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Abstract

Parameterizing nonlinear models presents an ongoing challenge in fisheries and aquacul-
ture research. While additive and multiplicative error structures have been traditionally
applied, a more recent alternative—the observed error structure—is gaining increasing
acceptance. This study aimed to analyze the variability of individual growth during the
early developmental stages of totoaba (Totoaba macdonaldi), shrimp (Penaeus vannamei), and
pearl oyster (Pteria sterna). The observed variance was incorporated as a central compo-
nent for parameterizing individual growth models. All three datasets were derived from
controlled laboratory conditions. Information theory was applied to identify the most
appropriate variance criterion (observed, additive, or multiplicative). The Schnute model,
case 1, was utilized to estimate the growth curve for each species. Distinct growth patterns
were observed: sigmoid in totoaba, rectilinear in shrimp, and exponential in pearl oyster.
These findings indicate that incorporating observed variability at each age enhances the
parameterization of individual growth models across diverse taxonomic groups, including
fish, crustaceans, and mollusks.

Keywords: bayesian information criterion; Schnute growth model; totoaba; pearl oyster;
shrimp

1. Introduction

Globally, fisheries and aquaculture are major economic activities that supply large
volumes of food for direct and indirect human consumption [1]. They also generate em-
ployment and produce significant economic benefits, particularly for coastal communities.
In 2020, combined fisheries and aquaculture production reached nearly 178 million tons
of marine products, with aquaculture accounting for 49% [1]. The species most frequently
reared were the white leg shrimp (Penaeus vannamei) with 5.8 million tons, followed by the
grass carp (Ctenopharyngodon idellus) with 5.7 million tons, oysters (Crassostrea spp.) with
5.5 million tons, the silver carp (Hypophthalmichthys molitrix) with 4.9 million tons, and the
Nile tilapia (Oreochromis niloticus) with 4.4 million tons [2].

In Mexico, a production of 1.9 million tons was obtained in 2021 from both fisheries
and aquaculture activities, of which 13% corresponded to aquaculture. The white leg
shrimp was the primary cultivated with 182,110 t, followed by the Nile tilapia with 45,064 t,
and the oyster with 15,602 t [3].
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Advancements in aquaculture production have faced significant challenges, with
numerous obstacles successfully addressed, particularly in the optimization of produc-
tion processes. Several aquaculture production systems have been enhanced through
bio-economic analyses [4]. Bio-economic models are fed by individual growth analysis, but
obtaining growth rates in aquaculture also involves some conflict because aquaculturists
generally investigate growth using absolute (weight gain during culture time), relative
(weight increment as a percentage), and specific (percentage of weight increase between
the growing period) growth rates [5,6]. The main inconvenience with these approaches is
that the real growth rate of the studied species is lost.

Previous studies [5,6] have emphasized the importance of applying individual-based
growth models in aquaculture to obtain more accurate estimates of growth rates during
production. This is particularly relevant because absolute growth rate calculations can
introduce systematic errors that are often overlooked errors that become evident when
plotting individual length data over time [7]. The application of growth models not only
improves the accuracy of growth estimates but also deepens our understanding of growth
dynamics under culture conditions.

This leads to a critical methodological question: Which model should be used to ana-
lyze growth? Among the mathematical models developed to describe organismal growth,
the von Bertalanffy Growth Function (VBGF) has been widely used since its introduction
in 1938 [8]. Although originally developed for fisheries applications, its widespread use
does not necessarily mean it is the most suitable model for all scenarios. A variety of alter-
native models have been proposed and applied in aquaculture, including the Gompertz [9],
Johnson [10], Richards [11], logistic [12], and Schnute [13] models.

As with other mathematical models, growth models rely on variables and param-
eters that must be estimated from empirical data. Parameter estimation can be carried
out using various methods, one of the most common being the application of objective
functions in the context of nonlinear models. These functions are formulated based on
assumptions about the error structure, which involves key decisions regarding the nature of
the variance. Traditionally, error structures are classified as either additive or multiplicative;
however, more complex formulations, such as those incorporating depensatory [14] or
compensatory [15] variance structures, have also been explored.

