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Abstract

This study introduces a novel matrix defined over the nonzero natural numbers, whose
entries are governed by a rigorous closed-form expression. The matrix architecture repli-
cates the topological properties of the Ulam spiral, mapping the integer sequence onto a
structured lattice with a well-defined formulation. We investigate the interplay between the
matrix’s linear algebraic properties and its number-theoretic implications. A primary focus
is the established connection between the matrix’s lines, rows, diagonals, and antidiagonals,
and the Hardy-Littlewood F-conjecture. By analyzing the matrix’s internal structure, this
work provides a new analytical framework for further study of the conjecture. The matrix
links its visual characteristics to quadratic polynomials, offering fresh insights into the
distribution of prime numbers.

Keywords: Ulam spiral; Hardy-Littlewood conjecture; Bateman-Horn conjecture; prime
numbers; quadratic polynomials
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1. Introduction

The Ulam spiral, or prime spiral, is a graphical depiction of the set of prime numbers,
developed by the mathematician Stanistaw Ulam in 1963 [1] and later popularized by
Martin Gardner [2]. While attending a scientific meeting, Ulam began doodling on a grid,
labeling the nonzero natural numbers in a counterclockwise spiral starting from the center.
This construction reveals unexpected linear concentrations of primes along diagonal, hori-
zontal, and vertical paths. These alignments correspond to quadratic polynomials, such as
Euler’s [3], which are conjectured to produce a high density of prime values [4]. Conse-
quently, the spiral serves as a visual bridge to fundamental unsolved problems in number
theory, illustrating deep-seated regularities in the distribution of prime numbers [5].

Ulam’s spiral is only one among several geometric constructions that reveal hidden
structures in arithmetic sequences. Closely related is the Sacks spiral, in which integers
are placed along an Archimedean spiral and primes tend to concentrate along smooth
curves [6]. Other geometric constructions embed arithmetic information into lattices
or modular spaces, such as planar visualizations of the Gaussian integers and modular
multiplication circles. These representations are frequently used as exploratory tools in
experimental number theory to expose symmetry and periodicity [7].

The Hardy-Littlewood F-conjecture provides the theoretical underpinning for the
visual patterns observed in the Ulam spiral [8]. While the spiral geometrically arranges
integers, conjecture F analytically predicts the density of primes generated by the quadratic
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polynomials that characterize the spiral’s diagonal lines. According to the conjecture, the
frequency of primes along these paths is determined by a specific constant that depends on
the polynomial’s coefficients and their arithmetic properties. The striking alignments in the
Ulam spiral can thus be interpreted as geometric manifestations of these density constants,
suggesting that the concentration of primes is not random but follows a predictable asymp-
totic distribution governed by deeper structures in analytic number theory. Bateman and
Horn later generalized the Hardy-Littlewood F-conjecture employing polynomials [9].

In this research, we introduce a novel n x n matrix A, whose entries ajj € N* are
rigorously defined through a specific mathematical formulation. The matrix architecture
mirrors the topological configuration of the Ulam spiral, exhibiting a recursive layering that
maps the natural numbers onto a square lattice while preserving the distinctive “diagonal
bias” inherent in such arrangements. Unlike traditional spiral constructions that rely on
iterative walks, our approach utilizes a closed-form expression for the matrix entries. This
formulation allows for the direct calculation of any element without recursive iteration,
offering new insights into the behavior of prime numbers. Towards this direction, we
conduct a comprehensive dual analysis of the matrix, examining its properties within the
frameworks of both linear algebra and number theory. In particular, we investigate its
spectral properties and the number-theoretic significance of the sequences it generates,
especially in relation to the Hardy-Littlewood F-conjecture. The derivation of a closed-
form expression for the matrix entries provides a robust computational framework that
transforms the visual heuristics of prime-generating spirals into a structured linear operator.
This unification offers new insights into the behavior of prime numbers, suggesting that
the matrix A, serves as a critical bridge between the spatial organization of integers and
the analytic depth of the Hardy-Littlewood conjecture, thereby facilitating deeper study of
the regularities underlying the distribution of primes.

