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Abstract: Using the results of numerical simulations and solar observations, this study
shows that the transition from deterministic chaos to hard turbulence in the magnetic
field generated by the emerging small-scale, near-surface (within the Sun’s outer 5–10%
convection zone) solar MHD dynamos occurs through a randomization process. This ran-
domization process has been described using the concept of distributed chaos, and the main
parameter of distributed chaos β has been employed to quantify the degree of randomization
(the wavenumber spectrum characterising distributed chaos has a stretched exponential
form E(k) ∝ exp−(k/kβ)

β). The dissipative (Loitsianskii and Birkhoff–Saffman integrals)
and ideal (magnetic helicity) magnetohydrodynamic invariants govern the randomiza-
tion process and determine the degree of randomization 0 < β ≤ 1 at various stages of
the emerging MHD dynamos, directly or through Kolmogorov–Iroshnikov phenomenol-
ogy (the magnetoinertial range of scales as a precursor of hard turbulence). Despite the
considerable differences in the scales and physical parameters, the results of numerical
simulations are in quantitative agreement with solar observations (magnetograms) within
this framework. The Hall magnetohydrodynamic dynamo is also briefly discussed in this
context.

Keywords: solar active regions; magnetic fields; magnetohydrodynamic dynamo; plasma
turbulence

1. Introduction
Both global and local (small-scale) chaotic solar dynamos have been vigorously studied

over the last decades (see, for instance, refs. [1–4] and references therein). Large- and small-
scale dynamos can coexist, and both the quiet Sun and the highly active solar regions can
exhibit chaotic behavior. It is believed that the chaotic/turbulent dynamo mechanisms
are localized mainly in the near-surface (shear) solar layer, within the Sun’s outer 5–10%
convection zone. The dynamo mechanism can involve the magnetorotational instability
operating in the shear layer (see, for instance, recent Refs. [3,5–8] and references therein).

Solar models have been actively developing for a long time; there is a large amount
of observational data explaining certain quantitative characteristics of the Sun, including
the magnitude of the magnetic field at different scales. In this paper, we do not present
a new model nor do we modify any existing models. Therefore, instead of providing
an extensive introduction into existing models and their advantages and disadvantages
(see [9] for a recent comprehensive review of observationally guided models of the solar
dynamo), we will concentrate on the main subject of the present paper—the process of
randomization of the magnetic field during its evolution from the setup of a small-scale
(fluctuation) dynamo [10] (deterministic chaos) through different stages of randomization
controlled by fundamental magnetohydrodynamic invariants.
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The concept of smoothness can be functional for the quantitative classification of non-
laminar regimes in magnetohydrodynamics (and in fluid dynamics in general) according
to their randomness. Spectral analyses can be used for this purpose. Namely, stretched
exponential spectra are typical for smooth magnetohydrodynamics.

E(k) ∝ exp−(k/kβ)
β (1)

Here, 1 ≥ β > 0, and k is the wavenumber. The value β = 1, and

E(k) ∝ exp(−k/kc), (2)

which is typical for deterministic chaos [11–14].
For 1 > β, the dynamics are still smooth but not deterministic (and will be called

distributed chaos; see below for a clarification of the term). It can also be considered soft
turbulence [15].

Non-smooth (hard turbulence [15]) dynamics is typically characterized by power law
(scaling) spectra.

In this approach, the value of the β can be considered a proper measure of randomiza-
tion. Namely, the further the value of the parameter β is from the deterministic β = 1 (i.e.,
the smaller the β), the stronger the randomization.

Let us consider two examples. The first example can be taken from a direct numerical
simulation (DNS) reported in a paper (Ref. [16]). Figure 1 shows the magnetic energy
spectra generated by a small-scale, incompressible, saturated MHD dynamo at the magnetic
Prandtl number Prm = 10 and different values of the Reynolds number (shown in the
figure). The spectral data were taken from Figure 33a of Ref. [16] (see below for a more
detailed description of this DNS).

The dashed curves in Figure 1 indicate the best fits that correspond to the stretched
exponentials in Equation (1), and the dotted arrow indicates the position of the characteristic
wavenumber kc from Equation (2).
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Figure 1. Magnetic energy spectra generated by a small-scale, incompressible, saturated MHD
dynamo at different values of the Reynolds number and magnetic Prandtl number Prm = 10 (direct
numerical simulations). The spectra are vertically shifted for clarity.

