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Abstract

Bioreceptive building envelopes offer a potential pathway for integrating biological colo-
nization into architectural surfaces. This article proposes a geometric design framework for
bioreceptive façade components in which the surface itself is shaped to increase the exposed
area available to the environment, and asks which admissible regular Euclidean tessellation
maximizes that area. Triangular, square, and hexagonal tessellations are compared under a
common circumscribed radius R and a common absolute indentation depth hj, counting
only the inclined faces generated by the indentation. A closed-form expression is derived
for the exposed-surface density σn =

√
h2

j + r2
n/rn, where rn is the apothem of the regular

cell, and the triangular tessellation is shown to maximize it uniquely for every hj > 0;
when hj = 0 the three configurations coincide. Because each inclined face has constant
slope magnitude hj/rn, the area Jacobian is constant, so clipping the indented surface with
any measurable footprint Ω of finite positive area gives Sn(Ω) = σn|Ω| exactly, with no
boundary-error term. For the representative case hj/R = 45/34, the hexagonal density is
0.6454 times the triangular one, equivalent to a 54.93% triangular advantage specific to that
ratio. An independently constructed CAD model reproduces the closed-form panel areas at
both reference footprints to within 10−3% and preserves the same ordering. Exposed area
is a geometric descriptor of the available surface–environment interface and a candidate
design parameter, not evidence of colonization, water behavior, or durability; no material,
fabrication, or biological validation is claimed.

Keywords: bioreceptive architecture; sustainable façade design; substrate-free green
façades; exposed-surface functional; regular tessellations; surface amplification; computational
design; digital fabrication; bioreceptive concrete; building envelope performance

1. Introduction
1.1. Architectural Motivation: Toward Substrate-Free Bioreceptive Façade Components

Sustainability has become a defining concern in contemporary architectural design,
particularly in relation to building envelopes, façade performance, material efficiency,
and the integration of living systems into the built environment. Green façades, living
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walls, and vegetated architectural surfaces are widely explored as strategies for improving
environmental quality, moderating microclimates, and increasing the ecological value of
buildings. Nevertheless, many existing systems rely on additional substrates, containers,
multilayer assemblies, irrigation membranes, or supporting frames. The present study
does not compute whether omitting such layers changes mass, material volume, or total
load; the comparison among the three tessellations is limited to exposed surface area.

An alternative design direction is to investigate whether the architectural component
itself can contribute directly to biological receptivity. Instead of adding a separate growing
medium as the primary support, this study investigates whether the exposed area of a
mineral component can be increased through geometric configuration. This approach
does not replace the need for material compatibility, water management, or biological
validation, but it treats the façade element as a candidate biological support whose geometry
determines the exposed surface area available for subsequent experimental evaluation.

Bioreceptivity—the capacity of a material surface to support biological coloniza-
tion [1]—provides the conceptual basis for this approach. Across diverse systems, from mi-
crobial biofilms on engineered surfaces [2,3] to vegetation establishment on architectural
substrates [4,5], the available contact surface area has been reported as one of several
factors associated with organism attachment, nutrient exchange, and moisture interaction.
Bioreceptivity is nevertheless a multivariable material and biological property, and reviews
of bioreceptive concrete emphasize that it cannot be reduced to any single descriptor [6].
Previous studies have shown that material properties such as pH, porosity, roughness,
water availability, and surface texture influence the colonization of concrete and mineral
substrates [4,5,7,8]. In parallel, experimental work on microbial and biological surfaces
indicates that substrate geometry and available contact area affect attachment, population
distribution, and colonization dynamics [2,3].

These findings suggest that geometric design may contribute to the early-stage de-
velopment of bioreceptive building components, provided that the geometric variables
are made explicit and comparable. Exposed area can be treated as a first-order design
parameter in this setting. A larger exposed area does not by itself establish colonization,
root development, or ecological performance; it is treated here only as a geometric measure
of the nominal surface–environment interface.