In the present research, a novel method was chosen for calculating individual growth
model parameters based on the error structure. The observed error structure for estimating
parameters in the modeling used in aquaculture is evident. However, this is ignored,
and additive or multiplicative type errors are used. The conceptual advancement of this
proposal, which contributes to the progress of scientific knowledge, is based on an innova-
tive and original idea to explain the estimation of model parameters used in aquaculture,
specifically in the individual growth of organisms subject to aquaculture. Particularly, we
propose breaking the old paradigm and consolidating the new use of the observed structure
error as an alternative approach to model parameterization in aquaculture research. To
test the hypothesis that the use of the observed error structure will allow more robust
estimates of individual growth parameters, length-at-age data from fish, crustaceans, and
bivalve mollusks were used. For this reason, this investigation was conducted to evaluate
the variability of individual growth in early stages of totoaba, shrimp, and pearl oyster to
demonstrate that the error structure observed at each age is better for finding more realistic
growth parameters than additive or multiplicative error structures, primarily for modeling
used in aquaculture, and specifically in individual growth models.
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2. Materials and Methods
2.1. Data Bases

The data were obtained from information generated in other projects with very differ-
ent aims from those of the present study [16-18]. In this study, the results of parameteriza-
tion with three different error structure criteria were compared. Growth data was selected
(length-at-age of the three taxonomic groups: fish, mollusks, and crustaceans), most used
in aquaculture. Particularly for the fish group, data from totoaba were used (Totoaba mac-
donaldi) (see [16] for further details). Totoaba eggs from reproductive specimens maintained
in captivity were obtained through a donation from the Centro Reproductivo de Especies
Marinas del Estado de Sonora (CREMES). Positively buoyant fertilized eggs were collected
and separated by decantation using 1 L plastic tubes, then rinsed with filtered seawater
and transferred to a 3000 L incubation tank at a density of 65 eggs-L~!. Egg quantification
was performed using the volumetric method. Incubation was carried out at a constant
temperature of 22 °C, while subsequent larval rearing followed a gradually increasing
temperature regime reflecting ambient outdoor conditions. Salinity was maintained at
36 psu throughout the experiment. Larvae were fed according to established laboratory
protocols: live feed (microalgae, rotifers, and Artemia nauplii) was provided from hatching
to 30 days post-hatching (DPH), followed by microencapsulated formulated feed from 31
to 40 DPH. Temperature, salinity, and dissolved oxygen levels were monitored daily using
a YSI Model 556 MPS multiparameter. For the crustacean group, data from the culture
of post-larval white leg shrimp were used. Larvae were cultured in the laboratory under
controlled conditions to determine the age in post-larval stages. A shrimp trawler captured
ripened females of Penaeus vannamei in the Gulf of California. In the laboratory, females
were placed in fiberglass tanks with a capacity of approximately 1500 L, which contained
water with a practical salinity of 36 units and a temperature of 28 °C. Nauplii were placed in
round fiberglass tanks and cultured as described in [17]. Larvae were fed with microalgae
(100,000-200,000 cells/mL) (Chaetoceros sp., Isochrysis galbana, and Tetraselmis suecica) from
zoea until the first day of post-larvae. Furthermore, Artemia were added (0.1 nauplii/mL)
from the second mysis stage until all post-larval stages. Once shrimp reached the postlarval
stages (PL1), they were placed in a 500 L plastic tank, and samples of 10 individuals were
collected daily from PL1 to PL20. Total length (TL) and shell length (SL) were measured
in each postlarvae using a calibrated vernier. In the case of mollusks, pearl oyster (Pteria
sterna) data were used [18]. Postlarvae (seed) were cultured under controlled conditions
from an initial shell height of approximately 0.5 mm until reaching a commercial size of
>3.0 mm. Pearl oysters were reared in square tanks (50 x 50 x 10 cm) equipped with plastic
mesh bottoms, beginning with a 150 um mesh and transitioning to 300 um by the end of the
culture period. Seawater circulation was maintained using a submersible pump (1/6 Hp)
connected to 1.91 cm piping in a recirculating system with a downward flow. Temperature
and salinity conditions were consistent with the previous rearing phase; however, the
seawater exchange rate increased to 150% per day.

Feeding was carried out using the same microalgae species and proportions as in the
prior stage, with concentrations ranging from 100 x 10% to 150 x 103 cells per milliliter
over the course of the culture period. This stage lasted approximately 28 days, spanning
from day 42 to day 70 post-fertilization. Weekly sampling was conducted to assess seed
density, shell size, and survival rates.