The paper is organized as follows. In Section 2, the mathematical preliminaries are
presented. Section 3 introduces the proposed matrix and analyzes its properties. Finally,
Section 4 presents the conclusions of the study.

2. Mathematical Preliminaries
2.1. The Hardy-Littlewood Conjectures

In the early 1920s, G. H. Hardy and ]. E. Littlewood introduced a series of deep
conjectures concerning the distribution of prime numbers, collectively known as the Hardy—
Littlewood conjectures [8]. These conjectures extend earlier ideas of Dirichlet [10] and
refine the prime number theorem by predicting precise asymptotic formulas for various
prime patterns.

The most general of these conjectures is the prime k-tuple conjecture. Let

H = {hy,hy,... "} (1)

be a finite set of distinct integers. The set H is called admissible if, for every prime p, the
residues hy, ..., hx do not cover all residue classes modulo p. Hardy and Littlewood [11]
conjectured that, for admissible H, the number of integers n < x, such that all n + h; are
prime, satisfies the following

* o dt

#{n§x:n—l—hl,...,n—}—hkareprimes}NC‘B(’H)/2 W, X — 00, (2)

with
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6(%)—H(1—1>_k(1—v}7(7{)), 3)

; p p

where # represents the cardinality of the set, §(#H) is the singular series, the product runs
for every prime p and v,(#) denotes the number of distinct residue classes modulo p
occupied by the elements of H.

A notable special case is obtained by taking = {0,2}, which yields the Twin Prime
conjecture. In this case, the conjecture predicts that the number of twin primes less than x
is asymptotic to

X dt
2C; | Tog (4)
where )
Cy = 1-—— 5
? ,}1( (p - 1)2> ©

is the twin prime constant.

The Hardy-Littlewood F-conjecture concerns the frequency with which a fixed poly-
nomial takes prime values. Let f(x) € Z[x] be a non-constant, irreducible polynomial
with positive leading coefficient, and assume that there is no prime p such that f(n) =0
(mod p) for all integers n. The conjecture predicts that the number of integers n < x for
which f(n) is prime satisfies an asymptotic formula of the form

o xoodt
#{n <x:f(n) 1spr1me}va(f)/2 Tog F(D)’ X — 00, (6)
where &(f) is a convergent product over primes, known as the singular series, encoding the
local congruence obstructions to primality. This conjecture generalizes earlier heuristics of
Bunyakovsky and fits naturally within the broader Hardy-Littlewood circle of conjectures
on prime distributions. Despite strong numerical evidence and partial results under
additional hypotheses, the F-conjecture remains unproven.

Although none of the Hardy-Littlewood conjectures have been proven in full, they
are supported by extensive numerical evidence and play a central role in modern analytic
number theory. Partial results have been obtained under strong hypotheses such as the
generalized Riemann Hypothesis [12], and recent breakthroughs on bounded gaps between
primes provide indirect evidence for the validity of these conjectures.

2.2. The Bateman—Horn Conjecture

The Bateman-Horn conjecture [9] provides a far-reaching generalization of earlier
conjectures of Hardy and Littlewood on the distribution of prime values of polynomials.
Given a finite collection of irreducible polynomials fi, ..., fy € Z[x] with positive leading
coefficients and no fixed prime divisor, the conjecture predicts an asymptotic formula for
the number of integers n < x for which all values f1(n), ..., fx(n) are simultaneously prime.
The predicted asymptotic has the form

. x dt
#{n <x:fi(n),..., fx(n) are prime} ~ S(f1,..., fx) / — x>0, (7)

Jo k ’
qlogfj(t)
j=

where &(f1,..., fr) isa singular series encoding local congruence obstructions modulo
primes. When the polynomials are linear, this conjecture reduces to the Hardy-Littlewood
prime k-tuple conjecture, while the case k = 1 recovers the Hardy-Littlewood F-conjecture
for prime values of a single polynomial. In this way, the Bateman—-Horn conjecture uni-
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fies and extends the classical Hardy—Littlewood conjectures into a single comprehensive
framework for predicting prime patterns.