Research gap, question, and hypothesis. Within the literature reviewed here, four
strands can be distinguished. Bioreceptivity is studied as a multivariable material and
biological property governed by porosity, pH, mineralogy, roughness, and moisture [1,6].
Bioreceptive architectural design proposes the envelope itself as a biological host rather
than a carrier for added planting [9,10]. Computational and performance-based methods
generate and evaluate façade configurations, including tessellated envelopes and roboti-
cally fabricated bioreceptive surfaces [11–13]. Nature-based solutions and green-envelope
research treat vegetated roofs and façades as technically differentiated building systems,
with construction requirements and reported performance related to thermal and energy
behavior, storm water management, and life-cycle constraints [14–17]. These references
provide building-envelope context only; the corresponding performance outcomes are
not evaluated for the indented surface studied here. What these strands leave open is
a closed comparison of the admissible regular tessellations themselves under an explic-
itly stated normalization. This article therefore asks which regular Euclidean tessellation
maximizes the exposed-surface density of a cellwise indented panel, and tests one purely
geometric hypothesis: under a common circumscribed radius and a common absolute
indentation depth, the triangular tessellation yields the highest density. This is not a bi-
ological hypothesis. The contribution is bounded accordingly to the class n ∈ {3, 4, 6},
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the exposed-surface-per-projected-area functional, the stated normalizations, and an exact
analytical solution.

We therefore formulate a geometric design framework for regular tessellated façade
components that isolates the contribution of surface geometry while keeping material con-
ditions, circumscribed radius, and indentation depth fixed. The analysis serves as a design
tool for comparing surface configurations under explicitly stated geometric normalizations.

We model the panel as a tessellated planar domain with cell-wise concave indenta-
tions. Biological colonization tests, material ageing, and long-term façade performance lie
outside the scope of this article. The resulting exposed-surface functional is comparable
across tessellations under a common circumscribed radius and a common absolute indenta-
tion depth, and it admits a closed-form reduction, which makes it usable for early-stage
screening of tessellated façade components before prototyping.

1.2. Geometric Design Problem and Analytical Formulation

We represent an idealized panel or façade component through its planar projection.
Let Ω ⊂ R2 be a bounded measurable domain representing the projected footprint of the
specimen, and denote its area by |Ω| = Ates.

Regularity assumption. We assume only that Ω is Lebesgue measurable with
0 < |Ω| < ∞, which is sufficient for the clipping construction and for the area identity of
Corollary 1. Panel footprints of practical interest, such as squares and rectangles, satisfy
this trivially.

We tessellate Ω with a regular tiling Tn consisting of congruent regular polygons,
each inscribed in a circle of common radius R; we write Pn for a single representative
tile of Tn. We restrict the admissible class to regular monohedral Euclidean tessellations.
A classical classification theorem in discrete geometry [18] establishes that the only reg-
ular polygons that tile the Euclidean plane R2 by congruent copies are the equilateral
triangle, the square, and the regular hexagon. Consequently, the admissible set is exactly
n ∈ {3, 4, 6}. In Schläfli notation, the admissible regular tessellations are {3, 6} (triangles),
{4, 4} (squares), and {6, 3} (hexagons).

Allowing irregular (non-regular or non-monohedral) tessellations would define a dif-
ferent problem class: heterogeneous cells would not share a single apothem, and additional
constraints would be required to keep the maximization well posed and comparable. We
therefore treat n ∈ {3, 4, 6} as the natural admissible set under uniform cell geometry.

On each cell of the tessellation, we apply an identical concave indentation of depth
hj, mapping the planar domain to a piecewise planar surface STn ⊂ R3. Its total exposed
three-dimensional surface area (i.e., the sum of the lateral faces of the inverted pyramidal
cells; no horizontal base faces are counted) is denoted by Stotal(n; R, hj, Ω).

Notation. Throughout the paper, Stotal depends on the tessellation type n, the circumscribed
radius R, the indentation depth hj, and the domain Ω. When no ambiguity arises and R, hj,
and Ω are fixed, we write Stotal(n) for brevity.

The optimization problem is:

max
n∈{3,4,6}

Stotal(n; R, hj, Ω)

subject to R > 0, hj > 0, |Ω| = Ates. (1)

1.3. Why the Optimal Tessellation Depends on the Design-Performance Functional

The Honeycomb Theorem (Hales [19]) establishes that among all partitions of the
Euclidean plane into regions of equal area, the regular hexagonal tiling minimizes total
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perimeter. The optimality of the hexagon therefore depends on the specific choice of
functional (planar interface length) and on the admissible class (all equal-area partitions).

