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Abstract: This paper is concerned with the existence of solutions for a new boundary value problem
of nonlinear coupled (k, ip)-Hilfer fractional differential equations subject to coupled (k, )-Riemann—
Liouville fractional integral boundary conditions. We prove two existence results by applying the
Leray-Schauder alternative, and Krasnosel’skii’s fixed-point theorem under different criteria, while
the third result, concerning the uniqueness of solutions for the given problem, relies on the Banach’s
contraction mapping principle. Examples are included for illustrating the abstract results.
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1. Introduction

Fractional-order boundary value problems involving classical, nonlocal, multi-point,
and integral boundary conditions have attracted significant interest in the recent years,
as such problems appear in diverse disciplines of engineering and applied sciences. For
theoretical details of the topic, see the monographs [1-3]. Recently, some existence results
for nonlocal integro-multipoint boundary value problems involving Hilfer-type fractional
integro-differential equations and inclusions were presented in [4]. In [5], the authors
analyzed a multipoint boundary value problem involving a Caputo-Hadamard fractional
derivative operator, while a nonlinear Caputo-Hadamard fractional initial value problem
was studied in [6].

Great interest has also been shown in studying the coupled systems of fractional-order
differential equations, as such systems constitute the mathematical models of many phys-
ical phenomena occurring in bio-engineering [7], fractional dynamics [8], and financial
economics [9], etc. Let us now dwell on some recent works on boundary value problems
involving coupled fractional differential systems. In [10,11], the authors proved some
interesting results for coupled systems of sequential fractional differential equations involv-
ing a ¢-Hilfer fractional derivative. Boundary value problems for Hilfer-type sequential
fractional differential equations and inclusions with Riemann-Stieltjes integral multi-strip
boundary conditions were studied in [12].

It is interesting to notice that there do exist different definitions of fractional deriva-
tive operators such as Riemann-Liouville, Caputo-Liouville, Hadamard, Erdélyi-Kober,
y-Riemann-Liouville [1], Hilfer [13], k—Riemann-Liouville [14], y-Hilfer [15], (k,¥)-
Riemann-Liouville [14] and (k, ¢)-Hilfer [16], to name a few.
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The topic of (k, p)-Hilfer-type fractional boundary value problems constitutes an
interesting and useful area of research, as a (k, y)-Hilfer-type fractional derivative operator
generalizes many well-known fractional derivative operators; for details, see [17] and the
references cited therein. Recently, in [18], the authors studied the existence of solutions for
a nonlocal nonlinear (k, ¢)-Hilfer-type fractional boundary value problem. For some more
results on (k, ¢)-Hilfer fractional boundary value problems, see [19]. In [20], the authors
studied a coupled system of nonlinear fractional differential equations involving the (k, ¢)-
Hilfer fractional derivative operators with nonlocal multipoint boundary conditions:

KHDTE9w(0) = £(6,w(6),2(0)), 6 € (c,d],
KHD™MPUC2(9) = £1(0,w(0),2(0)), 6 € (¢ d],
( =

m

k
w(c) =0, w(d) = /Z;Ai z(¢i), z(c) =0, z(d) = Z,;.“j w(n;),
i= j=

where &H D¥Bi¢ kHDw1,B1i¢ denote the (k, ¢)-Hilfer fractional derivative operators of orders
@,01,1 <& & < 2and parameters B, B1,0 < B, B < 1, respectively; f, f : [c,d] x R = R
are continuous functions, A;, #; € R;anda < g;,n; <b,i=1,2,...,m,j=12,... k.

Exploring the literature on (k, y)-Hilfer fractional differential systems, it is found
that the only work dealing with such a coupled system was discussed in [20]. In order to
develop this new area of research, we consider a nonlinear coupled system of (k, i)-Hilfer
fractional differential equations of different orders in (1, 2], complemented with coupled
(k, )-Riemann-Liouville fractional integral boundary conditions. In precise terms, we
investigate the existence of solutions for the following problem:

@
(u

where KHD B KHDPAY denote the (k, p)-Hilfer fractional derivative operators of orders
&,p,1 <&, p < 2and parameters ,4,0 < B,4 < 1, respectively, f, f : [a,b] x R — R are
continuous functions, A, i, ¢, 0 € R, k7o kTWY are the (k, p)-Riemann-Liouville fractional
integrals of order v,w > 0, and a < ¢, 0, u, T < b. The existence and uniqueness results for
the nonlinear system (1) will be established with the aid of the Leray-Schauder alternative,
Krasnosel’skii’s fixed-point theorem and Banach’s contraction mapping principle. The tools
of the fixed point theory provide a decent platform from which to develop the existence
theory for initial and boundary value problems once such problems are convertible to fixed-
point problems. In this context, the present strategy is preferred over the other existing
methods such as Lie symmetry, quasilinearization, etc.

