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Abstract: Parameter identification problems in partial differential equations (PDEs) consist
in determining one or more functional coefficient in a PDE. In this article, the Bayesian
nonparametric approach to such problems is considered. Focusing on the representative
example of inferring the diffusivity function in an elliptic PDE from noisy observations
of the PDE solution, the performance of Bayesian procedures based on Gaussian process
priors is investigated. Building on recent developments in the literature, we derive novel
asymptotic theoretical guarantees that establish posterior consistency and convergence rates
for methodologically attractive Gaussian series priors based on the Dirichlet-Laplacian
eigenbasis. An implementation of the associated posterior-based inference is provided and
illustrated via a numerical simulation study, where excellent agreement with the theory
is obtained.

Keywords: inverse problems; Gaussian priors; frequentist consistency; posterior mean;
Markov chain Monte Carlo

1. Introduction

Partial differential equations (PDEs) are primary mathematical tools to model the
behaviour of complex real-world phenomena, with ubiquitous applications across engi-
neering and the sciences. The formulation of a PDE typically involves a number of functional
parameters, which are often unknown in applications and not directly accessible to measure-
ments. Employing a PDE model in practice therefore necessitates that the parameters in
the equation be determined beforehand from the available data, giving rise to an inverse
problem of parameter identification. Such problems have been extensively studied in applied
mathematics [1-3] and, more recently, in statistics [4-6]. See the monographs [7-9] and the
references therein for an extended overview on this research area.

In the present paper, we shall focus on the following representative example. Consider
a physical quantity undergoing diffusion in an inhomogeneous multidimensional convex
medium O C R4, d € N, with smooth boundary 0. At equilibrium, the density u(x) of
the diffusing substance at any location x € O is governed by the second-order elliptic PDE

V- (fVu) =s,

u=~=s,

on O

(1)
on 00,
where s : O — R describes the spatial distribution of local sources or sinks, g : 00 — R
prescribes the density values at the boundary, and the diffusivity function f : O — (0,00)
models spatially varying conductivity throughout the inhomogeneous domain. Under mild
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regularity conditions on the PDE coefficients, standard elliptic theory implies the existence
of a unique twice continuously differentiable classical solution G(f) = uy € C%(0) to (1)
(e.g., [10], Chapter 6). Assuming that s and b are known, we are then interested in the
problem of estimating f from n noisy point evaluations of G(f) over a grid of (possibly
random) design points Xj,..., X, in O,

Y, =G(f)(X)+oW,  i=1,...,n @)

where W, ..., W, are statistical measurement errors, and ¢ > 0 is the noise level. In view
of the central limit theorem, the Gaussian assumption Wy, ..., W, iid N(0,1) can often be
realistically maintained. The inverse problem of recovering the diffusivity in the elliptic
PDE (1) from observations of its solution is an important building block in oil reservoir
modelling [11], where u is the (accessible to measurements) fluid pressure, and f is the (not
directly observable) permeability field, which can exhibit drastic spatial variations due to
changes in the reservoir composition. This problem has been studied in a large number of
articles in applied mathematics, e.g., [12-14], and statistics, e.g., [5,15,16]. An illustration
on a bi-dimensional domain is given in Figure 1.
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Figure 1. (Left): An example of diffusivity function f with four circular regions of higher conductivity.
(Right): n = 4500 noisy observations from the corresponding PDE solution G(f).

While the PDE (1) is linear, the parameter-to-solution map f — G(f) is not, which
poses several methodological and theoretical challenges. In particular, least squares func-
tionals involving G(f) are generally non-convex so that commonly used optimisation-based
methods (such as Tikhonov regularisation, maximum likelihood or maximum-a posteriori
estimation) cannot reliably be implemented by standard convex optimisation techniques.
In this context, the Bayesian approach to inverse problems, popularised by influential work
by Stuart [17], offers an attractive alternative. In the Bayesian framework, the unknown
parameter f is regarded as a random variable (with values in a function space) and assigned
a prior probability distribution T1(-) that models the available information about f before
collecting the observations. The prior is then combined, through Bayes’ formula, with the
data {(Y;, X;)}!_; to form the posterior distribution T1(-|{(Y;, X;)}}_,), which represents the
updated belief about f and is used to draw the inferences. As the posterior formally
involves only evaluations of the prior and the likelihood (cf. Equation (7) below), the
approximate computation of I, (-|{(Y;, X;)}} ;) and its associated posterior mean estimator
fu = EM[fI{(Y;, X;)}',] via sampling methods is feasible as long as the forward map
G can be numerically evaluated. For the elliptic PDE (1), this can be performed using
efficient PDE solvers based on finite element methods, sidestepping altogether the need
for a (possibly non-existent) inversion formula for G, as well as the use of optimisation
approaches. In particular, for the class of Gaussian process priors, efficient ad hoc Markov
chain Monte Carlo (MCMC) algorithms, suited to the present infinite-dimensional setting,
have been developed, e.g., [16]. A further decisive advantage of the Bayesian methodology
is that, alongside point estimates, it also automatically delivers uncertainty quantification for
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the recovery via the spread of the posterior, used in applications to provide interval-type
estimators and to construct hypothesis tests.