In the present work, the admissible class is restricted to regular monohedral Euclidean
tessellations, and the objective functional is fundamentally different: we maximize exposed
three-dimensional surface area generated by a cell-wise indentation operator. For a regular
n-gon inscribed in a circle of radius R, the apothem is rn = R cos(π/n), and the exposed-
surface density per unit projected area is

σn =

√
h2

j + r2
n

rn
=

√
1 +

( hj

rn

)2

.

Since σn is strictly decreasing in rn, and the apothems satisfy r3 < r4 < r6, the ordering of
optimality reverses relative to the perimeter-minimization setting. This does not contradict
the Honeycomb Theorem; it illustrates that geometric optimality is functional-dependent.
In architectural terms, the best tessellation is not universal: it depends on whether the
design-performance criterion is material minimization, planar packing, surface exposure,
hydraulic retention, or another environmental objective.

On the choice of normalization. Fixing R is a direct geometric normalization: it controls
the maximum radial extent of each cell, from its center to its vertices, and corresponds
exactly to the construction used here, in which every polygon is inscribed in a circle of the
same radius. The depth hj is an absolute perpendicular displacement of the center, common
to the three tessellations. The ordering is not exclusive to the common-circumradius
normalization. As shown in Table 1, it is also preserved under a common side length or a
common cell area, provided that the three tessellations are compared at the same absolute
indentation depth. The result nevertheless remains conditional on the normalization: if a
common aspect ratio hj/rn is imposed instead, the three densities coincide.

Table 1. Apothem rn under three geometric normalizations. In all three cases r3 < r4 < r6; therefore,
with a common absolute indentation depth hj > 0, the ordering σ3 > σ4 > σ6 is unchanged.

Normalization rn r3 r4 r6

Common circumradius R R cos(π/n) 0.5000 R 0.7071 R 0.8660 R
Common side length a a/[2 tan(π/n)] 0.2887 a 0.5000 a 0.8660 a
Common cell area A

√
A/[n tan(π/n)] 0.4387

√
A 0.5000

√
A 0.5373

√
A

The operative condition is that the depth is fixed in absolute terms. Were the aspect

ratio hj/rn held common instead, σn =
√

1 + (hj/rn)2 would take the same value for every
n and no ordering would exist. That is a different normalization problem; the present result
is conditional on a common R and a common absolute hj.

1.4. Contributions and Organization

This article provides:

• A design-performance formulation for bioreceptive façade components based on
exposed surface area, with an analytical derivation of Stotal(n; R, hj, Ω) for n ∈ {3, 4, 6}.

• A geometric proof that triangular tessellation maximizes exposed-surface density
under a common circumscribed radius and a common absolute indentation depth.

• An exact clipping result showing that the same ordering holds for any measurable
panel footprint, with no boundary-error term.

• A design-oriented interpretation linking the mathematical result to the design of
mineral façade components with increased exposed surface.
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The remainder of the paper defines the geometric model, derives closed-form expres-
sions for the exposed surface area, proves the optimality ordering among the three regular
Euclidean tessellations, and discusses implications for bioreceptive surface design.

1.5. Notation Conventions

Throughout this article, we adopt the following conventions.

• Ω ⊂ R2: bounded measurable domain representing the projected panel footprint,
with area |Ω| = Ates

• n ∈ {3, 4, 6}: number of sides of the regular polygon (triangle, square, hexagon)
• Tn: the infinite regular tessellation of type n
• Pn: a single representative tile of Tn, that is, one regular n-gon inscribed in the circle of

radius R
• R > 0: circumscribed radius, common to the three tessellations
• hj ≥ 0: absolute indentation depth, common to the three tessellations
• an = 2R sin(π/n): side length of the regular n-gon
• rn = R cos(π/n): apothem of the regular n-gon

• ln =
√

h2
j + r2

n: slant height of an inclined face

• Abase,n = n
2 an rn: planar projected area of one representative tile

• Scell,n = n
2 an ln: exposed area of one indented tile, inclined faces only

• σn = Scell,n/Abase,n = ln/rn: exposed-surface density per unit projected area
• Sn(Ω): exposed area of the indented tessellated surface clipped by the footprint Ω;

equivalently Stotal(n)
• F(r) =

√
h2

j + r2/r, the reduced function governing the optimization problem

The density σn is dimensionless and admits the reading of an amplification factor Φ,
since it is the ratio between generated surface and consumed footprint. In the derivations,
statements, and conclusions below we use the single symbol σn.

