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Abstract

Mobi spaces provide an algebraic abstraction of interpolation between points. In this paper
we investigate their relation with geodesic structures. We present a construction of mobi
spaces from a parametrized map, formulate conditions under which the mobi axioms follow
from a given parametrization, and show that a broad class of second-order differential
equations naturally gives rise to mobi spaces. This establishes a general framework linking
geodesic motion and mobi structures. As an illustration, we obtain an explicit mobi space
associated with a metric of non-constant negative curvature. Taken together, these results
suggest that mobi spaces may provide a useful axiomatic framework for the study of geodesic
interpolation.
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1. Introduction

Interpolation between points is a fundamental notion throughout mathematics. In
Euclidean spaces, interpolation is naturally described by affine combinations: given two
points x,y € R", the expression

X+ ty —x), t e[0,1],

determines the point at parameter ¢ on the line segment joining x and y. In more general
geometric settings, however, affine combinations are no longer available. Instead, interpola-
tion is governed by geodesics, which provide distinguished paths connecting points and
play a central role in differential geometry, metric geometry and mathematical physics.

A recurring theme in mathematics is the search for algebraic structures capable of
capturing geometric phenomena independently of a particular ambient space. Affine spaces,
convexity structures and barycentric algebras are classical examples [1] in which geometric
behaviour is encoded by algebraic operations. Mobi spaces belong to this tradition. They
provide an abstract framework for interpolation through a ternary operation

q(x,t,y),

interpreted as the point reached at parameter f while travelling from x to y. The axioms
satisfied by g are designed to encode the essential compositional properties expected from
a parametrized path.

The algebraic foundations of mobi algebras were established in [2]. Mobi spaces were
subsequently introduced and studied in [3], where their connection with geodesic intuition
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first became apparent. Further structural results were obtained in [4]. These works revealed
strong similarities between the behaviour of geodesics and the axioms of mobi spaces.
Nevertheless, a systematic understanding of why geodesic interpolation should produce
mobi structures remains incomplete.

The purpose of the present paper is to further develop this connection and to provide
additional evidence that mobi spaces may be viewed as an algebraic framework for geodesic
interpolation. More broadly, the paper contributes to the programme of extracting algebraic
principles from geometric notions of motion and interpolation.

The paper has three main contributions.

First, we reformulate a construction previously introduced in [5]. More precisely, we
show that the auxiliary maps involved in that construction can be recovered from a single
parametrized map h. This leads to a more intrinsic and conceptually transparent description
of the resulting mobi structures and is formalized in Proposition 1.

Second, and independently of Proposition 1, we establish general conditions under
which solutions of second-order differential equations give rise to mobi spaces. The key
ingredient is a quadratic homogeneity condition on the acceleration term. This condition is
naturally satisfied by geodesic equations arising from Riemannian and pseudo-Riemannian
geometry and leads to a fundamental re-parametrization property of geodesic trajectories.
The resulting construction applies to geodesic systems satisfying the additional hypotheses
stated in Theorem 1. Although related to Theorem 2 of [5], the resulting formulation is
expressed directly in terms of second-order differential equations and makes explicit the
distinction between the ambient space in which trajectories evolve and the subset on which
the resulting mobi structure is constructed.

Third, we present a detailed non-trivial example arising from a metric of non-constant
negative curvature. Closed formulas for the corresponding geodesics are obtained, together
with the induced mobi structure. This example illustrates concretely how the abstract theory
developed in the paper applies to genuine geometric situations beyond the affine case.

Beyond their mathematical interest, these ideas also admit a natural interpretation
in physics. From a physical perspective, these results are natural. In classical mechanics
and, more prominently, in general relativity, the trajectories of freely moving particles are
described by geodesics. Such trajectories arise as solutions of second-order differential
equations determined by the underlying geometry, while their parametrizations represent
the evolution of the system in time. Throughout this paper, geodesics are understood in this
differential-geometric sense and need not be globally length-minimizing. Viewed in this way,
the operation q(x, ¢, y) may be regarded as an abstract kinematic law assigning to two states
all intermediate states of a motion. Mobi spaces therefore provide a geometry-independent
language for describing interpolation along trajectories.

The viewpoint adopted in this article suggests that the axioms of a mobi space should
not merely be seen as abstract algebraic identities. Rather, they may be interpreted as algebraic
manifestations of fundamental properties of geodesic motion, such as re-parametrization,
composition of sub-trajectories and uniqueness of interpolation. In this sense, mobi spaces
may be regarded as a first step towards an axiomatic theory of geodesics.

The paper is organized as follows. In Section 2 we recall the definitions of mobi algebras
and mobi spaces and review some basic examples. In Section 3 we construct an explicit mobi
structure from a metric of non-constant negative curvature and derive closed formulas for
its geodesics. Section 4 develops a general construction of mobi spaces from a parametrized
map. Finally, Section 5 establishes the connection with second-order differential equations
and shows how geodesic systems naturally generate mobi spaces. The main result of this
paper is Theorem 1.

https://doi.org/10.3390/foundations6040043


https://doi.org/10.3390/foundations6040043

Foundations 2026, 6, 43

30f19

2. Mobi Algebras and Mobi Spaces

We begin by recalling the definition of a mobi algebra, which serves as the algebraic
structure governing the parameter ¢.