2.3. The Ulam Spiral

Conceived by Stanistaw Ulam in 1963, the Ulam spiral is a geometric visualization of
prime numbers generated by mapping positive integers onto a square lattice [1]. When the
primes are marked, striking diagonal, linear, and quadratic patterns emerge, suggesting
unexpected structure in the distribution of prime numbers. The construction begins by plac-
ing the natural 1 at the origin of a lattice. The subsequent naturals are placed sequentially
while spiraling outward in a square pattern. Formally, this defines a bijection between the
natural numbers N* and points in R2. Prime numbers are then emphasized (for example,
by coloring or marking them), producing the Ulam spiral. For any non-zero natural #, its
position is determined by the largest perfect square less than or equal to . In Figure 1 is
presented the Ulam spiral with the first 100 natural numbers, where the prime numbers are
highlighted with red color.

. 100 99 98 96 95 94 93 92 91

102 65 64 63 62

66 36 35 34

Figure 1. The Ulam spiral with the non-zero naturals numbers up to 121.

One of the most notable properties of the Ulam spiral is the appearance of diagonal
lines containing a high density of primes. These diagonals often correspond to quadratic
polynomials of the form f(k) = ak? + bk + ¢, where a, b and ¢ are constants. A famous
example of such a sequence, visible on the spiral, is Euler’s prime-generating polynomials
P(n) = n? + n + 41, which produces prime numbers forn =0,1,...,390rn =1,2,...,40
depending in the sign of 7 [3]. This phenomenon is deeply rooted in the theory of imaginary
quadratic fields; specifically, the discriminant of these polynomials is A = —163, which is
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the largest of the nine Heegner numbers [13] for which the corresponding ring of integers
has a class number of 1. While the polynomial eventually fails to produce a prime at
n = 39 or n = 40, recent research continues to explore its structural properties, such as
its connection to the distribution of primes in the Ulam spiral and its utility in proposing
candidate exponents for Mersenne primes [14].

The presence of such diagonals is not accidental. It is closely related to the fact that
certain quadratic polynomials avoid trivial divisibility obstructions modulo small primes,
making them more likely to produce primes [15]. However, no nonconstant polynomial
with integer coefficients can generate only primes, as has been proven using elementary
modular arguments.

The visual patterns observed in the Ulam spiral provide empirical support for the
Hardy-Littlewood F-conjecture, which concerns the density of primes in quadratic forms.
The clustering on specific diagonals indicates that certain quadratic polynomials have a
much higher density of prime values than others, a phenomenon deeply linked to the
discriminant of the polynomial and the Legendre symbol [5].

3. The New Matrix

Consider a matrix A, = [ai/j], 1 <1i,j <n,n > 2, which is created using a snake-like
filling pattern, that traces the perimeter of expanding squares (Figure 2).

a1 --—>-- 412 a13 --—>-- 414

a1 --<«—-- 422 a3 a4

. ﬂ3,1 e— 53,2 — l,l3,3 ﬂ3’4
A, = .

|

614,1 e—-- 042 <«—-- Ll4,3 —-- 614,4

Figure 2. The structure of the matrix.

In this matrix, each element is substituted with consecutive non-zero natural numbers.
For instance the first four matrices are given in (8), (9).

