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Further details relating to the integrations performed in the main manuscript are given here: 
 
1. Integration on spherical shell of radius 𝑟 for the expression below න(𝑟̂ ∙ 𝑣⃑) 𝑟̂𝑑𝑠 

where 𝑟̂ is a unit vector pointing from origin to shell, 𝑣⃑ is a constant vector. 𝑟̂ = sin 𝜃 cos 𝜑 𝑥ො + sin 𝜃 sin 𝜑 𝑦ො + cos 𝜃 𝑧̂ 𝑣ො = 𝑣௫𝑥ො + 𝑣௬𝑦ො + 𝑣௭𝑧̂ 𝑑𝑠 = 𝑟ଶ sin 𝜃 𝑑𝜑𝑑𝜃 
where 𝜃 and 𝜑 are angles in spherical coordinates. න(𝑟̂ ∙ 𝑣⃑) 𝑟̂𝑑𝑠 = න 𝑑𝜑ଶగ

଴ න ൫sin 𝜃 cos 𝜑 𝑣௫ + sin 𝜃 sin 𝜑 𝑣௬ + cos 𝜃 𝑣௭൯గ
଴ (sin 𝜃 cos 𝜑 𝑥ො + sin 𝜃 sin 𝜑 𝑦ො+ cos 𝜃 𝑧̂)𝑟ଶ sin 𝜃 𝑑𝜃 = 43 𝜋𝑟ଶ൫𝑣௫𝑥ො + 𝑣௬𝑦ො + 𝑣௭𝑧̂൯ = 43 𝜋𝑟ଶ𝑣⃑         (𝐴1) 

2. Integration on spherical shell of radius 𝑟 for the expression below න(𝑟̂ ∙ 𝑣⃑)ଶ(𝑟̂ ∙ 𝑢ሬ⃑ ) 𝑟̂𝑑𝑠 

where 𝑢ሬ⃑  is a constant vector. 𝑢ො = 𝑢௫𝑥ො + 𝑢௬𝑦ො + 𝑢௭𝑧̂ 
Thus න(𝑟̂ ∙ 𝑣⃑)ଶ(𝑟̂ ∙ 𝑢ሬ⃑ ) 𝑟̂𝑑𝑠= න 𝑑𝜑ଶగ

଴ න ൫sin 𝜃 cos 𝜑 𝑣௫ + sin 𝜃 sin 𝜑 𝑣௬ + cos 𝜃 𝑣௭൯ଶ൫sin 𝜃 cos 𝜑 𝑢௫గ
଴+ sin 𝜃 sin 𝜑 𝑢௬ + cos 𝜃 𝑢௭൯ (sin 𝜃 cos 𝜑 𝑥ො + sin 𝜃 sin 𝜑 𝑦ො + cos 𝜃 𝑧̂)𝑟ଶ sin 𝜃 𝑑𝜃= 415 𝜋𝑟ଶ൫(𝑣⃑ ∙ 𝑣⃑)𝑢ሬ⃑ + 2(𝑣⃑ ∙ 𝑢ሬ⃑ )𝑣⃑൯       (𝐴2) 

3. Integration in equation (6) 𝐹⃑௖ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න൫2𝜌ି൫0ሬ⃑ ൯ + 2𝑟 ∙ ∇𝜌ି൫0ሬ⃑ ൯ − 2𝜌൯𝑟𝑑𝑠𝑑𝑟 

Because of spherical symmetry, ׬ 𝑟𝑑𝑠 = ׬ −𝑟𝑑𝑠 = 0. Thus 𝐹⃑௖ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න ቀ2𝑟 ∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟 

Using equation (A1), we obtain 𝐹⃑௖ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 2𝑟ଶ𝑑𝑟 43 𝜋𝑟ଶ∇𝜌ି൫0ሬ⃑ ൯ = − 2𝑟3𝜀଴ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉∇𝜌ି൫0ሬ⃑ ൯𝑑𝑟 

4. Integration in equation (10) 
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𝐹⃑௩ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ − 32𝑟ଶ ൬𝑟 ∙ ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ𝜌ି൫0ሬ⃑ ൯ + 𝑟∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟+ 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ
− 32𝑟ଶ ൬𝑟 ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ2𝜌 − 𝜌ି൫0ሬ⃑ ൯ − 𝑟 ∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟 

We drop the higher order terms, which has a product of 𝑟 ∙ ∇𝜌ି൫0ሬ⃑ ൯ and 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯. 𝐹⃑௩ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ
− 32𝑟ଶ ൬𝑟 ∙ ቀ𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟
+ 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ
− 32𝑟ଶ ൬𝑟 ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ2𝜌 − 𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟
+ 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ − 32𝑟ଶ ൬𝑟 ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ−𝑟∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟 