The success and popularity in applications has led to recent interest in the literature
for the derivation of theoretical performance guarantees for nonparametric Bayesian pro-
cedures in PDE models [18-23]. This is motivated by the fact that the performance of
Bayesian methods depends on a suitable choice of the prior, which in infinite-dimensional
statistical models primarily serves as a regularisation tool, and whose specification is a
delicate task in its own right (cf. Section 1.2 in [24]). Thus, the question arises as to whether
Bayesian procedures may provide valid and prior-independent inference, at least in the
presence of informative data. The established paradigm under which such investigation is
carried out is the frequentist analysis of Bayesian procedures, assuming that the observations
are generated by a fixed ground truth fy and studying the concentration of the posterior
towards fy in the large sample size limit. We refer the reader to [24] for an introduction to
this research area.

The present paper is concerned with the performance of Bayesian nonparametric
methods based on Gaussian priors in the elliptic inverse problem (2). In Section 2, we
provide a general result that establishes posterior consistency and convergence rates of
the conditional mean estimator for a general class of Gaussian priors (Theorem 1). We
then apply our general theorem to obtain statistical recovery rates for truncated Gaussian
series priors defined on the eigenbasis of the Dirichlet-Laplacian (Example 1), which is a
commonly used basis of practical interest offering a convenient and generally applicable
framework for implementation; cf. Section 3.1. This shows that the resulting procedures pro-
vide statistically valid estimation of the diffusivity f, with explicit estimation error bounds
that decay algebraically in the number 1 of observations. Our results extend upon the
recent investigation of Giordano and Nickl [20], who considered Gaussian priors associated
to popular covariance kernels (such as the Matérn or squared-exponential ones), as well as
truncated Gaussian wavelet series expansions but did not explore the methodologically
attractive procedures based on the Dirichlet-Laplacian eigenbasis constructed herein.

Furthermore, in Section 3, we complement the theoretical results with a discus-
sion on implementation, devising two different discretisation strategies. The first is
tailored to applications where a specific set of basis functions is of interest. In partic-
ular, in Section 3.1, we employ the Dirichlet-Laplacian eigenbasis, discretising the pa-
rameter space by high-dimensional truncated series expansions in accordance with our
theoretical results. In the second approach, described in Section 3.2, we discretise the
parameter space via piece-wise linear functions defined on the elements of a determin-
istic triangular mesh, which is naturally suited to implementing Gaussian priors speci-
fied via a covariance kernel. Here, the popular Matérn kernel is employed for illustra-
tion. A numerical simulation study is provided to investigate the performance of the
inferential procedures under the two discretisation strategies. In our numerical experi-
ments, both approaches yielded satisfactory results, comparable in terms of reconstruction
quality and running time. The posterior mean estimate (relative to a Matérn process
prior), computed via a Metropolis—Hastings-type MCMC algorithm, is shown in Figure 2
for increasing sample sizes, to be compared to the true diffusion coefficient pictured
in Figure 1 (left). The reproducible MATLAB code used for the study is available at
https://github.com/MattGiord/Bayesian-Elliptic-PDEs/tree/main (accessed on 19
March 2025).
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Figure 2. Left to right: posterior mean estimates f, of the diffusivity function f for increasing sample
sizes n = 100, 250, 1000.

2. Materials and Methods
2.1. Likelihood, Prior and Posterior

Throughout, © C R?, d € N, is a given nonempty, open, convex and bounded set
with smooth boundary 9O. For the observation model (2), with G(f) as the solution to the
PDE (1), and for fixed constants « > 1+ d/2 and fpin > 0, we take the parameter space

: o ,
Ft, fin -= {f e H*(O) : ;g(fgf(x) > fmin, fpo =1, a—j =0for1 <j< a—l}, (©)]

with H*(O) as the usual Sobolev space of regularity « and v(x), x € 90, the unit normal
vector. Assuming that the source term s in (1) is fixed and smooth, and taking (without
loss of generality) homogeneous Dirichlet boundary conditions b = 0, the Schauder theory
for elliptic PDEs (e.g., Theorem 6.14 in [10]) implies that for each f € F, ¢ ., there exists a
unique classical solution G(f) € C(O) N C**(O) to the elliptic PDE (1). We then assume
data {(Y;, X;)}]_, arising as in Equation (2) for some unknown f € F, ; ., with indepen-
dent and identically distributed (i.i.d.) random design variables X3, ..., X, following the
uniform distribution on O. Throughout, we regard the noise level o > 0 in (2) as fixed
and known; in practice, it may often be replaced by an estimate (cf. Section 4). In view of
the i.i.d. standard normal assumption on the noise variables Wy, ..., W, in (2), the random

vectors {(Y;, X;) }iq ~ Pf(") have joint probability density function in product form,

1 v 2/ (202

P = e SRS, e, xeo
Accordingly, the log-likelihood is seen to be equal to, up to an additive constant, the negative
least-square functional

(f) = oz lem SGHXIE € Fupn @

In a recent paper by Giordano and Nickl [20], posterior consistency and convergence
rates for the conditional mean estimator have been established for nonparametric Bayesian

procedures based on Gaussian process priors. To incorporate the shape constraints in the
parameter space F, r ., ref. [20] employed the parametrisation

f=doF, (5)

where F € Hf(O) (the completion of C°(O) with respect to || - [|g«) and @ : R — [fmin, )
is a regular link function, that is a smooth, strictly increasing and bijective function with
bounded derivatives and such that #(0) = 1. An instance of regular link function is
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provided in Example 24 of [20]. In practice, the exponential link ®(-) = exp(-) is often
used. In the following, we occasionally switch between the notation f and F, implicitly
making use of the relation (5).