1
1 2
A2=< >, Az = |4
4 3
5

1 2 9 10 25

(®)

AN W N
NN 0 O

i § z 1(1) 4 3 8 11 24
M=o o o | 4s=|5 6 7 12 23 9)
6 15 14 13 16 15 14 13 22

17 18 19 20 21
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The mathematical formulation of the elements ajj, of A, is
ajj = (max(i,f))* — max(i, j) + 1+ (1)) (i - ), (10)

foralli,j =1,2,...,,n, which means that elements of each row, column or diagonal of the
matrix can be expressed through quadratic polynomials.
The matrix does not seem to have any obvious symmetry. This is not quite true,
because
g =7 —j+1+(=1)(i—j),i<] (11)
and
g = —i+1+(-1)'(i—j), i>], (12)

and, thus, the matrix is symmetric up to a sign-skew linear term and depends only on
max (i, j) reflecting a kind of algebraic symmetry. Specifically, if

w;; = (max(i,))* — max(i,j) + 1, ¥i,j = 1,2,...,.n, (13)
ij = (_1)max(i,j)(i —j), Vi,j=1,2,..,m, (14)
the matrix W,, = [w,»/j] is symmetric; i.e., W = W,, and the matrix Q, = [qi/]'] is skew-

symmetric, satisfying the relation QF = —Q, and A, = W,, + Q, [16]. In relation (15) we
present these matrices for n = 5.

1 3 7 13 21 0o -1 2 -3 4
3 3 7 13 21 1 0 1 -2 3
As=Ws+Qs=1|7 7 7 13 21|+|-2 -1 0 -1 2 (15)
13 13 13 13 21 3 2 1 0 1
21 21 21 21 21 -4 -3 -2 -1 0
Specifically, the symmetric matrices have the following expressions:
n—1
Wy = ay yuqul — Z 2(n —i)uy_jul_;, (16)
i=1

where u;,i = 1,2,3,...,n, are n x 1 matrices, with the first i elements equal to 1 and the
others equal to 0.

This construction defines several bijections between the natural numbers without
zero, N*, and points in R2. For instance, we can define a bijection, f : N* — N* x Z* , via
the formula

fin— (i,j), n = (max(i, —j))2 —max(i,—j) +1— (—1)m”x(_i'j)(i +7), (17)

and its graphical representation is presented in Figure 3.
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1 2 9 10
-1 e) 0 ) 0
4 3 8 11
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16 15 14 13
4 0 o} ) )
yﬂ'
-5

Figure 3. The graphical representation of the bijection f for the non-zero natural numbers up to 16.

3.1. Number Theory from the Matrix A,

The matrix A, reveals structural alignments of prime numbers. Similarly to the obser-
vations made by Ulam [1], the snake-like filling pattern highlights quadratic polynomials
of the form f (k) = ak? + bk + c. In Figure 4 the Ao matrix is presented, highlighting the
prime numbers with red color.

Figure 4. The constructed matrix with the non-zero natural numbers up to 100.
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The main diagonal (i =j) follows the sequence 1,3,7,13,21,..., which is governed by
the following formula:
g ;=2 —i+1,i=1,2,.,n (18)

This is one sequence of the famous centered polygonal numbers (i.e., Hogben’s num-
bers) that is known to be prime-rich [17]. For example, in Ao the diagonal elements are 1,
3,7,13,21, 31,43, 57,73, 91. Out of these, 3, 7, 13, 31, 43, 73 are prime numbers.

All the odd super/subdiagonals consist of even numbers and therefore there are no
primes (except the first superdiagonal which begins with the number 2) and therefore all
the odd primes are in the even super/subdiagonals of the matrix A,. The elements of the
odd super/subdiagonals have the form a; ;, ; or a;, ;, where k is odd, and the following
formulas stand:

giip=({+k)(i+k—1)+1+(-1),1<i<n—1,2<i+k<mn kisodd, (19

i =([+k)(i+k—1)+1-(-1),1<i<n—1,2<i+k<mn, kisodd, (20)

where (i +k)(i + k — 1), 1+ (—1)’ are both even numbers, proving that these elements
are even.

Moreover, the elements of each diagonal result from two second-degree polynomials
which alternate one after another. For instance, the elements of second superdiagonal are
given via the relation

i(i+3)+1, ifii .
Q2 = (i+3) HUISEVER 10 . n—2, 1)
i(i+3)+5, ifiisodd

which are all odd numbers.