Here, we emphasize that the problem (1) formulated and investigated in the present
work is novel and the existence and uniqueness results derived for this problem enrich the
literature on nonlocal integral boundary value problems involving (k, ¢)-Hilfer fractional
differential and (k, i)-Riemann-Liouville integral operators of different orders. For more
details, see the Conclusion section.

The structure of this paper is as follows. In Section 2, we recall some definitions
and prove an auxiliary result which plays a fundamental role in transforming the given
nonlinear system into a fixed-point problem. The main results are proved in Section 3. In
Section 4, we provide numerical examples for illustration of our theoretical results.

2. Preliminaries

Let us first recall the definitions of a (k, )-Riemann-Liouville fractional integral and
(k, p)-Hilfer fractional derivative operators.
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Definition 1 ([21]). Let ¥ : [a,b] — R be an increasing function with ¢’ (t) # 0 for all t € [a, b].
Then, the (k, {)-Riemann—Liouville fractional integral of order & > 0 (x € R) of a function
b € L([a, b], R) is given by

o, 1 t / &a_
00 = gy ¥ @O 90 o, k>0 @
Definition 2 ([16]). Let o,k € RT = (0,00), B € [0,1], ¢ € C"([a,b],R), ¢'(t) #0,t € [a,b]
and b € C"([a, b],R). Then, the (k, ¢ )-Hilfer fractional derivative of the function b of order « and
type B, is defined by

H B 4y — kaBlrk—ayp (K d N g (1) (nk—a)sp _ [~
DE¥h(t) ="Jai (1/;’(t)dt) Ja+ (), n =[] ©)

Now, we prove an auxiliary lemma that plays a key role in the study of the nonlinear
system (1).

Lemma 1. Assume tha~t a < b,
ne=p+4(2k—p), h,h € C*([a,

=

Then, the pair (7,2) is a solution of the nonlocal (k,y)—Hilfer fractional system

KHDUBYR(H) = h(t), te (a,b],
KHDPGY2(t) = h(t), te (a,b], )
Pla) =0, #(b) = A2(E)+ u*To%2(0),
2(a) =0, 2(b) =c#(u)+6 T (1)
if and only if
KTAPR(t) + (llf(t)A—rZJ((l;Ik)))"kl {A4 </\ KTPVR(E) + p KT+ (o) — kzac,wh(b))
+ Ay <g KT8 h(u) + 0 FZA+o¥p (1) — kﬁ"”fz(b)) ] , (6)
and
KIPYR(E) + <¢(t)£r;/}((;k>)) L [ A <g TRV (1) 4 0 KTV (1) — kzﬁﬂl’ﬁ(b))
+A3 (A KTPVR(E) + u *TPHo¥R(0) — kﬁ""’h(b)) } , (7)
where
o) — @)t @@ -yt (o) = pla)) !
T () A=A Ty (k) T T (nx +0) ’
() = @) @ —p@) T () — )
¢ Ty (%) o T (O +w) A= Ty (1) . ®)
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Proof. Let (,£) be a solution of the system (5). As argued in [18], operating KT8 and
KTP¥ on both sides of the first and second equations in (5), respectively, we obtain

) = "I&'wh(twco(‘/’(b)—w(a))Tk*l _i_cl(lP(t)—llJ(a))kaz

T (9%) (0 —k) 7
s = FTO() 4 g, WO @) () — (@) o
‘ T (17x) U Tie—k)
where ¢y, ¢1,dp and dq are unknown arbitrary constants. Using the conditions #(a) = 0 and
2(a) = 01in (9), we obtain ¢; = 0 and d; = 0, since 19" —2 <0, % —2 < 0. Therefore, the
equations in (9) take the form:
(p(b) — p(a)) ¥
P = TRt +c — ,
(t (1) +a S
— -1
2t) = FTIV(E) +ap LW (10)
Ti (k)

which, on inserting in the boundary conditions: 7(b) = A 2() + u *Z°¥4(¢) and 2(b) =
¢ #(u) + 6 KZ%¥7(7), yields

