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of nonlinear coupled (k, ψ)–Hilfer fractional differential equations subject to coupled (k, ψ)–Riemann–
Liouville fractional integral boundary conditions. We prove two existence results by applying the
Leray–Schauder alternative, and Krasnosel’skiĭ’s fixed-point theorem under different criteria, while
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1. Introduction

Fractional-order boundary value problems involving classical, nonlocal, multi-point,
and integral boundary conditions have attracted significant interest in the recent years,
as such problems appear in diverse disciplines of engineering and applied sciences. For
theoretical details of the topic, see the monographs [1–3]. Recently, some existence results
for nonlocal integro-multipoint boundary value problems involving Hilfer-type fractional
integro-differential equations and inclusions were presented in [4]. In [5], the authors
analyzed a multipoint boundary value problem involving a Caputo–Hadamard fractional
derivative operator, while a nonlinear Caputo–Hadamard fractional initial value problem
was studied in [6].

Great interest has also been shown in studying the coupled systems of fractional-order
differential equations, as such systems constitute the mathematical models of many phys-
ical phenomena occurring in bio-engineering [7], fractional dynamics [8], and financial
economics [9], etc. Let us now dwell on some recent works on boundary value problems
involving coupled fractional differential systems. In [10,11], the authors proved some
interesting results for coupled systems of sequential fractional differential equations involv-
ing a ψ–Hilfer fractional derivative. Boundary value problems for Hilfer-type sequential
fractional differential equations and inclusions with Riemann–Stieltjes integral multi-strip
boundary conditions were studied in [12].

It is interesting to notice that there do exist different definitions of fractional deriva-
tive operators such as Riemann–Liouville, Caputo–Liouville, Hadamard, Erdélyi–Kober,
ψ–Riemann–Liouville [1], Hilfer [13], k–Riemann–Liouville [14], ψ–Hilfer [15], (k, ψ)–
Riemann–Liouville [14] and (k, ψ)–Hilfer [16], to name a few.
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The topic of (k, ψ)–Hilfer-type fractional boundary value problems constitutes an
interesting and useful area of research, as a (k, ψ)–Hilfer-type fractional derivative operator
generalizes many well-known fractional derivative operators; for details, see [17] and the
references cited therein. Recently, in [18], the authors studied the existence of solutions for
a nonlocal nonlinear (k, ψ)–Hilfer-type fractional boundary value problem. For some more
results on (k, ψ)–Hilfer fractional boundary value problems, see [19]. In [20], the authors
studied a coupled system of nonlinear fractional differential equations involving the (k, ϕ)–
Hilfer fractional derivative operators with nonlocal multipoint boundary conditions:

k,H Dα,β;ϕw(θ) = f (θ, w(θ), z(θ)), θ ∈ (c, d],
k,H Dα1,β1;ϕz(θ) = f1(θ, w(θ), z(θ)), θ ∈ (c, d],

w(c) = 0, w(d) =
m

∑
i=1

λi z(ξi), z(c) = 0, z(d) =
k

∑
j=1

µj w(ηj),

where k,H Dα,β;ϕ, k,H Dα1,β1;ϕ denote the (k, ϕ)–Hilfer fractional derivative operators of orders
α, α1, 1 < α, α1 < 2 and parameters β, β1, 0 ≤ β, β1 ≤ 1, respectively; f , f1 : [c, d]×R→ R
are continuous functions, λi, µj ∈ R; and a < ξi, ηj < b, i = 1, 2, . . . , m, j = 1, 2, . . . , k.

Exploring the literature on (k, ψ)–Hilfer fractional differential systems, it is found
that the only work dealing with such a coupled system was discussed in [20]. In order to
develop this new area of research, we consider a nonlinear coupled system of (k, ψ)–Hilfer
fractional differential equations of different orders in (1, 2], complemented with coupled
(k, ψ)–Riemann-Liouville fractional integral boundary conditions. In precise terms, we
investigate the existence of solutions for the following problem:

k,HDα̂,β̂;ψ r̂(t) = f (t, r̂(t), ẑ(t)), t ∈ (a, b],
k,HD p̂,q̂;ψ ẑ(t) = f̃ (t, r̂(t), ẑ(t)), t ∈ (a, b],
r̂(a) = 0, r̂(b) = λ ẑ(ξ) + µ kIv,ψ ẑ(σ),
ẑ(a) = 0, ẑ(b) = ς r̂(u) + θ kIw,ψ r̂(τ),

(1)

where k,HDα̂,β̂;ψ, k,HD p̂,q̂;ψ denote the (k, ψ)–Hilfer fractional derivative operators of orders
α̂, p̂, 1 < α̂, p̂ < 2 and parameters β̂, q̂, 0 ≤ β̂, q̂ ≤ 1, respectively, f , f̃ : [a, b]×R → R are
continuous functions, λ, µ, ς, θ ∈ R, kIv,ψ, kIw,ψ are the (k, ψ)–Riemann–Liouville fractional
integrals of order v, w > 0, and a < ξ, σ, u, τ < b. The existence and uniqueness results for
the nonlinear system (1) will be established with the aid of the Leray–Schauder alternative,
Krasnosel’skiĭ’s fixed-point theorem and Banach’s contraction mapping principle. The tools
of the fixed point theory provide a decent platform from which to develop the existence
theory for initial and boundary value problems once such problems are convertible to fixed-
point problems. In this context, the present strategy is preferred over the other existing
methods such as Lie symmetry, quasilinearization, etc.

Here, we emphasize that the problem (1) formulated and investigated in the present
work is novel and the existence and uniqueness results derived for this problem enrich the
literature on nonlocal integral boundary value problems involving (k, ψ)–Hilfer fractional
differential and (k, ψ)–Riemann–Liouville integral operators of different orders. For more
details, see the Conclusion section.

The structure of this paper is as follows. In Section 2, we recall some definitions
and prove an auxiliary result which plays a fundamental role in transforming the given
nonlinear system into a fixed-point problem. The main results are proved in Section 3. In
Section 4, we provide numerical examples for illustration of our theoretical results.