Under the parametrisation (5), placing a prior probability distribution I1(-) on F
induces a (push-forward) prior on f, which, in slight abuse of the notation, we still denote
by I(-). Following [20], we consider scaled Gaussian priors, constructed starting from
a base (possibly n-dependent) centred Gaussian Borel probability measure Il , which
we assume to be supported on a measurable linear subspace of the Holder space CP(O),
for some B > 1, and to have reproducing kernel Hilbert space (RKHS) Hyy, continuously
embedded into Hj(O). See Chapter 2 in [25] for the background and terminology on
Gaussian processes and measures. Given Iy, , we then construct the scaled prior I, (+) as
the law of the random function

Vix): W(x)

= ez €0 Wlly (). 6)

By linearity, I1,(+) also defines a centred Gaussian Borel probability measure with the same
support as Iy, ; the scaling enforces the additional regularisation used in the theoretical
analysis to deal with the nonlinearity of the inverse problem.

Given prior IT,(-) as above, by Bayes’ formula (p. 7, [24]), the posterior distribution
I, (-[{(Y;, Xi) }1 ) of FI{(Y;, X;)}!_, arising from data in model (2) equals

eln(®oF)4IT, (F)
IT,(BI{(Y;, Xi) }ieq) = fc(fZ) el"(q)op)dlilln(l—“’)' B C C(O) measurable, (7)

with [, (+) as the log-likelihood in (4).

2.2. Convergence Rates

We study the asymptotic concentration of the posterior distribution IT, (-[{(Y;, X;)} ;)
in (7) around the ground truth diffusivity function fy = ® o Fy, assuming that the data
{(v, X))}, ~ P}:) have been generated according to the observation model (2) with
f = fo. The following theorem extends the main result of [20], allowing to include in the
analysis general sieve-type Gaussian priors, cf. Example 1. The proof follows through
similarly to Section 3.2 in [20]; it is included for completeness and the convenience of the

reader in Appendix B.

Theorem 1. For fixed positive integers o, B € N such that & > B+ d /2, consider the scaled prior
I1, in (6), where Iy, is a centred Gaussian Borel probability measure supported on a measurable
linear subspace of CF(O), with RKHS Hy, C HE(O) satisfying, for some constant ¢ > 0
(independent of n),

[Ellme < cllFll,, — VE € Huw,

Further assume that

sup EMWi |1 < oo,
neN

For fixed Fy € H§(O), suppose that there exists a sequence Fy,, € Hy, such that, as n — co,

__adl
IFo — Foullgnye = O™ %%52);  max{|Fo,

ctr [Fonlla, b = O1). ®)

Then, there exists L > 0 that is large enough such that, as n — oo,

I (£ £ 1G(f) = GUfo) iz > Ln™ 2 [ {(%;, X))y ) = 0, ©)
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in P};o)—probability as n — oo. If in addition p > 2 and inf,c s(x) > 0, then there exists L > 0
that is large enough and a constant A > 0 such that

I (f + [If = folliz > L™ [{ (Y, X)) Hey) = 0, (10)
in P};‘J)—probability as n — oo, and moreover, the estimator f, = ®oF,, with F, =
EY [FI{(Y;, X))}, ], satisfies as n — oo,

PO (1o = foll iz > n~*) = 0. (11)

The first statement (Equation (9)) of Theorem 1 establishes posterior consistency in
prediction risk: The induced posterior on the PDE solution G(f), f ~ IL,(-[{(Y;, Xi)}1,),
concentrates around the true PDE solution G( fp) in L2-distance at rate n—(¢+1)/(2e+2+d)
Since such a rate is known to be minimax optimal [26] (Theorem 10), procedures satisfying
the assumption of Theorem 1 are seen to optimally solve the PDE-constrained regression
problem of recovering G(fy) from data {(Y;, X;)}7 ;.

The second statement shows that the posterior contracts around fj also in the stan-
dard L?-risk, thereby solving the inverse problem of estimating the diffusivity. It follows
combining (9) with the regularisation properties implied by the rescaling in the prior
construction (6) and a suitable stability estimate for G~1. The latter was proved in [26]
(Lemma 24), and requires the slightly stronger assumption on 8 and the strict positivity
of the source s. The exponent A > 0 is explicitly computed in the proof of Theorem 1 and
equals A = (a+1)(B—1)/(2a+2+4d)(B+1). Notethat A < (a+1)/(2a +2+d). While
minimax optimal rates for estimating the diffusivity f in model (2) are currently unknown,
inspection of the proof shows that when fy € C®(0), then the prior can be tuned so to
attain a rate as closed as desired to the parametric rate n=1/2.

The last statement of Theorem 1 entails that the estimator f, converges towards f
in L2-risk at the same rate n~" attained by the whole posterior distribution. It is indeed a
corollary of (10), following from uniform integrability arguments for Gaussian measures
and the Lipschitzianity of the composition with the link function .

2.3. Examples of Gaussian Priors

We now provide two concrete instances of Gaussian priors to which Theorem 1
applies. For both examples, an implementation of the associated posterior-based inference
is provided in Section 3 below. We maintain the assumption that fo = ® o Fy for some
Fy € H*(O) supported inside a given compact subset K C O. This corresponds to the
common assumption that fj is known near the boundary 9O (specifically fy =1 on O\K).