Definition 1. A mobi algebra is a system (A, p,0,/2,1) consisting of a set A, a ternary operation
p:AxXAxA - A,

and distinguished elements 0, /2 and 1, satisfying the following axioms:
(A1) p(1,1,0) =1/,

(A2) p(0,a,1) =a;

(A3) p(a,b,a) =a;

(A4) p(a,0,b) =a;

(A5) p(a,1,b) = b;

(A6) p(a,/, b)) =p(at/,by) = by =by,

(A7) p(a,p(cy,cy,c3),b) = p(p(a,cy,b),co,p(a,c3,b));

(A8) p(p(ay, c,by), 2, p(ay,¢,by)) = p(p(ay,'fe,ay),¢,p(by, 2, by)).

Example 1. Let A = [0, 1] be the unit interval and define
p(a,b,c) =a+b(c—a).

Then (A,p,0, %, 1) is a mobi algebra (called the canonical mobi algebra).

Other examples can be found in [2].

We now define mobi spaces.

Definition 2. Let (A, p,0,1/2,1) be a mobi algebra. A mobi space over A is a pair (X, q) where X is
a set and
g: XxAxX->X
is a map satisfying:
(M1) q(x,0,y) = x =q(y,1,x);
(M2) q(x,')2,y1) = q(xX 2, Y0) = Y1 =Yy,
(M3) q(q(x,a,y),b,q9(x,c,y)) = q(x,p(a,b,c),y).

Note that the second part of Axiom (M1)

qgx,1L,y) =y (1)

is deducible from the other axioms. Indeed, using (M3), then (A2) and (M1), and finally
(M2), we obtain

q(x,p0,1/5,1),y) = q(q(x,0,y),1/2,q(x,1,y))
e q(x,1/5,Y) = q(x,1/5,q9(x,1,1y))
=y =q(x1y).

Clearly, by the same reason, Axiom (A5), in the definition of a mobi algebra, is also redun-
dant.

At this point, it is worth recalling some basic consequences of the axioms of a mobi
space established in [4,5]. In particular, it follows from the three axioms of Definition 2 that,
forallx € Xand allt € A,

qx,t,x) = x. (2)
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From the geodesic perspective, this property is natural: the geodesic joining a point to itself
is the constant path.
Another important consequence concerns the symmetry of interpolation. If we define

{ = P(l/ t/ 0)/
(which in the canonical mobi algebra reduces to F=1-t),then

gy, £x) = q(x,t,y). (3)

This reflects a fundamental feature of geodesic motion whenever the geodesic joining the
two points is unique: travelling from x to y and returning from y to x follows the same
trajectory, traversed in the opposite direction but with the same parametrization speed.

Example 2. Let X = R" and define

qix, t,y) =x +t(y — x).

Then (X, q) is a mobi space over the canonical mobi algebra.

Example 3. Let X be a convex subset of a vector space. Then the same formula

qix, t,y) =x+t(y —x)

defines a mobi structure. This shows that convex geometry naturally gives rise to mobi spaces.
Example 4. Any mobi algebra is a mobi space over itself.

Example 5. Consider X = {z € C : |z| = 1} as the unit circle and the following operation

. 2 .
4z, t,2,) = (s +targ(3)) if arg(2)# 7
b - ,
pi(arg(z) (1-t)+arg(z;)t) lf arg(%) =7

where arg(z) means the phase angle of the complex number z, considered in the interval [—r, 1], as
usual. Then (X, q) is a mobi space. This construction can be generalized [3 | for the n-sphere, n € N.
Note that, on the unit circle (the 1-sphere), interpolation between two points may be defined along a
chosen arc. However, unless one selects a specific arc, the operation q(x,t,y) may fail to verify the
axioms of a mobi space, as can be seen clearly in property (3). Moreover, antipodal points must be
treated separately: thus for the case arg( %) = 71 a choice has been made since there are two geodesic
arcs joining the points and only one may be selected.

The previous examples show that mobi spaces include both affine and non-affine
situations (see [4], Definition 3.1). In particular, they provide a flexible framework that
extends beyond classical affine geometry.

3. Example of Geodesics

In order to motivate the abstract constructions developed later in the paper, we begin
with a concrete geometric example. We consider a Riemannian metric of non-constant
negative curvature, determine its geodesics explicitly, and show how they naturally induce
a mobi structure. This example illustrates the central theme of the paper: the emergence of
mobi spaces from geodesic motion.

Consider U = R* x R endowed with the metric

1
ds? = dx? + < dy?. (4)
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This space has Gaussian curvature
-3
T 4x
which is negative everywhere and non-constant. From the metric we obtain the non-zero
Christoffel symbols (see [6], for instance):

1 -1
r§y = ﬁ and Fzy = ng = E
Consequently, the geodesic equations are
1
o .2 5
X 2 x2 y 4 ( )
1

Lo Lo 6
j=2xy (6)

where x = x(t), y = y(t) and the dots denote differentiation with respect to the parameter
teR.
To solve this system, we first observe that

I 1. 1.._0 dy’_o
y—;xy‘z’;]/—;x]/— ‘=’$; =

Thus % is constant along every geodesic. Let us denote this constant by L:
y=Lx. (7)

Substituting this relation into (5), we obtain

LZ
X = —?,

whose solution is )

L
x(t):A+Bt—Zt2, (8)
for arbitrary constants A, B € R.
Using (7) and (8) we get
I3

BL
y(t):C+ALt+7t2—Et3, (9)

where C € R is another integration constant.
The velocity along the trajectory is

and, by (4),

A direct computation shows that
v =B2+ AL?,

which is constant, as expected for an affinely parametrized geodesic.

