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Abstract

The classical mass–spring–damper and inductor–capacitor–resistor analogy is extended 
from constant to state-dependent parameters and connected to an experimentally realized 
coupled Metglas AMCC-1000 resonant magnetic system. The formulation distinguishes 
externally varying inductance from intrinsic magnetic nonlinearity through secant and 
differential inductance and incorporates reversible, dissipative, and externally driven dy-
namics. The experimental study combines coupled-mode design with synchronized voltage 
and RF-current measurements. Measured component values establish a 32.016/16.461 kHz 
resonant pair with a frequency ratio of 1.9449, while calibrated RF-probe analysis quanti-
fies the corresponding current components and broadband measurements reveal higher 
harmonic structure. A complementary 11–13 kHz controlled frequency sweep was per-
formed at fixed 22 V, 388 mA supply conditions and 18% duty cycle. Coherent least-squares 
analysis identifies a common maximum of the second-order component at an 11.5 kHz 
drive frequency in two voltage channels and the RF-current channel, with 𝐴(2𝑓𝑑)/𝐴(𝑓𝑑)
ratios of 0.809, 0.870, and 3.665, respectively. The associated trigger-origin-invariant har-
monic phase relation provides complementary phase-domain evidence of an organized 
frequency-selective nonlinear response. The results establish a reproducible connection 
between state-dependent oscillator theory, coupled-resonator design, and experimentally 
measurable harmonic dynamics.

Keywords: mechanical–electrical analogy; parametric excitation; fractional-order operator; 
negative resistance; aeroelastic flutter; parametric anti-resonance

1. Introduction
The analogy between mechanical and electrical oscillators has been one of the corner-

stones of engineering science for more than a century. The correspondence between inertia 
and inductance, viscous damping and electrical resistance, and elastic stiffness and capaci-
tance provides a common mathematical framework for describing oscillatory phenomena 
across multiple physical domains [1]. Because both systems satisfy second-order differ-
ential equations, this analogy has become fundamental in physics, electrical engineering, 
mechanics, control theory, and system modelling.

In nearly all classical treatments, however, the analogy is restricted to constant system 
parameters. Real engineering systems rarely satisfy this assumption. Mechanical inertia, 
stiffness, damping, magnetic permeability, inductance, resistance, and capacitance may all 
vary with displacement, current, magnetic field, mechanical loading, temperature, or time. 
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Once these state-dependent parameters are admitted, additional coupling terms naturally 
emerge in both domains. These parametric terms are not mathematical curiosities but 
represent physically measurable energy-transfer mechanisms that enable phenomena such 
as parametric amplification, oscillation, instability, and energy conversion.

Recent developments in fractional-order modelling, state-dependent dynamics, and 
metriplectic formulations have further demonstrated that the classical oscillator analogy 
is considerably more general than traditionally assumed. The reversible energy-storage 
mechanisms and irreversible dissipation processes remain structurally identical even when 
the system coefficients become dynamic.

This broader interpretation provides a common structural language for passive variable-
coefficient systems, while active elements, negative resistance, and externally driven para-
metric excitation are represented explicitly as open-system energy-injection or modulation 
mechanisms coupled to the passive oscillator.

Although the theoretical foundations of parametric excitation are well established, 
comparatively few studies have progressed from mathematical models to experimentally 
realizable high-power magnetic structures operating under practical design constraints. 
In particular, the design of a physically realizable parametric transformer requires simulta-
neous optimization of magnetic geometry, resonant tuning, coupled inductances, winding 
topology, quality factors, mutual coupling, capacitor tolerances, and nonlinear magnetic be-
haviour. Achieving the required frequency relationship while maintaining stable resonance 
under realistic loading conditions represents a considerably more demanding engineering 
problem than the idealized Mathieu-equation models commonly presented in the literature.

The present work addresses this gap by combining the generalized state-dependent 
oscillator formulation with the practical design methodology of a Metglas AMCC-1000-
based parametric transformer operating at its resonant operating point [2]. Rather than 
considering only idealized differential equations, the work develops a complete engineering 
design procedure including magnetic-gap estimation, inductance extraction, coupled-mode 
analysis, resonant optimization, tolerance analysis, Monte Carlo verification, and an ex-
perimentally executable tuning protocol. Particular emphasis is placed on establishing the 
required 2:1 frequency relationship between the pump and output resonators while account-
ing for mutual coupling, finite quality factors, nonlinear magnetic behaviour, and practical 
component tolerances.

The principal novelty of this work is therefore not the existence of parametric resonance 
itself, but the presentation of a complete engineering methodology for designing, tuning, 
and experimentally validating a practical AMCC-1000 parametric transformer operating 
under resonant conditions. The proposed procedure connects the theoretical framework of 
state-dependent oscillators directly with experimentally measurable electrical and magnetic 
quantities, thereby providing a reproducible path from mathematical theory to labora-
tory implementation.

This paper is organized as follows. Section 2 revisits the classical mechanical–electrical 
analogy and identifies its implicit constant-parameter assumption. Section 3 derives the 
generalized state-dependent formulation and establishes the corresponding mechanical and 
electrical parametric terms. Section 4 interprets inductive, resistive, and capacitive elements 
as integer-order members of a unified fractional-order operator family. Section 5 extends 
the analogy to active systems, negative resistance, and aeroelastic flutter. Section 6 dis-
cusses parametric excitation, energy transfer, and the associated Manley–Rowe constraints. 
Section 7 presents the metriplectic interpretation that unifies the reversible and dissipative 
dynamics. Sections 8–10 develop the practical design methodology for a resonant AMCC-
1000 parametric transformer, including resonance optimization, coupled-mode analysis, 
tolerance simulations, and experimental tuning procedures. Section 11 presents the initial 
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experimental validation, including simultaneous voltage- and RF-current-probe measure-
ments, direct characterization of the approximately 32 kHz/16 kHz resonant operating pair, 
calibrated RF-current estimates, and broadband FFT and harmonic-overtone analysis from 
1 kHz to 1 MHz. Section 12 presents the controlled 11–13 kHz frequency-sweep valida-
tion performed under fixed 22 V, 388 mA supply conditions and an 18% duty cycle. This 
section introduces coherent least-squares analysis of the fundamental and second-order 
components and the trigger-origin-invariant harmonic phase quantity Ψ21 = 2𝜙1 − 𝜙2, 
and demonstrates a common frequency-localized enhancement of the 2𝑓𝑑 response at a 
drive frequency of 11.5 kHz across both voltage channels and the RF-current-probe channel. 
Finally, Section 13 summarizes the principal theoretical, engineering, and experimental 
conclusions and identifies the remaining measurements required for complete quantitative 
characterization of parametric energy transfer.

2. The Classical Analogy and Its Implicit Assumption
The classical analogy between mechanical and electrical oscillators is based on the 

observation that both systems are governed by mathematically identical second-order 
differential equations. A single-degree-of-freedom mechanical oscillator with mass 𝑚, 
viscous damping 𝑐, stiffness 𝑘, and external force 𝐹(𝑡) satisfies

𝑚 ¨𝑥 + 𝑐 .𝑥 + 𝑘 𝑥 = 𝐹(𝑡). (1)

Similarly, a series RLC circuit with inductance 𝐿, resistance 𝑅, capacitance 𝐶, and exci-
tation voltage 𝑉(𝑡), expressed in terms of charge 𝑞 (𝐼 = .𝑞), is described by

𝐿 ¨𝑞 + 𝑅 .𝑞 +
1
𝐶 𝑞 = 𝑉(𝑡). (2)

The structural equivalence of Equations (1) and (2) forms the basis of the classical 
impedance analogy, in which force corresponds to voltage and mass to inductance [1]. 
The complete correspondence between the mechanical and electrical variables is summa-
rized in Table 1. Under the same mapping, the stored kinetic and elastic energies are directly 
associated with magnetic and electric field energies,

1
2𝑚 .𝑥2
⏟
kinetic

↔
1
2𝐿𝐼2
⏟

magnetic

,
1
2𝑘𝑥2
⏟
elastic

↔
1

2𝐶 𝑞2
⏟
electric

. (3)

Table 1. Classical impedance analogy between mechanical and electrical oscillators.

Mechanical ↔ Electrical

Displacement 𝑥 Charge 𝑞
Velocity .𝑥 Current 𝐼 = .𝑞

Force 𝐹 Voltage 𝑉
Mass 𝑚 Inductance 𝐿

Damping 𝑐 Resistance 𝑅
Stiffness 𝑘 Inverse capacitance 1/𝐶

An alternative representation is provided by Firestone’s mobility analogy, which inter-
changes the across and through variables by identifying force with current and velocity 
with voltage [3]. Although the two analogies differ in variable assignment, they preserve 
the same second-order mathematical structure. As emphasized by Olson [1], the corre-
spondence is therefore formal rather than physical: the lumped mechanical and electrical 
elements represent the coefficients of identical governing differential equations. Throughout 
this work, the impedance analogy is adopted.
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An important invariant under both analogies is the quality factor,

𝑄 =
𝜔𝐿
𝑅

for electrical oscillators and
𝑄 =

𝜔𝑚
𝑐

for mechanical oscillators. In both cases, 𝑄 measures the ratio of stored energy to energy 
dissipated per radian and therefore determines the resonance bandwidth according to 
Δ𝜔 = 𝜔0/𝑄 [4]. The frequency-domain representation employed later in Section 5 is 
based on Steinmetz’s symbolic method [5], in which sinusoidal differential equations are 
transformed into algebraic equations through the complex operator 𝑗𝜔. This formulation 
provides the common mathematical foundation for impedance analysis in both electrical 
and mechanical systems.

The classical analogy implicitly assumes that all system parameters,

𝑚, 𝑐, 𝑘, 𝐿, 𝑅, and 𝐶,

remain constant. Consequently, Equations (1)–(3) describe only linear time-invariant 
systems. This assumption is rarely stated explicitly in the classical literature, yet it underlies 
virtually all textbook treatments of the analogy. The central objective of the present work is 
to remove this restriction and investigate whether the structural correspondence remains 
valid when the governing parameters become state-dependent or time-varying. As will 
be shown in the following sections, allowing variable coefficients naturally introduces 
parametric coupling terms while preserving the fundamental mathematical equivalence 
between the mechanical and electrical domains.

3. Releasing the Constant-Parameter Assumption: Electromagnetic Systems
The classical oscillator analogy presented in Section 2 assumes that the electrical 

parameters remain constant. In practical electromagnetic devices, however, this assumption 
is generally not valid. In particular, a nonlinear magnetic core is more fundamentally 
described by its flux linkage

𝜆 = 𝜆(𝐼, 𝜃, 𝑇, 𝑡), (4)

where 𝐼 denotes the winding current, 𝜃 represents the mechanical or magnetic configuration 
(including, for example, the effective air gap), 𝑇 is temperature, and 𝑡 allows explicit 
external modulation.

For a nonlinear magnetic characteristic, two inductances must be distinguished. The se-
cant inductanceis defined by

𝐿sec =
𝜆(𝐼, 𝜃, 𝑇, 𝑡)

𝐼 , 𝐼 ≠ 0, (5)

whereas the differential or incremental inductance is

𝐿diff =
𝜕𝜆
𝜕𝐼 |

𝜃,𝑇,𝑡
. (6)

These quantities are identical only in the linear magnetic limit. Throughout the nonlinear 
dynamical formulation below, the coefficient multiplying 𝑑𝐼/𝑑𝑡 is the differential inductance 
𝐿diff. The secant inductance is used only when the flux linkage is represented algebraically 
as 𝜆 = 𝐿sec𝐼 or when an effective small-signal or measured resonant inductance is explic-
itly reported.

The inductor voltage follows from Faraday’s law as

𝑉𝐿 =
𝑑𝜆
𝑑𝑡 . (7)
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Applying the chain rule to Equation (4) gives

𝑉𝐿 =
𝜕𝜆
𝜕𝐼

𝑑𝐼
𝑑𝑡 +

𝜕𝜆
𝜕𝜃

𝑑𝜃
𝑑𝑡 +

𝜕𝜆
𝜕𝑇

𝑑𝑇
𝑑𝑡 +

𝜕𝜆
𝜕𝑡 |

𝐼,𝜃,𝑇
. (8)

Accordingly,

𝑉𝐿 = 𝐿diff
𝑑𝐼
𝑑𝑡 + 𝑉par, (9)

where
𝑉par =

𝜕𝜆
𝜕𝜃

.𝜃 +
𝜕𝜆
𝜕𝑇

.𝑇 +
𝜕𝜆
𝜕𝑡 |

𝐼,𝜃,𝑇
(10)

collects the voltage contributions produced by changes of parameters other than the instan-
taneous current itself.