The elements of the antidiagonals of the matrix have more complicated expressions,
though they switch formulas at the center of the matrix. Nevertheless, they are also
expressed using quadratic polynomials, despite of the fact that two quadratic polynomials
are needed. The elements of the antidiagonal a;,,,1_; fori =1,2,...,n, are

(1—i—|—n)2+1—i, ifi,n arebothevenorodd, 1 <i < ”Zil

(i—n)*+1i, if i is even (or odd), n is odd (or even), 1 <i < e 22)
24+i—mn, ifiiseven,"TH<i§n
i2—3i+n+2, ifiisodd, 1 <i<n

Furthermore, all the odd super/subantidiagonals consist of even numbers and there-
fore there are no primes (except the first superantidiagonal) and therefore all the odd primes
are in the other super/subantidiagonals of the matrix A;. For instance, the elements a,,_; ;
fori =1,2,.,n — 1 of the first superantidiagonal are given via the following formula:

(ifn)2+1fi, if i, n are both evenorodd, 1 <i < %

. 2 . . .. . . n
(i—n)*—2n+3i+1, ifiiseven (orodd), nisodd (oreven), 1 <i < . 23)
2 —3i+n+1, ifiiseven, 5 <i<n-—1
2+i-n+1, ifiisodd, § <i<n-—1

which are all even.

Itis clear that in those matrices the position of the prime numbers arise some interesting
properties. The most striking property of these matrices is that primes often fall on the even
diagonals or on the odd antidiagonals of the matrix. As a matter of fact, it is a diagonal that
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has the maximum number of prime numbers in each matrix compared with the maximum
number of prime numbers in the antidiagonals, which becomes clear after the 300 first
matrices. In particular, studying the first 499 matrices (Figure 5), we conclude that in 313 the
maximum number of primes is on a diagonal, while in 157 it is an antidiagonal.

600 Maximum number of primes in the diagonals (diag) and the antidiagonals (adiag)
{ T T T T T { T T

500

'S

o

(e}
T

300 +

Maximum number of primes

Do

S

S
T

100

diag

adiag

0 1 1 | 1 | | 1 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000
Rows of the matrix

Figure 5. Maximum number of primes among all the diagonals and all the antidiagonals with
matrices up to 500 x 500.

This is a conjecture which is verified with all the matrices that we used. In Figure 6 we
present the differences between the maximum number of primes in the diagonal and the
antidiagonal with matrices A, n < 2000.

These matrices are a discrete representation of a quadratic sieve. If you were to extend
to a very large n, you would see the “prime lines” clearly. This is significant because it
suggests that certain quadratic polynomials produce primes at a much higher rate than
others, a phenomenon still being studied in analytic number theory (related to the Bateman—
Horn conjecture). A special case of the Bateman-Horn conjecture is the Hardy-Littlewood
F-conjecture [8], which often appears in the matrix A;. Focusing in the first row there are
the even numbers of the sequence a, = n? + 1, while focusing in the first column there are
their odd numbers and therefore the majority of the primes related to the most studied
application of the Hardy-Littlewood F-conjecture [18].

Moreover, in this matrix the elements of every row that belong to the lower diagonal
part of the matrix are parts of an arithmetic sequence with difference one (even rows) or
minus one (odd rows), while the elements of every row that belong to the upper diagonal
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part of the matrix are defined through two quadratic polynomials separately. In order to
visualize this, the elements of the third row are

i+4, 1<i<3
az; = i2_2i+4, ifiiseven, 3<i<mn,i=12,..,n (24)
2-2, ifiisodd, 3<i<n

Differential distribution of the maximum number of primes

<0 in the diagonals and the antidiagonals
T T T T T T T T T

datal

60 -

Differences
[\~
(=)
T
1

20 L 4

740 | | 1 1 1 | | | 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

Rows of the matrix

Figure 6. Differential distribution of the maximum number of prime numbers between diagonal and
the antidiagonal elements for the matrices A, n < 2000.

