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Abstract: We construct a Green’s function for the three-term fractional differential equation —Dg‘zlu +
aD(’)ﬁM + f(Hu = h(t),0 <t < b, wherew € (2,3], u € (1,2], and f is continuous, satisfying the
boundary conditions #(0) = u/(0) = 0, Dg+u(b) = 0, where B € [0,2]. To accomplish this, we
first construct a Green’s function for the two-term problem fDS‘J:lu + aDg+u =h(t),0 <t<b,
satisfying the same boundary conditions. A lemma from spectral theory is integral to our construction.
Some limiting properties of the Green’s function for the two-term problem are also studied. Finally,

existence results are given for a nonlinear problem.
Keywords: Green’s function; fractional boundary value problem

MSC: 34B15; 34B27

1. Introduction

In this paper, we use a lemma from spectral theory to develop a Green’s function for
the fractional differential equation

— D& 'u+aDlu+ f(Hu=h(t), 0<t<b, @)
where a € (2,3] and u € (1, 2], satisfying the boundary conditions
u(O) = u,(O) =0, DngM(b) =0, (2)

where 8 € [0,2]. It will be assumed throughout that f is continuous on [0, b].
We first construct the Green’s function for

~ Dy 'u+aDfu=h(t), 0<t<b, ®)

This satisfies the boundary condition in Equation (2). The limiting properties of this
Green’s function are studied first. Then, by using this Green’s function, we can construct
the Green’s function for Equations (1) and (2).

Two-term fractional boundary value problems were first studied by Graef et. al [1]
using spectral theory. These techniques were improved upon in [2], where the authors were
able to write the Green’s function corresponding to the boundary value problem

—D§ tu+a(t)u = h(t),

u(0) =u(1) =0,

where 1 < a < 2 as a series of functions. Later, in [3], these authors studied the boundary
value problem

~Ditu+aDlu=0, 0<t<1,
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u(0) =u(l) =0,

where 0 < B <1 < & < 2. They showed that a Green’s function can be constructed in a
closed form using generalized Mittag-Leffler functions. Recently [4], the Green’s function
for the boundary value problem

—Dy tutau=0, 0<t<l,

u(0)=u'(0)=0, u(1)=0,

where 2 < & < 3 and 4 is constant was constructed using alternate methods.

In this paper, we use the techniques from [3] to first construct the Green’s function
corresponding to Equations (2) and (3). This Green’s function will be constructed using
generalized Mittag-Leffler functions. Some limiting properties such as b — co are studied.
The limiting properties of the Green’s functions were studied for a one-term fractional
boundary value problem in [5]. We will see that the results here are similar to the ones
in [5].

The Green’s function constructed for Equations (2) and (3) are then used along with the
technique from [2] to construct the Green’s function for Equations (1) and (2). We believe
this is the first paper to study three-term fractional boundary value problems. For more
works studying two-term fractional boundary value problems, see, for example, [6-8].

2. Preliminaries

For a detailed review of fractional calculus, we refer the reader to the monograph by
Diethelm [9] and the book by Podlubny [10]. The following definitions and properties can
be found in these references:

Definition 1. Let 0 < v and recall the Riemann—Liouville fractional integral of a function u is
defined by

o) = iy [ (=9 (o) @

provided that the right-hand side exists. Moreover, let n denote a positive integer, and assume
n—1 < a < n. The ath Riemann—Liouville fractional derivative of the function u : [0,00) — R,
denoted as D LU, s defined as

1 ar

t
Dngu(t) = mﬁ\/{) (t — S)”_'X_lu(s)ds = D"Ig;“u(t),

provided that the right-hand side exists.