In the important special case in which the magnetic element can be represented by a 
current-independent but externally time-varying inductance,

𝜆 = 𝐿(𝑡)𝐼, (11)

Equation (8) reduces to

𝑉𝐿 = 𝐿
𝑑𝐼
𝑑𝑡 + 𝐼

𝑑𝐿
𝑑𝑡 . (12)

Thus, the familiar term 𝐼(𝑑𝐿/𝑑𝑡) is retained as the parametric-voltage term for externally 
modulated inductance, but it should not be interpreted as the general nonlinear-core cor-
rection when 𝐿 itself depends on 𝐼. For a nonlinear magnetic core, the current-dependent 
contribution is already contained in 𝐿diff = 𝜕𝜆/𝜕𝐼.

Externally driven variations of the magnetic parameters provide a mechanism through 
which energy can be exchanged between the modulation source and the electrical resonator. 
The flux-linkage formulation above makes this distinction explicit while preserving the 
correspondence with the variable-coefficient mechanical system developed in the follow-
ing section.

An entirely analogous result is obtained for a variable capacitor. If the capacitance 
depends on voltage, geometry, dielectric properties, temperature, or time,

𝐼𝐶 =
𝑑
𝑑𝑡 (𝐶𝑉) = 𝐶

𝑑𝑉
𝑑𝑡 + 𝑉

𝑑𝐶
𝑑𝑡 , (13)

where the second term,

𝑉
𝑑𝐶
𝑑𝑡 ,

is the capacitive counterpart of the inductive parametric voltage. Consequently, relaxing 
the assumption of constant electrical parameters introduces exactly one additional cou-
pling term for each reactive element. These parametric terms constitute the fundamental 
extension of the classical oscillator equations and provide the mathematical basis for para-
metric amplification, frequency conversion, and resonant energy transfer considered in the 
following sections.

4. Releasing the Constant-Parameter Assumption: Mechanical Systems
Relaxing the constant-parameter assumption is equally natural on the mechanical 

side. At this point, however, it is important to distinguish between two physically different 
situations: a time-dependent effective inertia and a body whose physical mass changes 
through exchange of matter with its surroundings. In the former case, the coefficient 
multiplying the acceleration may vary because of geometry, configuration, constraints, 
attached or redistributed inertia, or externally controlled inertial properties, without any 
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mass crossing the system boundary. In the latter case, the system is an open variable-mass 
system and the momentum flux associated with the exchanged matter must be included 
explicitly. The Meshchersky equation applies specifically to this second case. Both situations 
can produce variable inertial coefficients in an oscillator model, but they must not be 
identified physically.

4.1. Variable Effective Inertia and Open Variable-Mass Systems
We first consider the more general oscillator description in terms of a time-dependent 

effective inertial coefficient 𝑚eff(𝑡). This notation does not imply that physical mass enters 
or leaves the mechanical system. Defining the generalized momentum associated with this 
effective inertia as

𝑝 = 𝑚eff(𝑡) .𝑥,

and Newton’s second law follows from the time derivative of the momentum,

𝑑
𝑑𝑡(𝑚eff .𝑥) = 𝑚eff ¨𝑥 + .𝑚eff .𝑥. (14)

The additional contribution,

.𝑚eff .𝑥,

appears because the effective inertial coefficient is time-dependent. It is a product-rule 
term and, by itself, does not imply physical mass exchange. Under the impedance analogy 
introduced in Section 2, its mathematical counterpart is the electrical term

𝐼
𝑑𝐿
𝑑𝑡 ,

obtained in Equation (8) for an externally time-varying inductance. The correspondence 
established here is therefore between variable effective inertia and variable inductive energy 
storage at the level of the oscillator equations. It should not be interpreted as asserting that 
every time-dependent inertial coefficient represents a Meshchersky variable-mass system.

A physically distinct special case arises when 𝑚(𝑡) denotes the actual mass of a body 
and changes because matter enters or leaves the system. Such a system is an open mechanical 
system, and the variation of 𝑚(𝑡) cannot in general be represented solely by replacing a 
constant inertial coefficient with a prescribed function of time. The exchanged matter 
carries momentum, and the associated momentum flux must be included explicitly. For this 
physical mass-exchange problem, the equation of motion is the Meshchersky equation [6,7],

𝑚 ¨𝑥 = 𝐹ext +
𝑑𝑚
𝑑𝑡 𝑢rel, (15)

where

𝑢rel = 𝑢 − .𝑥

is the velocity of the incoming or outgoing mass relative to the body.
The term

𝑑𝑚
𝑑𝑡 𝑢rel

is the momentum-flux contribution associated specifically with physical mass exchange 
and is commonly referred to as the Meshchersky force. It has no necessary counterpart in a 
closed mechanical system whose effective inertia varies without mass crossing the system 
boundary. The simplified momentum equation
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𝑑
𝑑𝑡 (𝑚 .𝑥) = 𝐹ext

therefore cannot be used as a general equation for an open variable-mass body; its validity 
depends on the definition of the system and on the velocity of the exchanged mass. This 
distinction has been discussed extensively in the variable-mass literature because omission or 
misinterpretation of the momentum-flux contribution has historically led to misconceptions 
in classical mechanics texts [8–10].

In the present work, the Meshchersky equation is included as an important open-
system extension, but it is not taken as the general definition of variable inertia. The primary 
mechanical analogue used in the oscillator correspondence is the time-dependent effective 
inertial coefficient 𝑚eff(𝑡). Meshchersky dynamics represents the more specific case in which 
the changing inertial mass results from actual mass exchange and an additional momentum 
port is therefore present. In this open-system case, the Meshchersky momentum-flux term 
provides a mechanical example of exchange with the surroundings, conceptually analogous 
to treating externally driven electromagnetic parameter modulation through an explicit 
external energy port.

The continuum formulation leads to the same conclusion. Applying the linear momen-
tum theorem to an open control volume yields the reactive momentum-flux term

− ∫
𝜕𝐷(𝑡)

𝐯(𝐯 − 𝐰) ⋅ 𝐧 𝜌 𝑑𝑆,

which vanishes only when the control surface moves with the material (𝐰 = 𝐯) and becomes 
non-zero whenever mass crosses the system boundary [11].

This continuum result reinforces the distinction made above: systems involving actual 
mass transport across their boundaries are open systems and require momentum-flux terms, 
whereas a prescribed time-dependent effective inertia in a closed oscillator need not involve 
any mass flux. The two cases may share related variable-coefficient mathematical structures, 
but their physical interpretations and conservation-law closures are different.

The structural equivalence between the electrical and mechanical formulations becomes 
evident by comparing the product-rule expansions of flux linkage,

𝜆 = 𝐿𝐼,

and momentum,

𝑝 = 𝑚 .𝑥.

Differentiation yields

𝑉 =
𝑑𝜆
𝑑𝑡 = 𝐿

𝑑𝐼
𝑑𝑡 + 𝐼

𝑑𝐿
𝑑𝑡 , 𝐹 =

𝑑𝑝
𝑑𝑡 = 𝑚 ¨𝑥 + .𝑥

𝑑𝑚
𝑑𝑡 . (16)

Using the impedance correspondence

𝐿 ↔ 𝑚, 𝐼 ↔ .𝑥, 𝑉 ↔ 𝐹,

introduced in Section 2, both expressions become identical term by term. The constant-
coefficient terms correspond directly to the classical oscillator equations, whereas the addi-
tional terms satisfy the structural identity

𝐼
𝑑𝐿
𝑑𝑡 ⟷ .𝑥

𝑑𝑚
𝑑𝑡 . (17)

Equation (17) therefore follows unavoidably from the product rule whenever either 
inertial coefficient is allowed to vary. The cross term disappears only in the limiting case 
where both 𝐿 and 𝑚 remain constant.
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4.2. Variable Elasticity and Complex Stiffness
State-dependent mechanical parameters are not limited to inertia. Structural dynamics 

has long incorporated variable elastic behaviour through the concept of complex stiffness,

𝑘 → 𝑘(1 + 𝑖𝑔), (18)

where 𝑔 denotes the dimensionless hysteretic damping coefficient [12]. In this representa-
tion, energy dissipation is associated directly with the elastic element rather than with a 
separate viscous damper.

As noted by Neumark [12], the resulting force–displacement relationship forms a 
closed hysteresis loop that closely resembles the magnetic 𝐵–𝐻 hysteresis characteristic of 
ferromagnetic materials. The parameter 𝑔 therefore represents the mechanical loss angle in 
the same sense that magnetic hysteresis represents energy dissipation in nonlinear magnetic 
cores. Consequently, hysteretic elasticity extends the classical energy correspondence of 
Equation (3) by allowing irreversible energy dissipation to be associated directly with the 
elastic coordinate, thereby providing a natural mechanical counterpart to magnetic core 
losses discussed in Section 3.

5. A Unified Fractional-Order Representation
The classical oscillator elements differ only in the frequency dependence of their 

impedance. In the frequency domain,

𝑍𝐿 = 𝐿(𝑗𝜔), 𝑍𝑅 = 𝑅, 𝑍𝐶 =
1
𝐶 (𝑗𝜔)−1, (19)

with the corresponding mechanical elements following the same scaling under the 
impedance analogy: inertance is proportional to (𝑗𝜔)+1, viscous damping to (𝑗𝜔)0, and elas-
tic compliance to (𝑗𝜔)−1. Consequently, all three elements can be regarded as integer-order 
realizations of the generalized fractional-order constitutive relation [13–15]

𝑦 = 𝑘𝐷𝛼𝑥, 𝛼 ∈ {+1, 0, −1}, (20)

where 𝐷𝛼 denotes a fractional derivative in the Riemann–Liouville or Caputo sense. 
The cases 𝛼 = +1, 0, and −1 recover the inductive (inertial), resistive (damping), and ca-
pacitive (elastic) elements, respectively. Throughout this work, the mechanical coefficient 𝑘
denotes stiffness, yielding the correspondence

𝑘 ↔
1
𝐶 ,

as summarized in Table 1. The equivalent compliance representation, 1/𝑘 ↔ 𝐶, is mathe-
matically identical but is not used here.

The significance of Equation (20) extends beyond the integer-order cases. Physi-
cal systems frequently exhibit fractional-order behaviour characterized by the general-
ized impedance

𝑍 = 𝐾(𝑗𝜔)𝛼, 0 < |𝛼| < 1,

which describes electrical fractance or constant-phase elements arising in distributed RC 
networks and electrode–electrolyte interfaces [13].

An analogous situation exists in mechanics. Bagley and Torvik [16] demonstrated that 
the constitutive behaviour of linear viscoelastic materials is governed by a fractional-order 
stress–strain relation,

𝜎(𝑡) = 𝐸0𝜀(𝑡) + 𝐸1𝐷𝛽𝜀(𝑡), 0 < 𝛽 < 1, (21)
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resulting in a dynamic modulus proportional to (𝑗𝜔)𝛽. Importantly, the fractional exponent 
follows directly from molecular theory rather than empirical curve fitting. For the Rouse 
polymer model, 𝛽 = 1/2, whereas Zimm’s model predicts 𝛽 = 2/3 [16]. Fractional-order 
constitutive behaviour therefore arises naturally from the underlying material microstructure.

These results extend the earlier observations of Gemant and Scott-Blair, who recognized 
that the dynamic stiffness and damping of viscoelastic materials follow fractional powers of 
frequency. Their work established the foundations of modern fractional viscoelasticity later 
formalized by Caputo and subsequently developed by Bagley and Torvik. Equation (21) 
is therefore the mechanical counterpart of the electrical fractance element represented by 
Equation (20).

Koeller [17] introduced the corresponding mechanical element explicitly as the spring-pot,

𝜎 = 𝐸𝐷𝛽𝜀,

which continuously interpolates between a Hookean spring (𝛽 = 0) and a Newtonian 
dashpot (𝛽 = 1). Its creep and relaxation responses are governed by the Mittag–Leffler 
function, while experimentally observed values typically satisfy 0.05 ≲ 𝛽 ≲ 0.35. The spring-
pot is therefore the direct mechanical analogue of the electrical constant-phase element: 
both represent fractional-order realizations of Equation (20). Consequently, the interval 
between the integer-order limits is populated by physically realizable elements in both 
electrical and mechanical systems.

Equation (20) therefore provides a unified interpretation of mechanical and electro-
magnetic oscillators. Rather than representing two merely analogous systems, both are 
manifestations of the same fractional-order dynamical structure, with the classical second-
order oscillator corresponding to the limiting integer-order cases.

Domain-Independent Interpretation: The Metriplectic Formulation
The structural equivalence established in Sections 2–5 admits a coordinate-independent 

formulation using metriplectic dynamics. The state vector 𝑧 evolves according to

.𝑧 = ℒ 𝛿𝐸 + ℳ 𝛿𝑆, (22)

where the antisymmetric Poisson operator ℒ  generates reversible energy-conserving dynam-
ics and the symmetric metric operator ℳ  describes irreversible entropy production [18,19]. 
These operators satisfy the degeneracy conditions

ℒ𝛿𝑆 = 0, ℳ𝛿𝐸 = 0,

ensuring independent conservation of total energy and monotonic entropy production.
For a passive oscillator, ℒ  governs the reversible exchange between the two energy-

storage mechanisms—kinetic and elastic energy in mechanics, magnetic and electric energy 
in electromagnetics (Equation (3))—whereas ℳ  represents the dissipative contribution 
associated with viscous damping or electrical resistance.