(WO~ p@)F " e (&) — p(a)) 1
kg Yh(b) + co NN — \ k7P YR(E) + A do o
TP () 4 D0 wy(o )(r;kti(?)) ol , a1
and
o ()~ p@) ¥ () — p(a)) £
KTPYR(b) + do e = c*T*¥h(u) + T ¢ o
O K TR AR (1) 46 ¢ (lP(T;,:(I;i(jL)Zu)_l . (12)

Solving the system (11) and (12) for ¢y and dy together with the notation in (4) and (8),
we find that

cQ = i[A4<AkIﬁ"/’fz(§)+ ykIﬁ”rlez(U)—kI@'wh(b))

+A, <g KT8V (1) + 0 KFZA+©O¥p (T) — kZPYR( b))}
dy = ;[Al (g KTRYR(u) + 0 KIAFTO¥h(T) = kZP¥h(b )
+A3 (A KIPYR(E) + u *TPo¥h(o) — *T%¥ h(b) )}

Replacing cy and dy by their above values in (10), we obtain (6) and (7). The converse is
obtained by direct calculation and this completes the proof. [

In the following, we denote by X = C([a,b],R) the Banach space of all continuous
real-valued functions on [a, b] equipped with the norm ||?|| = max{|?(¢)|;t € [a,b]}. The
space (X x X, ||(7,2)]|) is a Banach space endowed with norm ||(7,2)[| = ||?|| + ||Z]|-
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Ti(7,2)(t)

T2(7,2)(t)

3. Existence and Uniqueness Results

In the following, for t € [a,b], weset f; :(t) = f(t,7(t),2(t)) and f;:(t) = f(t,7(t),2(t)).
By Lemma 1, we define an operator 7 : X x X — X x X associated with the nonlinear
system (1) as

- (3430
where
= KTy
+0 f(rf((gk)))ﬂ"kl A (VT @) 4 TR o) T (1))
+A; (g KT f s (u) + 0 KTV £ 0 (7) — TP F (b)) ] , (13)
and
0
) (- 1 (64220 + 0 T () 0y 0))
A (VT2 + 3 TP (o) - TV ) )| 19

Observe that the fixed-point problem 7 (#,2) = (#,2) is equivalent to the nonlinear
system (1) and, hence, the existence of a fixed point for the operator 7 will imply the
existence of a solution of the nonlinear system (1).

For simplicity, we set

o - U0 iv(;)))‘i . W(bl)AFliEZ))kkl a0 f(};))i
o D o L w ),

o - W0_de) i (#0410 f ()~ o) ))
L f(}ca)»’k’}

o - A (st m BRI
e

o - S g s
s S

and

Q7 -9 —w 91_94—W. (16)
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3.1. Existence Results

We prove our first existence result by applying the Leray-Schauder alternative [22].

Theorem 1. Suppose that A # 0 (A is given by (4)) and f,f : [a,b] x R — R are two
continuous functions such that, for all t € [a,b] and #;,2; € R, i = 1,2, we have

|f(t,71,21)] < ko +ki|i1] + ka|21],
|f(t,72,22)| < Do + D1|f2| + 02|22,

where I%i, 0;,i = 1,2 are real positive constants with ko, 90 > 0. Moreover, it is assumed that
(Q1 + Q3)121 + (Qz +Q4)Z31 <1 and (Ql + Qg,)f(z + (Qz +Q4)Z32 <1,

where Q;,i = 1,2,3,4 are given in (15). Then, the nonlinear system (1) has at least one solution
on [a,b].

Proof. Observe that continuity of the functions f and f ensures the continuity of the
operator 7. Next, we establish that the operator 7 is uniformly bounded.

Let M be a bounded set of X x X. Then, we can find positive constants £; and £;
such that

(671, 2(0)] < L1, |F(E7(1),2(1)] < Lo, V(7,2) € M.
Thus, for all (7,2) € M, we have

< Tr(& +k) A|‘A|rk(l9k) |
s U s gL e
O o G Ol
e

Hence, we obtain
IT2(7,2) < Q1Ly + Q2Ls.
Analogously, we have
[ T2(7,2)|| < QaLy + Q4Ls.
In view of the foregoing inequalities, it follows that
ITEDI <T@ 2) [ +[[T2(7 2)[] < (Q1+Q3) L1+ (Q2 + Q4) L.