Similarly, the elements of every column that belong to the upper diagonal part of the
matrix construct an arithmetic sequence with difference one (odd rows) or minus one (even
rows) and the elements of every column that belong to the lower diagonal part of the matrix
are defined through two quadratic polynomials separately. For example, the elements of
the forth column are

i+9, 1<i<4
ajg = 4 i%—3, ifiiseven, 4 <i<mn,i=12,.,n (25)
i2—2i+5, ifiisodd, 4<i<n

Note that the horizontal or the vertical direction of the numbers flips with every
layer. This ensures that even numbers and odd numbers alternate in a checkerboard
pattern, similar to a standard grid. This means that no two primes (except 2) will ever be
orthogonally adjacent, as one must be even and one must be odd. Based on our numerical
results within the examined range, we propose the computational conjecture that every row
and column contains at least one prime number. We emphasize that this is an empirical
observation; proving such a distribution remains a deep unsolved problem, analogous to
Bunyakovsky’s conjecture, and it is not claimed here as a proven theorem.
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In the study of Ulam’s spiral, researchers noticed a special distribution for the prime
numbers in the spiral when the first number was 41 instead of 1. Applying the same idea
to our proposed matrix, matrix B, = [bi,]-], 1<i,j<mn, >2 whereb;; = a;;+40is created.
In Figure 7 matrix By is presented, showing that in the main diagonal all the elements are
prime numbers. The first non prime number in the main diagonal is 1681 which appears
in the 41 x 41 matrix. This result is a direct application of the Euler’s prime-generating
polynomials, defined as f(n) = n? + n + 41, which remains one of the most remarkable
curiosities in number theory due to its ability to produce a sequence of 40 consecutive
prime numbers for the integersn = 0,1,...,390rn =1,2,...,40, depending on the sign of
7 [3]. In this matrix the diagonal elements are

bij=a;,;+40 =1 —i+41,1<i<n (26)

49 50 65 66 90 121 122 161 162 209 210 265 266 329 330 402
64 88 91 120 123 160.208

44 264 267 328 400 403

45 52 63 68 87 92 119 124 159 164 207 212 268 327 332 399 404
56 55 69 86 93 118 125 158 165 206 213 262 326 333 398 405
57 58 85 94 117 126 166 205 214 261 270 325 334.406
76 75 95 116 156 204 215 260.324 335 396 407
77 78 80 81 82 96 115 128 155 168 203 216 259 272 323 336 395 408

104 129 154 169 202 217 258 273 322.394.

130 153 170 201 218.274 321 338 393 410

98

105 1M1

140 136 135 134 152 171 200 219 256 275 320 339 392 411

141 142 143 144 145 146 147

184 183 182.180

185 186 187 188 189 190

220 255 276 319 340 391 412
198 221 254.318 341 390 413

222 253 278 . 342 . 414

237 238 280 315 344 387 416

178
236 235 234

296 295 294
297 298 299 300 301 302 303 304 305 306.308 309 310
364 363 362 361 360.358 357 356 355 354-352 351 350
374 375 376 377 378 380 381 382

368 369 370 371 372

365 366
440 438 437 436 435 434 432.430 429 428 427 426 425 424 423 422

Figure 7. The constructed 20 x 20 matrix with the naturals numbers from 41 up to 440, where with
red color are highlighted the prime numbers.