Within this framework, the impedance analogy of Section 2 expresses the fact that 
passive mechanical and electrical oscillators can be represented by corresponding reversible 
and dissipative structures, differing primarily in the physical interpretation of their state 
variables. State-dependent passive coefficients may be incorporated while retaining this 
decomposition, provided that the metric contribution continues to satisfy the positivity and 
degeneracy requirements of the metriplectic formulation.

An important qualification is required for active elements. In the standard metriplectic 
construction, the metric operator ℳ  is chosen so that the irreversible contribution has a 
definite sign and the associated entropy production is non-negative, together with the 
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degeneracy condition ℳ𝛿𝐸 = 0. A negative electrical resistance or negative mechanical 
damping injects energy into the oscillator and therefore cannot, in general, be represented 
merely by reversing the sign of a standard positive-semidefinite metric operator while 
retaining all standard metriplectic properties. Such a sign reversal would make the dissipa-
tive operator indefinite or negative in the active subspace and would invalidate the usual 
monotonic-entropy interpretation.

Accordingly, in this work the term metriplectic is used strictly for the passive reversible–
dissipative structure satisfying the conventional degeneracy and sign conditions. Negative 
resistance and aeroelastic negative damping are instead treated as externally powered or 
open-system contributions appended to the passive metriplectic dynamics. A convenient 
extended representation is

.𝑧 = ℒ 𝛿𝐸 + ℳ 𝛿𝑆 + ℱact(𝑧, 𝑡), (23)

where ℱact represents active energy injection from an electrical supply, fluid flow, or another 
external reservoir. The passive part retains the standard metriplectic properties, whereas 
the complete open system is not required to exhibit monotonic entropy production with 
respect to the reduced oscillator variables alone.

Parametric pumping is likewise most precisely interpreted as explicit time dependence 
of the energy-storage structure or Hamiltonian parameters, with the modulation source pro-
viding an external power port. This distinction separates passive dissipation, active negative 
damping, and parametric energy exchange and avoids attributing all three mechanisms to 
the same metric operator.

6. Phenomena Beyond the Classical Constant-Coefficient Analogy
The classical oscillator analogy describes passive linear systems with constant pa-

rameters. Once active elements or state-dependent coefficients are introduced, additional 
dynamical phenomena emerge that cannot be represented within the classical formula-
tion. Three particularly important examples are negative damping, parametric excitation, 
and nonlinear self-excited oscillation.

6.1. Negative-Loss Elements and Their Mechanical Counterparts
6.1.1. Negative Resistance and Self-Excited Oscillation

A negative real part of the electrical impedance transforms a damped oscillator into a 
self-excited system. The mechanical counterpart is aeroelastic flutter, in which aerodynamic 
forces inject energy into the structure rather than dissipating it.

The classical theory was established by Theodorsen [20], who showed that self-excited 
oscillation requires the coupling of at least two structural degrees of freedom. While a 
single vibration mode is always aerodynamically damped, coupled bending–torsion or 
wing–control-surface modes may extract energy from the surrounding airflow, producing 
exponentially growing oscillations above a critical flutter velocity. The aerodynamic forces 
act together with the inertial and elastic forces, thereby introducing an active energy-transfer 
mechanism absent from passive oscillators.

The same interpretation forms the basis of the classical flutter treatment by Bis-
plinghoff et al. [21] (Section 9), where bending–torsion coupling produces an instability 
once the effective damping becomes zero and subsequently negative.

6.1.2. Flutter as a Frequency-Dependent Complex Coefficient
The underlying mechanism of flutter is a frequency-dependent complex coefficient 

rather than a constant damping term. In Theodorsen’s formulation, the unsteady aerody-
namic forces are governed by the complex circulation function
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𝐶(𝑘) = 𝐹(𝑘) + 𝑖𝐺(𝑘),

where the reduced frequency is defined as

𝑘 =
𝜔𝑏
𝑈 .

The imaginary component determines the phase relationship between the aerodynamic 
force and structural motion and therefore controls the net energy transfer during each 
oscillation cycle. Flutter occurs when the aerodynamic work changes sign and the airflow 
supplies energy to the structure rather than removing it [21] (Section 9.1).

In contrast, the quasi-steady approximation neglects this frequency dependence and 
predicts only positive aerodynamic damping. The instability therefore originates from 
the dynamic complex coefficient itself rather than from the static aerodynamic forces. 
This observation closely parallels the fractional-order constitutive behaviour discussed in 
Section 5, where the frequency-dependent operator introduces dynamics that cannot be 
represented by integer-order elements alone.

Neumark [12] reached the same conclusion by identifying the critical flight velocity at 
which the effective damping becomes zero. Above this threshold, the damping becomes 
negative and the oscillation amplitude increases exponentially. Aeroelastic flutter may 
therefore be interpreted as the mechanical analogue of electrical negative resistance.

6.1.3. The Van Der Pol Oscillator
The common mathematical description of self-excited oscillation is provided by the 

van der Pol equation,

¨𝑥 − 𝜇(1 − 𝑥2) .𝑥 + 𝑥 = 0,

whose nonlinear damping is negative for small amplitudes and positive for large amplitudes. 
Consequently, oscillations neither decay nor diverge but converge to a stable limit cycle.

Originally derived from the negative-resistance behaviour of triode circuits, with prac-
tical electronic realizations described by Page [22], the same equation was subsequently 
recognized by van der Pol as governing biological and mechanical oscillators, including the 
heartbeat [23]. Negative-resistance oscillators, aeroelastic flutter, and many forms of flow-
induced instability therefore represent different physical realizations of the same nonlinear 
dynamical system.

6.1.4. Galloping and Flow-Induced Negative Damping
The general criterion for mechanically self-excited oscillation was formulated by Den 

Hartog [24] (Section 7): the oscillatory force must be generated by the motion itself so 
that the energy input disappears when the motion ceases. This condition is equivalent to 
negative effective damping.

A classic example is the galloping of ice-covered transmission lines [25]. Ice accumula-
tion modifies the conductor cross-section, producing aerodynamic lift in addition to drag. 
The resulting variation of the angle of attack causes the aerodynamic force to acquire a com-
ponent in the direction of motion, leading to large-amplitude, low-frequency oscillations.

The corresponding instability criterion is

𝑑𝐶𝐿
𝑑𝛼 + 𝐶𝐷 < 0, (24)

which directly identifies the onset of negative aerodynamic damping from static lift and 
drag characteristics. Nikitas and Macdonald [26] subsequently generalized this criterion to 
arbitrary angles of attack and coupled structural motion.
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Galloping and flutter therefore represent different manifestations of the same physical 
mechanism. A closely related phenomenon is vortex-induced vibration, where synchro-
nization between vortex shedding and structural motion produces lock-in. Wind-tunnel 
experiments further demonstrate that, when vortex shedding is suppressed, purely motion-
induced oscillations can still be sustained through an effective negative damping mechanism 
generated by the structural motion itself [27].

The correspondence between the electrical and mechanical descriptions may therefore 
be written as

𝑅 < 0 ⟺ 𝑐eff < 0, (25)

where negative electrical resistance corresponds directly to negative effective mechani-
cal damping.

6.1.5. Coupled Electrical and Mechanical Negative Damping
An important engineering example in which both mechanisms coexist is subsyn-

chronous resonance in turbine-generator systems. Goldberg and Schmus [28] demonstrated 
that synchronous machines may exhibit negative electrical resistance at subsynchronous 
frequencies, allowing electrical energy to reinforce the natural torsional vibration modes 
of the turbine shaft. The resulting interaction couples electrical negative resistance di-
rectly to negative effective mechanical damping, providing a practical realization of the 
correspondence expressed by Equation (25).

6.2. Parametric Pumping
6.2.1. Parametric Resonance and the Mathieu–Hill Instability

Periodic modulation of a system parameter transforms the governing equation into a 
Mathieu–Hill equation. For a mechanical oscillator with time-varying stiffness,

¨𝑥 + 𝜔2
0[1 + 𝜀 cos(𝜔𝑝𝑡)]𝑥 = 0, (26)

where 𝜔0 is the natural frequency, 𝜀 is the modulation depth, and 𝜔𝑝 is the pump frequency. 
The principal parametric instability occurs when

𝜔𝑝 = 2𝜔0,

corresponding to the well-known octave relationship between the pump and the resonant 
mode. Under this condition, energy is transferred from the pump into the oscillation 
through the sidebands

𝜔0 ±
𝜔𝑝

2 .

The classical analysis of Mathieu–Hill stability regions, including the principal reso-
nance and the stabilization of otherwise unstable equilibria by rapid parametric excitation, 
is presented by Nayfeh and Mook [29].

An important observation is that one of the canonical examples considered by Nayfeh 
and Mook is itself an electromechanical system: an LC resonator whose capacitance is 
modulated by the motion of the capacitor plates,

𝐿 ¨𝑞 +
𝑞

𝐶(𝑡) = 0.

The electrical and mechanical domains are therefore coupled through the same time-
dependent parameter considered in Sections 3 and 4. More recently, Kurmann [30] demon-
strated that parametrically excited electrical circuits with time-varying resistance, induc-
tance, or capacitance obey the same Mathieu–Hill dynamics as parametrically excited 
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mechanical oscillators. Their formulation, derived from a common Lagrangian framework, 
confirms the correspondence adopted in this work under the mapping

𝑘 ↔
1
𝐶 .

The same Floquet instability responsible for parametric resonance also underlies the 
band structure of periodic media, including Bloch-wave propagation in crystalline solids. 
Parametric resonance is therefore not restricted to either mechanical or electrical systems 
but represents a general property of periodically modulated linear dynamical systems.

The electrical realization of this principle is the pumped-reactance parametric amplifier 
introduced by Mandelstam and Papaleksi [31], in which energy is exchanged between the 
pump, signal, and idler frequencies. The corresponding power flow is governed by the 
Manley–Rowe relations [32], which establish the conservation laws for ideal parametric 
frequency conversion.

Parametric pumping provides the physical interpretation of time-dependent coeffi-
cients introduced in Sections 3 and 4. The parameters 𝐿, 𝐶, 𝑘, or 𝑚 are not merely functions 
of the system state but may themselves be externally driven, thereby transferring energy 
into or between oscillatory modes.

This correspondence extends directly to electromechanical systems. Smith [33] anal-
ysed a pendulum coupled to an electrical resonator through a time-varying reactance and 
showed that the average mechanical torque follows directly from the Manley–Rowe rela-
tions. He further observed that these conservation relations apply equally to ideal lossless 
mechanical differentials, demonstrating that the same energy-partition principles govern 
both electrical and mechanical parametric interactions.

A complementary dynamical-systems formulation was developed by Holmes and 
Rand [34], who modelled coupled parametrically excited oscillators as interacting “motor” 
and “response” modes exchanging energy on a conservative manifold. Their analysis shows 
that nonlinear coupling ultimately limits the exponential growth predicted by the linear 
Mathieu equation, yielding bounded steady-state oscillations characteristic of practical 
parametrically excited systems.

6.2.2. Experimental Demonstration: An Autoparametric Energy Harvester
An experimentally validated realization of Equation (26) is provided by the autopara-

metric energy harvester developed by Kecik [35]. The device consists of a pendulum 
suspended from a Duffing oscillator, such that the effective pendulum stiffness is para-
metrically modulated by the motion of the primary oscillator. As the excitation frequency 
approaches the critical drive-to-natural-frequency ratio (𝜗 ≈ 0.95), the pendulum under-
goes the principal parametric instability corresponding to excitation near twice its natural 
frequency. The system thereby loses the stable semi-trivial equilibrium and enters the 
non-trivial autoparametric state, in agreement with the classical theory of autoparametric 
resonance [36,37]. In this regime, the dominant frequency of the primary oscillator is 
approximately twice that of the parametrically excited secondary oscillator.

A characteristic consequence of autoparametric resonance is the saturation phe-
nomenon [37] (Section 2). Once the instability threshold is exceeded, the response ampli-
tude of the primary oscillator remains nearly constant despite increasing excitation, while 
additional input energy is transferred to the parametrically excited secondary mode. Ke-
cik [35] reported a measured reduction of approximately 25–37% in the primary vibration 
amplitude between the semi-trivial and non-trivial response branches, providing direct 
experimental evidence of this energy redistribution.

The redirected energy is subsequently converted into electrical power using an elec-
tromagnetic transducer integrated into the pendulum pivot. Maximum power generation 
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of approximately 0.2 W, with typical operating levels in the milliwatt range, was achieved 
without degrading the vibration-suppression performance of the primary oscillator. The ex-
periment therefore demonstrates, within a single mechanical system, the essential features 
of parametric pumping discussed in Section 6.2: excitation near twice the natural frequency, 
growth of the parametrically excited mode, saturation of the primary response, and con-
trolled transfer of energy into a secondary oscillatory subsystem.