This shows that the operator 7 is uniformly bounded. To prove that the operator 7 is
equicontinuous, we take t1,t; € [a,b] with t; < t. Then, we have
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< | [ E) 96— (ph) — pE)E (s, 6), 2()ds
Ty (&) | Ja
+ [T ) ) 95 7(6),2(6))ds
(9(t2) = (@) " = (p(t) — (@) £~ -
¥ NI [ (i re.20)
Hul TP (0, 70), 20)) |+ TP |11, (1), 20)
(I 21, ), 2(00) + 18] T (5, 7(0),2(0)
TP 70,20, 2(6)] )|
< Wf; G 120(2) —p())F -+ [(p(e2) 9D = (p(t) = ()]

Ok

L ) = p@) t ! = () —pia) (i O vt

|/\A|rk(19k) Tx(p+k)
(y < )= (@) T L (p(b) — pla))k
T oty 2T RGHR ‘1>
(p(u) — p(a))k (y < )— (@) T (p(b) — p(a))
(s Uty e Yt o)

The right hand of the above inequality is independent of (#,2) and tends to zero as
ty —t; — 0. Hence, Ty1(?,2) is equicontinuous. Similarly, it can be shown that T,(?, %) is
equicontinuous. Accordingly, the operator T (7, £) is completely continuous.

Finally, we show the boundedness of the set D = {(7,2) € X x X : (#,2) = vT (7,2),
0<v<1}.Let(?2) € D. Then, (#,2) =vT (#,2) and for all t € [a,b], we have

P(t) =vTi(7,2)(t),  z(t) = vTa(P,2)(8).

Thus, we obtain

()
(p(b) — p(@)t | @b)—p@)E 11, (9(b) — pa)}

< et ey A a
N (w(”:(;f(‘;” + 10 =D o+ ]+ Ral2l)
($(b) — p(a)) * ! (W@ @) | o) - pa)T
AT @) A{A (WG M e e )
+ A PR Y1007+ ),

and
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12(t)]
(p(b) ?1{

\‘s

+16|

A

0(

(Ic;lllf u) — p(a))t
+k)

4 <<>—¢wff>
4, }kmMNﬂ+bMD C““‘W””

- |A\rk k) | ATk (& +w +k)

rk "‘+ Te(p+ k)
p
k

>ﬁ (&) — y(a)
(”' b

(p(1) %
\A|rk

+w<é&+iﬁ))H@mew+@M»

+

Thus, we have
171 < 91 (ko + kalI7[] + k2|zI1) + Qa2((d0 + 01 [|7]] + D2]2]])
and
121l < Q3(ko + ka[|7]l + k2|zIl) + Qa((0 + D1 (17| + B2 2)-
Hence, we obtain

1P+ 12l < (Q1 4 Q3)ko + (22 +Qa)0 + [(Q1 + Q3)k1 + (22 + Q4)01] 17|
+[(Q1 + Q3)]ACZ + (Qz + 94)52] ||2H,

which implies that

o (914 93)ko + (92 + Qu)d
[(7,2) < My ,

where
My = min{l — [(Ql + Q3)7€1 + (Qz + Q4)51],1 — [(531 + Q3)i€2 + (Qz +Q4)UA2]}.

Consequently, using the Leray—Schauder alternative, it follows that the operator 7
has at least one fixed point, which is a solution of the nonlinear system (1) on [2,b]. O

In the following result, we apply Krasnosel’skii’s fixed-point theorem [23] to prove
our second existence result.

Theorem 2. Assume that:

(H1) There exist positive real constants 1i;, i;,i = 1,2 such that, f, f : [a,b] x R x R — Rare
continuous and satisfy the following conditions for all t € [a,b] and 7;,2; € R, i =1,2:

|f(t,71,21) — f(t, 72, 20)| < 1iq|Py — Po| + 1i12]21 — 22,

[f(t,71,21) = F(t,72,22)| < Aa|Py — Po| 4 72|21 — 22
(Hz) There exist P and Q € C([a, b], R.) satisfying

If(t,7,2)| < P(t), |f(t,#,2)| < Q(t), foreach (t,7,2) € [a,b] xR xR.
Then, the nonlinear system (1) has at least one solution on [a, b], provided that
[Q1 + Qa] (1711 +1i12) + [Q2 + Q4] (M1 + 712) <1, (17)

where Q;,1 =1,2,3,4 are given in (15).
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Proof. First, we decompose the operator 7 into four operators 77 1, 712, T21 and T as