To quantify the distribution of prime numbers within the matrix B,,, we analyze the
asymmetry indices derived from the upper and lower triangular segments. We first examine
the global prime disparity, which captures the total net imbalance of prime occurrences
across the entire matrix architecture (Figure 8). In addition to this broad analysis, we
measure the proximal bias to identify the concentration of primes specifically within
the “near-diagonal” strip—the region spanning the first 20% of the matrix’s dimension
(Figure 9). When plotted, using matrices from 50 x 50 to 2000 x 2000 with step 50, these
differences reveal how the “diagonal bias” characteristic of Ulam-like configurations scales
as the system grows. This approach allows us to distinguish between a general structural
preference for certain regions and a localized clustering of primes, providing a clear visual
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representation of whether these patterns strengthen or dissipate in higher dimensions.
Therefore, we can conjecture that the lower diagonal part of the matrix B, seems to have
significant bigger number of primes than the upper diagonal part, especially close to
the diagonal.

Differential distribution of prime numbers
between the upper and lower triangular segments

/ZQO 400 600 800 1000 1200 1400 1600 1800

0 T T T T T T T T T 1
Rows of the matrix

-100

-200

Differences

-300 -

-400 -

-500 |-

-600 -

Figure 8. Differential distribution of the number of prime numbers between the upper and lower
triangular segments, with matrices B, n < 2000.
Differential distribution of prime numbers

between the upper and lower triangular segments
close to the diagonal

200 400 600 800 1000 1200 1400 1600 1800
0 T T T T T 1

Rows of the matrix

-100 -

-150

Differences

-200

-300

-350

r

-400

Figure 9. Differential distribution of the number of prime numbers between the upper and lower
triangular segments close to the diagonal (distance up to 20% with respect to the size of the matrix)
with matrices B;;, n < 2000.
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3.2. Linear Algebra Properties of Matrix A,

Beyond primes, the matrix has several interesting Linear Algebra properties [19]. The
maximum value of the matrix A, is always 12, located at (1, 1) if n is even and at (1, 1) if n
is odd. The sum of all elements in the added n-th layer on A, _1 is

2n—1
Y n—12+il=n*+(n-17° n>2 27)

i=1

Lemma 1. The trace of the matrix A,, n > 2 is

n 2
Sy @iy =) (29)
* 3
1=
the 1-norm is
3_ 2
y 2”#”” if n is odd
A = a;, = ,n>2, 29
|| ”||1 ; in 2n3_3n2+3n ' ' = ( )
———, ifniseven
2
and the infinity norm is
2n3 —n?+n o
n — if n is even
Anlleo =) ayi = , n>2. 30
|| 1’l|| ;1 n, 27’13—31’12—|—37’l ‘ ‘ - ( )
! - if n is odd

Moreover, from the inclusion property (Bendixson’s Theorem) [20],if A;,i =1,2,...,n
are the eigenvalues of A, and y; are the eigenvalues of W, we have

Hmin < %( ) < Hmax- (31)

Theorem 1. Let the matrix A, = [ai,]-], n>2,1<i,j <n, where the elements a;j are defined
in (10). Then
det(A,) = (—1)"2det(D) det(A — BD'C), (32)

where B = [B; ] i=1,j=12,.,n-1C= [ci,]-],jzl, i=12,.,n—-1,D=][d 1]] i,j=
L,2,.,n=1,M=D"1=[m], ij=1,2,.,1n—1,with

o b= —n+1)(-1))"+(j+1-n)(-1)+/+j+1,j=12.,n-2;
* bpa=an

o i1 =2+4i(-1),i=1,2,3,.,n—2;

* ;11=3;

° di,j:0,1§i<j§n—1;

° dnfl,nfl = (_1)71,.

« dy1;=0j=12.,n-2

o dii=20i+1+(-1)),i=12.,n-2

o dij=4(-1)(i—j)+2 1<j<j+1<i<n-2

. di,i—l = 2i—2(—1)l, 2<i<n-—2.