2. Preliminaries

Let us first recall the definitions of a (k, ψ)–Riemann–Liouville fractional integral and
(k, ψ)–Hilfer fractional derivative operators.
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Definition 1 ([21]). Let ψ : [a, b]→ R be an increasing function with ψ′(t) 6= 0 for all t ∈ [a, b].
Then, the (k, ψ)–Riemann–Liouville fractional integral of order α > 0 (α ∈ R) of a function
h ∈ L1([a, b],R) is given by

kI
α;ψ
a+ h(t) =

1
kΓk(α)

∫ t

a
ψ′(u)(ψ(t)− ψ(u))

α
k−1h(u)du, k > 0. (2)

Definition 2 ([16]). Let α, k ∈ R+ = (0, ∞), β ∈ [0, 1], ψ ∈ Cn([a, b],R), ψ′(t) 6= 0, t ∈ [a, b]
and h ∈ Cn([a, b],R). Then, the (k, ψ)–Hilfer fractional derivative of the function h of order α and
type β, is defined by

k,H Dα,β;ψh(t) = kI
β(nk−α);ψ
a+

( k
ψ′(t)

d
dt

)n
kI

(1−β)(nk−α);ψ
a+ h(t), n =

⌈α

k

⌉
. (3)

Now, we prove an auxiliary lemma that plays a key role in the study of the nonlinear
system (1).

Lemma 1. Assume that a < b, k > 0, 1 < α̂, p̂ ≤ 2, β̂, q̂ ∈ [0, 1], ϑk = α̂ + β̂(2k − α̂),
ηk = p̂ + q̂(2k− p̂), h, h̃ ∈ C2([a, b],R) and

A := A1A4 −A2A3 6= 0. (4)

Then, the pair (r̂, ẑ) is a solution of the nonlocal (k, ψ)–Hilfer fractional system
k,HDα̂,β̂;ψ r̂(t) = h(t), t ∈ (a, b],
k,HD p̂,q̂;ψ ẑ(t) = h̃(t), t ∈ (a, b],
r̂(a) = 0, r̂(b) = λ ẑ(ξ) + µ kIv,ψ ẑ(σ),
ẑ(a) = 0, ẑ(b) = ς r̂(u) + θ kIw,ψ r̂(τ),

(5)

if and only if

r̂(t) = kI α̂,ψh(t) +
(ψ(t)− ψ(a))

ϑk
k −1

AΓk(ϑk)

[
A4

(
λ kI p̂,ψ h̃(ξ) + µ kI p̂+v,ψ h̃(σ)− kI α̂,ψh(b)

)
+A2

(
ς kI α̂,ψh(u) + θ kI α̂+w,ψh(τ)− kI p̂,ψ h̃(b)

)]
, (6)

and

ẑ(t) = kI p̂,ψ h̃(t) +
(ψ(t)− ψ(a))

ηk
k −1

AΓk(ηk)

[
A1

(
ς kI α̂,ψh(u) + θ kI α̂+w,ψh(τ)− kI p̂,ψ h̃(b)

)
+A3

(
λ kI p̂,ψ h̃(ξ) + µ kI p̂+v,ψ h̃(σ)− kI α̂,ψh(b)

)]
, (7)

where

A1 =
(ψ(b)− ψ(a))

ϑk
k −1

Γk(ϑk)
, A2 = λ

(ψ(ξ)− ψ(a))
ηk
k −1

Γk(ηk)
+ µ

(ψ(σ)− ψ(a))
ηk+v

k −1

Γk(ηk + v)
,

A3 = ς
(ψ(u)− ψ(a))

ϑk
k −1

Γk(ϑk)
+ θ

(ψ(τ)− ψ(a))
ϑk+w

k −1

Γk(ϑk + w)
, A4 =

(ψ(b)− ψ(a))
ηk
k −1

Γk(ηk)
. (8)
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Proof. Let (r̂, ẑ) be a solution of the system (5). As argued in [18], operating kI α̂,ψ and
kI p̂,ψ on both sides of the first and second equations in (5), respectively, we obtain

r̂(t) = kI α̂,ψh(t) + c0
(ψ(b)− ψ(a))

ϑk
k −1

Γk(ϑk)
+ c1

(ψ(t)− ψ(a))
ϑk
k −2

Γk(ϑk − k)
,

ẑ(t) = kI p̂,ψ h̃(t) + d0
(ψ(t)− ψ(a))

ηk
k −1

Γk(ηk)
+ d1

(ψ(t)− ψ(a))
ηk
k −2

Γk(ηk − k)
, (9)

where c0, c1, d0 and d1 are unknown arbitrary constants. Using the conditions r̂(a) = 0 and
ẑ(a) = 0 in (9), we obtain c1 = 0 and d1 = 0, since ϑk

k − 2 < 0, ηk
k − 2 < 0. Therefore, the

equations in (9) take the form:

r̂(t) = kI α̂,ψh(t) + c0
(ψ(b)− ψ(a))

ϑk
k −1

Γk(ϑk)
,

ẑ(t) = kI p̂,ψ h̃(t) + d0
(ψ(t)− ψ(a))

ηk
k −1

Γk(ηk)
, (10)

which, on inserting in the boundary conditions: r̂(b) = λ ẑ(ξ) + µ kIv,ψ ẑ(σ) and ẑ(b) =
ς r̂(u) + θ kIw,ψ r̂(τ), yields

kI α̂,ψh(b) + c0
(ψ(b)− ψ(a))

ϑk
k −1

Γk(ϑk)
= λ kI p̂,ψ h̃(ξ) + λ d0

(ψ(ξ)− ψ(a))
ηk
k −1

Γk(ηk)

+µ kI p̂+v,ψ h̃(σ) +
d0 µ(ψ(σ)− ψ(a))

ηk+v
k −1

Γk(ηk + v)
, (11)

and

kI p̂,ψ h̃(b) + d0
(ψ(b)− ψ(a))

ϑk
k −1

Γk(ηk)
= ς kI α̂,ψh(u) + τ c0

(ψ(u)− ψ(a))
ϑk
k −1

Γk(ϑk)

+θ kI α̂+w,ψh(τ) + θ c0
(ψ(τ)− ψ(a))

ϑk+w
k −1

Γk(ϑk + w)
. (12)

Solving the system (11) and (12) for c0 and d0 together with the notation in (4) and (8),
we find that

c0 =
1
A

[
A4

(
λ kI p̂,ψ h̃(ξ) + µ kI p̂+v,ψ h̃(σ)− kI α̂,ψh(b)

)
+A2

(
ς kI α̂,ψh(u) + θ kI α̂+w,ψh(τ)− kI p̂,ψ h̃(b)

)]
,

d0 =
1
A

[
A1

(
ς kI α̂,ψh(u) + θ kI α̂+w,ψh(τ)− kI p̂,ψ h̃(b)

)
+A3

(
λ kI p̂,ψ h̃(ξ) + µ kI p̂+v,ψ h̃(σ)− kI α̂,ψh(b)

)]
.