We first consider high-dimensional Gaussian sieve priors obtained via truncating
Karhunen-Loéve-type random series expansions, a frequently used approach in computa-
tion, e.g., [27]. In particular, via Theorem 1, we study procedures based on the Dirichlet-
Laplacian eigenbasis. Such constructions corresponds to commonly used Gaussian pro-
cess priors with covariance kernel given by an inverse power of the Laplacian, e.g., [17]
(Section 2.4). The eigenbasis can be numerically computed via efficient finite element
methods for elliptic eigenvalue problems, offering a broadly applicable framework for
implementation on general domains O. Details on computation and a numerical simulation
study are provided in Section 3.1.
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Example 1 (Dirichlet-Laplacian eigenbasis). Let {¢;, j > 0} C H}(O) N C*(O) be the
orthonormal basis of L?(O) formed by the eigenfunctions of the (negative) Dirichlet-Laplacian:

—AEJ‘ — /\]6] = 0, on O
e; =0, on 00,

i>o0, (12)

with associated eigenvalues 0 < Ag < Ay < Ay < ..., satisfying Aj — o0 as j — oo according to
Weyl's asymptotics: \; = O(j*/) as j — oo, cf. Figures 3 and 4. See Example 6.3 and Section 7.4

in [28] for details. Define the Hilbert scale

H® := {w € L2(0) : |Jw|s == Zx\j|<w,e]->2|2 < 00}, s >0.
j=0

-05 o -05

" -~ s
"L 2eY |
-

5 -1
-1 -05 0 0.5 1 -1 -05
X

-1 -0.5 0 0.5 1

- ;
05 1 05 i 05 ~_ -
05 05 ,, '. " jos
> 0 0 >0 0 > 0 ’ ‘ l 0
» %
0 05 1
X

Figure 3. Left to right: The first, second, and fiftieth Dirichlet-Laplacian eigenfunctions eg, e; and es9,
computed via finite element methods.
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Figure 4. Dirichlet-Laplacian eigenvalues A; in the range [0,500], computed via finite element methods.

We then have H® = L?(O) (with equality of norms), H' = H}(O) (with equivalence of
norms), H> = H}(O) N H?*(O), and the continuous embedding H¥ C H*(O) for all s > 0
(holding generally with strict inclusion), cf. p. 472f. in [29]. In fact, it holds that ||w||gs ~ ||w|| gs
forallw € H° and s > 0 (proved initially for s = 2, then extended by induction to all larger
integers, and finally by interpolation to all positive reals), and if F € H®(Q) is compactly supported
within O, then F € HE. Finally, defining H™! := (H')* = (H}(O))*, we have the equivalence
(cf. Equation (A15) in [29])

()

ol = Il = Y A5 (el (13)
j=0

Now for fixed | € N, the Gaussian random sum
Wyi=Y A2 We;, WX N(O0,1),
<]
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defines a centred Gaussian Borel probability measure supported on (and with RKHS equal to) the
finite-dimensional space HW, := span{e;j, j < J}, with RKHS norm

12 > 12 _2 _
||w||HW = 2/\?1"]‘ = @ 2= @ e Vw € Wy.
S|
Fix any smooth cut-off function x € CX(O) such that x = 1 on K, and consider the
random function

Wo = xWj, = 1A Wie, WX N(O1), (14)

jf]n

where [, € N is such that J, ~ n?/(24+2+d) By the linearity and boundedness of multiplication
by x, the law Iy, of W), defines, according to Exercise 2.6.5 in [25], a centred Gaussian prior
supported on (and with RKHS equal to)

Hw, = span{xe;, j < J.} C C(O) C [ H§(O)n (| HY,
s=0 5=0

with RKHS norm satisfying, with a multiplicative constant independent of n,
Ix@llzey, < 1@lng = l@lne V0 € Hy, .

Arguing as in Example 25 in [20], one further shows that for some constant ¢ > 0 (independent
of n),
[wllge < cllwlia,, — Yw € Huw,.

Finally, by a Sobolev embedding and the above inequality,

M |[F|[2) < EM | F|[f < cE™n|F|13,, <E

~

£ ayng .
i<In
which is uniformly bounded in n recalling that W; NN (0,1) and the fact that by Weyl's asymptotics
/\j_"‘ = O(j=2*/%) with o > 1+ d /2. This shows that the sequence of base priors Ty, satisfies the
first two assumptions of Theorem 1. For ground truths Fy € H*(O) compactly supported inside K,
we have Fy € H*. Construct the finite-dimensional approximations

FO,n = Z <F0, €j>2)(€]' S Han n € N. (15)
J<In
Then foralln € N,
||F0,n Huw, < Z <F0,6j>2€]' = Z <F0,€]'>2€]‘ < ”FOHH“ ~ ||FOHH0‘ < 0.
]S]n HW ]S]n H*

In

o1 < ||Fol|pge < oo forall n € N. Furthermore,
since both Fy and Fy ,, have compact support within O,

By a Sobolev embedding, we similarly have ||F ,,

[Fo — Foull(gn)- = sup (Fo(x) — Fo,u(x))H(x)dx
HeH1(0) 70

= sup | (Fo(x) = Fou(x))H(x)dx = [[Fo = Fonll -/
HeH1(0) 0
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and recalling (13), Weyl's asymptotics, and the choice of [,

—(1+
1Fo = Foullynye = 22 A7 VA8 (Fosp)a?
J>In
— 1 _ _
S /\]n( +a)||F0”]12{zx g (]n) 2(1+1X)/d ~n 2(06+1)/(20¢+2+d)

We conclude that Theorem 1 applies with the sequence of base Gaussian sieve priors in (14), choosing
the approximations Fy ,, according to (15).