Proof. If L;,i = 1,2, ...,n are the lines of the determinant of the matrix A, we substitute
line L;, with the line L; — L;_q, i = 2,3,...,n. In this determinant all its elements in every
position (i, j) where 2 < i < j < n are 1 or —1. Therefore, if L{,i=1,2,..,n are the lines of
the new determinant, we substitute line L{, with the line LY — L ;, i = 3,4, ..., n, resulting

a determinant where its elements in every position (i, ) where 3<i<j<nare0andin
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the positions (2,j),j = 2,3,...,n are 1 or —1. Thus, if Rf?, i=1,2,...,n are the rows of this
determinant, we substitute row R?, with the row RV 4 (—1)"~"*1Rb i =2,3,..,n —1and
then the elements in the positions (2,), j = 2,3, ...,n — 1 are 0. Placing the second row as
the last row, the determinant is now multiplied by (—1)"~2, and the resulting determinant

is on the form
A B

C D/ (33)

where A = [1] and matrices B, C, and D are defined previously in the theorem.
Since D is a lower triangular matrix with non-zero elements in the main diagonal, we
can apply the Schur theorem [21], i.e.,

det(Ay) = (—1)""2det(D) det(A — BD'C). (34)
O

4. Conclusions

In this paper, we introduce a new matrix construction for the systematic placement of
the nonzero natural numbers. Although the proposed matrix is inspired by the classical
Ulam spiral, it offers a significant conceptual advantage: each nonzero natural number
occupies a position determined by an explicit mathematical formula. As a consequence,
the resulting structure is amenable to rigorous analytical investigation, allowing the study
of nonzero natural numbers—and in particular prime numbers—through precise algebraic
and geometric methods.

A key distinction of the proposed matrix is the existence of a closed-form formula
for its entries, establishing a direct functional relationship between the indices (i, j) and
the resulting values. Unlike iterative constructions—such as the classic Ulam’s spiral,
which often requires a recursive “walk” to determine the position of a specific integer—this
formula allows for the independent and instantaneous calculation of any element without
prior knowledge of its neighbors. This algebraic transparency not only enhances com-
putational efficiency by enabling parallel processing of large-scale submatrices but also
provides a rigorous foundation for analytical derivations, such as identifying symmetries
or calculating the determinant via Schur’s theorem.

The proposed matrix exhibits a variety of noteworthy properties related to both
number theory and linear algebra. Certain diagonals and antidiagonals are devoid of prime
numbers, while others are comparatively rich in primes, revealing non-uniform patterns
in their distribution. Due to the explicit mathematical definition of the matrix, its entries
satisfy quadratic relations along specific directions, establishing a direct connection with the
Hardy-Littlewood conjectures. This connection provides a natural theoretical framework
for further analytical and numerical investigations.

Although the matrix does not possess classical geometric symmetry, it exhibits a form
of algebraic symmetry. Specifically, the matrix A, can be decomposed as the sum of two
matrices Wy, and Q;, where W,, is symmetric and Qj, is skew-symmetric. This structural
property is further reflected in the behavior of the induced matrix norms, particularly the
1-norm and the co-norm.

The construction also motivates several conjectural observations. Numerical evidence
suggests that every row and every column of the matrix contains at least one prime number.
Moreover, when the matrix is constructed with 41 as its initial entry instead of 1, the lower
triangular region appears to contain a significantly higher density of primes than the upper
triangular region, especially in the vicinity of the main diagonal.
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Although the Hardy-Littlewood conjectures remain unproven, they are strongly sup-
ported by extensive numerical evidence and form the basis of many modern heuristics and
partial results concerning the distribution of prime numbers. The visual regularities ob-
served in the proposed matrix A, may therefore be interpreted as geometric manifestations
of these deep analytic phenomena.

In this broader context, the Ulam spiral itself can be understood as a coordinate trans-
formation that maps a one-dimensional sequence of integers onto a two-dimensional lattice,
preserving local proximity while revealing hidden arithmetic structure. The proposed
matrix extends this perspective by providing an explicit algebraic framework in which
such phenomena can be systematically studied.

Consequently, the constructed matrix serves as a visual and analytical bridge to
fundamental unsolved problems in number theory, illustrating persistent regularities in
the distribution of prime numbers and offering a promising setting for future research.
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