We need a few properties in fractional calculus to construct and analyze the family of
the Green’s functions. Recall that

I I u(t) = L 2u(t) = LR Ik u(t), vi,vo >0, ifu € Ly[0,b],

D! T2 u(t) = I3 u(t), if0 <wv; <y, if u € L1]0,b],

DY, I8, u(t) = u(t), 0 < t, if u € L1]0,b],

and
n

I8 DE u(t) = u(t) + Y ¢t =D if D§ u € L1]0,).
i=1

The power rule will be employed, which states that

F(vl + 1)

DRt = ——————
0+ Ty +1—wy)

tVI_VZ/ vy > 711 V2 2 Or (5)
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where it is assumed that 1, — 17 is not a positive integer. If v, — v is a positive integer, then
the rlght hand side of Equation (5) vanishes. To see this, one can appeal to the convention
that m = 0if v, — 11 is a positive integer, or one can perform the calculation on the

left-hand side and calculate
D"~ () — o,

Moreover, we state and prove the following identities, which will also be employed in
Section 3:

Lemma 1. Assume a € (2,3], u € (1,2], and p € [0,2]. Assume h is continuous on [0, b]. Then,
we have the following:

1.
DG ot(t =) (s)ds = r(niiniay_) f(Zf)ﬁ)) /(:(f — sy (5) ds;
2.
o e g
o) w+a) = Tn(e—p)+a)
3.
foﬂé’l“)”‘ iy _ énJrl)afnyfﬁh;
4.

Z a”I (n+1)a— iy, _ Z ‘1an+ OTLl a—npy Z anléfrl)zxfnyfﬁh.
=0

Proof. Consider thecases0 < < 1,1 < B <2,and  =0,1,2 independently. We show
the details for 0 < B < 1. The details for 1 < B < 2 are similar, the details for § = 1,2
are easy to verify, and the details for f = 0 are trivial. The calculations employ the Euler

beta function . F(0)T(y)
B(x, :/t"_ll—ty_ldt:u.
(e = [ rla-n o
We start by proving Equation (1). Now, we have

t
Dg+ (t _ S)(nJrl)txfnyflh(s)ds
0

— 1 i ! _ o\1-8-1 s _ N+ )a—np—1
“Ta-B dt/ (t—s) (/0 (s—7) h(r)dr |ds
1 — dt/ </ (t—s)™ /51(s—r)(”+1)“””1ds)h(r)dr

_ 1 FT(1—-B)T((n+1)a —np) D
- T(1-B) dt o T((n+1a—np—pB+1) (t_”)( H)a—np Br(r)dr

e +a) A,
= Tt gy y (S s

If 1 < B < 2, then a similar calculation is performed. The Leibniz rule is sufficient for
B =1lor =2, and the calculation for 8 = 0 is trivial.
To prove (2), notice that
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B o anp(n+l)a—np—1 d 1 ot 1-p-1 o ang(nt+l)a—np—1
D - t—s ————ds
0 T(n(a—p) +a) T r(1-p) ./o ( ) S T(n(a—p)+a)
d > a” t
_“ _ n\(n+)a—npu-1 1-6-1
i Em—ﬁ)r(n(a—uw)/o(s ) o
d & a" 1
_ " pntDa—nu—1+1-p S(n+1)vc—ny—1(1 _ S)l—ﬁ—lds
dt n; I(1—p)r(n(a—pn)+a) /0
_ i i a" p(nt+D)a—np—p F((I’l + 1)“ - ny)l"(l — :8)
dt = T(1—p)T(n(a—u)+a) I'(n+1la—nu—14+1-p—-1+2)
d & a
-2 pn+la—nu—p
dtn; I(n+1a—nu—p+1)

. 00 n Da—nu— (oo} a” n+1)a—nu—p—1
Since each of ©3, anﬁm)t("+ Jemmi=p and Y0 (S )= pntDa—nu—p

converge uniformly on [0, b], then

d & a" > a"
— t(”‘H a—np—p _ t(n—i—l)a—ny—‘B—l
dtngol"((n—i—l)tx—ny—ﬁ—l—l) Z (n+1)a—nu—p)

and

o np(n+l)a—np—1

B _ = a” (n+1)a—np—p-1
D = t
0+ = F(Tl(lx—‘u) +DC) n; F((n—kl)[x—nl,{ ‘B)

a?ng+t(Tl+l)t¥*n]4*1
iy T(n(e—p)+a)

To prove (3), we see that

1 1 d t a Da—
D gy 9
d 1- B (n+1)a—npu d (n+l)u¢ nu+1-pB
dt10+ I h= I 0 h

1 _

Finally, to prove (4), we start by noticing

R
Dy, ; (t—s) E NCEST _nyh(s)ds
B 1 g r 1,5100 nfo (n-i—l)a nu—1
 T(1—B)dt /o Z (n+ 1)0c —np) h(r)dsdr