Replacing c0 and d0 by their above values in (10), we obtain (6) and (7). The converse is
obtained by direct calculation and this completes the proof.

In the following, we denote by X = C([a, b],R) the Banach space of all continuous
real-valued functions on [a, b] equipped with the norm ‖r̂‖ = max{|r̂(t)|; t ∈ [a, b]}. The
space (X×X, ‖(r̂, ẑ)‖) is a Banach space endowed with norm ‖(r̂, ẑ)‖ = ‖r̂‖+ ‖ẑ‖.
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3. Existence and Uniqueness Results

In the following, for t ∈ [a, b], we set fr̂,ẑ(t) = f (t, r̂(t), ẑ(t)) and f̃r̂,ẑ(t) = f̃ (t, r̂(t), ẑ(t)).
By Lemma 1, we define an operator T : X×X −→ X×X associated with the nonlinear
system (1) as

T (r̂, ẑ)(t) =
(
T1(r̂, ẑ)(t)
T2(r̂, ẑ)(t)

)
,

where

T1(r̂, ẑ)(t) = kI α̂,ψ fr̂,ž(t)

+
(ψ(t)− ψ(a))

ϑk
k −1

AΓk(ϑk)

[
A4

(
λ kI p̂,ψ f̃r̂,ẑ(ξ) + µ kI p̂+v,ψ f̃r̂,ẑ(σ)− kI α̂,ψ fr̂,ẑ(b)

)
+A2

(
ς kI α̂,ψ fr̂,ẑ(u) + θ kI α̂+w,ψ fr̂,ẑ(τ)− kI p̂,ψ f̃r,z(b)

)]
, (13)

and

T2(r̂, ẑ)(t) = kI p̂,ψ f̃r̂,ẑ(t)

+
(ψ(t)− ψ(a))

ηk
k −1

AΓk(ηk)

[
A1

(
ς kI α̂,ψ fr̂,ẑ(u) + θ kI α̂+w,ψh(τ)− kI p̂,ψ f̃r̂,ẑ(b)

)
+A3

(
λ kI p̂,ψ f̃r̂,ẑ(ξ) + µ kI p̂+v,ψ f̃r̂,ẑ(σ)− kI α̂,ψ fr̂,ẑ(b)

)]
. (14)

Observe that the fixed-point problem T (r̂, ẑ) = (r̂, ẑ) is equivalent to the nonlinear
system (1) and, hence, the existence of a fixed point for the operator T will imply the
existence of a solution of the nonlinear system (1).

For simplicity, we set

Q1 =
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
+

(ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

ˆα+w
k

Γk(α̂ + w + k)

)]
,

Q2 =
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+
(ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)

]
,

Q3 =
(ψ(t)− ψ(a))

ηk
k −1

|A|Γk(ηk)

[
A1

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

α̂+w
k

|A|Γk(α̂ + w + k)

)
+A3

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

]
,

Q4 =
(ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)
+

(ψ(b)− ψ(a))
ηk
k −1

|A|Γk(ϑk)

[
A1

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

+A3

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)]
, (15)

and

Q∗1 = Q1 −
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
, Q∗4 = Q4 −

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)
. (16)
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3.1. Existence Results

We prove our first existence result by applying the Leray–Schauder alternative [22].

Theorem 1. Suppose that A 6= 0 (A is given by (4)) and f , f̃ : [a, b] × R −→ R are two
continuous functions such that, for all t ∈ [a, b] and r̂i, ẑi ∈ R, i = 1, 2, we have

| f (t, r̂1, ẑ1)| ≤ k̂0 + k̂1|r̂1|+ k̂2|ẑ1|,
| f̃ (t, r̂2, ẑ2)| ≤ v̂0 + v̂1|r̂2|+ v̂2|ẑ2|,

where k̂i, v̂i, i = 1, 2 are real positive constants with k̂0, v̂0 > 0. Moreover, it is assumed that

(Q1 +Q3)k̂1 + (Q2 +Q4)v̂1 < 1 and (Q1 +Q3)k̂2 + (Q2 +Q4)v̂2 < 1,

where Qi, i = 1, 2, 3, 4 are given in (15). Then, the nonlinear system (1) has at least one solution
on [a, b].

Proof. Observe that continuity of the functions f and f̃ ensures the continuity of the
operator T . Next, we establish that the operator T is uniformly bounded.

LetM be a bounded set of X×X. Then, we can find positive constants L1 and L2
such that

| f (t, r̂(t), ẑ(t)| ≤ L1, | f̃ (t, r̂(t), ẑ(t)| ≤ L2, ∀(r̂, ẑ) ∈ M.

Thus, for all (r̂, ẑ) ∈ M, we have

|T1(r̂, ẑ)(t)| ≤
{
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
+

(ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

ˆα+w
k

Γk(α̂ + w + k)

)}
L1

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+A2

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

]
L2.

Hence, we obtain

‖T1(r̂, ẑ)‖ ≤ Q1L1 +Q2L2.

Analogously, we have

‖T2(r̂, ẑ)‖ ≤ Q3L1 +Q4L2.

In view of the foregoing inequalities, it follows that

‖T (r̂, ẑ)‖ ≤ ‖T1(r̂, ẑ)‖+ ‖T2(r̂, ẑ)‖ ≤ (Q1 +Q3)L1 + (Q2 +Q4)L2.

