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Abstract: King’s method applies to solve scalar equations. The local analysis is established under
conditions including the fifth derivative. However, the only derivative in this method is the first.
Earlier studies apply to equations containing at least five times differentiable functions. Consequently,
these articles provide no information that can be used to solve equations involving functions that
are less than five times differentiable, although King’s method may converge. That is why the new
analysis uses only the operators and their first derivatives which appear in King’s method. The article
contains the semi-local analysis for complex plane-valued functions not presented before. Numerical
applications complement the theory.
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1. Introduction

In this article, the function F : O C T — T is differentiable, where T = Ror T = C
and () is an open nonempty set.
The nonlinear equation
F(x)=0 1)

is studied in this article. An analytic form of a solution x* is preferred. However, this
form is not always available. So, mostly iterative solution methods have been applied to
approximate the solution x*.
In particular, King’s [1] fourth-order method (KM) has been used;
up € Qv = uy— F'(un) 'F(un)
Uns1 = On— Ay (F(un) + YF(00))F () "' F(00), @

where ¢ € T is a parameter and A, = F(uy) + (v — 2)F(vy).
As motivation consider the real function

(s) = 0 if s=0
HI= 65— st 4 ®logs? if s #0.

This definition gives
#" (s) = 6logs* + 60s> — 24s + 22.

However, then, the third derivative is unbounded. So, the convergence of KM is not
assured by previous analyses in [1-8].
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This is the case, since Taylor series requiring derivatives of high order (not in KM) are
utilized in the analysis for convergence. This is a common observation for other methods,
such as Traub’s, Jarratt’s, and the Kung-Traub method to mention some [2,3,5-10]. On
the top of these concerns, some other problems exist with earlier studies. No computable
data are provided for distances ||u;,+1 — 1| or ||u, — x*|| or the uniqueness and location
of solution x*.

All these concerns are addressed utilizing conditions involving only the first derivative
in the method (2) [9-16].

The next four sections include semi-local analysis, local analysis, the experiment, and
conclusions, respectively.

2. Semi-Local Analysis

Set Lo, L, L1, Ly, 6 and 7 to be positive parameters. Set L3 = %, and Ly = 5‘1%2. Let
the sequence {t,} be given as
tO = 0/ so =1,
[Ls + Ly(sn — tn)](sn — tu)?
t = sSp+ 3
n+1 n (1—pn)(1_L0tn) ( )
L(typ1 — tn)? 4+ 2L (tpsq —
Sui1l = tpy1+ ( n+1 n) 1( n+1 n)

2(1 - Lotn+1) '

where p, = La(tn + |y —2|(sn — 17) ). Sequence {t, } shall be shown to be majorizing for KM.

Lemma 1. Suppose

1
ty < — and p, < 1. 4)
Lo

Then, the following assertions hold

ty <sp <ty ©)
and ,
. e o

nhl)rlw tn t = LO 7 (6)

where t* is the unique least upper bound of sequence {t, }.

Proof. Assertions (5) and (6) follow immediately by (3) and (4). O

Another result is given for the sequence {f, } using stronger conditions but which are
easier to verify than (4). However, first, we need to introduce some concepts. Let
Lt +2L1(t — 1)
2(1 = Lot1)n

a=(Ls+ L417)772, b=

and
¢ = max{a,b}.

Develop polynomials defined on the interval [0,1) as
(1) _ n,\2n—1_2 n—1y,,
fn(t) =2(Lg + Lat"y)t" =+ Lo(1+ ) (1 +t+ ...+ ")y —1,
gu (1) = 2(La + Lat" 1)y —2(Ly + Lat" )"~y + Lo(1 + 1),

a(t) =g,

and
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FP) = LIA(Ls+ Lat™y) ()2 + 1267y
—|—8L1 (L3 + L4fn1”])f2n_1772
+2Lo(1+t)(1+t+...+ ")y —2.

Moreover, set
2
() = 857 (1),

Notice that polynomials g and g, are independent of n. In particular, say
g1(t) = 2Laty? (8 — 1) + 2Lan (2 — 1) + Lo(1 4 t).
Then, condition g1 (t) > 0 needed in the next Lemma holds if
2L4t7% (1 — 13) 4+ 2Lan(1 — 2) < Lo(1 + ¢).

The left side of this estimate is a positive multiple of 7. However, the right side of it is
positive but independent of 7. So, this estimate certainly holds for sufficiently small #. The
same observation is made for polynomial g, and condition g (¢) > 0.