Tia(,2)(t) = FIMf(#(1),2(1), t€a,b),

— a 1971(_1 A
Tiatr2) = IO (Ao ) 200)

+u kTPHo¥ F (o, 7(0), 2(0)) = FTY f(b,?(b),ﬁ(b)))
A <9 KTV f(u,#(u),2(w))) + 0 KTV h(t, 7(1), £(7)

—kzﬁ'wfw,f(b),f(b)))], < [a,b],
J(6) = KTPOR(E (), 2(1)), ¢

S
— a ;ITk*l N
) = PRI, (k2o ), 2(0)

+0 kzi+ b £ (1, 7(1),5(7)) = kTP¥ f(b,?(b),i(b)))

[, ],

N>

Ton (7,

N>

Tap (7,

A (A KIPHF(E,3(2),2(8) + p MTPH (0, 7(0), 2(0)
—kz&/wf(b,f(b),,f(b))ﬂ, t € [a,b].

Notice that 71 = 711 + Ti2 and T2 = Tp1 + T2,2. Assume that By = {(7,£) € X x X:
[|(7,2)|| < p}is aball, in which p > (91 + Q3)||P|| + (Q2 + Q4)]|Q||. Similarly, as in
Theorem 1, we have

T1,1 (P2, 72) () + T12(21,22) ()] < a[|Pl| + Qa2[|Q,

and

[ T1,1(P1,72) (8) + T22(21, 22) ()| < Q3| Pl + Qall Q-
Consequently, we obtain

T3 (P1,72) + T2(21, 22) || < (Q1 4+ Q3) IP]] + (Q2 +Q4)[1Ql <o

Thus, T1(71,72) + T2(£1,22) € Bp. Next, it will be shown that the operator (T12, T22)
is a contraction mapping. For (71,21), (72,22) € By, we have

[T12(P1, 2) (8) = Th2(21, 22) (1))
¢! 4,0 vk
)

IN
—
<=
—
S
S—
\
<

—~~|— N~—
AN}
N—

| ATk (8% !  Tk(@+k) A
1] W .y (D=L i = 201+~ 21
($(b) — p(a) ¥ (9@ — @)t | @)~ p@)'F
e e rrre e rrz sy
+a WDV 5, — 21+ s — 221

Q7 (11| — 21| + 1in2||P2 — 22]) + Qo (A1 |1 — 21 + fiz||P2 — 22]])
[Q17n + Qo] |1 — 21| + [Q17h2 + Qofio][|F2 — 22 |- (18)
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In a similar fashion, one can find that

| T22(P1,72)(t) — T22(£1,22)(1)|
< [Qariy + Qpi]||F1 — 21| + [Qaritg + Qiin] |72 — 22| (19)

From (18) and (19), we obtain

(712, T22) (F1,21) — (T1,2, T22) (21, 22) ||
< {97 +Q3](1hy +1ip) + [Q2 + Q3] (A1 + A2) F(IIF1 — 21 + (P2 — 221]). (20)

which shows that the operator (772, 72,1) is a contraction owing to the condition (17). On
the other hand, in view of the continuity property of f and f, we conclude that the operator
(T11, T2,1) is continuous. In addition, we have

b) — p(a))* b £
I1Tatr, 21 < LEZECE 1) and 175,020 < H2 D2 ),
Consequently, we obtain

P
k

oyl < WO #O y  @io) (o)
I(Tin, Ta) (7, 2))| < PP Pl + Sl

Hence, (71,1, 72,1) By is uniformly bounded. In the next step, it will be shown that the
set (71,1, 72,1) B, is equicontinuous. For t1,t, € [a,b] with t; < t; and for all (7,2) € By,
we obtain

Tial?,2)(t2) = Tial2,2) (1)
O wle2) — 90 = i) — 9o A5, (6),265))ds

+ (k) — 9la)F — (p(t) — p(a)) F L.

=

< W[Z(lﬁ(tz) l/J(tl))

nd tends

The right hand side of the above inequality is independent of (A z) € By a
(t1)| — 0 as

to zero as t; — t,. Analogously, we have that |(721(?,2)(t2) — T21(%,2)
t; — tp, independent of (7,2) € B,.