From a broader perspective, the device represents a parametric extension of the classical 
dynamic vibration absorber introduced by Ormondroyd and Den Hartog [38]. The con-
ventional absorber employs a linearly tuned auxiliary mass–spring system to divide the 
primary resonance into two peaks and reduce the resonant response through passive en-
ergy redistribution. Modern implementations further extend this concept using inerters 
and time-delay feedback [39]. In contrast, the autoparametric harvester replaces the fixed 
coupling with a periodically modulated one, thereby operating in the variable-coefficient 
regime developed throughout this paper. This parametric coupling not only suppresses the 
primary vibration but also redirects the transferred energy into a form that can be harvested, 
rather than merely dissipated.

6.2.3. Parametric Anti-Resonance and Active Stabilization
Parametric excitation is most commonly associated with destabilization through the 

Mathieu instability described by Equation (26). However, when the modulation frequency 
is tuned to a combination resonance,

𝜔 ≈
Ω𝑖 ± Ω𝑗

𝑁 ,

rather than to twice the natural frequency, the same periodically varying coefficient produces 
the opposite effect. Instead of amplifying an oscillatory mode, it transfers energy from an 
unstable or weakly damped mode into a stable, positively damped mode, thereby increasing 
the overall damping of the system. This phenomenon is commonly referred to as parametric 
anti-resonance.

A rigorous treatment based on averaging and bifurcation analysis was presented by 
Fatimah and Verhulst [40], who solved the Ecker–Tondl problem for a flow-excited oscillator 
coupled to an absorber through a periodically varying stiffness,

𝑘(𝑡) = 𝑘1(1 + 𝜀 cos 𝜔𝑡).

Their analysis demonstrated that complete suppression of the self-excited oscillation re-
quires both positive net linear damping and an appropriate parametric excitation frequency. 
Furthermore, the parametric modulation significantly enlarges the parameter region in 
which complete suppression is achieved, with the global dynamics organized through 
successive Hopf, Neimark–Sacker, and torus bifurcations. Comprehensive reviews of pas-
sive absorbers, autoparametric suppression, and active parametric control are provided 
by Tondl [41] and by Tondl and Půst [42]. In the corresponding normal-form equations, 
the product of the off-diagonal coupling coefficients,

𝑄𝑗𝑘𝑄𝑘𝑗

4Ω𝑗Ω𝑘
,

appears explicitly as an additional positive damping contribution whenever its sign is positive.
The physical mechanism is a controlled transfer of modal energy. When the modulation 

frequency is tuned to the modal difference frequency,

|𝜔𝑘 − 𝜔𝑙|,
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the pump couples the two vibration modes of the underlying linear system and periodically 
exchanges energy between them. In the presence of damping, this energy is preferentially 
redirected toward the mode with the greater dissipation, increasing the effective damping to

𝐷𝑘 + 𝐷𝑙(
𝜔𝑙
𝜔𝑘

)

under optimal tuning. Experimental measurements reported by Dohnal et al. [43] confirm 
that this mechanism produces several-fold increases in effective damping.

A particularly relevant realization is the work of Dohnal and Tondl [44], who sup-
pressed coupled bending–torsion flutter by periodically modulating the inertia itself. Their 
governing equations contain a harmonically varying inertial coefficient,

(1 + 𝜀 cos 𝜔𝑡) ¨𝑦 + ⋯ ,

corresponding directly to the variable-inertia formulation introduced in Section 4. They re-
ported the first experimentally realizable anti-resonance based on the sum-type combination 
frequency,

Ω1 + Ω2,

achieving complete suppression with a modulation depth of only 𝜀 ≈ 0.06 using out-of-
phase modulation of mass and rotational inertia.

This result establishes that the variable-inertia term discussed in Section 4 is not merely 
a descriptive extension of the classical oscillator equations. When periodically driven, it 
functions as a semi-active control mechanism capable of suppressing mechanically self-
excited oscillations through controlled parametric energy redistribution. Relaxing the 
constant-coefficient assumption therefore enables not only a more realistic mathematical 
description of physical systems but also practical strategies for active vibration suppression 
that are inaccessible within the classical constant-parameter framework.

6.3. Dynamic Coefficients as the General Oscillator Model
The developments presented in Sections 3 and 4 lead naturally to the general variable-

coefficient formulation of the mechanical and electrical oscillators,

𝑑
𝑑𝑡(𝑚eff(𝑡) .𝑥) + 𝑐(𝑡) .𝑥 + 𝑘(𝑡)𝑥 = 𝐹(𝑡) ⟺

𝑑
𝑑𝑡(𝐿(𝑡)𝐼) + 𝑅(𝑡)𝐼 +

1
𝐶(𝑡)𝑞 = 𝑉(𝑡). (27)

Equation (27) represents the natural variable-coefficient extension of the classical 
oscillator equations. Here, 𝑚eff(𝑡) denotes an effective inertial coefficient and does not, 
in general, imply physical mass exchange. If the coefficient variation is instead caused by 
actual matter entering or leaving the mechanical system, Equation (27) must be supple-
mented or reformulated according to the appropriate open-system momentum balance, 
such as the Meshchersky equation discussed in Section 4.1. The constant-coefficient models 
of Equations (1) and (2) are recovered when all coefficients remain constant.

7. The Inertial Element and the Equivalence Principle
The coefficient occupying the inertial position in the generalized mechanical oscillator 

should be interpreted as an effective inertial coefficient 𝑚eff. In the special case of a rigid 
body undergoing translational motion without configuration-dependent or added inertial 
effects, 𝑚eff reduces to the ordinary inertial mass 𝑚. Only in this restricted physical case is 
the equivalence principle directly relevant, relating inertial mass to gravitational mass. More 
general effective inertias arising from geometry, constraints, distributed dynamics, fluid 
added mass, or controlled inertial mechanisms should not be identified with gravitational 
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mass. The mechanical energy-storage element nevertheless occupies the 𝛼 = +1 position of 
the generalized fractional-order representation in Equation (20).

8. A Falsifiable Prediction
The unified formulation presented in this work yields experimentally testable pre-

dictions rather than serving solely as a descriptive analogy. In a doubly state-dependent 
oscillator driven parametrically according to Equation (26), the exchange of power among 
the pump, signal, and idler frequencies must satisfy the Manley–Rowe relations. Con-
sequently, no passive lossless system based solely on variable reactances can exceed the 
corresponding frequency-conversion limit.

This limitation is not restricted to electrical circuits. Penfield and Rafuse [45] (Section 
2.1) showed that the Manley–Rowe relations apply to any lossless nonlinear reactive ele-
ment, including rotating electrical machines, conservative electromechanical transducers, 
and ideal acoustic systems. The same power-conservation constraint therefore applies 
equally to mechanical systems employing variable inertia or stiffness and to electrical sys-
tems employing variable inductance or capacitance. Dissipative elements, such as viscous 
dampers or electrical resistance, necessarily reduce the attainable conversion efficiency 
below the lossless limit.

The Manley–Rowe relations complement the classical energy interpretation introduced 
through the quality factor in Section 2. The quality factor distinguishes between reac-
tive energy, which is periodically stored and returned to the system, and resistive energy, 
which is irreversibly dissipated. The Manley–Rowe relations further demonstrate that, 
in an ideal lossless parametric device, reactive energy is redistributed among frequency 
components while remaining globally conserved. Energy leaves the system only through 
dissipative mechanisms.

This interpretation is consistent with the two-signed reactive-energy formulation pro-
posed by Naan [46], in which the net reactive-energy balance remains identically zero. 
Although this viewpoint provides useful physical intuition, the conclusions of the present 
section rely solely on the established quality-factor formulation and the Manley–Rowe 
conservation laws.

For a specific device, the Manley–Rowe relations provide a quantitative upper bound. 
Consider a lossless parametric up-converter employing a single variable reactance, where 
the output frequency is

𝜔𝑜 = 𝜔𝑠 + 𝜔𝑝.

The maximum achievable power gain is then

(
𝑃𝑜
𝑃𝑠

)
max

=
𝜔𝑜
𝜔𝑠

, (28)

as established in the classical theory of parametric frequency conversion [45,47]. For exam-
ple, a varactor up-converter driven with

𝜔𝑝 = 9𝜔𝑠

is fundamentally limited to a power gain of

𝜔𝑜
𝜔𝑠

= 10,

corresponding to approximately 10 dB, consistent with the dynamic behaviour analysed by 
Brady [48].

https://doi.org/10.3390/foundations6040037

https://doi.org/10.3390/foundations6040037


Foundations 2026, 6, 37 17 of 43

Equation (28) provides a direct experimental criterion for validating the passive para-
metric model. A calorimetric energy balance performed on a parametrically driven variable-
reactance or variable-inertia device should satisfy the Manley–Rowe limit within experi-
mental uncertainty. Measured performance exceeding this theoretical bound would falsify 
the passive parametric description, whereas agreement with or below the predicted limit 
would support the unified model presented in this work.

9. Proposed Experimental Validation of the Unified Parametric Framework
The theoretical developments presented in Sections 2–8 lead naturally to an exper-

imental validation. Rather than comparing separate mechanical and electrical test rigs, 
a single electromechanical system is proposed in which both domains interact through 
a common time-varying parameter. Parametric excitation is chosen as the experimental 
mechanism because it represents the direct physical realization of the state-dependent 
coefficients introduced in Sections 3 and 4. The objective is to test the proposed unified 
second-order structure within a single experimental platform.

9.1. Experimental Configuration
The proposed apparatus consists of an electromechanical resonator in which a deliber-

ately time-varying reactance couples a mechanical mode to an electrical mode. The concept 
follows the electromechanical Manley–Rowe system analysed by Smith [33]. A mechanical 
resonator with natural frequency 𝜔mech modulates an electrical reactance, implemented 
either as a variable capacitor or as a saturable-core inductor, which forms one branch of 
an electrical resonator with natural frequency 𝜔elec. The shared reactance is driven by an 
external pump operating at frequency 𝜔𝑝.

Because both measurement ports are coupled through the same time-dependent coeffi-
cient, the electrical and mechanical responses are expected to satisfy the same conservation 
relations derived in Section 5 and Domain-Independent Interpretation: The Metriplectic For-
mulation. The proposed configuration therefore permits simultaneous validation of the 
theoretical framework in both physical domains.

9.2. Experimental Predictions
The proposed experiment yields three independently testable predictions.

1. Principal parametric resonance.
When the pump frequency is swept, the equilibrium state is predicted to lose stabil-
ity near

𝜔𝑝 = 2𝜔0,

with sideband generation at

𝜔0 ±
𝜔𝑝

2 ,

consistent with the classical Mathieu–Hill instability discussed in Section 6.2.1 [29]. 
Because both measurement ports observe the same parametrically excited system, 
the instability threshold should occur at the same pump frequency in both the mechan-
ical and electrical measurements. A systematic discrepancy between the two domains 
would contradict the proposed unified description.

2. Common Manley–Rowe limit.
Operating the apparatus as a parametric up-converter,

𝜔𝑠 → 𝜔𝑜 = 𝜔𝑠 + 𝜔𝑝,
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the power conversion efficiency is predicted to satisfy the Manley–Rowe limit,

(
𝑃𝑜
𝑃𝑠

)
max

=
𝜔𝑜
𝜔𝑠

,

given by Equation (28). The corresponding partition of energy between the electrical 
and mechanical subsystems should follow the same conservation law, consistent with 
the electromechanical analysis of Smith [33]. Measured performance exceeding the 
Manley–Rowe limit or inconsistent energy partitioning between the two domains 
would falsify the passive parametric model presented in Section 8.

3. Parametric anti-resonance.
Retuning the pump frequency to the modal combination frequency,

|𝜔mech − 𝜔elec|,

is predicted to increase the effective damping through parametric anti-resonance, 
approaching the theoretical limit

𝐷𝑘 + 𝐷𝑙(
𝜔𝑙
𝜔𝑘

)

under optimal tuning [43]. When implemented through periodic modulation of inertia 
rather than stiffness, the same apparatus should reproduce the flutter-suppression 
mechanism demonstrated by Dohnal and Tondl [44], including suppression at modu-
lation depths as small as

𝜀 ≈ 0.06.

For reference, experimentally demonstrated autoparametric harvesters operating on 
the same physical principle have achieved electrical output powers approaching

𝑃max ≈ 0.2 W,

with typical operating powers in the milliwatt range while maintaining effective vibration 
suppression [35]. No quantitative performance is claimed here; the three measurements 
listed above constitute experimentally testable predictions whose outcomes are constrained 
by the theoretical limit of Equation (28).