The second main example, already considered in [20], concerns stationary Gaussian
processes specified via a translation invariant covariance kernel. For concreteness, we focus
on the popular Matérn kernel. Implementation of the resulting procedures is illustrated in
Section 3.2.

Example 2 (Matérn covariance kernel). Consider a Matérn process W = {W(x), x € O} on
O with reqularity o — d /2, that is a centred stationary Gaussian process with covariance kernel

2=y —ylv2a \" —y|v2
c(x,y)zr(“)<|x }2\/7‘> Ba<|x y’g"ﬁ‘> wyeO, (>0, (16)

where I denotes the gamma function and B is the modified Bessel function of the second kind. Fix
any smooth cut-off function x € C*(QO) such that x = 1 on K. It can then be shown (cf. Example
25 in [20]) that the law I1y of xW defines a centred Gaussian Borel probability measure supported
on the separable linear subspace CF' (O) of CP(O) for any p < B/ < « — d/2. Furthermore, its
RKHS is given by Hw = {xF, F € H*(O)} C Hj(O), with the RKHS norm satisfying

[XFllee S IxFll3,,  VF € HY(O).

For ground truths Fy € H*(O) compactly supported inside K, we have xF = F, so that F € Hy.
We conclude that Theorem 1 applies for a base Matérn process prior Iy, := Ily, choosing the
trivial approximating sequence Ky, := Fy foralln € N.

3. Results

We investigate the performance of the procedures based on the Gaussian priors
considered in Examples 1 and 2 in a numerical simulation study. For illustration, we fix the
working domain O to the area contained inside the rotated ellipse, with § = 77/6,

90 = {(cos(t) cos(8) — 0.75sin(t) sin(0),0.75 sin(t) cos(6) + cos(t) sin(0)), t € [0,27)},
and take the ground truth conductivity

—(5x41.75k)2 — 75m)2
fo(x,y) — 2 e (5x+1.75k)*— (5y+1.75m) , (x,y) €0, (17)
kme{-1,1}

cf. Figure 1 (left). We then generate observations {(Y;, X;)}!" ; according to (2). The true
PDE solution G(fp) is numerically computed via finite element methods, using the
MATLAB PDE Toolbox. For the experiments, the source function is set to s(x,y) =
exp(—(5x —2.5)2 — (5y)?) + exp(—(7.5x)2 — (2.5y)?) + exp(— (5x +2.5)% — (5y)?), (x,y) €
O, and the noise standard deviation to o = 0.0025 (with corresponding signal-to-noise
ratio ||G(fo)||;2/0 = 68.50). Further experiments, with differently shaped ground truths,
are presented in Appendix A.
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3.1. Results with Truncated Gaussian Series Priors

To implement the truncated Gaussian series priors from Example 1, we numerically
compute the first J, ~ n4/(24+2+d) Dirichlet-Laplacian eigenpairs via finite element meth-
ods; see Figures 3 and 4. Identifying the functional parameter F in (5) with the vector of
coefficients F := [Fy, ..., F},], where F:= (F, e]'> 2, the prior then corresponds to

FrN(O,A),  Agi=n @2 diag(Ar%, ., A ) € Riv, (18)
While the employed prior is Gaussian, the nonlinearity of the forward map f — G(f)
implies that the log-likelihood /,,(f) in (4) depends nonlinearly on f. The resulting posterior
distribution is therefore generally non-Gaussian and not available in closed form. We then
resort to MCMC sampling via the pCN algorithm [16], which is a specific instance of the
random-walk Metropolis—-Hastings method for Gaussian priors that is known to be robust
to the discretisation dimension. In the present setting, we employ the pCN algorithm to
generate an R/"-valued Markov chain (Fy);,>1 with invariant measure equal to the posterior
distribution, starting from an initialisation point Fy and then, for = 0,1,2, ..., repeating
the following steps:

1. Draw a prior sample ¢ ~ N(0, A,), where A, is as in (18), and for 6 > 0 define the
proposal p := /1 — 26F;, + /25¢;
2. Set
p, with probability 1 A e!(®opP)—l(®oFy),

Fpp1:=
F,, otherwise,

where [ is the log-likelihood function in (4).

For each iteration, step 2 requires the evaluation of the log-likelihood I, (® o p), which
in turn entails the numerical evaluation of the PDE solution G(® o p) at the design points
X1,...,Xu, cf. (4), which we perform via finite element methods. The prior samples
¢ ~ N(0,A,) required in step 1 are straightforward to draw since A, is diagonal.

The algorithm is terminated after H steps, returning approximate samples {Fy, 1 = 0,
..., H} from the posterior distribution, where a first batch of iterates is typically discarded
as the burn-in. Under a set of assumptions on the forward map that is compatible with
the present setting, Hairer, Stuart, and Vollmer [30] derived dimension-free spectral gaps
which imply rapid convergence of the pCN marginal laws towards the invariant measure.
As a consequence, the posterior mean F, can reliably be numerically computed by the

MCMC average
_ 1 &

F=——Y) F, 19
H+1h§)h (19)

with non-asymptotic bounds for the numerical approximation error. Posterior credible sets
can likewise be reliably computed by considering the empirical quantiles of the pCN samples.