Thus, [(T1,1,721)(7,2)(t2) — (T1,1,T21)(7,2)(t1)] — 0 as ty — tp. Therefore,
(T1,1, T2,1) is equicontinuous. Now, applying the Arzeld—Ascoli theorem, we deduce that
the operator (71,1, 72,1) is compact on B;. Thus, the hypotheses of Krasnosel'skii’s fixed-
point theorem are satisfied, and, hence, there exists at least one solution of the nonlinear
system (1) on [a,b]. O

3.2. Existence of a Unique Solution

In this subsection, we present a result concerning the uniqueness of solutions for the
nonlinear system (1), which is derived with the aid of the Banach fixed-point theorem.

Theorem 3. Suppose that A # 0 (A is given by (4)) and (H1) holds. Moreover, it is assumed that
(Q1 + Q3) (g + 1i12) + (Q2 + Qu) (i +72) <1, (21)

where Q;,i = 1,2,3,4 are defined in (15). Then, the nonlinear system (1) has a unique solution
on [a, b].
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Proof. Letting sup;c(,; |f(t,0,0)| =9 < oo and sup;, |f(£,0,0)| = Ny, we fix

(Ql +Qs)m+ (Qz +Q4)m1
r> — ~ _ —
T 1= [(Q1 +Q3) (g +1i1p) + (Q2 + Qq) (A1 + 112)]

and show that TB, C B,, where B, = {(?,2) € X x X : ||(?,2)|| < r}. For (?,2) € B,

we have

<

IN

IN

Ti6,2)0)
T (1,7(0), 2(0) — £(6,0,0)| + 1/(4,0,0)]
# OB gy (2020716, 7(0), 2(00) ~ F@.0,0) + 17001
11l P10, #(0), 20)) ~ f10,0,0) +1(0,0,0)]

4(b)) — F(b,0,0)| + |f(b,0, om)

HTHY|f (b, 7(b

A (|g| CTA | F 1,2 (u), 2(u) — F(11,0,0)] + |F(11,0,0)]
+]6] KZAY £ (T, #(T),2(T)) — £(7,0,0)| + | £(7,0,0)]]
FRTPO([F(b,#(b), 2(b)) — F(b,0,0)] + |f<b,o,o>})]

KTV [ |7 + iz 2] + D (b)

9%
(¢(b)—¢(a))k—1[ ( KZOY [ 17]] - 710 112
AT B Ay [A]FZPP[A||7]] + A2 |2]] + 9] (E)
| SZPTV [ ||| + o)l 2]| + D) (o) + KT [ || + hia|2]] + 9 (b)

+A2(|g| EZ88 oy |7 + gl 21|+ () + BFTF i 7] + g 2] + 9] ()
RTIH ] + a2 +fnﬂ<b>)]

(W) —9@)F ooz + o

To(a +K)

L far"’(“)fkk_l [A4(|A| “"fk)(;_‘f(,f’)”f il + 2]+
+l j;) el + ol + )
PO 5y e )

a1 PN 4 o

o D ) g o0
+A2W[mnfn + a2+ 0] )|
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_ {Wﬂo—wmﬂ

IA I

Tk(A
+A2<\g| (p(u) —p(a))k n |9‘(1P(T)—1P(ﬂ) )

+{A4(|/\|(¢<6)_¢<))k I |( (o) —¢(a))

S

L WO )T (O - gt

Ip(& +k) | ATk (%) k)

+
| b1+ a2+ o0

(& +k) (@ +w+k)

pto

T(p +k) Ty(p+ov+k) )

+A2(1P<b>—¢<ﬂ)>k}[n1||f|| + Afia|2]] + 9]

Tk (p +k)

Qq [y || 7] + iz ||2]| + R + Qo[ ||7]] + Az |2]] + 9]

(Qu7t + Qofty) [|7|| + (Qurita + Qo) [|2]] + Q19+ D20y

Qg + Qofiy + Qip + Qofin)r + Q1N + Q9.

Analogously, we obtain

IN

IAN

T2, 2)0) |
(o [ (0 Y m )
+Aﬁwg&fgﬁ}wmﬂ+mmﬂ+w+{”¥%;ﬁ?£
il s
|m((&+jjg )] Yo+ e+

Qs 1y || + rina||2]] 4+ N + Qa[fn [|]] + A2 2]] + 0]
(Qatty 4 Qafty) |7 + (Qatita + Qafiz) ||2]] 4+ Q391+ Q4
Qaify + Quity + Qatity + Qufin)r + Q30 + Q9.