The constants may be determined from two points of the geodesic. Suppose that
the geodesic passes through (xy,1,) at t = 0 and through (x;,y,) at t = 1. The
boundary conditions

x(0) = xo, x(1) = xq, y(0) =y, y(1) =y,
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imply
A = xO,
LZ
B=ux - —
X1 Xo + 4 P
C= yO/
and
_ L L2\L I3
yl—y0+x0 + xl—x0+z E—ﬁ
After simplification, we obtain
L3 +12(xy + %)L + 24(yy — 1) = 0. (10)

The cubic Equation (10) admits a unique real solution. Indeed, if
F(L) = L% +12(xy + x7)L + 24y — 11),

then
(L) =3L% +12(xy + x7).

Since x,, x; > 0, we have x;, + x; > 0 and therefore
f(L)y>0

for every L € R. Hence f is strictly increasing and can have at most one real root. On the
other hand,
i fL) = o, lim ) =+
s0, by continuity, f has exactly one real root.
Applying Cardano’s formula to the depressed cubic (10), we obtain

L= 3\/12(% —Yo) + 4\/9(y1 —yo)? +4(xg + x;)8

+3\/12(y1 —Yo) —4\/9(y1 —y)? +4(xp + xp)5. (11)

Substituting A, B and C into (8) and (9), while keeping the notation L for the unique
solution of (10), we obtain
L2
x(t) = %L =) + 2, £+ o H(L =), (12)

Furthermore,
3

L, L, L,
y(t):y0+xOLt+(x1—x0)§t +§t _ﬁt'

To obtain a more symmetric expression, we add

t
— 57 (L7 + 12 + x)L + 249 — 1),

which vanishes by (10), yielding

L L3
Y = yo(L =B+t + 5 (g =)L = 1) + o b1 = )24 = 1), (13)

We conclude that for every pair of points in U, say
PO = (xO/yO)/ Pl = (x1/y1)/

there exists a unique geodesic satisfying the prescribed boundary conditions. Moreover, for
every t € [0,1], the map

g:Ux[0,1]xU - U,
presented in the example below, gives the position at parameter ¢ of a traveller moving
along the unique geodesic joining P, and P;, with q(P,,0, P;) = Py and q(Py, 1,P;) = P;.
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Example 6. The structure (U, q) is a mobi space over the canonical mobi algebra, with U = R* xR
and

q((xo, Yo), t, (X1, 1))
2
= (o1 —1) +xy t+ Zt(l -1,

L L3
Yo =D +yit+ 500 —x)b1 = + S7H1 =52t = 1), (14)

where L = L(xy, Yo, X1, Y1) is the unique real solution of (10), explicitly given by (11).

Verifying directly that the operation above satisfies the axioms of a mobi space is a
rather cumbersome calculation. Instead, in the next sections we develop a general framework
showing that structures arising from geodesic equations naturally satisfy the mobi axioms.
In particular, Example 6 will later be recovered as a direct consequence of the general
construction. This illustrates the guiding principle of the paper: rather than checking the
mobi axioms by direct computation, we identify structural features of geodesic equations
that force those axioms to hold.

Figure 1 provides a geometric illustration of Axiom (M3) in the context of Example 6.
Two geodesics are displayed. The first joins the points Py = (1,1) and P; = (4,4), while the
second joins Qy = (2,0.1) and Q; = (5,3).

Yy
5%

Figure 1. Two geodesics of Example 6 illustrating Axiom (M3).

In each geodesic, the blue points represent the endpoints, the red points correspond to
intermediate values of the parameter, and the green point represents the point obtained from
the parameter value p(r, t,s). The red circle marks the point obtained by first interpolating
between two intermediate points and then applying the parameter ¢.

For the geodesic joining P, and P, the circled point is

q(q(Py,0.3,Py),0.6,(Py,0.85,Py)),

while the green point is
q(Py,p(0.3,0.6,0.85), P, ).

For the geodesic joining Qy and Q;, the corresponding points are

q(q(QO/ 05/ Ql )/ 025/ q(QO/ 075/ Ql ) )

https://doi.org/10.3390/foundations6040043
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and
q(QO, p(0.5,0.25,0.75), Q, )

In both cases, the circled point coincides with the green point, showing geometrically
the content of Axiom (M3): interpolation performed within a sub-segment of a geodesic
agrees with interpolation computed directly on the whole geodesic through the mobi
operation p.

4. Construction of Mobi Spaces via a Given Map h

In [5], a characterization of mobi spaces was presented using several maps (h, « and )
as part of the given data. In this section we show that the maps « and j can be recovered from
the parametrized map h itself. This leads to a more intrinsic formulation of the construction,
in which the mobi structure is derived solely from h.