The values of the parameter β decrease when the value of the Reynolds number
increases (starting from β = 1, i.e., from the deterministic chaos at a low Reynolds number),
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indicating increasing randomization in the Reynolds number. This trend conforms to
physical expectations.

The second example can be taken from an observation of the evolution of the magnetic
field in a rather large emerging solar active region, AR NOAA 11726. Measurements were
provided by the Helioseismic and Magnetic Imager located onboard the Solar Dynamics
Observatory (SDO/HMI). Figure 2 shows the magnetic power spectra for the emerging
active region AR NOAA 11726 at different times of its evolution. Spectral data were taken
from Figure 2a from a recent paper (Ref. [17]). The time moment t0 corresponds to the start
moment of the emerging process, and t0 < t1 < t2 < t3 is up to the beginning of the decline
stage. The dashed curves in Figure 2 indicate the best fits that correspond to the stretched
exponentials Equation (1), and the dotted arrow indicates the position of the characteristic
wavenumber kc for the deterministic chaos (as in Figure 1).
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Figure 2. Magnetic energy spectra for an emerging solar active region, AR NOAA 11726, at different
times of its evolution.

One can see that the randomness of the magnetic field increases as the emergence of
the active region proceeds (starting from β = 1 at t0, i.e., from the deterministic chaos at the
beginning of the emergence process). This trend also conforms to physical expectations.

There will be no quantitative assessments in this paper in their usual sense (such as the
Zeeman effect, for instance, which is used to quantitatively measure the strength and vector
of magnetic fields in the photosphere). In the next sections, the estimates of the observed
values of parameter β, which quantifies the degree of randomization, will be made using the
observed magnetograms (cf. Figure 2) and (theoretical) magnetohydrodynamic invariants.

The spectra obtained using the magnetograms represent the state of the art in modern
solar observation techniques and will be the primary focus of the present study. This is a
statistically robust and informative material (that can be directly compared with the results
of numerical simulations). Besides the spectra, there is little statistically significant and
robust information of such quality related to the active solar regions and their evolution.
The notion of fractal dimension has also been used for statistical descriptions of solar
active regions (see, for instance, Refs. [18–21] and references therein). The chaotic nature
of the magnetic field can be related to the fractal behavior of the solar magnetic field in
the active regions [22]. However, there is no clear physical interpretation of corresponding
measurements. This approach is still in its early stage of development (as well as the
distributed chaos approach), and its relation to the distributed chaos approach used in the
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present paper can be a subject for future investigations. In any case, both of these indicate a
complex, chaotic nature of the solar active regions and their evolution.

2. Magnetic Helicity and Distributed Chaos
2.1. Magnetic Helicity

Ideally, magnetohydrodynamics has three quadratic (fundamental) invariants: total
energy, cross, and magnetic helicity [23].

The magnetic helicity density is

hm = ⟨ab⟩ (3)

where the fluctuating magnetic field is b = [∇× a] (∇ · a = 0), and a spatial average is
denoted as ⟨. . .⟩. Both fluctuating a and b have zero means, and ∇ · a = 0.

The presence of a uniform magnetic field, B0, violates the invariance of magnetic
helicity. A modified magnetic helicity density was introduced in Ref. [24] in the form

ĥ = hm + 2B0 · ⟨A⟩ (4)

Here, B = B0 + b, A = A0 + a, and b = [∇× a]. This can be shown at rather weak
restrictions on the boundary conditions in ideal magnetohydrodynamics [24] (see also
Ref. [25]),

dĥ
dt

= 0, (5)

i.e., the modified magnetic helicity is an ideal magnetohydrodynamic invariant in the
presence of a uniform magnetic field.

2.2. Distributed Chaos in the Magnetic Field Driven by Magnetic Helicity

A change in deterministically chaotic system parameters can result in random fluctua-
tions in the characteristic scale kc in Equation (2). In this case, one has to use an ensemble
averaging factor to compute the magnetic power spectra as follows:

E(k) ∝
∫ ∞

0
P(kc) exp−(k/kc)dkc (6)

with a probability distribution P(kc) characterizing the random fluctuations of the charac-
teristic scale kc. Therefore, the corresponding smooth non-deterministic chaotic dynamics
will be denoted as ‘distributed chaos’.