Note that Pn is a representative tile, not a fundamental domain of the translation lattice.
A translation does not change the orientation of a triangle, so a primitive translational cell
of the triangular tiling {3, 6} contains two triangles of opposite orientation. The density σn

does not require a lattice fundamental domain, since it is computed on a single tile.
When no ambiguity arises, the explicit dependence on n, R, hj, and Ω is omitted for

notational convenience.

2. Geometric Model of the Indented Bioreceptive Panel
2.1. Reference Cell Geometry
2.1.1. Definition of the Inscribed Polygon in a Circle

Figure 1 illustrates the admissible regular polygons inscribed in a circle of fixed radius
R, from which the apothem rn is defined.

Figure 1. Regular polygons (n = 3, 4, 6) inscribed in a circle of fixed radius R. The apothem
rn = R cos(π/n) and interior angles are illustrated.
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Definition 1. A regular polygon (equal sides and equal angles) is inscribed in a circle if all its
vertices lie on that circle. If the polygon has n sides and a circumscribed circle with radius R, then
the vertices can be located in polar coordinates as

Pk =

(
R cos

(
2πk

n

)
, R sin

(
2πk

n

))
, k = 0, 1, · · · , n − 1. (2)

2.1.2. The Indentation Transformation

Definition 2. Given a polygon P = A1 A2 · · · An with n vertices in the z = 0 plane, the centroid,
G, of this polygon is defined as follows:

G = (xG, yG, 0) =

(
1
n

n

∑
i=1

xi,
1
n

n

∑
i=1

yi, 0

)
. (3)

Remark. For a regular polygon, the vertex-average point G defined above coincides with
the area centroid (and with the circumcenter/incenter by symmetry). Therefore, placing
the apex directly below G is equivalent to placing it below the geometric center of the cell.

Definition 3. Given a polygon P = A1 A2 · · · An of n vertices, we define the indented polygon as
an n-gonal pyramid P = VA1 A2 · · · An. The base is the polygon A1 A2 · · · An in the plane z = 0,
the apex is the point V = (xG, yG,−hj) located directly below the centroid G, and the lateral faces
are the planar triangles VAi Ai+1 for i = 1, . . . , n (indices modulo n). The depth of the indentation
is the perpendicular distance hj from the apex V to the centroid G of the polygon.

Figure 2 illustrates the indentation of a regular triangle inscribed in a circle.

Figure 2. Indentation of a regular triangular cell: the centroid G is projected vertically to the apex V
at depth hj, generating lateral triangular faces.

2.2. Tessellated Panel Construction
2.2.1. The Tessellation Process of the Plane

The admissible tessellation class consists of exactly three regular polygons that tile the
plane: equilateral triangle, square, and hexagon. The angles meeting at each tiling vertex
sum to 360◦.
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To tessellate a planar domain in R2, we consider the base plane

S0 = {(x, y, 0) | (x, y) ∈ Ω}.

Tessellation Generation Algorithm:

1. Selection of the representative polygon. Let n be the number of sides and define the
central angle:

θ =
2π

n
.

2. Edge length calculation. Given circumscribed radius R, the side length is

a = 2R sin
(

π
n

)
.

3. Definition of the center set. For n ∈ {4, 6}, cell centroids form a Bravais lattice
generated by two translation vectors v1, v2:

ri,j = i v1 + j v2, i, j ∈ Z.

Remark. One may take v1, v2 as the standard primitive translation vectors of the
corresponding square/hexagonal lattice; their explicit form is not required for the
area derivations below.
For the triangular tiling {3, 6} (n = 3), congruent equilateral triangles occur in two
opposite orientations, so the centroid set is the union of two translated sublattices. Let
a be the triangle side length and define

v1 = (a, 0), v2 =

(
a
2

,

√
3

2
a

)
.