Lemma 1. Let (A,p,0, /2, 1) be a mobi algebra and let (V,qy,) and (T,qr) be mobi spaces over that
algebra. Consider also the sets U C V and I C T closed under the operations qy, and qr, respectively.
Now assume that a given map

h:VxTxV->V

verifies the following conditions: For every u,,u, € U and for every t|, t, € I, with t; # t,, there
exist a unique solution a, B € V to the system

{ uy = h(a, ty, B)
uz = h(ﬂ(, tz,‘B) !

and h(a,qr(ty, t, 1), B) € U for every t € A.
Define the map
g: (Ux)xAxUxI) - UxI

by
q((ull tl)/t/ (MZItZ)) = (h(aqu(tllt/ tz)/ﬁ)/qT(tll t/tz))

when t| # t, and, otherwise, by
q<(u1/ tl)/ t/ (u2/ t])) = (qv(ull t/ uz)l t])
Then (U x 1,q) is a mobi space over the mobi algebra (A, p,0,/2,1).

In this lemma, the elements & and  encode the geometric data from which the inter-
polation is reconstructed.

Proof. The proof consists in verifying the three axioms of a mobi space presented in
Definition 2.

(M1) Let (uy,t,), (uy, t,) € UxI. If t; = t,, then by definition and using the fact that (V,gqy,)
is a mobi space, we have:

q((ulltl)lol (u2/t])) = (qV(u]/O/uZ)/tl) = (ulrt])

and
q(uy, 1), 1, (uy, t1)) = (qy(uy, 1,1uy), 1) = (Up, ty).

Assume now that t; # ¢, and let a, B € V be the unique solution of

u; = ha, ty, B), u, = h(a, ty, B).

https://doi.org/10.3390/foundations6040043
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Then
q((ulr t])/ 0/ (MZI tz)) = (h(ﬂ(, qT(t]/ 0/ tZ)/ ﬁ)/ qT(t]/ 0/ tZ))

Since (T, qr) is a mobi space, g7(t1,0,t,) = t;, and therefore

q((ull tl)/ol (MZ/ t2)) = (h(a/t]/,B)/tl) = (ullt])-
Similarly,

q((u]/ tl)/ll (MZI tZ)) = (h(lxl tZ/,B)/tZ) = (u2/ tz)
Hence axiom (M1) holds.
(M2) Let (uq,t1), (Up, ty), (uz, t3) € U x I and assume

q((ul/tl)/l/Z/ (u2/ tz)) = q((ull t])/l/Z/ (u3/ t3))

Comparing second coordinates gives

qr(t, 1/ t) = qr(ty,1/2,t3).

Since (T, qr) satisfies axiom (M2),t, = t5. Lett = t, = t;.
If t = t;, then
(qV(u]/ 1/2/ uZ)/ tl) = (qV(u]/ 1/2/ uS)/ tl)/
hence
Qv Uy, 1/, Uy) = qy (Ug, 1/, Uz).

Using axiom (M2) in (V,qy,) we obtain u, = us.
Assume now that t # ¢;. Let («, ) and (&', ") be the unique solutions associated with
(uy,uy) and (uy, u3) respectively. Equality of first coordinates yields

h(a/ qT(tlll/Z/ t)/ ﬁ) = h(lx,/ qT(tlll/Z/ t)/ /3/)

Setw = h(a,q7(ty,1/2 1), B). By hypothesis, w € U.
Since
h(l)l, tl/,B) = ul/ h(lxqu(tlrl/Z/ t)/ﬁ) =w,
and likewise

h(al/ t]/,B,) = ul/ h(a,/ qT(tll 1/2/ t)/ﬁ,) =w,

it follows from the uniqueness assumption thate = a" and g = B'. Thereforeu, = h(«a,t, ) =
h(a',t, B") = uz. Hence axiom (M2) holds.

(M3) Let (uy,t,), (uy, t,) € UxIandr,s, t € A. We have to prove that Q; = Q,, where

Ql = 5]((”1/ tl)/p(r/ t/S)/ (u2/ tz)),
QZ = q(q((u]/ tl)/r/ (uZI tz))ltl q((ull tl)/ S, (142, tz)))

To simplify the presentation of the proof, the following notations are used:
t, = L]T(t1,7’,t2) and ty = QT(H’S/tz)-

Three cases have to be analysed.

1. If tl = tz, then

Q1 = (quuy, p(r,t,5),up), 1)
QZ = q((qV(ulrr/ uZ)/tl)/tr (qV(”ySr uZ)rtl))

= (qv(qy (uy, 7, up), b, qy (g, 5, 15)), ).