An auxiliary result connects these polynomials.

Lemma 2. The following items hold:

@ Y- =gV ey
i) g\ (1) > gt

i) gy (0 — f1 () = ga (D, if gi(t) > 0;
and

(i) f2(6) = £2(1) > ga(t)" 1y, if ga(t) > 0.

Proof. By the definition of these polynomials, we get in turn:

(@)
OSSN O RIOESal0)
= 2(Ls+ Lat" )2 2 1 Lo+ ) (T +t+ ...+t —1
—2(Ls + Lyt )2 12 — Lo(1+ A+ t+ ...+ Dy + £V (1) +1
= A+ o
(ii)

S =g () = 2(La+ L)y
—2(Ls + Lat" )"y — 2(Ls + Lot 1)) "y
+2(L3 + Lyt"n)t" 1y
= 2[(Lg + Lat"2) £ — (L3 + Lyt" )t
—(Ls + Lat" 1) + (L + Lat"y) |t~y
= 2(t—=1)2(t+1)(Ls + Lant" (P +t + 1)) 1y > 0.

(iii) This estimate follows immediately from the first two;

(iv) It follows similarly from the definition of polynomials g and fr(lz), since t € [0,1).
O

Define the parameters
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ﬁ _1—L017 ﬁ _1—2L017 ‘3 - 1—2L277
YT 14 Lo’ TP T 14 2Lgy" TP T 14 2L (1 + 2y —2|)’
p = min{By, B2, B3}
and
M = 2max{Ly, Ly }.
Notice that 8 € (0,1).
Lemma 3. Suppose:
LOtl <1, (7)
Mn <1, (8)
c<a<B, )
() >0att=«a (10)
and
) >0att=un (11)

hold for some o € (0,1). Then, sequence {t, } is convergent to t*. Notice, criteria (7)—(11) determine
the “smallness” of 11 to force convergence of the method.

Proof. Mathematical induction is used to show

[Ls + La(sm — tm)] (5m — tm)3

0< <ua, 12
ST 0o p(-Lotw) (12
Lty — tm)z +2L1 (tng1 — Sm)
< < — 1
0= 2(1 - Lotm+1) = oo = tm) 19
and
tn < Sm < tyg1. (14)

These estimates are true for m = 0 by (7) or (8) and the definition of sequence {t, }.
Then, it follows 0 < 1 —sg < a(sop — fp) = anand 0 < s —t; < a(sp — tp) = ay. Suppose:

0 < tyg1 —Sm < alsm — ty) < a™Hly (15)
and
0 < Spat — tat < (s — t) < ™y, (16)
Then,
b1 < Sm+ l’(m+177 <tm+ (Xmﬂ + le+l77
< Spo1 420" 4oy

VANNVANIERE

s1 4202 + ...+ 22"y + 2"y
b+ a4+ 202 4. A 20y ey
= g4+2ap(l+a+...+a™ Dy +amtly
(14 (1—amth
=1 1—a
1
< =t (17)

Evidently, (12) holds if
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m m,,\2 (1 + ‘x) m
2(Ls + Lga™n) (o) —I—Looclia(l—oc J—a<0 (18)
or (1)
fm (t) <0 att=a. (19)
Define
My — 7 (1)
A= tim_ gD, 20)
It can be shown instead from Lemma 2 that
A <oatt=a 1)
However, by (15) and (20),
O = DTy @)
Then, (21) holds by (10) and (22). Moreover, instead of (13), we can show
_ _ 2 (L3+L4(5n_tn)](5n—tn)3
[Llturs = s+ 80 — 1) + 2L (et ) < (50— ta) (23)
2(1 — Lotyi1) -
since ,
— <
1— Loty — 2 24)
1
<2 25
e (25)
and
0 < tm+1 —tm
< (1+a)(sm —tm) (26)

hold. Indeed, (24) holds if

Lty < 2L, 0L i“)” <1
or
. 1—2Lpy
~ 1+ 2Ly ’
However, this holds because of the choice of B, and (9). Moreover, estimate (25) holds
if

sz(w—zH““’?—nH““‘”) <1,

1—«a 1—a

which is true by the choice of B3 and (9). Then, (23) holds if

L[4(Ls + Ly(sn — tn)) (50 — tn)* + 1)% (55 — tn)
+8L1(La+ L —4(sy —tn))(sn — tn)2 <

or
L[4(Ls + Laa"y) (a"y)? + 1] 1y
+8Ly(Lg + L — 4a"n)a® 14> -1 <0
or
,(nz)(t) <0Oatt=ua.
or

f(t) <Oatt=ua.