Accordingly, we have

|77, 2)] |T2(7, 2) I + 1 T2(7, 2) ||
[(Q1+9Q3)) (g + 1i12) + (Q2 + Qq) (721 + 2) |

+(Q +Q3)N+ (Qo+ Q)M <7,

IA

which implies that 7 (B,) C B,. On the other hand, for (#,%3), (1,21) € X x X and
t € [a,b], we have

2(0) - fLA 0,2 0)
+f““‘ﬁ$§$4LMQM?ﬁWﬂa@@> £2(8) — FE71(2),21(0))
KT Flo,12(0),22(0) - Flo, 11 (0), 21 (0)

TPt 2 (8),22(0) — £(6,71(6) 21(6)])

+A4@kﬁWﬂm@w»@w»—ﬂwﬁw»ﬁwm
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; (sl ot s
N DL ("ﬁ:();ﬁf‘?,:fw )] ol =l + sz = 1)
o S s
+ DI 5 1, - 2

= (Qyriiy + Qo) (|72 — #1||) + (Quirg + Qof1n) (||22 — 21]))-

Hence, we obtain
71 (P2, 22) (t) — Ta(P1,21) ||
< ((Quriy + Qofty + Quifiy + Qoftn)[[|72 — 1] + [|22 — 24]]- (22)
Similarly, one can obtain
[72(P2,22) (t) — Ta(P1,21) ||
< ((Qaiy + Qufip + Qzifiy + Qufin)[||P2 — 71| + 122 — 21]]]- (23)
From (22) and (23), we deduce that
|7 (P2, 22)(t) — T (F1,21) |
< [(Q1 +93) (i1 +1i12) + (Q2 + Qq) (1 + 122)| (|2 — A1l + |22 = 21]]),  (24)

which, by the condition (21), implies that 7 is a contraction. Thus, we deduce by the
conclusion of Banach’s contraction mapping principle that 7 has a unique fixed point
which corresponds to a unique solution of the nonlinear system (1). O

4. Examples

Consider the following six-point boundary value problems for a (k, ¢)-Hilfer fractional
system after fixing the coefficients in problem (1):

. 1 11
sHDIA2Hos (1) = £(1,7(1),2(t)), 1<t< g

. 1 11
SHDIAZHo8I5(1) = F(1,7(t),2(1)), ; <t<

(25)

D>

1

4

1 (11 9 (5 17 35 000taf9

— e J— = — — —615’+Ogt — .
(5) =0 o(5) =5 (5) ramem ()

Here k = 7/6, & = 4/3,p = 5/3, B =3/4,4 = 1/4,v = 5/3, w = 3/5, ¢(t) =
2+logt, A = 1/ 72, u=17/39,¢=9/37,0 = 1/e2,a=1/4,b=11/4, {=3/4,0=7/4,
u = 5/4, T = 9/4. Using the given data, we find that ¢, = 25/12, 15, = 11/6, T\ (%) ~
1.047114902, Ty (175 ) =~ 0.9726277286, 'y (O + w) ~ 1.425589394, T (1 + v) ~ 2.722222222,
To(& + k) ~ 1.275021091, Ti(p + k) ~ 1.577652779, T(& +w + k) ~ 1.928101260,
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Te(p+v+k) = 7812151797, A1 ~ 1.898644621, A, ~ 0.3595879078, A3 ~ 0.6017756924,
Ay ~ 1.694724814 (A4, Ay, A3, and Ay are given in (8)), A ~ 3.001288890 (A is given
by (4)), Q1 ~ 4.549161327, Q, =~ 0.7467564627, Q3 ~ 1.353804071, Q4 ~ 4.484708590
(Qi,i = 1,2,3,4 are defined in (15)), Q] ~ 2.418206215, Q) ~ 2.273635184 (Q], Q} are
given in (16)).

(a) Illustration of Theorem 1.

Let the functions f, f : [1/4,11/4] x R x R — R be defined by

fhz) - LHeost?) e Fsing  [2]Pe 1] (26)
A 27t 4t +11 13(14214) 7
it 55 (?2) #12 2sin®(?)
t/ ’ - . 27
flt.22) Fe2 T e (27)

It is easy to find that [f(t,,2)| < (4/7) + (1/12)]7] + (1/13)|Z] and If(t,7,2)] <
11+ (1/11)]7] + (1/10)|2]. Setting ko =4/m bk =1/12,ky =1/13, 99 = 11, 91 = 1/11,
# = 1/10, we obtain (7 + Q3)k1 + (22 + Q4)91 ~ 0.9675015153 < 1 and (Q; + Q3)k, +
(92 + Q4)0, =~ 0.9772207667 < 1. Therefore, we deduce by Theorem 1 that prob-
lem (25) with functions f, f given by (26) and (27), respectively, has at least one solution
on [1/4,11/4].