First coordinates are equal because (V, gy,) is a mobi space. Hence Q; = Q,.

https://doi.org/10.3390/foundations6040043
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2. Ift; #t,and t, # t,, then

Qi = (@, qr(t, p(r,1,5), 1), B), 41 (t, p(1,1,5), 1))
= (h(a, qr(t,, t,t), B), qr(t, b, t))

Qa = a((he,ty, B, 1) 1, (e, £, B, ) )
= (h(@ qr(t, t,ts),B), qr(t, L t,)).

where the pairs («, 8) and (&, B) verify the following systems:

{ h(a, ty, B) = uy { h(oz,t,,ﬁ:) = h(a, t,, B)
h(a/tZ/,B) = uz ’ h(&/ts/ﬁ) = h(tx/ts/,B) )

Calling x, = h(a,t,, ) and x, = h(a,t,, B), the same pairs also verify the following
systems:
{ h(‘xrtrrﬂ) = Xr { h(‘i/trug) = Xr
h(artsug) = Xs ’ h(&/tS/B) = Xs ‘
By hypothesis, there is a unique solution to each of these systems and therefore & =
and 8 = B. Consequently Q; = Q,.
3. Ify #tandt, =t then

Q; = (h(a, qr(t,, t,t), B), qr(t, t, 1))
= (h(a,t,,B),t,)

Q, = q((h(a, t,B), 5, (ha, t, B), ts))
= (qy (h(a, t,, B), t, h(a, by, B)),1,), witht, = £,
= (h(a, t,, B),t,).

And again Q; = Q,.
Therefore axiom (M3) holds.
Thus (U x 1,4q) is a mobi space. O

Example 7. Consider U =V =R", T =R,I = R* and A = [0,1]. Consider also the canonical
mobi operations in each set:

qu(x,ty) = x+t{y—x)
pla,t,b)y = a+t(b—a)

There is no doubt that 1 is closed under qr. Let h be given by
hix, t,y) =x + £2y.

For every uy, u, € R" and every t,,t, € R*, with t; # t,, there is a unique & € R" and a unique
B € R" such that

u] =ua+ t%ﬁ
u2 =ua+ t%ﬁ !
Jun — Huy Uy — iy : . )
namely: & = =————= and p = ———. Now we can define the mobi operation
h-H h-H
g:(R"xRT) x[0,1] x (R" x R*) - (R" x R")
by

Gy, 1), b (g, 1)) = (@ + (qrty, b 1)) B, ar(ty, t b))

https://doi.org/10.3390/foundations6040043
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when t| # t, and, otherwise, by

5]((”1/ tl)/ t/ (uZ/ tl)) = (qV(ull t/ uz)/ tl)
In summary, we get a new mobi space (R™ x R*, q) over the canonical mobi algebra ([0,1],p,0, %, 1)
with:
Q( (ull tl)/ t/ (uZI tz))

2tt 4+ t2(t, — t
| (e RGN k-t ) i B
= t+t :

(g + t(uy —uy), ty) if L=t

In fact, in this example, since t,,t, € R*, we don't need a piecewise function and can sim-
ply write

q((uq, t),t, (Uy, £5))
2tt + 12ty — 1)
= <u1 ! t1+t§ ! (uz—ul),t1+t(t2—t1)>.

This example shows that adding a time coordinate may transform a non-mobi
parametrization into a genuine mobi structure on a larger space.

The previous Lemma shows that it is relatively straightforward to construct a mobi
space if, instead of a given set U, we add an extra dimension in order to end up with a mobi
space over U x I. But, we may be interested in constructing a mobi space over the set U
alone. In particular, we may want to decide at which parameters ¢; and ¢, the points u,
and u, are reached (for instance f; = 0 and ¢, = 1). This does not work with the previous
example where h(x,t,y) = x + t?y. Indeed, if we impose

uy, = h(a,0,B)
U, = h(a,1,B) ’

we end up with « = 1y and B = u, — uy. This leads to a map q(uy, t, 1) = uy + 12 (uy — u9)
that does not verify the Axiom (M3) of a mobi space. On the contrary, if we start with
hx,t,y) =x+ty, U =V = R" and A = [0,1] and solve the same system at {; = 0 and
t, =1, we end up with q(uy,t,u,) = u; + t(u, — uy) which is a mobi map and, in fact, we
recover the standard affine canonical structure. This shows that there exist maps / that
could imply a mobi structure directly on U without an extra dimension, but this comes at
the cost of extra conditions on / as described in the next proposition.

For an easier understanding of the next proposition, it may be useful to recall that a
mobi algebra is a mobi space over itself and hence a particular case is that of (T, g7) being a
mobi algebra with T' O A. In this case, considering t; = 0 and ¢, = 1 as working model we
getqr(ty,t,ty) =t

Proposition 1. Let (A,p,0,1/,, 1) be a mobi algebra and (T, qr) a mobi space over that algebra.
Consider a set V and a subset U C V. Assume that, for fixed t,,t, € T with t| # t,, a given map
h:VxTxV -V

verifies the following conditions.

(a) Forevery uy,u, € U, there exist a unique solution a, p € V to the system

{ ul = h(ﬂ(, tl,lB)
uz = h(ﬂ(, t2,ﬁ) ’

and h(a,qr(t, t,ty), B) € U for every t € A. Since t; and t, are fixed, we can write

o =a(uy,uy) and B = B(uy,uy).
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(b) Forallu,v,v' € U,

h(a(u,0),qr(ty,1/2 ), B, 0)) = h(a(u, "), 47 (ty, 1/ 1), B, 0"))
= h(a(u,v),ty, B(u,0)) = h(a(u,v"),t,, B1,0")).
(c) Forallx,y € Vandr,s,t €A, if
h(x,qr(ty, 1, ty),y) and h(x,qr(ty,s,ty),y) belong to U
then:
h(x,qr(ty, p(r,t,8),t),Y)

= h(l’((h(x, qT(tl/r/ tz)/]/)/h(x/ qT(tllsl tz)/]/))/ qT(tl/ t/ t2)/
,B(h(x/ qT(tlrr/ tz)/y)/ h(x/ qT(tll S/ tz),y)))

Defineq: UxAxU - Uby
qQuq, t,uy) = ha(uq,uy), qr(ty, t,ty), ,B(ull Up)).
Then (U, q) is a mobi space over the mobi algebra (A,p,0,1/,,1).