T - pr((n+ 1)06 —np)

— i - l B— l (n+1)a—np—1
“TA_p)ar ;I‘(n—i—l(x—nu // =) asdr
d [ee]
7

(£ — 1)+ D8=10=By () gy

d i a’
Cdt = T((n+1)a—nu—p+1

) /0 (£ — ) D=1 =By (5) s,
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Since each of

n

— a 't n K—nu—
Z (n+1 a—nu—ﬁ—i—l)/(tis)( e Ph(s)ds
n=

and
[e0) n

a ! n A—nu—B—
n;or((nﬂ)a—nu—ﬁ) /0 (# =)D (s)ds

converge uniformly on [0, b], term by term differentiation is valid, and

7y = t (n+1)a—np—
’ﬁrg()r((”+1)ﬂé—nu—ﬁ+1)/()(t_s) Tha=ni=Pp (s)ds
_ = a ¢ o
_ET((nH)a—nu—ﬁ)/o(t—s) TP () ds

or
Zaln-i-la nyh Zaln-i-la np— [Bh
=0
O

The following lemma on spectral theory in Banach spaces will be integral to our
construction:

Lemma 2. Let X be a Banach space and A : X — X be a linear operator with the operator norm
| A|| and spectral radius r(A) of A. Then, we have the following:

L r(A) <[lA];
2. ifr(A) <1
Then, (Z — A)~" exists, and

1 [e0]
-1 _ Z An,
n=0
where 1 is the identity operator.

Definition 2. The generalized Mittag-Leffler function E, 5 : C — C is defined as

[e9) Z}’l

Easld = 1wt ey

It is known that the generalized Mittag-Leffler function is an entire function as long as
7,6 > 0. Notice that Eq 1[z] = exp(z).

As we shall observe an asymptotic property of the Green’s functions of the boundary
value problem in Equations (2) and (3) as functions of y and B, respectively, we shall also
make use of a further generalized Mittag-Leffler type function first studied in a special case
by Le Roy [11] and, we believe, recently introduced by Gerhold [12]:

Definition 3. Define
ngo T(yn+ 5)

Notice that

Fgg 2] = E, 4[z).

Again, if 7,6,k > 0, then Fiﬁ; [z] denotes an entire function.
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The following asymptotic result will be useful for obtaining the asymptotic properties of
the Green’s function associated with Equations (2) and (3) as functions of # and B, respectively:

Theorem 1 (Theorem 1 [12]). Let y,6,x > 0 and € > 0 be arbitrary. Then, for z — oo in

the sector )

3YKTT — €, 0<yx <2,
|arg(z)| < (2—%’)/1()7‘[—6, 2< 9k <4,
0, 4 < 7x,

we have the asymptotics

1—x Kk=20k+1 1/7vx
FOL] ~ ——(2n) T2 2w 2™,
7’5 ')/ﬁ

(6)

3. Green’s Function for the Two-Term Problem

We look to construct the Green’s function for the boundary value problem in
Equations (2) and (3). Let X = C|0, b] be the Banach space of continuous functions with
the standard maximum norm |ju| = |ulp = max |u(t)|. Assume u is a solution to

€1[0,b]
Equations (2) and (3). Then, we have

— Df tu(t) + aDngu(t) = h(t). (7)
and thus
Db = Ig (I DEu) = I " (u+ ot + e t72) = I Mu gt T+ 2,

where ¢, ¢1, ¢, and ¢; are constants.

We can apply Iy, to both sides of Equation (7) to obtain
u(t) —a(Iy "u) () = — (I ) () + cot™ 1+ cat % + ct* 2.
Since u(0) = 0, ¢4 = 0, and since u/(0) = 0, c3 = 0, hence
u(t) — a(lg:”u)(t) = —(I&h)(t) + t* L.
We can define A : X - X and B: X — X by
(Au)(t) = a(Igf”u)(t) and (Bh)(t) = —(I5h)(t) + cot* .