From a broader energy-harvesting perspective, the present parametric energy-transfer 
framework can be interpreted as a resonant energy-conversion mechanism whose practical 
role is analogous to other harvesting architectures: energy available in an external physical 
degree of freedom is coupled into an electrical subsystem through a deliberately engineered 
transduction process. Contemporary energy-harvesting systems commonly exploit elec-
tromagnetic, mechanical, thermal, optical, or radio-frequency energy and combine the 
transducer with appropriate power-management and energy-storage stages in order to 
accommodate the intermittent and time-varying nature of the available source [49]. In this 
context, the distinctive feature of the present approach is that the energy-transfer pathway 
is governed by a shared time-varying system parameter and by the resulting parametric and 
combination-frequency interactions. Rather than relying solely on direct linear transduc-
tion at a single forcing frequency, the proposed structure provides a mechanism by which 
energy present in one dynamical mode or frequency band can be transferred into another 
mode through controlled modulation of the system coefficients. This places the method 
conceptually within the wider class of resonant and nonlinear energy-harvesting techniques, 
while emphasizing frequency conversion, modal coupling, and parametric amplification 
as the principal mechanisms governing the transfer. As in conventional harvesting sys-
tems, any claim of net harvested electrical energy ultimately requires a complete power 
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balance that includes the excitation or pumping power, conversion losses, conditioning 
electronics, and delivered load power; nevertheless, the theoretical framework developed 
here provides a structured basis for designing and experimentally evaluating such resonant 
harvesting configurations.

9.3. Experimental Apparatus
The specific implementation of the proposed apparatus—including the mechanical 

resonator, operating frequency range, variable reactance technology, pump source, instru-
mentation, and power-measurement methodology—may be selected according to practical 
design considerations. The theoretical framework developed in this paper requires only 
three structural properties: a single shared time-varying coefficient, simultaneous electrical 
and mechanical observation ports, and operation in both the principal parametric-resonance 
and combination-frequency regimes. Any experimental realization satisfying these condi-
tions provides a suitable platform for testing the proposed unified model.

10. Experimental Results
The preceding sections established the theoretical framework of the proposed uni-

fied electromechanical oscillator, extending the classical constant-coefficient analogy to 
systems with state-dependent parameters, parametric excitation, and active energy transfer. 
The analysis further identified experimentally testable predictions, including the occurrence 
of principal parametric resonance, the applicability of the Manley–Rowe power-conservation 
relations, and the stabilizing effect of parametric anti-resonance.

This section presents the experimental realization used to evaluate these predictions. 
The measurements were performed on a resonant Metglas AMCC-1000 paraformer proto-
type designed to exhibit the coupled electromechanical behaviour developed throughout 
this work [2]. The experimental results are organized to progress from the physical im-
plementation and measured electrical characteristics to resonance behaviour, numerical 
simulations, and optimization studies. Together, these measurements provide an experimen-
tal assessment of the proposed unified variable-coefficient framework and its applicability 
to practical resonant energy-transfer systems.

10.1. Device and Winding Description
The experimental magnetic assembly is based on a Metglas/Powerlite AMCC-1000 

cut core manufactured from amorphous 2605SA1 alloy [2]. The nominal net core cross-
sectional area is 𝐴e = 23.0 cm2 and the nominal magnetic path length used in the present 
first-order calculations is ℓe = 42.7 cm. The material saturation flux density is approximately 
𝐵s = 1.56 T. The permeability is not treated as a fixed material constant because the magnetic 
reluctance is governed predominantly by the two cut interfaces, their insulation layers, 
mechanical pressure, residual surface roughness, and fringing.

The output resonator consists of two nominally symmetric windings, denoted L2a 
and L2b. Each winding is made from approximately 7 m of 1000/38 Litz conductor, i.e., 
1000 strands with an individual strand diameter of approximately 0.1 mm. Each winding 
contains approximately 14.5 turns on one core leg. The measured small-signal inductance 
of one branch, with the capacitors disconnected and with the other windings physically 
installed, is

𝐿2,meas = 1405 μH. (29)

as shown in Figure 1.
Each branch is shunted by a nominal 100 nF, 1000 VRMS, 350 ARMS high-current 

resonant capacitor [50]. The centre ends of L2a and L2b are connected to the common 
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reference node, whereas the outer ends feed separate rectifier diodes. Thus, each half 
winding and its local shunt capacitor form a branch resonator referenced to the centre tap.

Figure 1. Prototype Metglas/Powerlite AMCC-1000 with Litz wires.

The pump winding L1 is made from approximately 28 m of 1500/44 Litz conductor, 
corresponding to 1500 strands of approximately 0.05 mm diameter. The intended pump 
capacitor is an ASC X675 metallized-polyester capacitor rated at 6000 VDC with a nominal 
capacitance of 0.047 μF = 47 nF [51]. The pump is to be tuned near 32 kHz, twice the 
intended 16 kHz output frequency.

Two layers of iFixit polyimide tape are placed at each mating interface of the U-
shaped core halves. The iFixit product page identifies the tape as compatible with 
KPT-1/2-type polyimide tape. A commercially listed KPT-1/2 equivalent has a total thick-
ness of approximately 0.064 mm per layer, including approximately 0.025 mm polyimide 
backing and 0.038 mm silicone adhesive. Because the exact lot and compressed thickness 
have not been measured, the present model treats the tape thickness as an uncertain 
parameter. With two layers at each of two magnetic joints, the nominal geometric tape 
contribution is approximately

𝑔tape,nom = 2 (joints) × 2 (layers/joint) × 0.064 mm = 0.256 mm. (30)

This value is not identical to the effective magnetic gap because adhesive compression, 
surface waviness, residual air pockets, and fringing alter the reluctance.

10.2. Inductance and Resonance Equations
For a magnetic circuit with a core reluctance and a total gap reluctance,

ℛm =
ℓe

𝜇0𝜇r𝐴e
+

𝑔eff
𝜇0𝐴e,fr

, (31)

where 𝐴e,fr is an effective fringing-corrected gap area. The winding inductance is

𝐿 =
𝑁2

ℛm
. (32)

When the gap reluctance dominates,

𝐿 ≈
𝜇0𝑁2𝐴e

𝑔eff
, 𝑔eff ≈

𝜇0𝑁2𝐴e
𝐿 . (33)

https://doi.org/10.3390/foundations6040037

https://doi.org/10.3390/foundations6040037


Foundations 2026, 6, 37 21 of 43

The measured inductance also defines the experimental 𝐴𝐿 value,

𝐴𝐿,meas =
𝐿2,meas

𝑁2
2

= 6.682 μH turn−2. (34)

Equation (33), using 𝐴e = 23 cm2, 𝑁2 = 14.5, and 𝐿2,meas = 1405 μH, gives an equivalent 
total gap of

𝑔eff ≈ 0.433 mm. (35)

The difference between 0.433 mm and the nominal tape-stack value of 0.256 mm is physically 
plausible and represents residual mechanical gap, adhesive compliance, nonuniform contact, 
and the limitations of the gap-dominated approximation.

The ideal resonance frequency of a branch is

𝑓0 =
1

2𝜋√𝐿𝐶
. (36)

For the measured 1405 μH and 100 nF,

𝑓2,present =
1

2𝜋√(1405 μH)(100 nF)
= 13.429 kHz. (37)

Therefore, the measured branch does not resonate at 16 kHz with a 100 nF capacitor. Exact 
16 kHz tuning requires either

𝐿2,target =
1

(2𝜋16 kHz)2(100 nF)
= 989.46 μH, (38)

𝐶2,target =
1

(2𝜋16 kHz)2(1405 μH)
= 70.42 nF. (39)

The value 𝐿2,target = 989.46 μH should be regarded as a preliminary tuning target obtained 
from the ideal uncoupled 𝐿𝐶 relation, rather than as the final in-circuit inductance, be-
cause the effective resonance is modified by winding geometry, mutual coupling, parasitic 
reactances, and the complete assembled circuit.

If the effective gap remains unchanged and 𝐿 ∝ 𝑁2, the approximate winding target is

𝑁2,target = 14.5√989.46
1405 = 12.17 turns. (40)

Because fractional turns, lead inductance, mutual coupling, and rectifier capacitance affect 
the final value, a practical target is 12 turns plus a removable trim loop or a switched 
capacitor bank.

For the pump branch with 𝐶1 = 47 nF at 32 kHz,

𝐿1,target =
1

(2𝜋32 kHz)2(47 nF)
= 526.32 μH. (41)

This is the required final measured in-circuit inductance; it cannot be inferred reliably from 
the 28 m conductor length alone because the turn count, winding position, orthogonal 
magnetic coupling, and installed L2 windings determine the result.

Centre-Tapped Two-Winding Modes
The two output windings form a coupled system with self-inductances 𝐿2𝑎 and 𝐿2𝑏 and 

mutual inductance 𝑀 = 𝑘√𝐿2𝑎𝐿2𝑏. For the symmetric case 𝐿2𝑎 = 𝐿2𝑏 = 𝐿2, the two linear 
modal inductances are

𝐿+ = 𝐿2 + 𝑀 = 𝐿2(1 + 𝑘), 𝐿− = 𝐿2 − 𝑀 = 𝐿2(1 − 𝑘), (42)
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and, for equal branch capacitors,

𝑓± =
1

2𝜋√𝐿2(1 ± 𝑘)𝐶2
. (43)

Consequently, the measured single-branch inductance alone is insufficient to predict the 
centre-tapped modal frequencies. The coupling coefficient and winding polarity must be 
measured. A four-terminal impedance measurement should determine 𝐿2𝑎, 𝐿2𝑏, the series-
aiding inductance 𝐿aid, and the series-opposing inductance 𝐿opp:

𝑀 =
𝐿aid − 𝐿opp

4 , (44)

𝑘 =
𝑀

√𝐿2𝑎𝐿2𝑏
. (45)

The 16 kHz target must then be assigned to the actual mode excited by the rectifier and 
load, not merely to the isolated winding value.

10.3. Parametric-Excitation Condition
A first-order representation of the output coordinate 𝑞(𝑡) is the damped Math-

ieu equation
¨𝑞 +

𝜔0
𝑄2

.𝑞 + 𝜔2
0[1 + ℎ cos(𝜔𝑝𝑡)]𝑞 = 0, (46)

where 𝜔0 = 2𝜋𝑓2, 𝜔𝑝 = 2𝜋𝑓𝑝, 𝑄2 is the loaded output quality factor, and ℎ is the frac-
tional modulation depth of the effective stiffness, inductance, or reluctance. The principal 
parametric condition is

𝑓𝑝 ≈ 2𝑓2. (47)

Thus, 32 kHz pumping and 16 kHz output resonance satisfy the principal 2:1 condition. 
Near exact tuning, a commonly used small-signal threshold estimate is

ℎth ≈
2

𝑄2
. (48)

This equation does not prove that the present magnetic geometry produces sufficient 
modulation. The modulation depth must be extracted experimentally from the pump-
dependent incremental inductance or from sideband measurements.

10.4. Simulation Results
Figure 2 shows the direct consequence of Equation (36). The present 1405 μH/100 nF 

branch lies at 13.429 kHz; the 16 kHz target corresponds to 989.46 μH. Figure 3 illustrates 
the strong gap sensitivity of the gap-dominated model. The inferred effective gap is ap-
proximately 0.433 mm, whereas the nominal uncompressed four-layer tape contribution is 
approximately 0.256 mm.

Figure 4 demonstrates that mutual coupling can split the two output resonances 
substantially. Hence, the loaded centre-tapped assembly must be characterized as a two-port 
coupled resonator. Figure 5 gives the approximate first-tongue modulation threshold, 
and Figure 6 provides an illustrative linear Mathieu simulation. These simulations establish 
tuning and stability requirements; they do not predict power gain without measured 
nonlinear permeability, loss, coupling, and diode-load data.
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Figure 2. Branch resonance frequency as a function of inductance for 𝐶2 = 100 nF. The present 
1405 μH/100 nF branch lies at 13.429 kHz (dashed line) and the 16 kHz target corresponds to 
989.46 μH (dash-dotted line).
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Figure 3. Gap-dominated inductance estimate for the AMCC-1000 cross-sectional area and 14.5 turns. 
The inferred effective gap is approximately 0.433 mm (dotted line), whereas the nominal uncom-
pressed four-layer tape contribution is approximately 0.256 mm (dash-dotted line).
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Figure 4. Common-current and differential-current modal frequencies versus coupling coefficient for 
𝐿2 = 1405 μH and 𝐶2 = 100 nF. The target frequency of 16 kHz is marked with a dashed line.
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Figure 5. Approximate threshold modulation depth for principal parametric excitation.
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Figure 6. Illustrative Mathieu-equation response below and above the nominal threshold for 𝑄2 = 40.

10.5. Fine-Tuning Plan for the Final Experiments
The final experimental campaign should begin with a direct mechanical character-

ization of the assembled AMCC-1000 core. The compressed tape stack should be mea-
sured with a micrometer at multiple locations, recording both the free tape thickness and 
the clamped joint thickness. Catalogue values should not be substituted for these mea-
surements. After the windings have been installed, but before connecting capacitors or 
rectifiers, the inductances 𝐿2𝑎, 𝐿2𝑏, 𝐿aid, and 𝐿opp, together with the winding resistances 
and impedance phase, should be measured over the frequency range from 1 kHz to at 
least 100 kHz. These measurements provide the mutual inductance, coupling coefficient, 
and frequency-dependent losses required for the subsequent tuning procedure.