This shows that the operator T is uniformly bounded. To prove that the operator T is
equicontinuous, we take t1, t2 ∈ [a, b] with t1 < t2. Then, we have
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|T1(r̂(t2), ẑ(t2))− T1(r̂(t1), ẑ(t1))|

≤ 1
Γk(α̂)

∣∣∣∣∣
∫ t1

a
ψ′(s)[(ψ(t2)− ψ(s))

α
k−1 − (ψ(t1)− ψ(s))

α̂
k−1] f (s, r̂(s), ẑ(s))ds

+
∫ t2

t1

ψ′(s)(ψ(t2)− ψ(s))
α̂
k−1 f (s, r̂(s), ẑ(s))ds

∣∣∣∣∣
+
(ψ(t2)− ψ(a))

θk
k −1 − (ψ(t1)− ψ(a))

θk
k −1

|Λ|Γk(ϑk)

[
A4

(
|λ| kI p̂,ψ| f̃ (ξ, r̂(ξ), ẑ(ξ))|

+|µ| kI p̂+v,ψ| f̃ (σ, r̂(σ), ẑ(σ))|+ kI p̂,ψ| f (b, r̂(b), ẑ(b))|
)

+A2

(
|ς| kI α̂,ψ| f (u, r̂(u), ẑ(u)) + |θ| kI α̂+w,ψ| f (τ, r̂(τ), ẑ(τ))|

+kI p̂,ψ| f̃ (b, r̂(b), ẑ(b))|
)]

≤ L1

Γk(α̂ + k)
[2(ψ(t2)− ψ(t1))

α̂
k + |(ψ(t2)− ψ(c))

α̂
k − (ψ(t1)− ψ(c))

α̂
k |]

+
(ψ(t2)− ψ(a))

θk
k −1 − (ψ(t1)− ψ(a))

θk
k −1

|Λ|Γk(ϑk)

[
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
L2

+|µ| (ψ(σ)− ψ(a))
p̂+v

k

Γk( p̂ + v + k)
L2 +

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)
L1

)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
L1 + |θ|

(ψ(τ)− ψ(a))
α̂+w

k

Γk(α̂ + w + k)
L1 +

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)
L2

)]
.

The right hand of the above inequality is independent of (r̂, ẑ) and tends to zero as
t2 − t1 → 0. Hence, T1(r̂, ẑ) is equicontinuous. Similarly, it can be shown that T2(r̂, ẑ) is
equicontinuous. Accordingly, the operator T(r̂, ẑ) is completely continuous.

Finally, we show the boundedness of the set D = {(r̂, ẑ) ∈ X×X : (r̂, ẑ) = νT (r̂, ẑ),
0 ≤ ν ≤ 1}. Let (r̂, ẑ) ∈ D. Then, (r̂, ẑ) = νT (r̂, ẑ) and for all t ∈ [a, b], we have

r̂(t) = νT1(r̂, ẑ)(t), z(t) = νT2(r̂, ẑ)(t).

Thus, we obtain

|r̂(t)|

≤
{
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
+

(ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

ˆα+w
k

Γk(α̂ + w + k)

)]}
(k̂0 + k̂1‖r̂‖+ k̂2‖ẑ‖)

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

{
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+A2

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

}
(v̂0 + v̂1‖r̂‖+ v̂2‖ẑ‖),

and
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|ẑ(t)|

≤ (ψ(b)− ψ(a))
ηk
k −1

|A|Γk(ηk)

[
A1

(
(|ς| ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

α̂+w
k

|A|Γk(α̂ + w + k)

)

+A3
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)

]
(k̂0 + k̂1‖r̂‖+ k̂2‖ẑ‖) +

{
(ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)

+
(ψ(t)− ψ(a))

ηk
k −1

|A|Γk(ϑk)

[
A1

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)
+A3

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)

+|µ| (ψ(σ)− ψ(a))
p̂+v

k

Γk( p̂ + v + k)

)]}
(v̂0 + v̂1‖r̂‖+ v̂2‖ẑ‖).

Thus, we have

‖r̂‖ ≤ Q1(k̂0 + k̂1‖r̂‖+ k̂2‖z‖) +Q2((v̂0 + v̂1‖r̂‖+ v̂2‖z‖)

and

‖ẑ‖ ≤ Q3(k̂0 + k1‖r̂‖+ k2‖z‖) +Q4((v̂0 + v̂1‖r̂‖+ v̂2‖z‖).

Hence, we obtain

‖r̂‖+ ‖ẑ‖ ≤ (Q1 +Q3)k̂0 + (Q2 +Q4)v̂0 + [(Q1 +Q3)k̂1 + (Q2 +Q4)v̂1]‖r̂‖
+[(Q1 +Q3)k̂2 + (Q2 +Q4)v̂2]‖ẑ‖,

which implies that

‖(r̂, ẑ) ≤ (Q1 +Q3)k̂0 + (Q2 +Q4)v̂0

M0
,

where

M0 = min{1− [(Q1 +Q3)k̂1 + (Q2 +Q4)v̂1], 1− [(Q1 +Q3)k̂2 + (Q2 +Q4)v̂2]}.

Consequently, using the Leray–Schauder alternative, it follows that the operator T
has at least one fixed point, which is a solution of the nonlinear system (1) on [a, b].

In the following result, we apply Krasnosel’skiĭ’s fixed-point theorem [23] to prove
our second existence result.

Theorem 2. Assume that:

(H1) There exist positive real constants m̂i, n̂i, i = 1, 2 such that, f , f̃ : [a, b]×R×R −→ R are
continuous and satisfy the following conditions for all t ∈ [a, b] and r̂i, ẑi ∈ R, i = 1, 2:

| f (t, r̂1, ẑ1)− f (t, r̂2, ẑ2)| ≤ m̂1|r̂1 − r̂2|+ m̂2|ẑ1 − ẑ2|,

| f̃ (t, r̂1, ẑ1)− f̃ (t, r̂2, ẑ2)| ≤ n̂1|r̂1 − r̂2|+ n̂2|ẑ1 − ẑ2|.

(H2) There exist P and Q ∈ C([a, b],R+) satisfying

| f (t, r̂, ẑ)| ≤ P(t), | f̃ (t, r̂, ẑ)| ≤ Q(t), for each (t, r̂, ẑ) ∈ [a, b]×R×R.