Figure 2 shows the posterior mean estimates f, = ® o [, of the conductivity function
f obtained for increasing sample sizes n = 100,250, 1000. The corresponding L? estimation
errors (and the associated relative errors) are reported in Table 1 (first and second row),
displaying a progressive decay as expected from the theory developed in Section 2. Across
the experiments, the prior regularity parameter « in Equation (18) issettoa =3 =2 +d/2.
The pCN algorithm is iterated H = 25,000 times, and the first 5000 samples are discarded
as the burn-in. The step size is set to § = 0.0025,0.001, 0.0005, 0.00025, tuned depending
on the sample size to obtain a stabilisation of the acceptance rate around 30% after the
burn-in; see Figure 5 (left). A pCN cold-start Fy = 0 is employed. Figure 5 (right) shows,
for the experiment with n = 1000, the log-likelihood I,,(® o 9,) along the first 3000 pCN
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iterates (part of the burn-in phase), seen to rapidly increase towards, and then stabilise
around, the log-likelihood I,,( ) attained by the true diffusivity fy. The computation time
per experiment is around 50 min on a 2020 M1 MacBook Pro 13 running MATLAB 2024b.

Table 1. L2-estimation errors and relative errors for the posterior mean estimates with increasing
sample sizes.

" 100 250 500 1000
Ifo = fol iseries prior 02961 02232 02144 01581
|| fn — foll2/ |l foll;2; series prior 17.67% 12.23% 12.71% 9.36%
Il 2 — foll 2; Matérn prior 0.3289 0.2677 0.2033 0.1647
Il f — foll2/ || foll2; Matérn prior 18.98% 15.86% 12.05% 9.76%
0.6 0
0.5
-2000
0.4
i i TR —— -4000

0.2
-6000

— Loglikelihood along MCMC chain

0.1 — Loglikelihood of f,

-8000

0
0 2000 4000 6000 8000 10000 500 1000 1500 2000 2500
MCMC step MCMC step

Figure 5. (Left): acceptance rate over the first 10,000 pCN samples. The rate stabilises around 30%

after the initial burn-in time (first 5000 iterates). (Right): in blue, the log-likelihood I,,(® o ¢},) of the
first 3000 iterates; in red, the log-likelihood I, (fo) of the true diffusion coefficient fj.

3.2. Results with the Matérn Process Prior

For Gaussian process priors specified via a covariance kernel, such as the Matérn
process considered in Example 2, we discretise the parameter space by assuming that F
in (5) is given by the finite sum

M
F= Y Fum, Fn €R, McEN, (20)
m=1

where {¢1,..., )} are piecewise linear functions on a deterministic triangular mesh
with nodes {z1,...,zm} C O, uniquely characterised by the relation ¢ (z,/) = 1(—p}-
Accordingly, F in (20) satisfies F(z,;) = Fy, and for any x € O, the value F(x) is obtained
by linear interpolation over the pairs {(zy, Fy), m = 1,..., M}. Given the Matérn kernel
C in (16), and identifying F with the vector of values F := [Fy,..., Fy], the prior then
corresponds to

F~N(0,C), C=[Cuplt i eRMM — C, = Clzm z,).

Posterior inference based on the Matérn process prior may be implemented via the
PCN algorithm described in Section 3.1 above. For each iteration, the construction of the
PCN proposal p in step 1 entails sampling an independent multivariate Gaussian random
variable ¢ ~ N(0, C). In step 2, the computation of the acceptance probability requires the
evaluation of the proposal log-likelihood I, (® o p), which can be performed via numerical
PDE methods as described above.

For the ground truth fj specified in Equation (17), Table 1 (third and fourth row)
displays the L?-estimation errors (and the relative errors) associated to the posterior
mean estimates fn = ®oF, for increasing sample sizes n = 100,250, 500,1000. Across
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the experiments, the parameter space is discretised using a uniform triangular mesh
with M = 2000 nodes. The hyperparameters for the Matérn covariance kernel in (16)
are set to « = 3 and ¢/ = 0.25. Similarly to the results in Section 3.1, the runs of
PCN are stopped after H = 25,000 iterations, with a tuning of the step size (respectively,
6 = 0.0025,0.001, 0.0005,0.00025) to achieve a stabilisation of the acceptance rate at around
30% after the burn-in (corresponding to the first 5000 iterates). A non-informative initialisa-
tion point Fy = 0 is chosen for each run. The computation times ranges between 50 and
57 min, in line with those obtained for the truncated Gaussian series prior in Section 3.1.

4. Discussion

In this article, we have considered the nonparametric Bayesian approach to inference
in elliptic PDEs, focusing on the standard benchmark problem of estimating the diffu-
sivity function from noisy observation of the PDE solution. We have provided a general
asymptotic concentration result, Theorem 1, for the posterior distribution and the posterior
mean estimator, and showed that it applies to two classes of Gaussian priors of interest,
namely truncated Gaussian series priors defined on the Dirichlet-Laplacian eigenbasis
(cf. Example 1) and Matérn process priors (cf. Example 2). For both prior models, we have
devised strategies for implementing the posterior-based inference, employing efficient
and reliable MCMC algorithms. The performance of the considered methods has been
investigated in a numerical simulation study, where excellent reconstruction results and a
general agreement with the theory have been obtained. Overall, the main advantages of the
approach lie in its modelling flexibility, and the robustness of the associated computational
methods, as well as the availability of theoretical guarantees on the recovery performance.