It is well-known that in a weakly non-ideal case, magnetic helicity is still almost
conserved (since there are no processes that can effectively transfer it to resistive scales)
while the magnetic and total energy are efficiently dissipated; that is, magnetic helicity
is an adiabatic invariant in weakly non-ideal MHD. Therefore, one can find probability
distribution P(kc) for magnetohydrodynamics dominated by magnetic helicity using the
dimensional considerations and a scaling relationship [26],

Bc ∝ |hm|1/2k1/2
c (7)

relating the characteristic value of the magnetic field Bc to the characteristic value of the
wavenumber kc.

If the positive variable Bc has the half-normal probability distribution P(Bc) ∝
exp−(B2

c /2σ2) [27] (it is a normal distribution with zero mean truncated to only have
a nonzero probability density for positive values of its argument; if B is a normal random



Foundations 2025, 5, 31 5 of 18

variable, then Bc = |B| has a half-normal distribution [28]), then it follows from Equation (7)
that the characteristic value of the wavenumber kc has a chi-squared (χ2) distribution.

P(kc) ∝ k−1/2
c exp−(kc/4kβ) (8)

Here, kβ is a new constant.
Substituting Equation (8) into Equation (6), we obtain

E(k) ∝ exp−(k/kβ)
1/2 (9)

2.3. Spontaneous Breaking of Local Reflectional Symmetry

In the special case of global (net) reflectional symmetry, the mean (net) magnetic
helicity is equal to zero, while the point-wise magnetic helicity generally is not (due to the
spontaneous breaking of the local reflectional symmetry). This is an intrinsic property of
chaotic/turbulent flows. Blobs with non-zero kinetic/magnetic helicity can accompany
spontaneous symmetry breaking [23,29–33]. A magnetic blob is bounded by the magnetic
surface with bn · n = 0 (where n is a unit normal to the boundary of the magnetic blob).
The sign-defined magnetic helicity of the magnetic blob is an ideal (adiabatic) invariant [23].
The magnetic blobs can be numbered, and H±

j denotes the helicity of the magnetic blob
with number j and the blob’s helicity sign ‘+’ or ‘−’, as follows:

H±
j =

∫
Vj

(a(x, t) · b(x, t)) dx (10)

Then we can consider the ideal adiabatic invariant

I± = lim
V→∞

1
V ∑

j
H±

j (11)

The summation in Equation (11) is performed on the blobs with a certain sign only (‘+’
or ‘−’), and V is the entire volume of the blobs over which the summation Equation (11)
was made.

The adiabatic invariant I± Equation (11) can be used instead of hm in the estimation
Equation (7) in cases of the local symmetry breaking.

Bc ∝ |I±|1/2k1/2
c (12)

and the same spectrum in Equation (9) can be obtained for this case.

2.4. Examples

One can recognize the spectrum in Equation (9) in Figures 1 and 2.
It should be noted that the DNS used to compute the spectra shown in Figure 1 was

globally nonhelical [34] (see previous subsection).
In this DNS, the standard MHD equations in the Alfvénic units for incompressible fluid,

∂tu + (u · ∇)u = −∇
(

p +
b2

2

)
+ (b · ∇)b + ν∇2u + f (13)

∂tb = −(u · ∇)b + (b · ∇)u + η∇2b (14)

∇ · u = 0, ∇ · b = 0, (15)

were solved in a periodic spatial cube.
The dynamo DNS was initialized with seed random nonhelical magnetic fluctuations.

The velocity force f was also nonhelical and random (white-noise-like). Therefore, the ap-
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pearance of the spectrum in Equation (9) at Re = 622 in this case should be related to the
spontaneous breaking of local reflectional symmetry (further randomization—β = 1/4 for
Re = 1320 can also be related to the symmetry breaking; see the next section).

One can expect that small-scale dynamos will play a more significant role at the large
Rem. A small-scale dynamo populates the chaotic/turbulent fluid with localized, highly
intense structures and can affect the dynamic process faster than a large-scale dynamo [35].
The spontaneous breaking of local reflectional symmetry should also be more effective in
this case. Therefore, let us consider a small-scale dynamo at a large Rem.