Then, the nonlinear system (1) has at least one solution on [a, b], provided that

[Q∗1 +Q3](m̂1 + m̂2) + [Q2 +Q∗4 ](n̂1 + n̂2) < 1, (17)

where Qi, i = 1, 2, 3, 4 are given in (15).
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Proof. First, we decompose the operator T into four operators T1,1, T1,2, T2,1 and T2,2 as

T1,1(r̂, ẑ)(t) = kI α̂,ψ f (t, r̂(t), ẑ(t)), t ∈ [a, b],

T1,2(r̂, ẑ)(t) =
(ψ(t)− ψ(a))

ϑk
k −1

AΓk(ϑk)

[
A4

(
λ kI p̂,ψ f̃ (ξ, r̂(ξ), ẑ(ξ))

+µ kI p̂+v,ψ f̃ (σ, r̂(σ), ẑ(σ))− kI α̂,ψ f (b, r̂(b), ẑ(b))
)

+A2

(
ς kI α̂,ψ f (u, r̂(u), ẑ(u))) + θ kI α̂+w,ψh(τ, r̂(τ), ẑ(τ)

−kI p̂,ψ f̃ (b, r̂(b), ẑ(b))
)]

, t ∈ [a, b],

T2,1(r̂, ẑ)(t) = kI p̂,ψ f̃ (t, r̂(t), ẑ(t)), t ∈ [a, b],

T2,2(r̂, ẑ)(t) =
(ψ(t)− ψ(a))

ηk
k −1

AΓk(ηk)

[
A1

(
ς kI α̂,ψ f (u, r̂(u), ẑ(u))

+θ kI α̂+w,ψ f (τ, r̂(τ), ẑ(τ))− kI p̂,ψ f̃ (b, r̂(b), ẑ(b))
)

+A3

(
λ kI p̂,ψ f̃ (ξ, r̂(ξ), ẑ(ξ)) + µ kI p̂+v,ψ f̃ (σ, r̂(σ), ẑ(σ))

−kI α̂,ψ f (b, r̂(b), ẑ(b))
)]

, t ∈ [a, b].

Notice that T1 = T1,1 + T1,2 and T2 = T2,1 + T2,2. Assume that Bρ̂ = {(r̂, ẑ) ∈ X×X :
‖(r̂, ẑ)‖ ≤ ρ̂} is a ball, in which ρ̂ ≥ (Q1 + Q3)‖P‖ + (Q2 + Q4)‖Q‖. Similarly, as in
Theorem 1, we have

|T1,1(r̂1, r̂2)(t) + T1,2(ẑ1, ẑ2)(t)| ≤ Q1‖P‖+Q2‖Q‖,

and

|T1,1(r̂1, r̂2)(t) + T2,2(ẑ1, ẑ2)(t)| ≤ Q3‖P‖+Q4‖Q‖.

Consequently, we obtain

‖T1(r̂1, r̂2) + T2(ẑ1, ẑ2)‖ ≤ (Q1 +Q3)‖P‖+ (Q2 +Q4)‖Q‖ < ρ̂.

Thus, T1(r̂1, r̂2) + T2(ẑ1, ẑ2) ∈ Bρ̂. Next, it will be shown that the operator (T1,2, T2,2)
is a contraction mapping. For (r̂1, ẑ1), (r̂2, ẑ2) ∈ Bρ̂, we have

|T1,2(r̂1, r̂2)(t)− T1,2(ẑ1, ẑ2)(t)|

≤ (ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

α̂+w
k

Γk(α̂ + w + k)

)]
(m̂1‖r̂1 − ẑ1‖+ m̂2‖r̂2 − ẑ2‖)

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+A2

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

]
(n̂1‖r̂1 − ẑ1‖+ n̂2‖r̂2 − ẑ2‖)

= Q∗1(m̂1‖r̂1 − ẑ1‖+ m̂2‖r̂2 − ẑ2‖) +Q2(n̂1‖r̂1 − ẑ1‖+ n̂2‖r̂2 − ẑ2‖)
= [Q∗1m̂1 +Q2n̂1]‖r̂1 − ẑ1‖+ [Q∗1m̂2 +Q2n̂2]‖r̂2 − ẑ2‖. (18)
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In a similar fashion, one can find that

|T2,2(r̂1, r̂2)(t)− T2,2(ẑ1, ẑ2)(t)|
≤ [Q3m̂1 +Q∗4 n̂1]‖r̂1 − ẑ1‖+ [Q3m̂2 +Q∗4 n̂2]‖r̂2 − ẑ2‖. (19)

From (18) and (19), we obtain

‖(T1,2, T2,2)(r̂1, ẑ1)− (T1,2, T2,2)(ẑ1, ẑ2)‖
≤

{
[Q∗1 +Q3](m̂1 + m̂2) + [Q2 +Q∗4 ](n̂1 + n̂2)

}
(‖r̂1 − ẑ1‖+ ‖r̂2 − ẑ2‖). (20)

which shows that the operator (T1,2, T2,1) is a contraction owing to the condition (17). On
the other hand, in view of the continuity property of f and f̃ , we conclude that the operator
(T1,1, T2,1) is continuous. In addition, we have

‖T1,1(r̂, ẑ)‖ ≤ ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)
‖P‖ and ‖T2,1(r, z)‖ ≤ ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)
‖Q‖.

Consequently, we obtain

‖(T1,1, T2,1)(r̂, ẑ)‖ ≤ (ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)
‖P‖+ (ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)
‖Q‖.

Hence, (T1,1, T2,1)Bρ is uniformly bounded. In the next step, it will be shown that the
set (T1,1, T2,1)Bρ is equicontinuous. For t1, t2 ∈ [a, b] with t1 < t2 and for all (r̂, ẑ) ∈ Bρ̂,
we obtain

|T1,1(r̂, ẑ)(t2)− T1,1(r̂, ẑ)(t1)

≤ 1
Γk(α̂)

∣∣∣∣∣
∫ t1

a
ψ′(s)[(ψ(t2)− ψ(s))

α̂
k−1 − (ψ(t1)− ψ(s))

α
k−1] f (s, r̂(s), ẑ(s))ds

+
∫ t2

t1

ψ′(s)(ψ(t2)− ψ(s))
α̂
k−1 f (s, r̂(s), ẑ(s))ds

∣∣∣∣∣
≤ ‖P‖

Γk(α̂ + k)
[2(ψ(t2)− ψ(t1))

α̂
k + |(ψ(t2)− ψ(a))

α̂
k − (ψ(t1)− ψ(a))

α̂
k |].

The right hand side of the above inequality is independent of (r̂, ẑ) ∈ Bρ̂ and tends
to zero as t1 −→ t2. Analogously, we have that |(T2,1(r̂, ẑ)(t2) − T2,1(r̂, ẑ)(t1)| → 0 as
t1 −→ t2, independent of (r̂, ẑ) ∈ Bρ̂.