2.2. Individual Growth Analysis

The model used to analyze growth of the three species studied was the Schnute growth
model [13] which is, in general, a four-parameter model that can be mathematically solved
in four different ways (four cases) depending on the values of a2 and b. That is, there is
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only one model that attempts to calculate using the so-called case 1, where a parameter
(a or b) equals zero; the model “collapses.” Therefore, Schnute [13] when presenting his
model also presents the other three cases when one or both parameters (2 or b) have a value
equal to zero. This model is highly versatile, generating various curves that express both
asymptotic and non-asymptotic growth. The Schnute case 1 was used for this study when
a # 0, b # 0 in the following manner:

1
—a(t—-1) b
S )| et
Yy = {]/1 + (]/2 - y1> [HM ’ (1)
where Y; is the dimension (height or weight) at age; t is the age in days of rearing; 7;
minimum age of the dataset; T, maximum age of the dataset; a is the theoretical initial
relative growth rate at age zero (age units~'); b is the relative increase of the growth rate

(constant increase in time); y; is the dimension (length or weight) at age 71; y; is the
dimension (length or weight) at age 7,.

2.3. Model Parameterization

To parameterize the model, the error structure criteria with normal and log-normal
distributions were used. The observed variance of the sample was also used. To estimate
the parameters, the objective function was first fitted with the following equation:

IL=Y <—0.5LN (02) — 0.5LN(27) — (YOZ;ZYE)Z> )

This function was maximized using the Newton algorithm [19] and considering
different residual criteria; the used sigma (o) values were:
Additive error

NSRS Ye)zl -
n

Multiplicative error structure

v \/Z(lnYo — InYe)?

, (4)

n
Observed error structure
Y (Yo — Ya)?

Gi=\=0 (5)

where Yo is the observed value in each age, Ye is the estimated value, and Ya is the average
value at each age.

2.4. Selecting the Best Structure Error

To determine which was the best error structure to parameterize the model, the
Bayesian Information Criterion (BIC) or the Schwarz Information Criterion was used. The
case with the lowest value is considered the best fit:

BIC = —2(LL) +logné, (6)

where 0 is the number of model parameters, the log function is the natural logarithmic
function, n is the number of data or observations, and LL is the log-likelihood function.

To prioritize error structures, the difference in the BIC (Ai) values was estimated
among the three structures. The most accurate error structure was chosen if BIC value was
the lowest.

A; = BIC; — BICyp, @)
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To statistically determine the best fit of the data, the Bayesian weighting of each error
structure was evaluated using the following equation:
exp(—0.54;)
w; = 3 .
Yi_q exp(—0.54;)

(8)

3. Results
3.1. Development of Organisms in Captivity

For the totoaba, 40 culture days were completed with spaced sampling in function
of the age of organisms. Forty days were processed, resulting in a total of 92 samples and
1390 organisms. Total length varied from 2.42 mm to 34.60 mm. The data demonstrated
that inter-individual size variability became more pronounced as age increased (Figure 1A).
The growth of shrimp post larvae initiated once they passed from the mysis stage to
post larvae from the same first day, and follow-up was carried out until day 20. The
smallest recorded size was 4.8 mm TL, while the largest registered on day 20 was 12.1 mm
(Figure 1B). Regarding the pearl oyster, 510 individuals were measured in 17 different
moments. Data showed empirical evidence of a depensatory growth (variance increases
with age) in unprocessed data (Figure 1C). The chosen measure was the height, as it is the
most common in bivalve mollusks.
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Figure 1. Observed values and growth curves of the organisms according to their age or culture periods.
(A) totoaba Totoaba macdonaldi; (B) white leg shrimp Penaeus vannamei; (C) pearl oyster Pteria sterna.
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3.2. Observed Variability in Reared Organisms

Data from cultured totoaba showed a standard deviation that indicated unbalanced
growth in the first stages of the culture (Figure 2A). In the cultured shrimp experiment,
the general data dispersal trend presented a predisposition to increase with age, but
this tendency did not continue to increase throughout the culture period. The variability
occurred in three periods. Increasing from day 1 to 8, variability decreased from day 9
compared to day 8 and then presented another increasing tendency until day 15. Day 16
was lower again compared to day 15, and then it increased again until day 20 (Figure 2B). In
the pearl oyster, the depensatory variance was unquestionable from the 20 days of culture.
In previous days, the difference in variance was imperceptible, and it would seem like a
constant variance until that moment. However, the variance is masked by the scale since
values range from 2 to 43 until day 20.
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Figure 2. Standard deviation values estimated during the individual growth experiment. (A) totoaba
Totoaba macdonaldi; (B) white leg shrimp Penaeus vannamei; (C) pearl oyster Pteria sterna.