Figure 3 shows magnetic (up) and kinetic (bottom) saturated energy spectra computed
in a DNS reported in a recent paper [35]. The spectral data were taken from Figure 5 of
Ref. [35]. The energy input f into the system in Equations (13)–(15) was purely kinetic and
nonhelical. The wavenumber in Figure 3 was normalized by the forcing wavenumber k f .
The magnetic Reynolds number Rem = 2800, and the magnetic Prandtl number Prm = 4.
Due to global reflectional symmetry, net helicity was negligible, whereas the local helicities
were strong (the spontaneous breaking of local reflectional symmetry). The dashed curves
indicate the helical energy spectra in Equation (9).
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Figure 3. Magnetic and kinetic energy spectra at Rem = 2800 and Prm = 4 (direct numerical
simulations without net kinetic and magnetic helicities).

3. Magnetoinertial Range of Scales
In hydrodynamic turbulence, the existence of an inertial range of scales is expected

for high Reynolds numbers. In this range, the statistical characteristics of the motion
depend on the kinetic energy dissipation rate ε only [27]. In magnetohydrodynamics,
a magnetoinertial range of scales can be introduced. In this range, two parameters, the
magnetic helicity dissipation rate εh (or dissipation rate of its modification I±; Equation (11))
and the total energy dissipation rate ε, govern the magnetic field dynamics. An analogous
situation with two governing parameters (the kinetic dissipation rate and the passive scalar
dissipation rate) was studied for the inertial–convective range in the Corrsin–Obukhov
approach [27] (see also Ref. [36]). Let us, following this analogy, replace the estimates
Equations (7) and (12) by the estimate [26]

Bc ∝ ε1/2
h ε−1/6 k1/6

c (16)

for the magnetoinertial range dominated by magnetic helicity.



Foundations 2025, 5, 31 7 of 18

The estimates Equations (7), (12) and (16) can be generalized as

Bc ∝ kα
c (17)

Let us look for the spectrum of distributed chaos as a stretched exponential (see Introduction
and Equation (9))

E(k) ∝
∫ ∞

0
P(kc) exp−(k/kc)dkc ∝ exp−(k/kβ)

β (18)

Equation (18) can be used to estimate the probability distribution P(kc) for large
kc [37].

P(kc) ∝ k−1+β/[2(1−β)]
c exp(−γkβ/(1−β)

c ) (19)

A relationship between the exponents β and α can be readily obtained (using some
algebra) from Equations (17) and (19) for the half-normally distributed Bc.

β =
2α

1 + 2α
(20)

Since, for the magnetoinertial range (dominated by magnetic helicity), α = 1/6 (see
Equation (16)), the corresponding magnetic energy spectrum can be estimated as

E(k) ∝ exp−(k/kβ)
1/4 (21)

The spectrum Equation (21) can be recognized in Figures 1 and 2 and can be consid-
ered a precursor to hard turbulence.

Figure 4 shows magnetic energy spectra computed in a recent paper (Ref. [6]), using
direct numerical simulations of isothermal forced turbulence. Ref. [6] numerically studied
the small-scale dynamo at rather low Prandtl numbers and significantly large Reynolds
numbers. The spectral data were taken from Figure 4 of Ref. [6]. The boundary conditions
were periodic, and the small-scale dynamo was initialized by a seed magnetic field with
weak Gaussian noise.
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Figure 4. Magnetic energy spectra at Re = 7958 and Prm = 0.05 (bottom) and at Re = 32,930
and Prm = 0.005 (up). The direct numerical simulations were performed without net kinetic and
magnetic helicities.
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The dashed curves indicate the magnetic energy spectrum in Equation (2) (determinis-
tic chaos) for Re = 7958 and Prm = 0.05 and the magnetic energy spectrum in Equation (21)
for Re = 32,930 and Prm = 0.005 (distributed chaos in the magnetoinertial range of scales).

4. Dissipative Distributed Chaos
4.1. Dissipative MHD Invariants

For hydrodynamics, dissipative invariants were introduced by Loitsianskii [27] (Loit-
sianskii integral) and Birkhoff [38] and Saffman (Birkhoff–Saffman integral) [39]. Chan-
drasekhar extended this notion on dissipative magnetohydrodynamics [40].

Originally, the dissipative invariants were used to estimate energy spectra at small
wavenumbers [27,39]. Therefore, the restrictions related to isotropy and homogeneity
were rather strict, as was the possible extension of the notion of dissipative invariants on
magnetohydrodynamics. However, if one applies these invariants to larger wavenumbers
(as will be performed below in the framework of the distributed chaos notion), these
restrictions can be eased to local isotropy and homogeneity and to adiabatic invariance (i.e.,
a slow change with time in comparison to the time scales characteristic to the distributed
chaos range).