Because of spherical symmetry, ׬ 𝑟𝑑𝑠 = ׬ −𝑟𝑑𝑠 = 0. Thus the first and second terms of the above 
equation equal zero. 𝐹⃑௩ = 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 1𝑐ଶ ൭ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ − 32𝑟ଶ ൬𝑟 ∙ ቀ2𝑣⃑ି൫0ሬ⃑ ൯ቁ൰ଶ൱ ቀ−𝑟 ∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟 

Using equation (A1 & A2), we obtain 𝐹⃑௩ = 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 4𝑐ଶ ቀ𝑣⃑ି൫0ሬ⃑ ൯ ∙ 𝑣⃑ି൫0ሬ⃑ ൯ቁ 𝑟ଶ𝑑𝑟 −43 𝜋𝑟ଶ∇𝜌ି൫0ሬ⃑ ൯+ 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 4𝑐ଶ 32𝑟ଶ 𝑟ଶ𝑑𝑟 415 𝜋𝑟ଶ ൬ቀ𝑣⃑ି൫0ሬ⃑ ൯ ∙ 𝑣⃑ି൫0ሬ⃑ ൯ቁ ∇𝜌ି൫0ሬ⃑ ൯+ 2 ቀ𝑣⃑ି൫0ሬ⃑ ൯ ∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑣⃑ି൫0ሬ⃑ ൯൰= − 14𝑟15𝜀଴ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 1𝑐ଶ ቀ𝑣⃑ି൫0ሬ⃑ ൯ ∙ 𝑣⃑ି൫0ሬ⃑ ൯ቁ ∇𝜌ି൫0ሬ⃑ ൯𝑑𝑟+ 4𝑟5𝜀଴ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 1𝑐ଶ ቀ𝑣⃑ି൫0ሬ⃑ ൯ ∙ ∇𝜌ି൫0ሬ⃑ ൯ቁ 𝑣⃑ି൫0ሬ⃑ ൯𝑑𝑟 

5. Integration in equation (14) 𝐹⃑௔ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝜌𝑐ଶ 𝑟 ∙ ቀ𝑟 ∙ ∇𝑎⃑ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟− 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝑐ଶ ቀ𝜌ା൫0ሬ⃑ ൯ + 𝑟 ∙ ∇𝜌ା൫0ሬ⃑ ൯ቁ 𝑟 ∙ 𝑎⃑ି൫0ሬ⃑ ൯𝑟𝑑𝑠𝑑𝑟 

We drop the higher order terms, which has a product of 𝑟 ∙ ∇𝜌ା൫0ሬ⃑ ൯ and 𝑟 ∙ 2𝑎⃑ି൫0ሬ⃑ ൯. 𝐹⃑௔ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝜌𝑐ଶ 𝑟 ∙ ቀ𝑟 ∙ ∇𝑎⃑ି൫0ሬ⃑ ൯ቁ 𝑟𝑑𝑠𝑑𝑟− 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝑐ଶ ቀ𝜌ା൫0ሬ⃑ ൯ቁ 𝑟 ∙ 𝑎⃑ି൫0ሬ⃑ ൯𝑟𝑑𝑠𝑑𝑟 

Because of spherical symmetry, ׬ 𝑟 ∙ (𝑟 ∙ 𝑢ሬ⃑ )𝑟𝑑𝑠 = (𝑟−)׬ ∙ ൫(−𝑟) ∙ 𝑢ሬ⃑ ൯(−𝑟)𝑑𝑠 = 0. Thus 𝐹⃑௔ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝑐ଶ ቀ𝜌ା൫0ሬ⃑ ൯ቁ 𝑟 ∙ 𝑎⃑ି൫0ሬ⃑ ൯𝑟𝑑𝑠𝑑𝑟 

We also use the approximation 𝜌ା(0) ≈ 𝜌, and use equation (A1). Then 
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𝐹⃑௔ = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 න 2𝑐ଶ 𝜌𝑟 ∙ 𝑎⃑ି൫0ሬ⃑ ൯𝑟𝑑𝑠𝑑𝑟 = − 14𝜋𝜀଴𝑟ଷ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 2𝑐ଶ 𝜌𝑟ଶ𝑑𝑟 43 𝜋𝑟ଶ𝑎⃑ି൫0ሬ⃑ ൯= − 2𝑟3𝜀଴ 𝜌ି൫0ሬ⃑ ൯𝑑𝑉 𝜌𝑐ଶ 𝑎⃑ି൫0ሬ⃑ ൯𝑑𝑟 