Notice that if |a] < T'(a — pu + 1), then

[ All = sup ||Aull
[lull=1
t _ o\a—pu—1
< sup a/ %ds
tefo,1]l /0 I —p)
= sup |(alg"1) (1)
te[0,1]
_ |a|
IFla—u+1)
<1
Then, by Lemma 2, we obtain
u=1y A"Bh.

n=0
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Now, we have

A"Bh = (A" (— I8 h)) (£) + e A" (%1

T T((n+ Da—np) /ot(t =) () ds

N ca"T' () plntDa—np=1 " 01 ...
T((n+1)a—np)

We write
(at® )"
T(n(a —p) +a)
Since the generalized Mittag-Leffler function is entire for the positive parameters &« — p
and &, Y50 5 A" (+*~1) converges uniformly for ¢ € [0,1], and

A" (1) = T(a) !

0 ahtpn(a—p)
2 tﬂ‘ 1 = r t“ 1 Z m == r(ﬂ()t“ilEa_V,a[ﬂtaiy].

Similarly, we write

A = [ =91

(t =5 )"
n@= 1)+ a) h(s)ds.

(aft —s)* )"
(o= ) + )

t < b, and so the convergence of

The convergence of } T is uniform on the triangle, where 0 <5 <

o (alt— ey
P (TP L)

is uniform on the triangle 0 <s <t < b. Hence, we can write
u(t) = (Z A”Bh> (1)
n=0

altpn(a—p) ot o an(p _ gyn(a—p)
— T (a) 1! 2 ﬁ . /O (t—s)* 1Y ”Es)h(s)ds

Now, Lemma 1 can be employed to obtain

00 Czanl-(a)t(n—i—l)a—ny—ﬁ—l

D€+u(t) :y;) T((n+1)a —nu—B)

B i F((n + 1)Zn_ ny — ‘B) /t(t — S)(n+1)txfn}4*ﬁ*1h(s)ds
= a—p-1 "t”(“ 1)
= o' (a)t Z )

(X t*S) n(a V)
G 12 MEICE)

t
= czr(w)t“*ﬁflEa_y’a_}g[at“*ﬂ] - /0 (t— s)“*ﬁflE,x_%a_ﬁ[a(t —8)* " H]|h(s)ds.
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Since D0ﬁ+u(b) =0, then

1(p—s)B-1g bh—g)aH
02:/ ( sz — wpapla _S> ]h(s)ds.
0 b*=PIT (&) Ey—yy q—plab® ]
Thus, if
o _ J Gi(uB,bit,s), 0<t<s<b,
GW&hm){QWﬁ@tﬂ@Wﬁ@t% 0<s<t<b,
where
- 4 (b — s) Py o [at* HEy o pla(b —s)*H]
Gi( B b;t,s) = — e ,
b Etx—y,tx—ﬁ[ab }
and
Go(u, B, b;t,s) = (t— s)“‘*lEa_wx[a(t —35)47H],
then

1
u(t) 2/ G(u, B, b;t,5)h(s)ds.
0
Working in reverse, it can be shown that if
1
u(t) =/ G(u, B, b;t,s)h(s)ds,
0

then u satisfies Equations (2) and (3).
Thus, we obtain the following theorem:

Theorem 2. Assume |a| < I'(« — pu + 1). The function u satisfies Equations (2) and (3) if and

only if
b
u(t) = / G(u, B, b;t,s)h(s)ds,
0
where ) ( |
ts) = | QB bits), 0<t<s<b,
G(u, B, b;t,s) = { G](Vr,B,b}t,S) — Gz(‘u,ﬁ,b;t,s), 0<s<t<bh,
where
él(y, B, b; t,s) = tail(b — s)aiﬁilEa*H,tx [ﬂt“fﬁ]Ea,y/a,/;[a(b — S)IX*P’} ,
pr—B-1 Eafy,afﬁ[abafﬂ
and

Go(u, B, bit,s) = (t—8)* 'Eq_yala(t —s)* ¥
Notice that when y =« — 1 and § = a« — 1, we have
Gi(a — 1,0 —1,b;t,s) = t”‘*lEm [at]e™®,

and
Go(a — 1,0 —1,b;t,s) = (t— s)“*lELa [a(t —s)].