The MHD Kármán–Howarth equation in terms of Elsässer variables z± = v ± b can
be written as [41]

∂⟨z±L z±
′

L ⟩
∂t

=

(
∂

∂r
+

4
r

)
C±

LLL(r) + 2
(

∂2

∂r2 +
4
r

)
DLL (22)

where the subscript L denotes projections of z± on r (longitudinal, i.e., z±L = z± · r/r),
z±

′
= z±(x + r, t), DLL(r) = [ν+⟨z±L z±

′
L ⟩+ ν−⟨z±L z∓

′
L ⟩], C±

LLL(r) = ⟨z±L z∓L z±
′

L ⟩, ν± = ν ± η.
Multiplying both sides of the Kármán–Howarth Equation (22) by r4 and then integrat-

ing them on r from 0 to R, we obtain

∂
R∫
0

r4⟨z±L z±
′

L ⟩dr

∂t
= R4C±

LLL(R)+2R4 ∂DLL
∂r


r=R

(23)

If the terms

C±
LLL(R) and

∂DLL

∂r


r=R

→ 0

are fast enough when R → ∞, then

lim
r→R

∂
R∫
0

r4⟨z±L z±
′

L ⟩dr

∂t
= 0 (24)

and, as a consequence, ∫
r2⟨z±L z±

′
L ⟩dr = constant (25)

Returning to the velocity and magnetic fields, we obtain∫
r2[⟨vLv′L⟩+ ⟨bLb′L⟩] dr = constant (26)

It is shown in paper [40] that∫
r2⟨vLv′L⟩ dr = constant (27)
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Then, it follows from Equations (26) and (27) that

Lb =
∫

r2⟨bLb′L⟩ dr = constant (28)

The integral Lb can be considered a magnetic analogy of the Loitsianskii (adiabatic) in-
variant.

Analogously, using another form of the Kármán–Howarth equation suggested in
Ref. [42], it can be shown that the magnetic analogy of the Birkhoff–Saffman integral is also
a dissipative (adiabatic) invariant.

Sb =
∫
⟨b · b′⟩ dr = constant (29)

4.2. Dissipative Distributed Chaos

In a range of scales dominated by the magnetic Birkhoff–Saffman invariant in
Equation (29), the estimate in Equation (7) should be replaced by the estimate

Bc ∝ S1/2
b k3/2

c (30)

i.e., α = 3/2 in this case. Using the relationship in Equation (20) we obtain β = 3/4, which
corresponds to the magnetic energy spectrum

E(k) ∝ exp−(k/kβ)
3/4. (31)

Analogously, in a range of scales dominated by the magnetic Loitsianskii invariant in
Equation (28), the estimate in Equation (7) should be replaced by the estimate

Bc ∝ L1/2
b k5/2

c (32)

i.e., α = 5/2 in this case. Using the relationship in Equation (20), we obtain β = 5/6, which
corresponds to the magnetic energy spectrum

E(k) ∝ exp−(k/kβ)
5/6. (33)

One can recognize the spectra in Equations (31) in Figures 1 and 2.
Figure 5 shows the magnetic energy spectra for different times of evolution

(t1 < t2 < t3) of a direct, numerically simulated, small-scale dynamo (the spectral data
were taken from Figure 2 of a recent paper, Ref. [43]). In this DNS, a non-helical, statisti-
cally isotropic, and homogeneous, small-scale dynamo in a randomly forced (a stochastic
Ornstein–Uhlenbeck process) gas motion was performed in a periodic spatial cube. The
transonic case considered here corresponds to the Mach numbers M = 1.1, Re = 1250,
and Prm = 1 (the transonic motion consists of regions of both supersonic and subsonic
motions).

The dashed curves indicate the best fit by the spectrum in Equation (2) (deterministic
chaos at t1) and by the spectra in Equations (31) and (33) (dissipative distributed chaos at
t2 and t3, respectively). The randomness becomes stronger with the increase in time of the
dynamo’s evolution (cf. Figure 2).