Conditions (b) and (c) may appear technical at first sight. However, Section 5 shows
that they arise naturally from re-parametrization properties of geodesic trajectories.

Proof. Again, we have to verify the three axioms of a mobi space presented in Definition 2.

(M1) We need to consider any two elements in U, say # and v. Under the hypothesis (1), we
have guaranteed the existence of unique functions a(u,v) € V and S(u,v) € V such that
u = h(a(u,v),t;,Bu,v)) and v = h(a(u,v),t,, f(u,v)). Consequently, using (M1) on g7,

qu,0,v) = h(a(u,v),t;, B(u,v)) =u,

and
q(u,1,v) = h(a(u,v),t,, B(u,0)) =0,

which proves (M1) for q.
(M2) In order to prove (M2), let us suppose u,v,v" € U are such that
q(u,1/2,0) = q(u,1/5,0")
which is the same as
h(a(u,v), (1, 1/ t), B(1,0)) = h(a(u,v"),qr(ty, /> 1), (U, 0")).
From here, hypothesis (b) implies
h(a(u,v),t,, B(u,v)) = h(a(u,v'),t,, f(u,v"))
which, by definition of g, is the same as
qu,1,v) =q(u,1,0")

and we make use of axiom (M1), already proved, to get the desired equality v = v'.

(M3) Finally, to prove (M3), let us take any u,v € U and r,s,t € A. Define x = a(u,v) and
y = B(u,v). Observe that h(x, gr(t,,7,t,),y) € Uand h(x,qr(t,s,t,),y) € U, by (a). Hence,
by definition of g, condition (c) is precisely axiom (M3). O
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Example 8. Let U be a convex subset of V. = R", A=T =[0,1], (A, p,0, %, 1) the canonical
algebra and q = p. Consider a function F : V — V whose restriction to the subset U is injective
and denote by G : Im(F|;) — U the inverse of Fly;. Consider also the map h(x,t,y) = F(x + ty).
With the choices t; = 0 and t, = 1, it is straightforward to check that h verifies the hypotheses of

Proposition 1, with a(u,v) = G(u) and B(u,v) = G(v) — G(u). Consequently, the operation
qu,t,v) = F(Gu)(1 —t) + G(v)t)

defines a mobi structure on Im(F|y;), obtained by transporting the standard affine interpolation
through the map F.

However, in general, the conditions of Proposition 1 are not easy to check directly. The
main purpose of the next section is to show that these apparently technical conditions are
in fact natural consequences of the structure of geodesic equations like the ones presented
in Section 3.

5. Mobi Spaces from Geodesics

The purpose of this section is to show that the hypotheses of Proposition 1 are not ad
hoc. In fact, they arise naturally from the structure of geodesic equations.

It is important to distinguish between the ambient space on which the differential
equation is defined and the subset on which the resulting mobi structure is constructed. In
general, solutions of a differential equation may exist in a larger space V, while the mobi
operation is only required on a subset U C V. Proposition 1 reflects this distinction: the
parametrized trajectories are described in the ambient space, but only those trajectories that
remain in U are used to define the mobi structure.

Geodesics may be considered in various kinds of spaces. For example, geodesics are
well defined in discrete sets like graphs or trees, which also lead to mobi spaces. However,
in this section, we will focus on Riemannian manifolds (or pseudo-Riemannian manifolds)
(see [7] for instance). Let X C R" be an open set endowed with a Riemannian metric, and
let F{»‘j be the associated Christoffel symbols. Then, the geodesic equations are

i) = - Z l”f.‘].(x(t)) () A (b), (15)
i

where x(t) represents the vector with components k(). If h(xy,t,vy) denotes the unique
solution with initial conditions x(0) = x;, (0) = v,, this may result in a mobi space by
applying Proposition 1. The following theorem sets up the framework for this. A funda-
mental observation is that (15) can be written in the form ¥ = g(x,v), with v = % and,
most importantly, the function g has the following homogeneous property relative to the
v-variable: ¢(x,Av) = A%¢(x,v), with A € R.

This homogeneity condition is closely related to the notion of a spray in differential
geometry. Indeed, in the differential-geometric setting, systems of second-order differential
equations satisfying this condition give rise to sprays when written as vector fields on
tangent bundles. The associated geodesics and exponential maps have been extensively
studied, particularly in Finsler geometry; see, for example, Chapter 14 of [8] and Section 5.1.3
of [9]. The re-parametrization identities established below may be viewed as manifestations
of these classical spray properties. In particular, the identity h(u, ts,v) = h(u,t,sv) obtained
in Lemma 2 is closely related to the classical relation between geodesics and the exponential
map of a spray. Our objective, however, is different: rather than developing spray theory
itself, we use these properties to derive mobi space structures from geodesic trajectories.