In this case, G(a — 1, — 1, b;t,s) is independent of b.
Theorem 3. Assume o — > 0and 0 < by < b. Then, for each s € [0, by, we have

lim Dbl =] _ o

b—oco El/afﬁ [ab] ®
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Proof. From Equation (6), as b — +co, we have
Ey - plab] ~ ab'~(#=P)emd
In addition, for a fixed s, we have
Eiqpla(b—s)] ~a(b— )1 (@=B)eab=s) — g(p — 5)1=(a=P)prbp—as,
Therefore, Equation (8) is true. O

Theorem 4. Assume « € (2,3], u = a —1and B € [0,2]. Assume 0 < by < b. Assume
(t,5) € [0,bg] x [0, bg]. Then, we have

lim G(a —1,8,b;t,5) = G(a — 1,0 — 1;t,5).

b—o0

We must point out that this result is similar to the result for the one-term problem
in [5] (Theorem 2.5).

4. Green’s Function for the Three-Term Problem

For the remainder of this article, b > 0 is fixed, and there is no need to specify a
Green'’s function as a function of u or B. Therefore, in particular, let Gy(t,s) = G(u, B, b; t,s)
be the Green'’s function for Equations (2) and (3). We define

b
Gult,s) :/0 F(T)Go(t, T)Gp_1(T,8)dT, 1> 1.

Assume f is continuous on [0, 1] and define max;c () [f(t)| = fand M = Go(t,s).

max
(£5)€[0,b]x[0,5]
Notice that

[Go(t,s)| <M,

|Gi(t,5)| < bFM?,

and, in general, that
|Gu(t,s)| < b”f_”M”Jrl = M(be)".

Therefore, by assuming f < ﬁ, we have
Y Gults)| < M Y (b M)" < o0,
n=0 n=0

since bfM < 1.
Now, let u be a solution for Equations (1) and (2). Thus, we have

—D§ u(t) +aDh u(t) + f(Hu(t) = h(t), 0<t<b,

> —Dg tu(t) +aDlu(t) = h(t) — f(Hu(t), 0<t<b

Additionally, u satisfies the boundary conditions in Equation (2). Thus, by Theorem 2,
we have

b
u(t) = [ Golt,s)(h(s) = f(s)u(s))ds
u(t) + /Obf(s)Go(t,s)u(s)ds — /Ob Gol(t,s)h(s)ds. )
We define A, B: X — X by

(AR) (1) = /Ob Go(t, s)h(s)ds,
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and ,
(Bu)(1) = [ £(5)Go(t,)u(s)ds.

Then, Equation (9) becomes
(Z+ B)u = Ah.

Since [f(t)| < f < 57, then | B = HmHax1 | Bu|| < 1. Hence, r(B) < 1, and
ujl=

u =

agk

(—B)" Ah.

n=0

Notice for n = 0 that

b b
((—B)”Ah)(t):(Ah)(t):/O Go(t,s)h(s)ds:/o (—1)"Gy (£, 5)h(s)ds.

Now, assume that

(B A0 = [ (~1)"Gults)hs)ds

J0

holds for n = m > 0. Then, we have
((=B)" LAR)(E) = (~B(~B)" Ah) ()
—/Ob—b(r)Go(t,T) /01(—1)mcm(r,s)h(s)dsdr
:/b(_1)m+1 /1b(r)GO(t,T)Gm(T,s)dTh(s)ds
0 0
= /Ob(—l)m“GmH(t,s)h(s)ds.
By induction, we have
((=B)"Ah)(t) = /01(—1)"Gn(t,s)h(s)ds

for all n € N. Therefore, since

n=0
converges uniformly, then
0o 1 1
u(t) = Z/ (—1)”Gn(t,s)h(s)ds:/ G(t,s)h(s)ds
n=0+0 0

where

Theorem 5. Assume |a| < T'(a —p+1). Let Go(t,s) = G(p, B, b; t,s) be the Green’s function
for Equations (2) and (3). Define

b
Gu(t,s) :/O F(T)Go(t, T)Gp_1 (T,5)dT, 1> 1.
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Assume f is continuous on [0, 1], and assume max,c(oy |f(t)| = f < 57, where M = L Go(t,s).
5)€10,b)x |0,
Then, u satisfies Equations (1) and (2) if and only if

where

5. The Existence of Solutions

Consider the nonlinear boundary value problem
— Dy tu+aDu+ f(Hu=g(t,u), 0<t<b, (10)

satisfying the boundary conditions of Equation (2), where a and f satisfy the conditions of
Theorem 5. Here, it is assumed that g : [0,b] x R — R is a continuous function. We define
T:X — Xby

Tu(t) = /Ob G(t,s)g(s, u(s))ds.