More examples of the spectra in Equations (31) and (33) will be provided in the
subsequent sections.
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Figure 5. Magnetic energy spectra for different times of evolution (t1 < t2 < t3) of a direct, numeri-
cally simulated, small-scale dynamo (Re = 1250, and Prm = 1) . The direct numerical simulations
were performed without net kinetic and magnetic helicities. The spectra are vertically shifted for clar-
ity.

5. Hall Magnetohydrodynamics
In the ideal Hall MHD (unlike the standard magnetohydrodynamics), ions are not

closely tied to the magnetic field due to their inertia. The electrons (which remain tied to
the magnetic field) and ions decouple at the ions’ inertial length, di.

The equations taking this phenomenon into account can be written in the form

∂tu + (u · ∇)u = −∇
(

p +
b2

2

)
+ (b · ∇)b + ν∇2u + f (34)

∂tb = −(u · ∇)b + (b · ∇)u + η∇2b+

+ di(j · ∇)b − di(b · ∇)j (35)

∇ · u = 0, ∇ · b = 0. (36)

The last two terms of Equation (35) correspond to the Hall effect, where j = ∇× b (cf.
Equations (13)–(15) for standard magnetohydrodynamics).

Magnetic helicity is an ideal invariant for Hall magnetohydrodynamics [34,44,45],
and the Kármán–Howarth equation can be written for Hall magnetohydrodynamics [46].
Therefore, the spectral laws in Equations (9), (21), (31) and (33) can also be obtained for
Hall magnetohydrodynamics.

In Ref. [47], results of a DNS of a Hall MHD dynamo were reported. The DNS was
performed in a periodic spatial cube with a size of L0, and helical large-scale hydrody-
namic forcing was chosen as an ABC flow. A random small-scale seed magnetic field was
introduced into the system after the flow reached a statistically steady state.

Figure 6 shows the time evolution of the magnetic energy spectrum at εH = di/L0 = 0.1
(the spectral data were taken from Figure 2b of Ref. [47]). The dashed curve at t = 5 (the best
fit) indicates the exponential spectrum in Equation (2) (i.e., deterministic chaos). The dashed
curves at t = 15 and t = 30 indicate the stretched exponential spectra in Equation (33)
and Equation (31) respectively, i.e., the dissipative distributed chaos dominated by the
magnetic Loitsianskii and Birkhoff–Saffman adiabatic invariants. At a later time (t = 45) of
the dynamo’s development, we can observe the helical spectrum from Equation (9).
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Figure 6. Magnetic energy spectra for different times of evolution of a direct, numerically simulated,
small-scale helical Hall MHD dynamo. The spectra are vertically shifted for clarity.

One can see that the randomness increases with the development of the Hall dynamo
(cf. previous sections).

6. Solar Small-Scale MHD Dynamos
6.1. Numerical Simulations

Let us consider the results of two radiative MHD numerical simulations related to
small-scale solar dynamos. In these numerical simulations, the MHD equations for a
compressible flow were extended by adding an equation for the total energy to take the
radiative flux into account.

In the first simulation [48], both viscous and resistive dissipation were taken into
account. Standard models of the lower solar atmosphere and the solar interior were taken
into account for initial conditions. A weak seed, uniform, vertical magnetic field was added
to a fully developed solar convection to initiate a quiet-Sun, small-scale MHD dynamo.

Figure 7 shows the magnetic energy spectra for a photospheric layer at different times
of the dynamo’s evolution. The spectral data were taken from Figure 3b in Ref. [48] (kh

corresponds to the horizontal wavenumber). The two earlier time spectra (t = 1 h and t = 2
h in simulation terms) are well-fitted by the exponential spectrum in Equation (2) (β = 1,
deterministic chaos). The next spectrum (t = 3 h) can be fitted by Equation (33) (β = 5/6,
dissipative distributed chaos dominated by the magnetic Loitsianskii invariant); then, the
spectrum at t = 4 h can be fitted by Equation (31) (β = 3/4, dissipative distributed chaos
dominated by the magnetic Birkhoff–Saffman invariant).

The value of the parameter β decreases with the time of the dynamo evolution, indi-
cating that the randomness of the generated magnetic field increases over time.