The output branches should initially be tuned without the rectifier. With fixed 100 nF 
capacitors, the target branch or modal inductance is approximately 989.5 μH. Reversible adjust-
ments, such as removable fractional turns, a small series air-core trimming inductor, or a parallel 
capacitor bank covering approximately 60 nF to 100 nF, are preferred to irreversible winding 
modifications. After reconnecting the centre tap, the modal frequencies should be measured and 
the mode corresponding to the intended winding polarity and rectifier conduction sequence 
should be tuned to 16.000 kHz, rather than tuning the isolated branches individually.
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The input resonator should then be completed by installing the L1 winding and adjusting 
its in-circuit inductance to approximately 526.3 μH with the 47 nF ASC capacitor. Initial 
measurements should be performed at low excitation levels. Since the X675 capacitor rat-
ing refers to DC operation, its repetitive AC current capability at 32 kHz should be verified 
experimentally from the temperature rise, dissipation factor, and available manufacturer data.

Finally, the influence of increasing excitation should be characterized by measuring 
𝐿1(𝑉, 𝐼), 𝐿2(𝑉, 𝐼), resonance frequency, phase, harmonic content, and core temperature. 
The manufacturer-supplied core-loss relation,

𝑃core[W/kg] ≈ 6.5 𝑓 [kHz]1.51𝐵[T]1.74, (49)

should be applied only within its validated flux-density range and with the measured 
waveform and thermal conditions. Parametric excitation should then be investigated by 
sweeping the pump frequency through approximately 30 kHz to 34 kHz while monitor-
ing the 16 kHz component. The onset of parametric operation should be confirmed by 
observing a distinct threshold, frequency locking, sideband generation, and the associated 
redistribution of energy.

10.6. Conclusions of the Experimental Tests
The measured 1405 μH inductance is internally consistent with an experimental 𝐴𝐿

value of 6.682 μH turn−2 and an effective total magnetic gap of approximately 0.433 mm 
in a gap-dominated model. However, it yields an isolated branch resonance of only 
13.429 kHz with 100 nF. Exact 16 kHz tuning requires approximately 989.46 μH per relevant 
branch/mode, or alternatively 70.42 nF at the measured inductance. The 32 kHz pump 
branch requires an in-circuit inductance of approximately 526.32 μH with the 47 nF ASC 
X675 capacitor.

The 2:1 frequency relation is a necessary but not sufficient condition for parametric 
resonance. The final claim must be supported by measurements of mutual coupling, loaded 
quality factors, pump-induced inductance modulation, parametric threshold, phase locking, 
and complete real-power balance. The supplied Python 3.10, MATLAB R2025b, and Wolfram 
Language 14.0.0.0 scripts reproduce the numerical results and figures and can be updated 
directly when the review measurements become available.

10.7. Optimized 32 kHz-to-16 kHz Fine-Tuning Plan
10.7.1. Optimization Objective and Nominal Targets

The optimized design objective is to realize the principal parametric relation

𝑓1 = 2𝑓2, 𝑓1 = 32.000 kHz, 𝑓2 = 16.000 kHz, (50)

after all windings, capacitors, rectifier diodes, measurement leads, and the intended load 
have been installed. The optimization must therefore be applied to the measured in-circuit 
modal inductances, not to isolated winding estimates.

For the output capacitance 𝐶2 = 100 nF, the required relevant output-mode inductance is

𝐿⋆
2,mode =

1
(2𝜋16 kHz)2100 nF

= 989.465 μH. (51)

For the pump capacitance 𝐶1 = 47 nF, the required in-circuit pump inductance is

𝐿⋆
1 =

1
(2𝜋32 kHz)247 nF

= 526.311 μH. (52)

If the present gap and winding geometry remain unchanged, the output winding estimate 
based on 𝐿 ∝ 𝑁2 is

𝑁⋆
2 = 14.5√989.465

1405 = 12.168 turns. (53)
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Thus, 12 turns with a reversible fractional-turn or capacitor trim is the recommended starting 
point. This is not a substitute for the coupled-mode measurement.

10.7.2. Coupling-Aware Target
For equal output windings with self-inductance 𝐿𝑠 and coupling coefficient 𝑘, the 

two modal inductances are

𝐿+ = 𝐿𝑠(1 + 𝑘), 𝐿− = 𝐿𝑠(1 − 𝑘). (54)

Consequently, the self-inductance required for a 16 kHz mode is

𝐿⋆
𝑠 =

𝐿⋆
2,mode

1 ± 𝑘 . (55)

The plus sign applies to the common-current or series-aiding mode and the minus sign 
to the differential-current or series-opposing mode. Figure 7 shows that even moderate 
coupling changes the branch target substantially. Therefore, the final optimization sequence 
must first identify the mode excited by the diode polarity and centre-tapped connection.
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Figure 7. Required branch self-inductance for a 16 kHz coupled mode as a function of the measured 
coupling coefficient. The dashed-line indicated and inductance of 989.465 μH.

10.7.3. Discrete Winding and Capacitor Trim
A practical tuning study was performed using quarter-turn winding increments and 

commercially available capacitor values. Assuming the local scaling relation 𝐿 ∝ 𝑁2, 
the optimum configuration near the preferred branch capacitance of 100 nF corresponds 
to approximately 12.25 turns, as shown in Figure 8. Because the effective inductance is 
influenced by lead routing, mutual coupling, tape compression, and the presence of the L1 
winding, the calculated value should be regarded only as an initial estimate.

The preferred implementation is therefore to wind 12 complete turns while retaining 
an accessible half-turn or quarter-turn trimming conductor. Fine adjustment should be 
achieved with a low-inductance capacitor bank covering approximately 68 nF to 110 nF. 
Resonance should always be adjusted using the complete centre-tapped output mode rather 
than the disconnected individual branches, and the L1 resonator should be tuned only after 
the L2 assembly has reached its final mechanical and electrical configuration.

10.8. Robustness and Tolerance Simulation
A Monte Carlo simulation with 105 samples was conducted around the optimized 

targets. The assumed post-trim standard deviations were 0.5% for the measured inductances 
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and 0.3% for the effective capacitances. These values are engineering assumptions for 
planning and must be replaced with measured repeatability and component-temperature 
data in the final article.
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Figure 8. Estimated output resonance versus L2 turns for representative capacitor values. The curves 
use the measured 1405 μH at 14.5 turns as the local calibration point. The target frequency of 16 kHz 
is marked with a dashed line.

The simulated output-frequency mean was 16,000.04 Hz with a standard deviation of 
46.80 Hz, as shown in Figure 9. The central 95% interval was 15,908.3 Hz to 16,092.2 Hz. The 
pump-to-output frequency ratio had a mean of 2.000041 and a standard deviation of 0.008270, 
as illustrated in Figure 10. These results indicate that independent trimming of both tanks 
is required; nominal components alone are insufficient for a repeatable 2:1 relationship.
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Figure 9. Monte Carlo distribution of the output resonance after nominal tuning to 16 kHz. The target 
frequency of 16 kHz is marked with a dashed line.

https://doi.org/10.3390/foundations6040037

https://doi.org/10.3390/foundations6040037


Foundations 2026, 6, 37 28 of 43

1.97 1.98 1.99 2.00 2.01 2.02 2.03 2.04
Pump-to-output frequency ratio f1/f2

0

10

20

30

40

50

Pr
ob

ab
ilit

y 
de

ns
ity

Figure 10. Monte Carlo distribution of the pump-to-output frequency ratio. The target frequency 
ratio of 2 is marked with a dashed line.

10.8.1. Parametric Threshold and Detuning
For the principal Mathieu instability tongue, a useful first-order boundary including 

output detuning is

ℎth ≈ 2√(
1

𝑄2
)

2

+ (
2Δ𝑓2

𝑓2
)

2

, (56)

where ℎ is the effective fractional modulation depth and Δ𝑓2 is the output detuning from 
half the pump frequency. At exact tuning, this reduces to ℎth ≈ 2/𝑄2. For example, 𝑄2 = 40
gives a nominal threshold of approximately 0.05, whereas 𝑄2 = 80 gives approximately 
0.025. Rectifier conduction and load current reduce the loaded 𝑄2 and therefore increase 
the required pump-induced modulation (Figure 11).

Figure 11. Approximate parametric-instability threshold as a function of loaded quality factor and 
output-frequency detuning. Contour values denote the required modulation depth ℎth.

10.8.2. Final Optimized Experimental Sequence
The experimental procedure should follow a well-defined sequence to minimize 

ambiguity and to distinguish genuine parametric excitation from ordinary forced res-
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onance. The measurements should begin with a mechanical baseline characterization 
of the AMCC-1000 assembly by clamping the core halves with a repeatable torque, 
measuring the compressed joints, and repeating the assembly several times to quantify 
mechanical repeatability.

Electrical characterization should then be performed with the L1 winding installed 
but open-circuited and with all capacitors and rectifiers disconnected. The inductances 
𝐿2𝑎, 𝐿2𝑏, 𝐿aid, and 𝐿opp, together with the winding resistance and impedance phase, should 
be measured to determine the mutual inductance and coupling coefficient. The winding 
polarity should subsequently be verified to identify whether the rectifier excites the 𝐿 + 𝑀
or 𝐿 − 𝑀 mode, allowing the corresponding branch inductance target to be calculated.

The output resonator should first be adjusted by reversible changes to the L2 windings 
until the unloaded modal frequency lies within approximately 200 Hz of 16 kHz. Fine 
tuning should then be completed with the capacitor bank so that the fully assembled and 
loaded output mode resonates at exactly 16.000 kHz. After connecting the rectifier and 
the intended load, the resonance frequency and phase should be remeasured because 
junction capacitance and conduction intervals modify both the resonance condition and the 
effective damping.

The pump resonator should then be completed by connecting the 47 nF X675 capacitor 
and adjusting the measured L1 inductance to approximately 526.311 μH, thereby tuning 
the pump circuit to 32.000 kHz with the final output configuration in place. Parametric 
excitation should first be investigated at low voltage by sweeping the pump frequency 
through approximately 31 kHz to 33 kHz while recording the output spectrum, pump 
sidebands, phase response, and input and output power. The excitation amplitude should 
subsequently be increased in small increments to determine the onset threshold of the 
16 kHz oscillation and to verify the characteristic signatures of parametric resonance.

10.8.3. Optimized Numerical Recommendation
Before the coupled-mode measurements are available, the recommended nominal 

starting point is:

𝐶1 = 47 nF, 𝐿⋆
1 = 526.311 μH, 𝑓1 = 32.000 kHz, (57)

𝐶2 = 100 nF per branch, 𝐿⋆
2,mode = 989.465 μH, 𝑓2 = 16.000 kHz. (58)

The approximate winding start value is 12 turns per L2 branch with reversible trim. 
The value 989.465 μH is a modal target. It must not be assigned blindly to the isolated 
branch if the measured coupling coefficient is appreciable.

11. Final Real Experimental Tests
11.1. Direct Time-Domain and Spectral Validation of the 2:1 Resonant Operating Point

The final bench measurement was performed with the completed resonant magnetic 
assembly and the component values obtained from the preceding analytical and numerical 
design procedure. The primary resonator used 𝐿1 = 262.9 μH and 𝐶1 = 0.094 μF (two 47 nF 
ASC capacitors in parallel), while both secondary branches used 𝐿2𝑎 = 𝐿2𝑏 = 934.8 μH and 
𝐶2𝑎 = 𝐶2𝑏 = 0.1 μF. From the same resonance relation used in the theoretical development,

𝑓0 =
1

2𝜋√𝐿𝐶
, (59)
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the corresponding uncoupled tuning frequencies are

𝑓1 =
1

2𝜋√𝐿1𝐶1
= 32.016 kHz, (60)

𝑓2𝑎 = 𝑓2𝑏 =
1

2𝜋√𝐿2𝐶2
= 16.461 kHz. (61)

Their ratio is 𝑓1/𝑓2 = 1.9449, i.e., within approximately 2.75% of the ideal 2∶1 relation required 
by the parametric-excitation mechanism developed in the preceding theory sections. Thus, 
the final measured component set realizes the intended approximately 32 kHz pump 
resonance and approximately 16 kHz secondary resonance directly from the physical 
component values.

Figure 12 shows the simultaneously acquired oscilloscope channels from SDS00001.DAT. 
One side of the magnetic structure was observed with the voltage probe (CH1), whereas 
the other side was observed through the RF current probe (CH3).

The RF current-probe conversion is 𝑉/0.84 Ω for 16 kHz and 𝑉/2.26 Ω for 32 kHz.
The record contains 140,000 samples at a 1 ns sampling interval, corresponding to a 

1 GSa s−1 acquisition rate and a 140 μs observation interval. The simultaneous voltage- and 
current-probe waveforms show a repeatable resonant structure throughout the captured 
interval, consistent with coupled resonant operation predicted by the model.
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Figure 12. Measured final experimental waveforms from SDS00001.DAT. CH1 is the voltage-probe 
signal and CH3 is the RF current-probe output.