Theorem 6. Let U = (1o)e r[n ]x on G(t,s). Assume a and f satisfy the conditions of Theorem 5,
0,b

and assume there exists an v > 0 such that
gl < 7=, (tu) €[0,6] x [0,7]:
Then, Equations (2) and (10) have at least one solution u with ||u|| < r.

Proof. The proof is an application of Schauder’s fixed point theorem. We define the set
K= {ue X:|u|| <r}. Then, foru € Kand t € [0,b], we have

b
(0] = | [} G,0s(su9)ds

< [ 16(t5) (s u(s)lds

me

=r.

Therefore, || Tu|| < r. Hence, TK C K, and {Tu : u € K} is uniformly bounded.

We show that {(Tu)" : u € K} is uniformly bounded. Since (Tu)'(t) = [y 2G(t,5)g(s, u(s))ds,

and
a (e}
—G ts) =) (— Gn (t,s),
n=0

consider

i G,1 t,s) / f(r atGO(t T)Gy_1(T,8)dt, n>1.

Notice that if ‘%Go(t,s)‘ < Mj, then ‘%Gl(t,s)‘ < MjbfM, and in general, the
following is true:

9 Gult,s)

< nen n
‘m < Myb"f"M
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: 7 1
Therefore, since f < Ih we have

e}

)

n=0

e}

<M; Y (bfM)" < oo,
n=0

d
acn(t,s)

since bf M < 1. Thus, there exists U; > 0 such that

, (t,s) €1[0,b] x[0,0],

0
> | —
u > ‘atG(t,s)

In addition, if u € K, then |(Tu)'(t)| < %r, and {(Tu)" : u € K} is uniformly
bounded. Thus, {Tu : u € K} is uniformly bounded, equicontinuous, and hence sequen-
tially compact.

By Schauder’s fixed point theorem, T has a fixed point in K. Hence, Equations (2) and (10)
have at least one solution u with |[u|| <r. O

6. An Example

Example 1. As an example, consider the case where y =« —land p = a — 1. Leta = % <TI(2)
and b = 1. Here, for (t,s) € [0,1] x [0,1], since Eq 4[t] is increasing as a function of t, then
we have

|Go(t,s)] < |G1(a— 1,0 —1,1;t,8)| + |Go(a — 1, — 1,1;¢,5)|

1
S 2E1,0¢ |:2:| = M.
Thus, if
= 1
max |f(t)| = f < ———,
te[0,1] f / QEMB}

then the unique solution of

1
=Dy u+ 5 Di ut f(Hu=h(t), 0<t<1,

satisfying the boundary conditions

is given by
1
u(t) = / G(t,s)h(s)ds
0
where -
G(ts) = Y (=1)"Gu(t,s).
n=0
sint - 1 1 o
If, for example, f(t) = L f= T < W then in this case, we have
4|37 4B d]

IG(t,5)| < Mﬁ)(bfm)n —2E,, M 5 (;) —2E,, B] = U, (4s)€[0,1] x [0,1].

n=0
Now, consider the nonlinear boundary value problem

sin t tu?

se [l B3]

1
—Dg‘llu + =D 1y +

5 Do , 0<t<1,
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satisfying the boundary conditions

u(0) =u'(0) =0, Dy 'u(l) =0,

Notice that for r = 2, it holds that

tu?

5E1,zx [%]

1 r
< E.. [%} =0 (t,u) € [0,1] x [0,2].

By Theorem 6, this boundary value problem has a solution u with |ju|| < 2.

7. Conclusion

In this paper, a three-term fractional boundary value problem was studied. Spectral
theory was used to calculate the Green’s function for a two-term problem first. The limiting
properties of this Green'’s function were studied. Then, the Green’s function for the three-
term problem was constructed. Finally, this paper considered the existence of solutions to a
nonlinear three-term problem, and an example was constructed.
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