3.3. Selecting the Appropriate Error Form

In the growth experiments of the three taxa (fish, crustaceans, and mollusks), the
BIC values indicated that the most plausible model parameters were obtained using the
observed error structure of the length-at-age data (Table 1). Table 2 presents the model
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parameters, along with the three error structures used to optimize them, for each of the
three groups of cultured organisms.

Table 1. Choosing the best-performing residual distribution to parameterize the individual growth
model of the three cultivated species.

Species Error Structure BIC A W; (%)
Observed 4740 0 100
Totoaba Multiplicative 4794 54 0.00
Additive 6764 2025 0.00
Observed 108 0 100
Shrimp Multiplicative 143 35 0.00
Additive 182 74 0.00
Observed 5873 0 100
Pearl oyster Multiplicative 5922 49 0.00
Additive 7522 1649 0.00

Table 2. Parameters estimated for each cultured species under each tested error structure using the
Schnute growth model in all three species.

Species Error Structure Y1 Y, a b
Observed 0.882 3.879 0.367 —7.012
Totoaba Multiplicative 0.886 3.881 0.374 —7.183
Additive 0.743 3.942 0.210 —-3.171
Observed 1.601 2.351 0.024 1.979
Shrimp Multiplicative 1.600 2.375 —0.070 6.092
Additive 1.595 2.383 —0.128 8.956
Observed 55.0 3958.9 0.083 —1.189
Pearl oyster Multiplicative 59.6 3432.3 0.225 —3.646
Additive 38.8 3652.9 0.099 —1.264

3.4. Average Growth of the Three Species

The curves resulted from the model, along with a comparison to the average age data
in terms of age or culture days, are shown in Figure 3. They were presented in this manner
to facilitate better appreciation and to highlight the average values. In the experiment with
totoaba, the curve described by the Schnute model was sigmoid and not that efficient in
describing the last two days of growth (Figure 3A). Figure 3B shows the average growth
results of white leg shrimp post larvae. In this case, it turned out to be rectilinear in both
the average data and the model. The estimated curve for the average growth of pearl oyster
is represented by a power-type curve (Figure 3C). In this case, with three species from
three taxa, it was observed that Schnute model has the capability to anticipate different
curves such asymptotic and non-asymptotic.
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Figure 3. Average values and average growth curves. (A) totoaba Totoaba macdonaldi; (B) white leg
shrimp Penaeus vannamei; (C) pearl oyster Pteria sterna.

4. Discussion

In farmed species such as fish, shrimp, and mollusks, individuals of the same age
often exhibit substantial size variability, with some being markedly larger or smaller
than the average. Incorporating this observed variability at age into the parameterization
of individual growth models represents a novel and valuable approach in aquaculture.
Modeling individual growth dynamics enables more precise feeding strategies, thereby
reducing feed waste and improving feed conversion ratios (FCR). Because feed constitutes
the largest operational cost in aquaculture, improving the accuracy of growth parameter
estimation can significantly reduce feed expenses and enhance overall farm management
efficiency. Size variation among conspecifics of the same age cohort in aquaculture systems
may result from genetic changes in growing probability or unequal access to resources such
as feed. Dominant individuals, typically bigger or more aggressive, can monopolize feed,
thereby restricting access for subordinate fish and contributing to growth disparities within
the population. Consequently, dominant fish typically exhibit higher growth rates than
their subordinate counterparts. These disparities in growth may either amplify or diminish
as individuals get older [20].
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Previous studies regarding individual growth analysis of cultured or wild organisms
assumed a constant variance. However, when multiple criteria were applied, the observed
variance emerged as the most appropriate according to the Bayesian Information Criterion
(BIC). To the best of our knowledge, the approach adopted in this study using the ob-
served variance for model parameterization is novel in the context of analyzing individual
growth in both reared and wild animals. Previous studies have noted the limited use of
constant variance in model parameterization and have proposed alternative criteria, such
as “fat-tailed” distributions [21] and depensatory variance [14,22]. Fat-tailed approach
involves combining two or more probability distribution functions (PDFs), for example, a
normal distribution and a t-distribution into a mixture model that captures randomness
across different distributions. In such models, a parameter “g” is introduced to control the
dispersion of the data: increasing g thickens the tails of the distribution, thereby increasing
the likelihood of extreme values. In the two-component mixture model proposed by Chen
and Fournier [21], an additional parameter “p” is used to represent the proportion of outlier
or “problem” observations. While this approach offers a novel way to address variability
and outliers, it still assumes constant variance, which remains a limitation.