(27)

(28)
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However, this holds by (11). By sequence {t,,}, (12) and (13), the estimate (14) also
holds. Therefore, the induction for estimates (12)—(14) is terminated. Hence, {t,,} is
bounded by t**, which is non-decreasing. Hence, it converges to t*. [

The semi-local convergence analysis of KM uses conditions (H). Suppose that there

exist:

(H1) ug € Q, 77> 0,6 > 0: F (ug) # 0, Ag # 0, ||F'(ug) *F(uo)|| < 7and || Ay F'(up) || <
5

(H2) Lo > 0: ||F'(ug) Y (F'(v) — F'(ug))|| < Lollv — uol| forallv € Q. Set Qg = U(uy, Lio) N
O

(H3) L > 0,L; >0,Ly > 0: ||F'(ug) Y (F'(v) — F'(u))|| < L||o—ul,

IF (o) ' F'(0)[| < Ly

and e
[Ag " F'(0)[| < Lo,
for all v, w € Q);

(H4) The conditions in Lemma 1 or in Lemma 3 are true;
(H5) Ulug, t*] C Q.

Theorem 1. Assume conditions H hold. Then, KM is well defined in U (ug, t*), lies in U (uo, t*),
foralln =0,1,2,...and converges to a solution x* € Ulug, t*| of Equation (1), so

lom — tim|| < Sm — tm (29)
and
lums1 = omll < tmy1 — sm. (30)
Proof. We have by {t,} and (H1)
lo0 — w0l = ||F'(uo) " Fluo)|| <1 =s0—to < t*.

So, (29) is true if m = 0 and vy € U(ug, t*). Pick u € U(up, t*). By (H1), (H2) and t¥,
then
IF (u0) ™' (F'(uo) — F'(u))[| < Lolluo — ul < Lot* < 1.

That is F'(u) # 0 with

1

F'(u) 'F(up)]| € ———.
H ( ) ( 0)” = 1—L()||M—M0||

(31)

By the Banach lemma on functions [11-13], iteration u; is well-defined. Suppose
ug, vx € U(ug, t*). Then, we can write

st — v = A (F(u) + YF(0p))F (1) " F(0)- (32)
By (H1), (H3), we get

1A  (Ak = Ao)ll - < [ A" (F(uo) — F(uy)) |
+7 = 2|45 (F(v0) — F(up)) |

1
< | [ A5 (o +0(auc )0 — vo
1
+y =2 [ 45 (F'(v0 + (01— v0) 6]l o — vol
< Lo(llug — uoll + |y — 2lllox — vol|)
< P < pre= La(te+ [y = 2[(sk — 1)) <1,
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so Ay # O and

1
ATTAN < ———. 33

Then, by (H3), (3), (31) (for u = ug), (32) and (33), we obtain
lurra —oell - < 1A Aoll [l Ag T F i) [| + o1 Ag M F' (uo) |
x|’ (ug) ~"F (o) 11 F' (1) =" F' (o) ||| F' (1t0) ~* F () |

[L2 (s — t) + 61715 (s — 1)) 5 (sx — )2
- (1= pr)(1 = Lot)

= k41— Sks (34)
so (30) holds, where we also used that (29) and (30) hold for all k smaller than n — 1. We
also get

IF' (o) " F(u) | < [1F () ™ F' () (0 — i) |
< Liflog — ugl| < La(sk — te), (35)
F(og) = F(or) — Fug) + F(ug)
1
= /0 F' (g + 0 (vg — uy) )d0 (v — ug) — F'(up) (vp — 1),
and
/ -1 L 2
IF (o) (o)l = 5 (s — ) (36)

We also have

lluksr — uoll < lJukgr — vkl + lok — uoll < (b1 —sk) + (55 — fo) = txr < 15,

s0 U1 € U(up, t*). Then, we write

Fugy1) = Fluggr) — F(ug) + Fug)
= F(ugs1) — Fug) — F (ue) (0 — i)
= F(ugs1) — F(ug) — F (ug) (g1 — ug) + F () (g1 — 01
= [ (P 0 — )0 — P (1) 1 — )

+F (u) (41 — 0k)- (37)
By (H3), we get
/ -1 L 2
[F'(uo) " Flugr )l < Sllurgr — uell® + Lallugr — ol
2