Let us conclude overviewing some related research questions. Firstly, we remark
that that the noise standard deviation ¢ in (2) is assumed to be known throughout the
paper. In the realistic scenario where ¢ is also unknown, the methodology developed
here can readily be adapted by replacing it (in an empirical Bayes spirit) with a preliminary
(non-likelihood-based) estimate. Several strategies have been proposed in the literature
for variance estimation in nonparametric regression models, ranging from residual-based
estimators using kernel smoothing [31] and splines [32], to difference-based estimators [33].
Alternatively, a joint Bayesian model for f and ¢ in (2) could be considered by endowing o
with a prior distribution (for example, an independent conjugate inverse gamma prior).
This leads to the interesting question concerning the extension of the theoretical results
presented in Section 2 to the setting with unknown variance; see [34] for related results in a
direct regression model.

Secondly, we mention the important issue of specifying the hyperparameter values
for the considered prior distributions, namely, the regularity parameter « for the trun-
cated Gaussian series prior from Example 1, and the smoothness and length-scale in the
Matérn covariance kernel (16). There a vast literature investigating the methodological and
theoretical aspects of empirical and hierarchical Bayesian strategies to fully data-driven
hyperparameters selection; see [20,35-38], where many more references can be found. In-
vestigating the implications and performance of these methods in the context of the elliptic
PDE model and the Gaussian prior distributions considered in the present article is an
interesting direction for future research.

Funding: This research has been partially supported by MUR, PRIN project 2022CLTYP4.

Data Availability Statement: The (MATLAB) code to fully reproduce the numerical study is
available at: https://github.com/MattGiord/Bayesian-Elliptic-PDEs/tree/main (accessed on
19 March 2025).
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Appendix A. Further Numerical Results

We present further empirical investigations in which we consider the recovery of three
additional true diffusivity functions, respectively specified (under the parametrisation (5)) by

Fél)(x,y) _ log<1 1 o (4x—175)—(4y—1)? +e—(4x+1.75)2—(4y+1)2);

Féz)(x,y) _ log(l 4 ¢~ (5v=1757—(25y-025)” +ef(5x+l.75)27(5y+1)2>

7

FO(3) (x,y) = log(l 4 0.5e (5% 175>~ (5y~175)%) _ 0'567(5x+l.75)27(5y+1.75)2))’

for (x,y) € O; see Figure Al, top row. For each ground truth, we generate synthetic
datasets {(Y;, X;)}_,, with n = 2500 as described in Section 3, with noise standard devia-
tion o = 0.0025 (and signal-to-noise ratio respectively equal to 71.02, 73.26, and 63.88). Next,
for each set of observations, we implement posterior inference with truncated Gaussian
series priors based on the Neumann-Laplacian eigenpairs and with the Matérn process
prior, numerically computing the associated posterior mean estimates via the pCN algo-
rithm. For the series priors, the regularity parameter in (18) is set to & = 3. For the Matérn
prior, the covariance hyperparameters in (16) are set to « = 3 and £ = 0.25. Across the
three collections of experiments, the pCN algorithm is iterated for 25,000 steps, with a
tuning of the step size to achieve a stabilisation of the acceptance rate between 20% and 30%
after the burn-in (corresponding to the first 5000 samples). All the runs are initialised with
cold starts. The obtained results are visualised in Figure A1 and summarised in Table A1.
The computation times are in line with those of the experiments presented in Section 3.

1
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Figure Al. Left column, top to bottom, respectively: the ground truth corresponding to F, (1), and the
posterior mean estimates (computed via the pCN algorithm) for the truncated series and Matérn priors.
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The step size is set to § = 0.00035,0.0001 respectively, and the acceptance ratios are 24.15% and
26.51%. Central column: the ground truth for F(EZ) and the posterior mean estimates. For pCN,

6 = 0.0001, 0.00005, acceptance ratios: 20.42% and 22.73%. Right column: the ground truth for Fés)
and the posterior mean estimates. For pCN, § = 0.0001, 0.000035, acceptance ratios: 25.61%, 29.85%.

Table Al. Recovery performances of the posterior mean estimate for different ground truths.

Y F® E®
| fn — foll 2; series prior 0.1197 0.0974 0.07234
|| fn — foll;2/ | foll;2; series prior 7.22% 5.90% 4.71%
| fn — foll;2; Matérn prior 0.1241 0.0941 0.08148
|| fu = foll 2/ |l foll 2; Matérn prior 7.49% 5.70% 5.31%

Appendix B. Proof of Theorem 1

We follow the proofs of Theorems 4-6 in [20], recalling two key properties of the
forward operator G, holding foralla > 14d/2,

~

IG(®@oF) —G(®oB)| 2 S (A +IE g +IE&)IE — Fllgny., YA, F € HE(O), (A1)

and
sup [|G(® o0 F)~ < oo.
FeHf§

Step I: posterior contraction rates in prediction risk.

We start with the derivation of the contraction rates in prediction risk (9). Set €;, :=
n~(@+1)/(2e+2+d) By an application of Theorem 13 and Lemmas 22 and 23 in [20], it is
enough to show that for some sufficiently large constant ¢; > 0, there exists a constant
¢p > 0 such that

I,(F: [G(® 0 F) — G(®o Fy) |12 < crey) > e~ ", (A2)
and further that there exist measurable sets W, C CP(O) satisfying
IT,(Wy) < e~Cnen; log N(€u; Wy, dg) < ne?, (A3)

for some c3 > 0 large enough, where dg(F, F,) = ||G(® o F) — G(® o F)||;2, and
N(en; Wy, dg) is the minimal number of balls of radius €, in the metric dg needed to
cover A,.

