P (0 )|
fl - fz =0, f3 = f2 + f .
where f = f(t), t € R. Ifwe choose f(t) = e~!, then M*"*1(fy, fa, f3) is ¢p-concircularly flat

generalized Sasakian-space-form, since fo = 0. Furthermore, we see that fi is constant. Therefore,
Theorem 6 and Corollary 4 are verified.

Example 2. The generalized Sasakian-space-form M>"+1(fy, f», f3) is a Sasakian manifold, then
it has specific form, i.e., fi —1 = fo = f3 =0, in this case,f1 = 1, fo = f3 = 0 since, by the result
obtained in this paper, M*"*1(f1, fa, f3) is ¢p-concircularly flat and its scalar curvature is constant.
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