L
E(tk—H — i’k)z + L1(tk+1 — Sk). (38)

IN

Then, by the first substep of KM

0gs1 — gl < 1F (en) ™ F (u0) ||| F' (0) ™ F () |
< S (tes1 — ti)? + Ly (trs1 — )
- 1—Lotgq
= Sky1— bttt (39)

and
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lok1 = trga | + g1 — uoll
ka1 — b1+ frgr — fo = s < £

|vk1 — uo|| <
<

Therefore, (29) holds and v 1 € U[up,t*]. The induction is finished. So, {u;} is
Cauchy in T. Hence, there exists x* € U[ug, t*] such that limy__,, x, = x*. By letting k
approach o in (35), F(x*) = 0. O

Notice that L% under conditions of Lemma 1 or % under conditions of Lemma 3

provided in closed form may be used for t* in Theorem 1.

Proposition 1. Suppose

(1)  The point b € Ulug, ro] C Q is a solution of Equation (1) with F'(b) # 0, and condition (H2)
holds;
(2) Point r > rg exists:
Lo(r+19) < 2. (40)

Set 01 = Ulug, ] N Q). Then, b uniquely solves Equation (1) in ().
Proof. Let & € Q) satisfy F(¢) = 0.Set B = [} F'(b+q(¢ — b))dq. Then, by (H2) and (40),
we obtain in turn that
1
IF" (110) ™' (B = F'(u)) || < Lo/o (1= aq)lluo = bl[ +qlluo — l)dq

L
< 70(1*04—1’) <1

Therefore, & = b follows from B # 0and B( —b) = F({) — F(b)) =0—-0=0. O

A

3. Local Convergence
Set Ky, K, and Kj to be positive parameters. Define function g; : [0, %0) — Rby

(t) = L
S = 00— Kob)
Notice that
_ 2 _1
PO~ 2K +K ~ Ko
is a radius of convergence for Newton’s method provided by us in [11-13]. This point pg
also solves the equation

(41)

Galt) = a(t) 1= 0.
Develop g : [O,Kio) — R, Q: [O/K%) — Rby

a(t) = |7~ 2Kiga () + 5
and
Q(t) +1 =q(t).

Then, we have Q(0) = —1 and Q(po) = 5po + |7 — 2|K; > 0. The intermediate value
theorem assures Q has zeros in (0, o). Let pg stand for the smallest zero in (0, pg). Define
functions ¢» : [0,09) — Rand G, : [0,09) — R by

K3(1+ |ylgi(1)) )

L(t) =g1(t) <1 + (1—q(t))(1 — Kot)

and
Galt) = ga(t) — 1.
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It follows G(0) = —1 and Gy(t) —> coast —» pg- Let p be the smallest such zero of
Gy on (0,p0). Set I = [0, p). Then, the definition of p implies that for all t € I

0<gi(t) <1, (42)

0<q(t) <1 (43)
and

0<g(t) <1 (44)

The local convergence of KM uses conditions (C). Suppose that there is
(C1) a solution x* € Q) of Equation (1) with F/(x*) # 0;
(C2) Ky > 0, so that
IF () 71 (F'(x*) = F'(w) || < Kollx™ — o]
€1
Ko

for all w € Q. Define Oy = U(x*, =) N
(C3) There exist K > 0,K; > 0 such that
IF'(x*) "1 (F'(w) = F'(0))|| < K[|w — o]

and
IF'(x*) "' F'(0) || < Kqlx* — o

forall v,w € O)y;
(C4) U[x*,p] C Q.

Theorem 2. Choose ug € U(x*,p) — {x*}. Then, under conditions (C), sequence {u, } generated
by KM converges to x*, so that

||Un - x*H < gl(dn)dn <d, < 1Y (45)

and
dn-'rl < gz(dn)dn <dy, (46)

where d,, = ||uy, — x*||, and the functions g1, g were previously defined.
Proof. Pick z € U(x*, p) — {x*}. Then, by (C1) and (C2)
IF"(x*)7H(F' (2) = F' (")) || < Kollz = x*| < Kop < 1. (47)
So, we have F'(z) # 0 and

1

/71/*< .
PP < o

(48)

If z = ug, we see that iterate vy is well-defined by KM for n = 0. Moreover, we can
write

vg—x* = wug—x*— F(ug) 1F(u)
1
- F'<u0)*1[/0 (F'(x* + 8(utg — x*)) — F'(ug))d6 119 — x*))]. (49)