Figure 8 shows the magnetic energy spectra also generated by a small-scale radiative
MHD dynamo initiated by a seed in a uniform vertical magnetic field and averaged over a
vertical range between z = 0 km and z = −200 km, and over time. The spectral data were
taken from Figure 3 in Ref. [49]. The bottom curve corresponds to the case with resistive
dissipation, whereas the top curve corresponds to the ideal case (without the resistive
dissipation). For both cases, the grid resolution h = 6 km.
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Figure 7. Magnetic energy spectra for a photospheric layer at different times of the dynamo’s
evolution (DNS).
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Figure 8. Magnetic energy spectra averaged over a vertical range between z = 0 km and z = −200 km,
and over time. The dissipative and non-dissipative cases correspond to the bottom and top curves,
respectively (DNS). The spectra are vertically shifted for clarity.

The dashed curves indicate the best fit by Equation (31) (β = 3/4, dissipative dis-
tributed chaos dominated by the magnetic Birkhoff–Saffman invariant) for the dissipative
case and by Equation (9) (β = 1/2, helical distributed chaos) for the ideal (non-dissipative)
case.

6.2. Solar Observations

Figure 9 shows the magnetic energy spectra for synoptic maps of the early rising and
early declining phases of solar cycle 24. During the early declining phase, both magnetic
energy and magnetic helicity reached their maxima, whereas during the early rising phase,
the magnetic energy attained its minimum. The spectral data were taken from Figures 4.2b
and 4.3b of Ref. [50]. The data used to compute the spectrum for the early declining phase
were obtained by the Helioseismic and Magnetic Imager onboard the Solar Dynamics
Observatory, whereas the data used to compute the spectrum for the early rising phase
were obtained by a Vector Spectromagnetograph from ground-based Synoptic Optical
Long-term Investigations using the Sun telescope.
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Figure 9. Magnetic energy spectra for synoptic maps of the early rising (bottom) and early declining
(top) phases of solar cycle 24.

The dashed curves indicate the best fit of the spectra with Equation (31) (β = 3/4,
dissipative distributed chaos dominated by the magnetic Birkhoff–Saffman invariant) for
the early rising phase and Equation (21) (β = 1/4, the magnetoinertial range of scales)
for the early declining phase when both magnetic energy and magnetic helicity reach
their maxima.

Figure 10 shows magnetic energy spectra in an undisturbed (outside active regions)
photospheric area, computed using the results of measurements produced by the Helio-
seismic and Magnetic Imager onboard the Solar Dynamic Observatory on 19 June 2017,
in the center of the solar disk. The spectral data were taken from Figure 4 in Ref. [51].
The solar area consists of three subregions: a coronal hole (CH), a quiet Sun region (QS),
and a supergranular network (SG). Overall, it was an area of weak magnetic fields, but the
CH, QS, and SG subregions exhibited comparatively different intensities of their magnetic
fields: CH—weakest, QS—moderate, and SG—strongest. The supergranular network (SG
subregion) was an area of decayed active regions in NOAA 12242–12259 several rotations
ago.

The dashed curves indicate the best fit of the spectra with the exponent Equation (2)
(β = 1, deterministic chaos in the CH weak magnetic field), with the Equation (33) (β = 5/6,
dissipative distributed chaos dominated by the magnetic Loitsianskii invariant in the QS
moderate magnetic field), and with the Equation (31) (β = 3/4, dissipative distributed
chaos dominated by the magnetic Birkhoff–Saffman invariant in the SG strongest mag-
netic field).

The value of the parameter β decreases, and, consequently, the randomness of the mag-
netic field increases for the subregions with the increase in intensity of the magnetic field.

Figure 2 shows the evolution of the magnetic energy spectra for a large emerging
solar active region, NOAA 11726. The spectral data were taken from Figure 2a in Ref. [17].
The measurements were provided by the Helioseismic and Magnetic Imager located on-
board the Solar Dynamics Observatory. These spectra are well-fitted by a sequence of
spectral laws (the dashed curves), starting from the deterministic chaos in Equation (2)
(β = 1), then the dissipative distributed chaos in Equation (31) (β = 3/4), then the helical
distributed chaos in Equation (9) (β = 1/2), and finally the magneto-inertial range of scales
in Equation (21) (β = 1/4, a precursor of hard turbulence.
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Figure 10. Magnetic energy spectra in undisturbed photosphere: CH—coronal hole (bottom);
QS—quiet Sun region; SG—supergranular network (top); MF—magnetic field.