Then the centroids are

r↑i,j = i v1 + j v2 +
1
3
(v1 + v2),

r↓i,j = i v1 + j v2 +
2
3
(v1 + v2), i, j ∈ Z. (4)

4. Construction of each cell. For n ∈ {4, 6} we place translated copies of the single
representative cell:

CELLi,j = CELL0 + ri,j.

For n = 3 we use two congruent representative cells CELL↑
0 and CELL↓

0 (opposite
orientations) and place

CELL↑
i,j = CELL↑

0 + r↑i,j, CELL↓
i,j = CELL↓

0 + r↓i,j,

which yields the regular {3, 6} tiling without gaps.

The mathematical theory of tessellations, lattices, and sphere packings is extensively
developed in the literature [20,21]. Variational and measure-theoretic approaches to surface
functionals are treated in geometric measure theory [22].

2.2.2. The Indentation Process of the Tessellated Panel

From a planar tessellation, we apply the indentation transformation to each cell.
This process converts each polygon into a concave pyramid by projecting the centroid
vertically downward by depth hj (Figure 3). In an architectural interpretation, the re-
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sulting surface is a tessellated mineral panel whose lateral faces constitute the exposed
surface–environment interface.

Figure 3. Tessellated triangular panel after applying the cell-wise indentation operator. Each cell
forms an inverted pyramid contributing lateral exposed area.

Figure 4 translates the same geometric principle into a conceptual architectural vi-
sualization, including the overall panel geometry, a sectional reading of one triangular
indentation, and a possible modular façade interpretation.

Figure 4. Conceptual visualization of a possible architectural application of the triangular tessellated
bioreceptive panel derived from the exposed-surface maximization criterion. (a) Overall panel geom-
etry showing a regular array of simple triangular concave indentations; (b) sectional interpretation of
one indented triangular cell, indicating the base vertices, centroid G, indentation apex V, and depth
hj; (c) architectural interpretation of the system as a modular mineral façade component. The figure
is conceptual: it does not represent a fabricated component, and it constitutes neither constructive,
nor structural, nor biological validation.

The tessellated domain S0 ⊂ R2 is transformed to a piecewise-linear surface ST ⊂ R3

with increased total area.
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3. Surface Amplification Analysis
3.1. Cell-Level Geometry
3.1.1. Surface Area Formulations

For each indented polygon type, we report (i) the planar projected area of the cell,
Abase, and (ii) the exposed three-dimensional surface area generated by indentation, defined
as the sum of the lateral triangular faces only (no horizontal base faces are counted).

Definition 4 (exposed cell area). Let P = VA1 A2 · · · An be the inverted n-gonal pyramid
obtained by indenting the regular n-gon A1 · · · An ⊂ {z = 0}, with apex V = (xG, yG,−hj). We
define the exposed surface area of a single cell as

Scell,n :=
n

∑
i=1

Area
(
△VAi Ai+1

)
, (An+1 ≡ A1). (5)

Equivalently, if Aface = 1
2 a l is the area of one lateral face, then

Scell,n = n Aface =
n
2

a l, ln =
√

h2
j + r2

n, (6)

where a = an is the side length and r = rn is the apothem of the base polygon.

Counting convention. The exposed-surface functional counts only the lateral triangular
faces. Base faces are excluded. This is a geometric counting convention; no biological
accessibility, attachment, exchange, or performance is inferred from it.

For triangle, square, and hexagon, respectively, the planar projected cell areas are√
3

4 a2, a2, and 3
√

3
2 a2, while the exposed lateral areas are 3

2 al, 2al, and 3al.
The three admissible indented cell geometries are shown in Figure 5.

Figure 5. Indented triangular, square, and hexagonal cells under identical (R, hj), illustrating differ-
ences in perimeter and lateral surface generation.

3.1.2. Cell-Level Area Is Not a Sufficient Design Criterion

Figure 6 shows the relationship between individual surface area and indentation depth
for the three configurations, with constant circumscribed radius R.