By (42), (48) (for z = uyp), (C3) and (46), we have in turn that

Ko — x|
vy — x* <
loo =<l < SR Ty ]
= g1([Juo — x*||)[Juo — x*||
< -] <p. (50)
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Hence, iterate vy € U(x*,p) and (42) holds if n = 0. Next, we show that Ay # 0. If
1y # x*, we obtain by (C1), (C2), and (46)

I (x*) (1t — %) "' [Ag — F'(x™) (g — x*)]|

1 _
< [IF (") T (F(uo) — F(x*) = F'(x*) (o — x*)) |
(g — x* ||
+r = 2[|[F'(x*) "' F(wo) ]
1 K
< - = X2 7 Lk
< el < 1P+ by — 21K oo — 7]
K y .
< Slluo =27+ r = 2[Kiga([luo — x"[1)

= q(|Juo — x*])) <q(p) < 1.

It follows that Ag # 0, and

1
[lo — x*[[(1 = q([Juo — x*[]))”

Then, using (44), (C3), (48), (50), and (51)

A (x*)] < (51)

luy =" < flog = x| + [1AGF ) (IF () 71 F (uo) |
Hy I F (%) " E(oo) IDIIF (1t0) ™ F' ()| F' (x*) " F (o) |

K2(||lug — x*[|) + |7|||vo — x*
< 1+ . 1(“ 0 ||) *|’Y||| 0 || . ||Uo—x*||
g — x*[[(1 = q([luo — x*[|)) (1 — Kol|uo — x*[|)

Ka(lluo — 1) + [ (o — 1) e
(“ (1—‘1(||”0—x*||))(1—1<0|UO—X*H))gl(HuO_x Dlito =1

= &a(lluo — x7[DfJuo — x| < fluo — x7[| <. (52)

That is iterate 7 € U(up, x*) and (43) holds for n = 0. Simply switch ug, v, u; by
Uy, Uk, Ugsq in the above calculations to terminate the induction for (42) and (43). Then, it
follows from the estimate

[tts1 = 7| < M = 27| < p, (53)
where A = g»([Jug — x*||) € [0,1). We conclude limy__, o uy = x* and uy 1 € U(x*,p). O

A uniqueness of the solution result follows next.

Proposition 2. Suppose

(1) Element A € U(x*,pp) C Q) solves Equation (1), F(A) = 0, and (C2) holds;
(2)  There exists p* > pg such that
Kop™ < 2. (54)

Set Q3 = U[A, p*] N Q). Then, element A uniquely solves Equation (1) in Q3.

Proof. Let ¥ € Q3 with F(X) = 0.Set E = fol F'(A+ t(x — A))dt. Then, using (C2) and
(54), we get in turn that

1
IFQ)TE=FW) < K [ (1-7)2—s]dr
Ko
< o' <1
< 2p <1
Hence, ¥ = A follows from E # 0 and E(A — %) = F(A) = F(*) =0—-0=0. O

Next, the fourth-order convergence is shown using only the first derivative. Suppose:



Foundations 2022, 2 358
14, F'(2)]| < w (55)
and
[F' ()71 (F'(x) = ()|l < wollx -y (56)
hold for all x,y,z € (), for some constants w > 0 and wy > 0. Further, suppose
0wy 3 wo | |vlwo wo

2
wwy

Let ¢(t) = @(t) — 1 = 0, where g(t) = 20 (3 4 “op 4 110 (4 4 ©042)13 Then, p(0) =

2
—1<0and (1) = 9%(% + L+ |7'%(1 + “2)) —1 > 0. Hence, by the intermediate value

theorem, ¢(t) = 0 has positive solutions. Let r, be the smallest such solution.

Theorem 3. Suppose conditions (55)-(57) hold. Then, sequence {u, } given in (2) is convergent to
x* with order four, i.e.,
1 = x| < o(ro)dy,
where o(r,) = %(% + “Lro + —‘7‘2“]0 (ro + 4012).
Proof. The first substep of (2) and (56) gives
1
lon =7 < IIF’(Mn)_lf0 [F'(un) = F'(x" + 6(un — x7))]d6 (1 — x7) |
w
< 7°d$z.
Note
Uppr — X = vy —x* — A N(F(un) 4+ vF(vn))F () " F(0)
1
= A YAn— (F(un) + fyP(vn))F’(un)_l/O F'(x* 4 0(v, — x*))d6] (v, — x*)
1
= A VF(u)F (un) HF (un) — / F'(x* +0(v, — x*))d6] (v, — x*)
0
1
+A; F (o) F () ~Hy[F () — /O F'(x" +0(vy — x7))db] (vn — x7)
—2A, F(v,) (v, — x¥),

so, since F(uy) = [i F'(x* + u(un — x*))du(u, — x*) and F(vy) = [5 F/(x* + u(v, —
x*))du(v, — x*)

din < AT [ PG o — )P () ()
[P 0o~ x))d0) ) o0 — )]
AT [P ulon —))u (o)1 ()
~ [ PG 0o~ <))l on - 2]