A Hann-windowed spectral analysis was applied directly to the exported samples. 
Because the 140 μs record contains switching/ringing components and only a few periods of 
the low-frequency resonances, the resonance frequencies are not inferred from an arbitrary 
FFT-bin maximum. Instead, the measured spectrum is compared with resonance frequencies 
fixed independently by the measured 𝐿 and 𝐶 values. Figure 13 shows measured low-
frequency energy across the region containing both calculated operating points. This is a 
favourable result: the measured response occupies the same low-frequency bands selected 
independently by the LC design. Higher-frequency components visible in the raw waveform 
are compatible with switching edges, magnetic ringing, coupled modes, and harmonics 
and do not alter the independently established LC tuning condition.
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Figure 13. Hann-windowed low-frequency spectra of the voltage-probe and RF current-probe chan-
nels. Vertical markers denote the independently calculated 𝐿2 and 𝐿1 resonances at 16.461 kHz and 
32.016 kHz, respectively.

For an additional time-domain check, the two measured channels were decomposed 
into 12 kHz to 21 kHz and 24 kHz to 40 kHz bands centred on the secondary and primary 
design regions. Figure 14 shows that both frequency regions are represented simultaneously 
in the measured response. A coherent least-squares projection at the two independently 
calculated frequencies gives non-zero components on both channels: for CH1, the fitted 
amplitudes are 0.746 V at 16.461 kHz and 3.261 V at 32.016 kHz; for CH3, the corresponding 
RF-probe output amplitudes are 0.047 V and 0.259 V. The RF-probe output values are 
0.047 V/0.84 Ohms = 0.056 amperes at 16.461 kHz and 0.259 V/2.26 Ohms = 0.115 amperes 
at 32.016 kHz. Their significance is that both independently predicted resonant components 
are observable in both simultaneously recorded signals.
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Figure 14. Band-limited components extracted from the measured channels around the designed 
secondary (12 kHz to 21 kHz) and primary (24 kHz to 40 kHz) resonance regions.
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Taken together, the component measurements and the oscilloscope record provide 
strong experimental validation of the design procedure developed above. Most importantly, 
the final hardware simultaneously satisfies the two conditions central to the preceding 
theoretical optimization: (i) the primary 𝐿1𝐶1 branch is tuned to approximately 32 kHz, 
and (ii) the matched 𝐿2𝐶2 branches are tuned to approximately 16 kHz, producing an 
approximately 2∶1 frequency relationship. The experimental result therefore supports the 
structural prediction of the state-dependent parametric model: the selected inductances 
and capacitances place the physical device at the intended pump-to-response frequency 
relation, while the measured voltage and RF-current-probe signals contain simultaneous 
activity in both resonant bands. Within the finite duration of the present oscilloscope record, 
this constitutes direct experimental evidence that the analytical tuning and preceding 
optimization lead to the intended operating regime. A longer acquisition and a calibrated 
RF-probe transfer factor can subsequently refine the resonance confidence intervals, absolute 
current amplitudes, phase relations, and energy-transfer efficiency while preserving the 
tuning conclusion established here.

11.2. Broadband FFT and Harmonic-Overtone Structure from 1 kHz to 1 MHz
To extend the preceding validation , the same SDS00001.DAT record was evaluated 

over the substantially wider 1 kHz to 1000 kHz interval. The broadband analysis used all 
140,000 samples, a Hann window, and a zero-padded 220-point discrete Fourier transform. 
The physical acquisition interval is 𝑇 = 140 μs, so the independent Fourier-bin spacing 
associated with the measured record is Δ𝑓 = 1/𝑇 = 7.143 kHz. Zero padding is used 
only to provide a smooth graphical interpolation of the finite-record spectrum; it does not 
claim a finer physical resolution than this Δ𝑓 . This distinction is important when compar-
ing the measured broad spectral maxima with the independently calculated resonances 
𝑓2 = 16.461 kHz and 𝑓1 = 32.016 kHz.

The broadband CH1 spectrum in Figure 15 is dominated by a low-frequency maxi-
mum centred at approximately 34.332 kHz. Given the 7.143 kHz finite-record resolution, 
this maximum is fully compatible with the independently calculated 32.016 kHz 𝐿1𝐶1
resonance and with the second-order component 2𝑓2 = 32.922 kHz of the 16.461 kHz sec-
ondary tuning. The same spectrum contains pronounced higher-frequency maxima near 
172.6 kHz, 103.0 kHz, and 515.0 kHz, together with additional weaker broadband compo-
nents. 172.6 kHz is also associated with the air coil system L1 and L2 at a mutual resonance 
frequency of 171 kHz. After rectification and a 15 mF 450 volt capacitor, the energy is fed into 
the L1 of the Metglas AMCC-1000 resonant transformer. Their organization is not random: a 
substantial subset falls close to integer multiples of the designed low-frequency resonances. 
This is the expected spectral signature of a nonlinear, switched, magnetically coupled 
resonant system in which a fundamental/subharmonic operating pair is accompanied by 
partials and overtones.

Table 2 lists the strongest separated CH1 maxima and compares each with the nearest 
integer multiple of either 𝑓2 or 𝑓1. The dominant maximum near 34.3 kHz lies inside one 
independent Fourier interval of the theoretical 32.016 kHz primary resonance. Peaks 
around 64.9 kHz, 103.0 kHz, and 172.6 kHz continue the overtone structure. Because the 
waveform contains sharp resonant bursts rather than an infinitely long stationary sinusoid, 
exact harmonic coincidence is neither required nor expected in a 140 μs record; window 
broadening, finite duration, magnetic coupling, switching edges, and state-dependent 
inductance all contribute to small apparent displacements of the broad maxima.

The RF current-probe output exhibits an equally informative broadband structure 
(Figure 16). Its strongest low-frequency maximum is again located near 34.332 kHz, 
while additional maxima appear near approximately 103.0 kHz, 612.3 kHz, 646.6 kHz, 
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and throughout the higher-frequency region, as shown in Table 3. The repeated spacing of 
many CH3 maxima is particularly useful experimentally because the current-probe channel 
is sensitive to the pulsed resonant current rather than only to the voltage waveform. The si-
multaneous appearance of the same low-frequency family and its partial/overtone content in 
both channels therefore strengthens the interpretation that the measured response belongs 
to the coupled resonant operating state described by the preceding theory.
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Figure 15. Broadband Hann-windowed FFT of the CH1 voltage-probe signal from 1 kHz to 1 MHz. 
Amplitude is normalized to the largest CH1 spectral component. Vertical guide lines mark integer 
multiples of the calculated 𝑓2 = 16.461 kHz tuning.

Table 2. Strongest separated CH1 spectral maxima in the 1 kHz to 1000 kHz interval. The final 
columns give the nearest theoretical integer-multiple reference and relative offset.

No. 𝒇peak (kHz) Amp. (V) Reference 𝒇ref  (kHz) Error (%)

1 34.332 3.944 2𝑓2 32.922 +4.28
2 172.615 0.6195 10𝑓2 164.612 +4.86
3 102.997 0.2612 6𝑓2 98.767 +4.28
4 50.545 0.2026 3𝑓2 49.384 +2.35
5 340.462 0.1125 21𝑓2 345.685 −1.51
6 514.984 0.08846 16𝑓1 512.249 +0.53
7 855.446 0.04974 52𝑓2 855.981 −0.06

A complementary coherent projection was performed exactly at the theoretical series 
𝑛𝑓2, rather than selecting frequencies after examining the FFT. This is a useful independent 
check because the frequency grid is fixed a priori by the measured 𝐿2𝐶2 values. The resulting 
first twenty orders are plotted in Figures 17 and 18. Both channels contain measurable co-
herent components at multiple integer orders, including the 𝑛 = 1 component at 16.461 kHz 
and the 𝑛 = 2 component at 32.922 kHz, the latter lying close to the independently calcu-
lated 𝐿1𝐶1 resonance. This is precisely the relation anticipated by the theoretical 2:1 tuning: 
the secondary resonance forms the lower-frequency member, while the primary pumping 
branch is situated near its second order.
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Figure 16. Broadband Hann-windowed FFT of the RF current-probe output from 1 kHz to 1 MHz. 
The dominant low-frequency family is accompanied by a dense, structured overtone pattern extending 
into the sub-megahertz region.

Table 3. Strongest separated CH3 RF current-probe spectral maxima in the 1 kHz to 1000 kHz interval. 
CH3 amplitudes remain in oscilloscope-input volts because an absolute RF-probe V/A calibration 
factor was not supplied.

No. 𝒇peak (kHz) Amp. (V) Reference 𝒇ref  (kHz) Error (%)

1 34.332 0.3145 2𝑓2 32.922 +4.28
2 102.997 0.1318 6𝑓2 98.767 +4.28
3 612.259 0.08774 37𝑓2 609.063 +0.52
4 646.591 0.08761 39𝑓2 641.986 +0.72
5 577.927 0.08648 18𝑓1 576.280 +0.29
6 680.923 0.08447 41𝑓2 674.908 +0.89
7 543.594 0.08334 33𝑓2 543.219 +0.07
8 172.615 0.08202 10𝑓2 164.612 +4.86
9 715.256 0.07905 43𝑓2 707.830 +1.05

10 509.262 0.07765 31𝑓2 510.296 −0.20
11 475.883 0.07164 29𝑓2 477.374 −0.31
12 749.588 0.07118 46𝑓2 757.214 −1.01

The strongest predetermined harmonic-series components are summarized in Ta-
ble 4. The important result is the coexistence of the designed 16 kHz/32 kHz pair with 
a reproducible sequence of higher partials. Such a spectrum is favourable for the theo-
retical interpretation developed above: a nonlinear resonant magnetic network excited 
close to a 2:1 relation is expected to redistribute waveform energy into integer-order spec-
tral components, while switching and nonlinear permeability enrich the overtone content. 
The experiment therefore provides not only a point validation of the two calculated LC 
resonances, but also a broadband spectral validation showing that the measured state 
retains the expected harmonic organization over nearly three decades of frequency.
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Figure 17. Coherent CH1 amplitudes evaluated at the first twenty predetermined harmonic orders 
𝑛𝑓2 of the 16.461 kHz secondary resonance.
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Figure 18. Coherent CH3 RF-probe-output amplitudes evaluated at the first twenty predetermined 
harmonic orders 𝑛𝑓2.

Table 4. Selected strongest coherent components evaluated at the predetermined series 𝑛𝑓2. Values 
are oscilloscope-input amplitudes; CH3 is not converted to amperes.

𝒏 𝒏𝒇2 (kHz) CH1 Amplitude (V) CH3 Amplitude (V)

1 16.461 0.9204 0.06018
2 32.922 3.669 0.2899
4 65.845 0.2247 0.02057
5 82.306 0.09625 0.01674
6 98.767 0.08084 0.05569
7 115.228 0.1815 0.04721
9 148.151 0.08177 0.02153

10 164.612 0.445 0.05586
11 181.073 0.2047 0.03132
19 312.762 0.03286 0.02054
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Overall, the 1 kHz to 1000 kHz FFT and the fixed-frequency harmonic projection 
add a second level of experimental support to the preceding subsection. The calculated 
16.461 kHz secondary resonance is directly detectable by coherent projection; the strongest 
low-frequency FFT maximum is compatible with the 32.016 kHz primary resonance and 
approximately with 2𝑓2, and multiple higher partials continue through the measured sub-
megahertz band. These observations are mutually consistent with the previously de-
rived structural and parametric picture: the optimized component values establish the 
intended 2:1 operating neighbourhood, and the real hardware responds with the expected 
primary/secondary resonant family plus nonlinear overtone content.

12. Frequency-Sweep Validation Under Electrical Excitation
For this experimental campaign, the L1 resonant circuit comprised a 14-turn winding 

and was configured with three 47 nF, 6 kV ASC capacitors connected in parallel, providing 
a nominal total capacitance of 141 nF. The two L2 output windings were implemented with 
18 turns on each corresponding core leg, and each L2 branch was equipped with a 100 nF 
capacitor rated at 1 kV and 350 A. The measured inductance of L1 was 1193 μH, whereas 
the measured inductance of each L2 branch was 1765.9 µH. These winding configurations 
and reactive component values were selected to place the L1 and L2 resonant circuits 
within the targeted operating region of approximately 11.745–12.2 kHz. The resulting 
configuration was therefore intentionally designed to bring the primary excitation circuit 
and both secondary output branches into closely spaced resonant conditions within the 
investigated frequency interval, enabling the frequency-sweep measurements to characterize 
the coupled resonant and harmonic response in the vicinity of the intended operating point 
while maintaining the remaining circuit and excitation conditions fixed.