Thus, |(T1,1, T2,1)(r̂, ẑ)(t2) − (T1,1, T2,1)(r̂, ẑ)(t1)| → 0 as t1 −→ t2. Therefore,
(T1,1, T2,1) is equicontinuous. Now, applying the Arzelá–Ascoli theorem, we deduce that
the operator (T1,1, T2,1) is compact on Bρ̂. Thus, the hypotheses of Krasnosel’skiĭ’s fixed-
point theorem are satisfied, and, hence, there exists at least one solution of the nonlinear
system (1) on [a, b].

3.2. Existence of a Unique Solution

In this subsection, we present a result concerning the uniqueness of solutions for the
nonlinear system (1), which is derived with the aid of the Banach fixed-point theorem.

Theorem 3. Suppose that A 6= 0 (A is given by (4)) and (H1) holds. Moreover, it is assumed that

(Q1 +Q3)(m̂1 + m̂2) + (Q2 +Q4)(n̂1 + n̂2) < 1, (21)

where Qi, i = 1, 2, 3, 4 are defined in (15). Then, the nonlinear system (1) has a unique solution
on [a, b].
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Proof. Letting supt∈[a,b] | f (t, 0, 0)| = N < ∞ and supt∈[a,b] | f̂ (t, 0, 0)| = N1, we fix

r ≥ (Q1 +Q3)N+ (Q2 +Q4)N1

1− [(Q1 +Q3)(m̂1 + m̂2) + (Q2 +Q4)(n̂1 + n̂2)]
,

and show that TBr ⊆ Br, where Br = {(r̂, ẑ) ∈ X× X : ‖(r̂, ẑ)‖ ≤ r}. For (r̂, ẑ) ∈ Br,
we have

|T1(r̂, ẑ)(t)|
≤ kI α̂,ψ[| f (t, r̂(t), ẑ(t))− f (t, 0, 0)|+ | f (t, 0, 0)|]

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
kI p̂,ψ[| f̂ (ξ, r̂(ξ), ẑ(ξ))− f̃ (ξ, 0, 0)|+ | f̃ (ξ, 0, 0)|]

+|µ| kI p̂+v,ψ[| f (σ, r̂(σ), ẑ(σ))− f (σ, 0, 0)|+ | f (σ, 0, 0)|]

+kI α̂,ψ[| f (b, r̂(b), ẑ(b))− f (b, 0, 0)|+ | f (b, 0, 0)|]
)

+A2

(
|ς| kI α̂,ψ[| f (u, r̂(u), ẑ(u)− f (u, 0, 0)|+ | f (u, 0, 0)|]

+|θ| kI α̂,ψ| f (τ, r̂(τ), ẑ(τ))− f (τ, 0, 0)|+ | f (τ, 0, 0)|]

+kI p̂,ψ[[ f̃ (b, r̂(b), ẑ(b))− f̃ (b, 0, 0)|+ | f̃ (b, 0, 0)|]
)]

≤ kI α̂,ψ[m̂1‖r̂‖+ m̂2‖ẑ‖+N](b)

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| kI p̂,ψ[n̂1‖r̂‖+ n̂2‖ẑ‖+N1](ξ)

+|µ| kI p̂+v,ψ[n̂1‖r̂‖+ n̂2‖ẑ‖+N1](σ) +
kI p̂,ψ[m̂1‖r̂‖+ m̂2‖ẑ‖+N](b)

+A2

(
|ς| kI α̂,ψ[m̂1‖r̂‖+ m̂2‖ẑ‖+N](u) + |θ|kI ˆα+w,ψ[m̂1‖r̂‖+ m̂2‖ẑ‖+N](τ)

+kI p̂,ψ[n̂1‖r̂‖+ n̂2‖ẑ‖+N1](b)
)]

≤ (ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)
[m̂1‖r̂‖+ m̂2‖ẑ‖+N]

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

+|µ| (ψ(σ)− ψ(a))
p̂+v

k

Γk( p̂ + v + k)
[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

+
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
[m̂1‖r̂‖+ m̂2‖ẑ‖+N]

)
+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
[m̂1‖r̂‖+ m̂2‖ẑ‖+N]

+|θ| (ψ(τ)− ψ(a))
α̂+w

k

Γk(α̂ + w + k)
[m̂1‖r̂‖+ m̂2‖ẑ‖+N]

+A2
(ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)
[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

)]
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=

{
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
+

(ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

ˆα+w
k

Γk(α̂ + w + k)

)]}
[m̂1‖r̂‖+ m̂2‖ẑ‖+N]

+

{
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+A2

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

}
[n̂1‖r̂‖+An̂2‖ẑ‖+N1]

= Q1[m̂1‖r̂‖+ m̂2‖ẑ‖+N] +Q2[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

= (Q1m̂1 +Q2n̂1)‖r̂‖+ (Q1m̂2 +Q2n̂2)‖ẑ‖+Q1N+Q2N1

≤ Q1m̂1 +Q2n̂1 +Q1m̂2 +Q2n̂2)r +Q1N+Q2N1.

Analogously, we obtain

|T2(r̂, ẑ)(t)|

≤
{
(ψ(b)− ψ(a))

ηk
k −1

|A|Γk(ηk)

[
A1

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

α̂+w
k

|A|Γk(α̂ + w + k)

)

+A3
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)

}
[m̂1‖r̂‖+ m̂2‖ẑ‖+N] +

{
(ψ(b)− ψ(a))

p̂
k

Γk( p̂ + k)

+
(ψ(b)− ψ(a))

ηk
k −1

|A|Γk(ϑk)

[
A1

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)
+A3

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)

+|µ| (ψ(σ)− ψ(a))
p̂+v

k

Γk( p̂ + v + k)

)]}
[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

= Q3[m̂1‖r̂‖+ m̂2‖ẑ‖+N] +Q4[n̂1‖r̂‖+ n̂2‖ẑ‖+N1]

= (Q3m̂1 +Q4n̂1)‖r̂‖+ (Q3m̂2 +Q4n̂2)‖ẑ‖+Q3N+Q4N1

≤ Q3m̂1 +Q4n̂1 +Q3m̂2 +Q4n̂2)r +Q3N+Q4N1.