The framework developed below relies on uniqueness assumptions for both the initial
value problem and the interpolation data. Consequently, phenomena such as geodesic

https://doi.org/10.3390/foundations6040043


https://doi.org/10.3390/foundations6040043

Foundations 2026, 6, 43

14 of 19

bifurcations or the existence of multiple geodesics joining the same endpoints are excluded
from the present setting and may arise only under weaker assumptions.

Lemma 2. Let U be a subset of a real vector space V.
Consider amap g : V x V — V satisfying

g(x,Av) = A%g(x,0) (16)

forallx,v e Vand A € R.
Assume that, for every (u,v) € V x V, the initial value problem

' =g, f' ),  fO)=u  fO)=v (17)

admits a unique solution f(t) € V defined for all t € R. Denote this solution by h(u,t,v) with
h:V xRxV — V.Then, for every u,v € V, the following property holds

h(u,r +t(s —r),v) = h(h(u,r,v),t, (s —r)h'(u,r,v)), (18)

where h' denotes the first derivative of h with respect to its second argument.

The significance of Lemma 2 is that it provides exactly the kind of composition property
required in Proposition 1. It shows that a segment of a solution trajectory may be viewed as
an entire trajectory with suitably modified initial data. Consequently, interpolation along a
trajectory is compatible with subdivision and re-parametrization.

Proof. We will use 1" for the second derivative of i1 with respect to its second argument.
Consider any u,v € V and any r,s,t € R. Since & is the solution of the initial value
problem (17), we have that

o Nh(u,0,v)=u

o N(u0,v)=v

o N'(ut,v)=gu,to)h (urt0o)).
We can define:

o filty =hu,r+tis—r),v);
o fo(t) =h(h(u,r,v),t (s—1)h'(u,r0))

We easily find that:

f1(0) = h(u,r,0)
f{(0) = (s—r)h'(u,r,0)
V() = (s —1)2h"(u,r+ts —1),0)
=(s— r)zg(h(u,r +ts—1r),0), K (ur+ts—r),0))
=gth(u,r+t(s—r),v),(s—r)h' (uw,r+t(s—1),v))
=g(f(t),f (D),

where (16) was used in the penultimate equality.
In a similar way, we find that:

f2(0) = h(u,r,0)
f(0) = (s =)' (u,r,0)
S () = h"(h(u,r,0),t,(s —r)h' (u,r,0))
= g(h(h(u,r,v),t, (s —r)h'(u,r,v)),
W (h(u,r,v),t, (s —r)h'(u,r,0)))
=g(fr(t),f,(D)).
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Therefore f; and f, satisfy the same initial value problem (17), with u = h(u,r,v) and v =
(s — r)h'(u,r,v), which by hypothesis has a unique solution. Hence f; = f, which proves
(18) and consequently the lemma. [

A particular case of (18), when r = 0, reads
h(u,ts,v) = h(u,t,sv).

This shows that changing the speed of the motion simply amounts to a re-parametrization
of the same trajectory.

Theorem 1. Let (A,p,0, %, 1) be the canonical mobi algebra (see Example 1), and let U be a subset

of a real vector space V.
Consider amap g : V x V - V satisfying
§(x,Av) = A8 (x,0)

forallx,v e Vand A € R.
Assume that, for every (u,v) € V x V, the initial value problem

' =gf®.f' @), fO=u  fO) =0

admits a unique solution f (t) = h(u,t,v) defined for all t € R.
Assume moreover that

(i) forevery x,y € U there exists a unique vector B(x,y) € V such that
h(x,1, B, y)) = y;
(ii) for every x,y € U and every t € A,
h(x,t, B(x,y)) € U.
Defineq: UxAxU — Uby
q(x, t,y) = h(x,t,B(x,y)).
Then (U, q) is a mobi space over the canonical mobi algebra.

Proof. We verify the axioms of a mobi space directly.

(M1) Forevery x,y € U,
q(x,0,y) = h(x,0,B(x,y)) = x,

since h(x,0,v) = x for every v € V. Moreover,

q(x,1,y) =h(x,1,Bx,y)) =y
by hypothesis (i).
(M2) Assume that

1\ _ (1
x/ E/yl - xr Eryz .
1 1
h(x/ E/,B(x/yl)> :}/(xr E/,B(x/yZ))-

By the particular case of Lemma 2 where r = 0,

Then

h(u,ts,v) = h(u,t,sv),
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and therefore

N

(1) o)

1 1
h(-x/ 1/ zﬁ(%%)) = h<x/ 1/ Eﬁ(%]h))

By the uniqueness in hypothesis (i), it follows that

Hence

1 1
EIB(x/yl) = Eﬂ(x/y2)/

and therefore
B, y1) = B, y).

Consequently,

y =h(x,1,8(x,y1)) = hix,1,8(x,y)) = Vs
(M3) Letx,y € Uand r,s,t € A. Put

v =Bxy).

By Lemma 2,

h(x,p(r,t,5),0) = h(h(x,r,0),t, (s — ) (x,7,0)).

Evaluating the same identity at t = 1 gives
h(x,s,v) = h(h(x,r,0),1,(s = )k’ (x,1,0)).
Since hypothesis (ii) ensures that
h(x,r,v), h(x,s,v) € U,

the expression

B(h(x,r,0),h(x,s,v))
is well defined. By the uniqueness in hypothesis (i),

B(h(x,r,v),h(x,5,0)) = (s — ) (x,1,0).