Size heterogeneity within a cohort must be considered by age to parameterize models
and obtain better results [23] as seen in cultivated fish [24], suggesting that this should be a
common practice. Some experiments [25,26] reported a very significant growth disparity
among fish of the same age in culture conditions of the first stages of spotted rose snapper
Lutjanus guttatus. In this study, size heterogeneity intensified as grow out in data from
the three taxonomic groups (totoaba, shrimp, and pearl oyster), supporting the growth
depensation hypothesis [14]. This justifies the parameterization of models that considering
multi approach such observed variance [23], multiplicative or depensatory method.

The use of observed variance offers a key advantage in capturing the intrinsic vari-
ability in size with age. Variability that remains hidden when the objective function is
solved using conventional assumptions such as constant variance or monotonically increas-
ing/decreasing variance structures. Based on the raw data, one might initially expect a
time-stable (constant) variance. However, it was particularly insightful to compare this
with models incorporating the sum of “n” variances. Interestingly, no apparent differences
were observed in the estimated growth parameters across models for each species, unless a
model selection criterion was applied. In this regard, the BIC highlighted clear distinctions
between the variance structures used for each species. This suggests that relying solely on
parameter estimates could lead to misinterpretation, specifically, underestimating the im-
portance of the error structure, as similar growth curves may appear to support any model.
Nevertheless, fitting the growth model using observed variance consistently produced
more robust and biologically plausible results, reinforcing the value of this approach.

Accurate fitting of empirical data is essential for describing growth patterns in aquacul-
ture, as it facilitates the interpolation of size at explicit stages within the range of observed
values. Improvements in aquaculture management depend on an accurate interpretation of
growth dynamics for effective feeding strategies, rather than the traditional assumption of
linear growth. In aquaculture, growth projections are typically represented as linear trends,
which form the basis for feeding management strategies. Improving the accuracy of these
projections can lead to more effective growth and feed management. In the context of stock
management, growth rates constitute a fundamental component of fisheries assessment
models; therefore, achieving robust growth estimations represents a significant advancement.

Model selection for growth analysis remains a critical yet challenging step in aqua-
culture research. While the VBGEF is the most widely used model for estimating growth
parameters in cultured aquatic species, it has become increasingly common to evaluate
multiple models for improved accuracy and biological relevance [27-29]. Even though the
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primary objective in present investigation was not model selection per se, but rather to
evaluate differences in the structure of hypothesized variance, the Schnute model, when
applied with observed size-at-age dispersion was found to provide a plausible fit.

This finding is particularly noteworthy given the increased number of parameters in
the model, as the observed variances were directly estimated from the data and therefore
must be included in the BIC calculation [30]. The flexibility of the Schnute model, com-
bined with the use of three datasets from phylogenetically distinct aquaculture species,
demonstrated its capacity to accurately represent diverse growth patterns: a sigmoidal
curve in totoaba, a linear growth trajectory in shrimp, and a potential-type curve in pearl
oyster. All these fits were achieved using the basic form of the Schnute model (Case 1),
where the shape of the growth curve is determined by the combination of parameters a and
b for each dataset.

This outcome highlights the adaptability of the Schnute model in aquaculture re-
search, as it successfully generated three distinct growth curve types using a consistent
modeling framework.

5. Conclusions

The use of the observed variability at each age leads to better individual growth
model parameterization regardless of the taxonomic group: fish, mollusks, or crustaceans.
Specifically, in the early stages of the species used in aquaculture production.

The Schnute model is the most highly recommended in individual growth studies,
regardless of the taxonomic group used in commercial cultures (fish, mollusks, or crus-
taceans), as well as in the development stages of larvae, post larvae, or juveniles. In each
study, the species-specific growth differed: sigmoid, rectilinear, and exponential for totoaba,
shrimp, and pearl oyster, respectively.
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