Accordingly, we have

‖T (r̂, ẑ)‖ = ‖T1(r̂, ẑ)‖+ ‖T2(r̂, ẑ)‖
≤ [(Q1 +Q3))(m̂1 + m̂2) + (Q2 +Q4)(n̂1 + n̂2)]r

+(Q1 +Q3)N+ (Q2 +Q4)N1 ≤ r,

which implies that T (Br) ⊆ Br. On the other hand, for (r̂2, ẑ2), (r̂1, ẑ1) ∈ X × X and
t ∈ [a, b], we have

|T1(r2, z2)(t)− T1(r1, z1)(t)|
≤ kI α̂,ψ| f (t, r̂2(t), ẑ2(t))− f (t, r̂1(t), ẑ1(t))|

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[
A4

(
|λ| kI p̂,ψ| f̃ (ξ, r̂2(ξ), ẑ2(ξ))− f̃ (ξ, r̂1(ξ), ẑ1(ξ))|

+|µ| kI p̂+v,ψ| f̃ (σ, r̂2(σ), ẑ2(σ))− f̃ (σ, r̂1(σ), ẑ1(σ))|

+kI p̂,ψ| f (b, r̂2(b), ẑ2(b))− f (b, r̂1(b), ẑ1(b))|
)

+A2

(
|ς| kI α̂,ψ| f (u, r̂2(u), ẑ2(u))− f (u, r̂1(u), ẑ1(u))|
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+|θ| kI α̂+w,ψ| f (τ, r̂2(τ), ẑ2(τ))− f (τ, r̂1(τ), ẑ1(τ))|

+kI p̂,ψ| f̃ (b, r̂2(b), ẑ2(b))− f̃ (b, r̂1(b), ẑ1(b))|
)]

≤
{
(ψ(b)− ψ(a))

α̂
k

Γk(α̂ + k)
+

(ψ(b)− ψ(a))
ϑk
k −1

|A|Γk(ϑk)

[
A4

(ψ(b)− ψ(a))
α̂
k

Γk(α̂ + k)

+A2

(
|ς| (ψ(u)− ψ(a))

α̂
k

Γk(α̂ + k)
+ |θ| (ψ(τ)− ψ(a))

ˆα+w
k

Γk(α̂ + w + k)

)]}
(m̂1‖r̂2 − r̂1‖+ m̂2‖ẑ2 − ẑ1‖)

+
(ψ(b)− ψ(a))

ϑk
k −1

|A|Γk(ϑk)

[{
A4

(
|λ| (ψ(ξ)− ψ(a))

p̂
k

Γk( p̂ + k)
+ |µ| (ψ(σ)− ψ(a))

p̂+v
k

Γk( p̂ + v + k)

)
+A2

(ψ(b)− ψ(a))
p̂
k

Γk( p̂ + k)

}]
(n̂1‖r̂2 − r̂1‖+ n̂2‖ẑ2 − ẑ1‖)

= (Q1m̂1 +Q2n̂1)(‖r̂2 − r̂1‖) + (Q1m̂2 +Q2n̂2)(‖ẑ2 − ẑ1‖).

Hence, we obtain

‖T1(r̂2, ẑ2)(t)− T1(r̂1, ẑ1)‖
≤ ((Q1m̂1 +Q2n̂1 +Q1m̂2 +Q2n̂2)[‖r̂2 − r̂1‖+ ‖ẑ2 − ẑ1‖]. (22)

Similarly, one can obtain

‖T2(r̂2, ẑ2)(t)− T2(r̂1, ẑ1)‖
≤ ((Q3m̂1 +Q4n̂1 +Q3m̂2 +Q4n̂2)[‖r̂2 − r̂1‖+ ‖ẑ2 − ẑ1‖]. (23)

From (22) and (23), we deduce that

‖T (r̂2, ẑ2)(t)− T (r̂1, ẑ1)‖
≤ [(Q1 +Q3)(m̂1 + m̂2) + (Q2 +Q4)(n̂1 + n̂2)](‖r̂2 − r̂1‖+ ‖ẑ2 − ẑ1‖), (24)

which, by the condition (21), implies that T is a contraction. Thus, we deduce by the
conclusion of Banach’s contraction mapping principle that T has a unique fixed point
which corresponds to a unique solution of the nonlinear system (1).

4. Examples

Consider the following six-point boundary value problems for a (k, φ)–Hilfer fractional
system after fixing the coefficients in problem (1):

7
6 ,HD

4
3 , 3

4 ;2+log t r̂(t) = f (t, r̂(t), ẑ(t)),
1
4
< t <

11
4

,

7
6 ,HD

5
3 , 1

4 ;2+log t ẑ(t) = f̃ (t, r̂(t), ẑ(t)),
1
4
< t <

11
4

,

r̂
(

1
4

)
= 0, r̂

(
11
4

)
=

1
π2 ẑ

(
3
4

)
+

7
39

7
6 I

5
3 ;2+log t ẑ

(
7
4

)
,

ẑ
(

1
4

)
= 0, ẑ

(
11
4

)
=

9
37

r̂
(

5
4

)
+

1
e2

7
6 I

3
5 ;2+log t r̂

(
9
4

)
.

(25)

Here k = 7/6, α̂ = 4/3, p̂ = 5/3, β̂ = 3/4, q̂ = 1/4, v = 5/3, w = 3/5, ψ(t) =
2 + log t, λ = 1/π2, µ = 7/39, ς = 9/37, θ = 1/e2, a = 1/4, b = 11/4, ξ = 3/4, σ = 7/4,
u = 5/4, τ = 9/4. Using the given data, we find that ϑk = 25/12, ηk = 11/6, Γk(ϑk) ≈
1.047114902, Γk(ηk) ≈ 0.9726277286, Γk(ϑk + w) ≈ 1.425589394, Γk(ηk + v) ≈ 2.722222222,
Γk(α̂ + k) ≈ 1.275021091, Γk( p̂ + k) ≈ 1.577652779, Γk(α̂ + w + k) ≈ 1.928101260,
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Γk( p̂ + v + k) ≈ 7.812151797, A1 ≈ 1.898644621, A2 ≈ 0.3595879078, A3 ≈ 0.6017756924,
A4 ≈ 1.694724814 (A1,A2,A3, and A4 are given in (8)), A ≈ 3.001288890 (A is given
by (4)), Q1 ≈ 4.549161327, Q2 ≈ 0.7467564627, Q3 ≈ 1.353804071, Q4 ≈ 4.484708590
(Qi, i = 1, 2, 3, 4 are defined in (15)), Q∗1 ≈ 2.418206215, Q∗4 ≈ 2.273635184 (Q∗1 , Q∗4 are
given in (16)).