The main difference compared to the proofs in [20] lies in the verification of the small
ball probability estimate (A2). We proceed lower bounding this quantity by, for sufficiently
large M > 0,

T, (F: |G(® 0 F) — G(® o Fo)ll2 < crem, |IF — Follr < M)
> 11, (F: IF = Foll 1)+ < Kken, IIF = Foller < M)
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for some k; > 0 (depending on cy), having used (A1). Recalling the assumption (8) on the
approximating sequence Fy, € Hy, and using (twice) the triangle inequality, the latter
prior probability is greater than

T (F < [IF = Foull sy < ko€, |F = Foulls < M') =T1u(F : F = o,y € BN\ By)

for ko, M’ > 0, having defined By := {F : [|F|[(g1)« < ko€n} and By := {F : [|F||c, < M'}.
The intersection B; N By defines a symmetric set in the ambient Banach space cl(0);
hence, recalling that, by linearity, the RKHS of the scaled Gaussian prior I1, () coincides
with the RKHS Hyy, of the base prior Iy, (-), with the scaled RKHS norm being equal
to nd/(4ata+2d)|| . 4y, = vnenll - I, (e.g., Exercise 2.6.15 in [25]), an application of
Corollary 2.6.18 in [25] gives the further lower bound

—ne2|E, . |I2
p 7’l€nH O,nHHWn Hn (Bl ) BZ) Z e—k3n€%HH(B1 M Bz),

for k3 > 0 since || Fy , Huw, = O(1) by assumption. Now, B and B; are closed, convex, and
symmetric subsets of the ambient space C!(0), and therefore by the correlation inequality

for Gaussian measures (cf. Lemma A.2 in [39]),
Hn(Bl N Bz) > Hn(Bl)Hn(Bz).

Recalling the definition of the scaled Gaussian priors I1,(-) in (6), we have for
W ~ Ty, (+),

I1,(By) = Pr([[Wl|cr < M'v/nen) = Pr([W/ca < M") >0

for some M" > 0 since y/ne, > 1 for all n. Lastly, recalling the continuous embedding
Hw, € Hi(O) holding by assumption for some integer « > B +d/2, > 1, combining the
metric entropy estimate

logN (17 {F € Hu, = [IFllay, <150 (1))
__d_
<log N(n;{F € Hy(O) : [[Fllga < ka}, |- ll(gny<) S 177+,

cf. Lemma 19 in [26], with Theorem 1.2 in [40], yields

2 —k (\/ﬁez)fzd;h(zfﬁil)il —ksne2
Hn(Bl) = Pr(||W||(H1)* < kz\/ﬁen) >e " n =e ",

The obtained estimates thus jointly conclude the verification of (A2) for a large enough
constant c;.
Next, for K > 0, define the sieves

Wn = {F :F = Fl + b, ||F1||(H1)* < Key, HFZH'HWH <M, ||F||Cﬂ < M}

A direct application of Lemma 17 in [20] (with x = 1 in their notation) gives that for any
positive Q > 0, there exists sufficiently large K such that IT,(WV;) < e~Qm€% . We then
take K that is large enough and argue as in the proof of Lemma 18 in [20] to deduce that
log N(€4; Wh,dg) S ne,zl. This concludes the verification of (A3) and then also of the first
claim (9) of Theorem 1 since by Theorem 13 in [20] we obtain that

I (F € Wa 1 |G(® 0 F) = G(® 0 F)| 12 < Leu|[{(¥ Xi) Viy ) = 1= O (e7P"5)  (Ad)

(n
Pfo
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asn — oo for some L,D > 0.
Step II: remaining claims.

Assume now that 8 > 2, and recall that & > +d/2 (with a, 8 € N). Since C#(O) C
HP (O), Lemmas 23 and 29 in [26] imply that for all F € W, with W, for the above sieve
sets, we have G(® o F) € HP*1(0) and

+1
IG(® 0 F) | gr S 1+ [|@o FIFFT <1,

with a multiplicative constant independent of F. Similarly, since Fy € H§(O) C HF(0O),
G(®oFy) € HF1(O) and ||G(® o Ry)| gp+1 < 1. By the standard interpolation inequality

~

for Sobolev spaces, for all F € W,, we then have

B-1 2

IG(®oF) = G(®oF)ly S G(®oF) ~G(®o k), |G(®oF) ~G(®oF)|,
-1
SIG(®@oF) ~G(®o )l

Combined with (A4), this implies that

p-1
My (F € Wa : |G(®0 F) = G(® 0 Fo) 1 < L'ey”

_ 2
{(Yi X)) = 1= Oy (e7P1)

fo

for L’ > 0 as n — co. The second claim (10) of Theorem 1 is then verified using the
following stability estimate for the forward operator G,

11 = falliz S Nf I lGUf) = G(fo)

holding forall f, fo € F, f, .. (the parameter space from (5)) provided that « > 2 +d/2 and
infyeps(x) > 0, cf. Lemma 24 in [26]. Indeed, combined with the second to last display,
this gives

B—1
n

Hn<Fe Wyt |[@oF—®oFl,<Lel’

2
{(Yi, Xi) ?:1) =1- 0 (e”P").
fo

Based on the last display, the proof of the last claim (11) now follows arguing exactly
as for Theorem 6 in [20].
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