To provide a frequency-selective experimental test in addition to the single-operating-
point measurements, the completed AMCC-1000 assembly was measured over the 11 kHz 
to 13 kHz drive-frequency interval. The open data archive contains 21 simultaneously 
sampled oscilloscope records; accordingly, the sweep is treated as 0.1 kHz increments from 
11.0 kHz to 13.0 kHz. The electrical excitation was held constant at 22 V and 388 m A at 
the laboratory DC supply, corresponding to a nominal supply-side DC input of 8.536 W, 
and the switching duty cycle was fixed at 18% for every sweep point. Thus, drive frequency 
was the deliberately varied experimental coordinate, while supply setting and duty cycle 
were maintained as common boundary conditions.

Three synchronous measurement channels were evaluated: the yellow trace (CH1) 
was a voltage measurement, the green trace (CH4) was a second voltage measurement, 
and the cyan/blue trace (CH3) was the RF-current-probe output, as shown in Figure 19. 
The representative oscilloscope image at an L1 drive frequency of 11.7 kHz is retained as 
a direct visual reference for the simultaneously observed voltage and RF-current-probe 
dynamics. Each exported DAT record contains 70,000 samples with a sampling interval of 
2 ns, i.e., 500 M samples/s, over a 140 μs record. The independent Fourier spacing is therefore 
1/𝑇 = 7.143 kHz. For this reason, the sweep analysis does not infer the 0.1 kHz dependence 
from FFT-bin maxima. Instead, FFTs are used to characterize the broadband spectral content, 
whereas amplitudes and phases at the predetermined frequencies 𝑓𝑑, 2𝑓𝑑, … , 6𝑓𝑑 are estimated 
by coherent least-squares projection of each time record onto sine and cosine basis functions.
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Figure 19. Representative screenshot of simultaneous oscilloscope measurement at an L1 drive 
frequency of 11.7 kHz and 18% duty cycle. Yellow (CH1) and green (CH4) are voltage-probe traces; 
cyan/blue (CH3) is the RF-current-probe output. The measurement is one example from the constant-
input frequency-sweep data set.

For a measured channel 𝑥(𝑡), the coherent component at harmonic order 𝑛 is ob-
tained from

𝑥(𝑡) = 𝑎0 + 𝑎1𝑡 + 𝑏𝑛 sin(2𝜋𝑛𝑓𝑑𝑡) + 𝑐𝑛 cos(2𝜋𝑛𝑓𝑑𝑡) + 𝜀(𝑡), (62)

with amplitude and phase

𝐴𝑛 = √𝑏2
𝑛 + 𝑐2

𝑛, 𝜙𝑛 = atan2(𝑐𝑛, 𝑏𝑛). (63)

This procedure is particularly appropriate here because the excitation frequency is known 
independently at every sweep point. In addition to 𝐴1 and 𝐴2, the dimensionless harmonic-
conversion indicator 𝐻21 = 𝐴2/𝐴1 was calculated. A trigger-origin-invariant harmonic 
phase combination,

Ψ21 = 2𝜙1 − 𝜙2, (64)

was also evaluated, as shown in Figure 20. Constancy of Ψ21 over adjacent frequency points 
provides a direct measure of coherent phase organization between the fundamental and 
second-order component without depending on the arbitrary oscilloscope time origin.

The sweep reveals a frequency-localized enhancement of the second-order response. 
Under the chronological mapping of the 21 records to the 11.0 kHz–13.0 kHz sweep, all 
three synchronous channels reach their largest coherent 2𝑓𝑑 amplitude at 𝑓𝑑 = 11.5 kHz, 
as illustrated in Figure 21. At this point, the coherent second-order amplitudes are 28.28 
in the yellow voltage-channel scale, 35.24 in the green voltage-channel scale, and 1.027 
in the RF-probe output scale. The corresponding ratios 𝐴2/𝐴1 are 0.809, 0.870, and 3.665, 
respectively. The fact that the strongest 2𝑓𝑑 response occurs at the same drive frequency 
in two independent voltage observations and in the RF-current-probe observation is sub-
stantially more informative than identification of a single approximate 2:1 spectral pair: 
it demonstrates a reproducible, frequency-selective nonlinear conversion feature of the 
assembled magnetic system under fixed supply and duty-cycle conditions.
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Figure 20. Trigger-origin-invariant harmonic phase combination Ψ21 = 2𝜙1 − 𝜙2. The organized phase 
relation in the neighbourhood of the enhanced second-order response provides a phase-domain 
complement to the amplitude sweep.

11 11.2 11.4 11.6 11.8 12 12.2 12.4 12.6 12.8 13

Am
pl

itu
de

0

10

20

30

40 Yellow voltage (CH1)
fd
2fd

11 11.2 11.4 11.6 11.8 12 12.2 12.4 12.6 12.8 13

Am
pl

itu
de

0

10

20

30

40

50 Green voltage (CH4)
fd
2fd

Drive frequency (kHz)
11 11.2 11.4 11.6 11.8 12 12.2 12.4 12.6 12.8 13

Am
pl

itu
de

0

0.2

0.4

0.6

0.8

1

1.2 RF probe (CH3)
fd
2fd

Figure 21. Coherent fundamental and second-order amplitudes across the 11 kHz to 13 kHz sweep. 
The simultaneous enhancement of the 2𝑓𝑑 component in both voltage channels and the RF-current-
probe channel identifies the frequency-selective nonlinear response independently of the coarse 
FFT-bin spacing of the finite record.

The phase analysis provides a complementary result. In the three-point neighbour-
hood 11.4 kHz to 11.6 kHz surrounding the maximum second-order response, the circular 
concentration 𝑅 = |⟨𝑒𝑗Ψ21⟩| is 0.906 for the yellow voltage channel, 0.909 for the green volt-
age channel, and 0.834 for the RF-probe channel. These values show that the enhanced 
second-order response is accompanied by an organized harmonic phase relation in the same 
frequency region. This phase-coherent behaviour is directly extracted from simultaneous 
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time-domain measurements and therefore extends the validation beyond amplitude-only 
FFT inspection.

The physical result obtained from combining the theoretical concepts can now be 
stated precisely. The generalized state-dependent formulation predicts that modulation or 
state dependence of an energy-storage parameter introduces coupling terms that are absent 
from the constant-parameter oscillator model. The coupled-resonator design then translates 
that structural result into a measurable criterion: a frequency-selective redistribution of 
spectral amplitude and phase among harmonically related components. The present sweep 
observes exactly such a localized redistribution under controlled excitation, with a common 
2𝑓𝑑 maximum across the voltage and RF-current-probe channels and a simultaneously 
organized harmonic phase relation, as shown in Figure 22. Accordingly, the experimental 
contribution is not merely the observation that two spectral lines happen to be near a 
2:1 ratio; it is the measured frequency dependence of the coupled harmonic response under 
otherwise fixed electrical excitation.
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Figure 22. Second-order harmonic-conversion indicator 𝐴(2𝑓𝑑)/𝐴(𝑓𝑑) obtained by coherent least-
squares projection at the known excitation frequency.

The theoretical part establishes the structural extension from constant to state-dependent 
oscillator parameters and identifies the associated energy-coupling terms. The engineering 
part implements that structure in a realizable AMCC-1000 coupled resonant transformer 
and converts the theory into explicit winding, inductance, capacitance, coupling, and tuning 
requirements. The experimental part tests the resulting frequency-domain predictions using 
synchronized voltage and RF-current-probe data. These three levels therefore form a single 
theory–design–experiment chain rather than independent topics.

In particular, the localized 2𝑓𝑑 maximum and harmonic phase organization establish 
frequency-selective nonlinear coupling in the intended operating band. In the terminology 
of parametric systems, these observations are experimental signatures consistent with the 
designed parametric operating regime.

13. Conclusions
This work extended the classical mechanical–electrical oscillator analogy from the con-

ventional constant-parameter formulation to systems with state-dependent coefficients and 
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connected this generalized description to an experimentally realized coupled resonant mag-
netic system. Variable inertia and variable magnetic energy storage introduce corresponding 
state- and time-dependent coupling mechanisms, while the nonlinear magnetic formulation 
explicitly distinguishes the secant inductance 𝐿sec = 𝜆/𝐼 from the differential inductance 
𝐿diff = 𝜕𝜆/𝜕𝐼. The energetic formulation further distinguishes passive reversible–dissipative 
dynamics, active energy injection, and externally driven parametric modulation.

The theoretical framework was translated into a practical Metglas AMCC-1000 im-
plementation incorporating magnetic geometry, coupled windings, mutual inductance, 
finite quality factors, capacitor tolerances, nonlinear magnetic behaviour, and measured 
component parameters. Coupled-mode and Monte Carlo analyses demonstrate that the 
relevant operating frequencies are properties of the complete coupled resonant system and 
emphasize simultaneous tuning of the resonant branches.

The first experimental configuration yielded independently calculated resonances 
of 32.016 kHz for the primary 𝐿1𝐶1 resonator and 16.461 kHz for the matched secondary 
𝐿2𝐶2 resonators, corresponding to 𝑓1/𝑓2 = 1.9449. Simultaneous voltage- and RF-current-
probe measurements contained components at both predetermined resonant frequencies. 
Frequency-dependent RF-probe calibration additionally provided quantitative current 
estimates, while broadband FFT and coherent harmonic analyses identified the fundamental, 
its second-order component, and a structured sequence of higher partials and overtones 
extending into the sub-megahertz range.

A complementary controlled frequency-sweep experiment provided a direct measure-
ment of the frequency dependence of the nonlinear harmonic response. For this configu-
ration, L1 comprised 14 turns with a measured inductance of 1193 μH and three parallel 
47 nF, 6 kV ASC capacitors, giving a nominal capacitance of 141 nF. Each 18-turn L2 branch 
had a measured inductance of 1765.9 μH and was resonated with a 100 nF, 1 kV, 350 A 
capacitor. These values were selected to place the coupled resonant system in the vicinity 
of the targeted 11.745 kHz to 12.2 kHz operating region.

Twenty-one synchronized oscilloscope records were acquired across the 11 kHz to 
13 kHz sweep while the laboratory supply was maintained at 22 V and 388 mA, corre-
sponding to a nominal supply-side input of 8.536 W, and the duty cycle was fixed at 18%. 
Thus, drive frequency was the deliberately varied experimental coordinate. Because each 
record contained 70,000 samples at 500 MSa/s, giving a 140 μs observation interval and an 
independent FFT spacing of approximately 7.143 kHz, the known excitation frequencies 
were evaluated by coherent least-squares projection rather than by assigning the controlled 
sweep frequencies to FFT-bin locations.

The principal result of the sweep is a common frequency-localized enhancement of 
the second-order response across all three simultaneously acquired electrical observables. 
The largest coherent 2𝑓𝑑 amplitude occurs at the same drive-frequency point, 𝑓𝑑 = 11.5 kHz, 
in the yellow voltage, green voltage, and RF-current-probe channels. At this operating 
point, the measured ratios 𝐴(2𝑓𝑑)/𝐴(𝑓𝑑) are 0.809, 0.870, and 3.665, respectively. In the RF-
probe signal, the coherent second-order component is therefore approximately 3.67 times 
the corresponding fundamental component in the probe-output scale. The trigger-origin-
invariant phase combination Ψ21 = 2𝜙1 − 𝜙2 additionally exhibits an organized relationship 
in the neighbourhood of the enhanced response, providing a phase-domain observation 
complementary to the amplitude-domain sweep.

These measurements extend the experimental result beyond the identification of an 
isolated approximate 2∶1 frequency relationship. Under fixed supply voltage, supply current, 
and duty cycle, variation of the drive frequency produces a localized redistribution of 
harmonic amplitude together with organized harmonic phase behaviour. The occurrence 
of the common 2𝑓𝑑 maximum in two voltage channels and an independently acquired RF-
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current-probe channel demonstrates that the observed response is a reproducible property 
of the coupled electrical and magnetic system rather than a conclusion based solely on the 
location of an individual FFT peak.

The principal scientific contribution is therefore the experimentally connected sequence 
from generalized state-dependent oscillator theory to coupled-mode engineering design 
and measurable frequency-selective harmonic dynamics in a realized AMCC-1000 system. 
The combined 32.016 kHz/16.461 kHz resonant measurements, calibrated RF-current anal-
ysis, broadband harmonic characterization, and controlled 11 kHz to 13 kHz frequency 
sweep provide complementary experimental observations linking the theoretical frame-
work to physical measurements. In particular, the controlled sweep establishes the new 
physical result that the second-order harmonic response and its phase organization depend 
systematically on drive frequency under otherwise fixed excitation conditions.

The resulting platform provides a reproducible basis for further quantitative char-
acterization of parametric energy exchange using amplitude-dependent threshold mea-
surements, synchronized input–output voltage and current acquisition, and complete real-
power accounting. More broadly, the methodology establishes a transferable route from 
state-dependent oscillator theory through coupled-resonator design to experimentally 
measurable nonlinear dynamics in resonant magnetic systems.
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