1
12|41 /0 F'(x* + (v — x*))du(on — x*)2|
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< | /01 AV (¢ 4 iy — x°))du
[ ) ) — P (4 000 —))a0) (s — x°) (o~ x|
Hall [ A5 P (o — )
4 [ ) ) — P 000 — x*))d0] o0 — ]
12 [ AT 4 ufon ) du(on — Pl

Therefore, (55) and (56) give

vy — X*
dup < wwo[dﬁ'"z”}dnuvn—xﬂ

[0 — x*]]

e R

+|y|lwwy [dn +
+2wl|o, — x*|?

W0 [1 + %dn}dﬁ

<
- 2
3
“o Wo 121 44
+|ylw 1 [dn—i— 1 dn}dn
2
w
+Towdﬁ
< @(dn)dn
< Q("O)di

O

4. Numerical Example
We verify convergence criteria using KM.

Example 1. Let us consider a scalar function F defined on the set Q = U[ug, 1 —s| fors € (0, 3)

by
F(x) =x®—s.

Choose v = 2 and ug = 1. Then, we obtain the estimates 11 = 13;5,

[F'(ug) N (F'(x) = F'(ug))| = [x*— uj)
< x+uollx —ug| < (|x — uo| +2[uol)|x — uol
= (1-s+2)|x—uy|=3—s)|x—ug,

foreachx € Q,s0 Lo =3 —s, )y = U(uo,%o) na = U(uo,%o),

[F'(ug) W(F'(y) = F'(x)] = |y* -
<y +xlly — x| < (ly —uo +x —uo +2up) ||y — x|
= (ly —uo| + [x — uo| + 2[uo|) |y — x|
1 1 1
< (=4 — — x| = Ny —
< (L +Dly-a =20+ Dyl

foreach x,y € Q,andso L = 2(1+ LLO),



Foundations 2022, 2

360

[F'(uo) " (F'(y) = F'(x)] = (ly —uol + |x — uo| +2[uo|)ly — x|
< (1-s+1—-s+2)y—x=2(2—s)|y—x,
hx,yeQs0l = (2—s)and Ly = 3(2s) .
foreach x,y € O so Ly = @ =) and Ly = 7

Then, for s = 0.95, v = 0.5, we have Lio = 0.4878.
According to the information taken from Table 1, the conditions of Lemma 1 hold. Consequently,
the sequence converges and the interval of initial points has been further extended.

Table 1. Sequence (3) and condition (4).

n 1 2 3 4 5 6
Pn 0 0.1004 0.1033 0.1033 0.1033 0.1033
ty 0.0167 0.0172 0.0172 0.0172 0.0172 0.0172
S 0.0167 0.0172 0.0172 0.0172 0.0172 0.0172
Example 2. Set function F: I = [-1,1] — Ruas
F(x)=¢"—1.

Notice that x* = 0 solves equation F(x) = 0. Choose «y = 2. Then, conditions of Theorem 3 hold
forw =wy = ¢2. Then, the radius is r, = 0.1381.

Example 3. The example used in the introduction gives w = wy = 96.6629073. Then, for v = 2,
the radius is

ro = 0.0092.

Recall that it was shown in the Introduction that earlier articles cannot be used to solve this
problem. The method used is a specialization of KM for v = 2.

5. Conclusions

In this article, the extension of KM is presented. The convergence of KM has been
shown by assuming the existence of a fifth derivative which was not considered before.
This observation holds true for other high-convergence order methods such as Traub’s and
Jarratt’s method. Other such methods can be found in [1-8] and the references therein.
Therefore, these results cannot assure convergence. However, these methods may converge.
Other concerns involve the absence of error estimates or uniqueness results that can be
computed. This is our motivation for presenting a convergence analysis based on the first
derivative used in KM. The generality of the technique allows its usage in other methods
mentioned previously. This can be a fruitful direction of future research.
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