Figure 11 shows the evolution of the magnetic energy spectra for a smaller, emerging,
active solar region, NOAA 11781. The spectral data were taken from Figure 2b of the same
paper, Ref. [17]. The measurements were also provided by the Helioseismic and Magnetic
Imager located onboard the Solar Dynamics Observatory. These spectra are well-fitted by
a sequence of analogous spectral laws (the dashed curves), and only the most energetic
magnetoinertial range of scales in Equation (21) (β = 1/4) is absent here (cf. Figure 2).
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Figure 11. Evolution of the magnetic energy spectra for an emerging active solar region, NOAA 11781.

6.3. The Role of the Mean Magnetic Field

To take into account the mean magnetic field (if it is present) in the case of a magnetoin-
ertial range of scales, one should replace the energy dissipation rate ε in Equation (16) by
(εB̃0) (where B̃0 = B0/

√
µ0ρ is the normalized mean magnetic field - in the Alfvénic units,

with the same dimension as velocity) [52] and the εh by the modified magnetic helicity
(Equation (4)) dissipation rate, ε ĥ.



Foundations 2025, 5, 31 15 of 18

The dimensional considerations result in [26,53,54]

Bc ∝ ε1/2
ĥ

(εB̃0)
−1/8k1/8

c (37)

i.e., the parameter α = 1/8. Then, from Equation (20), we obtain β = 1/5.

E(k) ∝ exp−(k/kβ)
1/5 (38)

Figure 12 shows the evolution of the magnetic energy spectra for an emerging active
solar region, NOAA 12219. The spectral data were taken from Figure 1 in Ref. [55]. The solar
magnetogram images used for calculation of the spectra were obtained by the Helioseismic
and Magnetic Imager onboard the Solar Dynamics Observatory spacecraft. The time t0

corresponds to the onset of the active region emergence, t1 corresponds to the time when
only the first imprints of the emerging active region can be seen in the magnetogram, and
the time t2 corresponds to the peak of the magnetic flux.
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Figure 12. Evolution of the magnetic energy spectra for an emerging active solar region, NOAA 12219.

These spectra are fitted by a sequence of spectral laws (the dashed curves): starting
from the deterministic chaos in Equation (2) (β = 1), then the dissipative distributed chaos
in Equation (31) (β = 3/4), and finally the magnetoinertial range of scales in Equation (38)
(β = 1/5), which corresponds to the magnetoinertial range under the strong influence of
the mean magnetic field.

Figure 13 shows the evolution of the magnetic energy spectra for a rapidly emerging
active region, NOAA 10488. The spectral data were taken from Figure 8 in Ref. [56].
The solar magnetogram images used for the calculation of the spectra were obtained by the
Michelson Doppler Imager onboard the Solar and Heliospheric Observatory. An M-class
flare and two C-class flares occurred in the active region, and also an active region, NOAA
10493, appeared near the AR NOAA 10488 during the period of 27–28 October 2003.

The dashed curves in Figure 13 indicate the best fit of the spectra in Equation (33)
(β = 5/6) and Equation (31) (β = 3/4), which correspond to the dissipative distributed
chaos dominated by the magnetic Loitsianskii and Birkhoff–Saffman invariants at the
earlier stages of the emergence of AR NOAA 10488, and in Equation (21) (β = 1/4) and
Equation (38) (β = 1/5), which correspond to the magnetoinertial range of scales at the
mature stage of the emergence of AR NOAA 10488 (cf. Figure 2).
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7. Conclusions
While chaotic/turbulent magnetohydrodynamic dynamos are a thriving subject of

research in fluid dynamics (see Refs. [57–59] for recent reviews and references therein),
the theory of the process of randomization generated by small-scale dynamo magnetic
fields is still an emerging area [10]. The randomization process can be understood in more
detail and quantified using the notion of distributed chaos.

The above examples demonstrate that different magnetohydrodynamic invariants
govern this process at various stages of the emerging dynamo’s evolution. While at earlier
stages of randomization, the dissipative invariants are dominant, for more advanced
stages, the magnetic helicity plays a dominant role, either directly or through Kolmogorov–
Iroshnikov types of phenomenology. A small-scale dynamo can coexist with a large-
scale one.

Under this approach, the results of the numerical simulations are in quantitative agree-
ment with solar observations (both for quiet and active solar regions) despite considerable
differences in scales and physical parameters.
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