Substituting into the first identity yields

h(x,p(r,t,5),0) = Hh(x,r,0),t,B(h(x,1,0),h(x,5,0))).

Using the definition of g, we obtain

qx, p(r,t,8),y) = q(q(x,7,y),t,9(x,5,1)),

which is precisely axiom (M3).
Therefore (U, ) is a mobi space. O

The global existence assumption is used to ensure that the mobi operation is defined

on the whole parameter interval A. A local version may be obtained by restricting attention

to intervals on which the corresponding solutions exist. In particular, on non-complete

Riemannian or pseudo-Riemannian manifolds, the construction remains valid on domains

where the relevant geodesics are defined and satisfy the stated uniqueness assumptions.

For simplicity of exposition, we have chosen to state Theorem 1 in a global form; the

corresponding local versions require only minor modifications concerning the domains of

definition of the solution trajectories.
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Theorem 1 shows that the mobi axioms arise naturally from three fundamental in-
gredients: existence and uniqueness of solutions, quadratic homogeneity of the accelera-
tion term, and uniqueness of the velocity sending one point to another. Consequently,
Proposition 1 may be viewed as an abstract formulation of the uniqueness and re-
parametrization properties underlying geodesic motion.

Note that if g = 0, we recover the classical affine mobi space [4].

Example 9. We now present explicit maps g, h and 3 associated with the geodesic structure described
in Section 3. The setsare A = [0,1], V = R?and U = R* x R. When x; # 0, the map g is obtained
directly from Equations (5) and (6):

1,1
8((xy,x2), (v1,07)) = <_2_x% U3, x_1 (%1 02)-
The map g is defined on V = R? by extending the formula in an arbitrary way along the line x; = 0,
preserving the homogeneity condition (16), as for instance g((0, x,), (v, v,)) = 0. The values of
g on that line are irrelevant for the present construction, since all trajectories under consideration
remain in U. No additional regularity assumptions on g are required for the application of Theorem 1;
only the hypotheses stated in the theorem are used.

To find the maps h and B to which Theorem 1 can apply, the variables u = (uy,u,),v =
(v1,v,) € V must be carefully chosen among the four integration variables A, B, C and L because
the equalities h(u,0,v) = u and h'(u,0,v) = v must hold. Comparing (8) and (9) with these
requirements, we obtain the choice u = (A, C) and v = (B, A L), with which we get:

2

v
h((uy, 1), t, (01,05)) = (ug + 01 £ — =2 12,
4dug

Vv, U3,
22 £3)
2111 1214‘1’

Uy + 0yt +

and
2

L
B((x0,x1), Wo, y1)) = ((x1 — xg) + ero L),
where L is given by (11). It is straightforward to check that

h”((ullu2)ltl (’01/02)) = g(h((u]/u2)/t/ (’01/’02))/]/1,((1/[1/ Z’l2)/ t/ (01/ UZ)))'

The uniqueness of B follows from the uniqueness of the real solution L of Equation (10), together with
the formulas for A, B and C obtained in Section 3. Indeed, once L is determined, the corresponding
values of A, B and C are uniquely determined by the boundary data. Moreover, Equations (12 ) and
(13) show that h(x,t, B(x,y)) € U for every t € [0,1]. Hence hypotheses (i) and (ii) of Theorem 1
are satisfied. Applying Theorem 1 to these data, we conclude that the operation obtained from

q(x, t,y) = hix,t,B(x,y))

is a mobi operation on U. A direct computation shows that this operation is precisely the map
described in Example 6. Therefore Example 6 is recovered as a special case of the general theory
developed above.

Theorem 1 may be interpreted as a converse to the usual geometric viewpoint. Rather

than defining geodesics from a geometric structure and then studying interpolation, we obtain
an interpolation algebra directly from the differential equation governing the trajectories.
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6. Conclusions

The main goal of this paper was to further clarify the relationship between mobi spaces
and geodesic interpolation. Starting from the geometric intuition that a geodesic determines
intermediate states between two points, we developed an algebraic framework in which
this interpolation is encoded by the axioms of a mobi space.

A first contribution was the reformulation of a previous construction of mobi spaces
in terms of a single parametrized map h. This provides a more intrinsic description of the
construction and shows that the auxiliary data used in earlier approaches can be recovered
directly from the parametrization.

Our second contribution was the establishment of a general mechanism through
which solutions of second-order differential equations generate mobi spaces. The crucial
ingredient is a quadratic homogeneity property of the acceleration term, which yields a
natural re-parametrization law. Since geodesic equations arising from Riemannian and
pseudo-Riemannian geometry satisfy this property, the resulting framework applies to a
broad class of geometric situations.

Finally, we worked out explicitly a non-trivial example associated with a metric of
non-constant negative curvature. Besides illustrating the theory, this example shows that
mobi structures naturally arise beyond the affine and constant-curvature settings considered
in earlier work.

Taken together, these results strengthen the interpretation of mobi spaces as algebraic
models of geodesic interpolation and provide further evidence that they may serve as a
useful foundation for an axiomatic theory of geodesics.
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