(a) Illustration of Theorem 1.
Let the functions f , f̃ : [1/4, 11/4]×R×R −→ R be defined by

f (t, r̂, ẑ) =
1 + cos2(r̂ẑ)

2πt
+

e−ẑ2
sin r̂

4t + 11
+
|ẑ|15e−(4t−1)2

13(1 + ẑ14)
, (26)

f̃ (t, r̂, ẑ) =
4t(r̂ẑ)2

1 + (r̂ẑ)2 +
r̂12

11(1 + |r̂|11)
+

ẑ sin8(r̂)
4t + 9

. (27)

It is easy to find that | f (t, r̂, ẑ)| ≤ (4/π) + (1/12)|r̂| + (1/13)|ẑ| and | f̃ (t, r̂, ẑ)| ≤
11 + (1/11)|r̂|+ (1/10)|ẑ|. Setting k̂0 = 4/π, k̂1 = 1/12, k̂2 = 1/13, v̂0 = 11, v̂1 = 1/11,
v̂2 = 1/10, we obtain (Q1 +Q3)k̂1 + (Q2 +Q4)v̂1 ≈ 0.9675015153 < 1 and (Q1 +Q3)k̂2 +
(Q2 + Q4)v̂2 ≈ 0.9772207667 < 1. Therefore, we deduce by Theorem 1 that prob-
lem (25) with functions f , f̃ given by (26) and (27), respectively, has at least one solution
on [1/4, 11/4].

(b) Illustration of Theorem 2.
Define two nonlinear Lipschitzian functions f , f̃ : [1/4, 11/4]×R×R −→ R by

f (t, r̂, ẑ) =
1
3

sin2 πt +
|r̂|e−(4t−1)

16(1 + |r̂|) +
1
14

tan−1 ẑ, (28)

f̃ (t, r̂, ẑ) =
1
5

cos2 πt +
1
15

sin r̂ +
|ẑ|

52t(1 + |ẑ|) . (29)

Obviously, we have

| f (t, r̂, ẑ)| ≤ 1
3

sin2 πt +
1

16
e−(4t−1) +

π

28
, | f̃ (t, r̂, ẑ)| ≤ 1

5
cos2 πt +

1
52t

+
1

15
,

and
| f (t, r̂1, ẑ1)− f (t, r̂2, ẑ2)| ≤

1
16
|r̂1 − r̂2|+

1
14
|ẑ1 − ẑ2|,

| f̃ (t, r̂1, ẑ1)− f̃ (t, r̂2, ẑ2)| ≤
1
15
|r̂1 − r̂2|+

1
13
|ẑ1 − ẑ2|.

Setting m̂1 = 1/16, m̂2 = 1/14, n̂1 = 1/15, n̂2 = 1/13, we find that [Q∗1 +Q3](m̂1 +
m̂2) + [Q2 +Q∗4 ](n̂1 + n̂2) ≈ 0.9388772111 < 1. Therefore, all the assumptions of Theorem 2
are fulfilled and, hence, the (k, φ)–Hilfer fractional system (25) with functions f , f̃ given
by (28) and (29), respectively, has at least one solution on [1/4, 11/4].

(c) Illustration of Theorem 3.
Let two nonlinear Lipschitzian unbounded functions f , f̃ : [1/4, 11/4]×R×R −→ R

be given by

f (t, r̂, ẑ) =
e−(4t−1)2

8(3t + 5)

(
r̂2 + 2|r̂|
1 + |r̂|

)
+

sin |ẑ|
4(4t + 5)

+
1
3

, (30)

f̃ (t, r̂, ẑ) = sin2 t
tan−1(r̂)
4(2t + 5)

+
cos2(πt)

28(2t + 1)

(
ẑ2 + 2|ẑ|
1 + |ẑ|

)
+

1
4

. (31)

Clearly

| f (t, r̂1, ẑ1)− f (t, r̂2, ẑ2)| ≤
1
23
|r̂1 − r̂2|+

1
24
|ẑ1 − ẑ2|,
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and
| f̃ (t, r̂1, ẑ1)− f̃ (t, r̂2, ẑ2)| ≤

1
22
|r̂1 − r̂2|+

1
21
|ẑ1 − ẑ2|.

Setting m̂1 = 1/23, m̂2 = 1/24, n̂1 = 1/22 and n̂2 = 1/21, we have that (Q1 +Q3)(m̂1 +
m̂2) + (Q2 +Q4)(n̂1 + n̂2) ≈ 0.9895188106 < 1. Thus, the conclusion of Theorem 3 applies
and, hence, the problem (25) with functions f , f̃ given by (30) and (31), respectively, has a
unique solution on the interval [1/4, 11/4].

5. Conclusions

In this paper, we presented sufficient criteria for the existence and uniqueness of
solutions for a coupled system of nonlinear (k, ψ)–Hilfer fractional differential equations
complemented with coupled (k, ψ)–Riemann–Liouville fractional integral boundary condi-
tions. We proved the desired results for the given problem by applying the Leray–Schauder
alternative, Krasnosel’skiĭ’s fixed-point theorem and Banach’s contraction mapping prin-
ciple. As a special case, we obtained the new results for a coupled system of nonlinear
(k, ψ)–Hilfer fractional differential equations equipped with
(i) four-point nonlocal coupled boundary conditions:

r̂(a) = 0, r̂(b) = λẑ(ξ), ẑ(a) = 0, ẑ(b) = ςr̂(u),

by taking µ = 0 and θ = 0 in the results of the paper; and
(ii) purely coupled (k, ψ)–Riemann–Liouville fractional integral boundary conditions:

r̂(a) = 0, r̂(b) = µ kIv,ψ ẑ(σ), ẑ(a) = 0, ẑ(b) = θ kIw,ψ r̂(τ),

by fixing λ = 0, ς = 0 in the present results.
Comparing the present results with the related work on the topic, it is worthwhile

to mention that the authors studied the (k, ψ)–Hilfer fractional differential equations and
inclusions equipped with the different boundary conditions in the articles [17–19], while a
system of (k, ϕ)–Hilfer fractional differential equations with nonlocal boundary conditions
was investigated in [20]. Thus, the work established in this paper is not only new in the
given configuration but also produces some new results as special cases. Therefore, our
work is a significant contribution to the existing literature on the boundary value problems
of (k, ψ)–Hilfer fractional differential systems. In future, we plan to investigate coupled
systems of nonlinear sequential (k, ψ)–Hilfer fractional differential equations and inclusions
equipped with different kinds of boundary conditions.
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