(b) Illustration of Theorem 2.

Define two nonlinear Lipschitzian functions f, f : [1/4,11/4] x R x R — R by

f(t,7,2) = 1sin2 Tt + w + l tan™ " 2 (28)
" 3 16(1+ |?]) =

f(t,7,2) = 1cos it 4 ismr—l— L (29)
o 5 15 52¢(1+ |2])

Obviously, we have

1 1 7T ~ 1 1 1
P2 < = —(4t-1) 7,2) < =
[f(t,7,2)| 351n nt+16 +28, lf(t,7,2)| 5cos 7Tt+52t+15
and
|f(t,71,21) — f(t,72,22)] < 16| 72|+ | — 2|,

L L 1 1,
If(t/flle)—f(frrzfzz)|<15| — P + 3|Zl—22|-

Setting 11y = 1/16, 1ty = 1/14, iy = 1/15, fiy = 1/13, we find that [} + 93] (1 +
1p) + [Qo + 9} (71 + 1) ~ 0.9388772111 < 1. Therefore, all the assumptions of Theorem 2
are fulfilled and, hence, the (k, ¢)-Hilfer fractional system (25) with functions f, f given
by (28) and (29), respectively, has at least one solution on [1/4,11/4].

(c) Ilustration of Theorem 3.

Let two nonlinear Lipschitzian unbounded functions f, f : [1/4,11/4] x R x R — R
be given by

—(4t—1)% /52 A DA

. e 7=+ 2|7 sin |2 1
t = -

f67,2) 8(3t—|—5)< 1+ 17| >+4(4t+5)+3' 30)

~ o tan"1(7)  cos?(mt) (22 +2|2] 1
t,7,2) = 2t - 1
fln2) = st sy T sy 1417 ) T a SR

Clearly
1 1
s sy s < L s 1.,
|f(t,71,21) — f(t,72,22)| < 23|71 7’2|+24|Zl 25|,
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and

i oa A A . 1., 1. .
F(t P, 20) = [ 72, 22)| < o511 = Pl + 57121 — 22

Setting i1y = 1/23, 11, = 1/24, A1 = 1/22 and A1, = 1/21, we have that (Q; + Q3) (111 +

i) + (Q2 + Q4) (A1 + f12) ~ 09895188106 < 1. Thus, the conclusion of Theorem 3 applies

and, hence, the problem (25) with functions f, f given by (30) and (31), respectively, has a

unique solution on the interval [1/4,11/4].

5. Conclusions

In this paper, we presented sufficient criteria for the existence and uniqueness of
solutions for a coupled system of nonlinear (k, ¢)-Hilfer fractional differential equations
complemented with coupled (k, )-Riemann-Liouville fractional integral boundary condi-
tions. We proved the desired results for the given problem by applying the Leray—Schauder
alternative, Krasnosel’skii’s fixed-point theorem and Banach’s contraction mapping prin-
ciple. As a special case, we obtained the new results for a coupled system of nonlinear
(k, p)-Hilfer fractional differential equations equipped with
(i) four-point nonlocal coupled boundary conditions:

P(a) = 0,7(b) = A2(§),2(a) = 0,2(b) = cF(u),

by taking # = 0 and 6 = 0 in the results of the paper; and
(ii) purely coupled (k, )-Riemann-Liouville fractional integral boundary conditions:

#(a) = 0,7(b) = u*T9%2(0),2(a) = 0,2(b) = 6 *T¥#(1),

by fixing A = 0,¢ = 0 in the present results.

Comparing the present results with the related work on the topic, it is worthwhile
to mention that the authors studied the (k, ¢)-Hilfer fractional differential equations and
inclusions equipped with the different boundary conditions in the articles [17-19], while a
system of (k, ¢)-Hilfer fractional differential equations with nonlocal boundary conditions
was investigated in [20]. Thus, the work established in this paper is not only new in the
given configuration but also produces some new results as special cases. Therefore, our
work is a significant contribution to the existing literature on the boundary value problems
of (k, p)-Hilfer fractional differential systems. In future, we plan to investigate coupled
systems of nonlinear sequential (k, )-Hilfer fractional differential equations and inclusions
equipped with different kinds of boundary conditions.
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