For fixed R and hj, the hexagonal cell always exhibits the largest individual surface
area, followed by square, then triangular. This ordering reflects the larger perimeter
of hexagons relative to triangles inscribed in the same circle. However, individual cell
area does not determine panel-scale optimality when cells must pack within a bounded
architectural domain. This distinction is central for design: a geometry that appears more
efficient as a single unit may become less efficient once the number of cells per unit area is
taken into account.

https://doi.org/10.3390/architecture6030149
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Figure 6. Individual cell exposed area Scell,n versus indentation depth hj for common R, showing
hexagonal dominance at the single-cell level. This is not the panel-scale criterion.

3.2. Panel-Scale Optimization

The total exposed area for a tessellated domain depends on both individual cell
geometry and the number of cells per unit area.

3.2.1. Individual Cell Geometry

For a regular n-sided polygon with circumscribed radius R and indentation depth hj,
the side length, apothem, base area, slant height, face area, and exposed cell area are

an = 2R sin
(

π
n
)
, rn = R cos

(
π
n
)
, Abase,n =

n
2

an rn, (7)

ln =
√

h2
j + r2

n, Aface(n) = 1
2 an ln, Scell,n =

n
2

an

√
h2

j + r2
n. (8)

When no ambiguity arises, we abbreviate l = ln and r = rn.

3.2.2. Periodic Domain Formulation

Setting. The indented surface is generated from the infinite tessellation Tn of R2 by
applying the indentation operator to every tile. The exposed-surface density is defined
on a single representative tile Pn and requires neither a lattice fundamental domain nor
any commensurability between the panel footprint and the tile area. The finite panel is
then obtained by clipping the indented surface with the vertical projection of the footprint
Ω (Figure 7), so that cells crossing the boundary are partially cut. Only the inclined faces
retained inside Ω are counted; flat bases, the rear face of the panel, vertical closing faces,
and perimeter walls are excluded throughout.

Figure 7. Construction of a finite panel. (a) The planar footprint Ω of area |Ω| = Ates. (b) A tile-
aligned footprint, whose boundary follows cell edges. (c) General case: the indented tessellation Tn is
clipped by Ω, so that boundary cells are partially cut. By Corollary 1 the exposed area equals σn|Ω|
in all of these cases.
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The resulting total exposed three-dimensional surface area is

Stotal(n) =
Scell,n

Abase,n
Ates = σn Ates, (9)

an identity established in Corollary 1 without any commensurability hypothesis.

3.2.3. Surface-Amplification Criterion

In the indented configuration, each tessellation cell forms an inverted n-gonal pyramid.
The exposed surface of each cell consists solely of its lateral triangular faces; no horizontal
interior base face is present.

Substituting Scell,n and Abase,n into the expression for Stotal(n) gives

Stotal(n) =
Ates

Abase,n

n
2

an

√
h2

j + r2
n = Ates

√
h2

j + r2
n

rn
.

Thus,

Stotal(n) = Ates

√
h2

j + r2
n

rn
(10)

and the geometric amplification factor is

σn =
Stotal(n)

Ates
=

√
h2

j + r2
n

rn
.

This expression is the design-performance criterion used in the present study. It
converts the comparison of tessellated architectural surfaces into a direct relation among
cell apothem, indentation depth, and total exposed area.

3.2.4. Panel-Scale Reference Values

The closed-form expression derived above allows direct evaluation of the exposed
surface area at the scale of an architectural panel. For the representative parameters used in
the analytical and computational evaluation,

R = 34 mm, hj = 45 mm,

the apothems of the three admissible cells are

r3 = 17.00 mm, r4 = 24.04 mm, r6 = 29.44 mm.

Substitution into the amplification factor

σn =

√
h2

j + r2
n

rn

gives the theoretical panel-scale values reported in Table 2. These values follow from the
exact identity of Corollary 1 and therefore hold for the square panel footprints considered
here, irrespective of the phase or orientation of the tessellation.

Under the exact clipped-surface model, the triangular tessellation provides the largest
exposed surface area at both reference panel scales. At the representative depth-to-radius
ratio hj/R = 45/34, it provides approximately 54.93% more exposed surface than the
hexagonal configuration:
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2.82965 − 1.82637
1.82637

× 100 ≈ 54.93%.

Table 2. Panel-scale exposed surface area for the representative design case (R = 34 mm, hj = 45 mm).
Values are obtained from the closed-form expression Stotal(n) = σn Ates, which by Corollary 1 is exact
for any measurable clipped footprint.

Panel Area Ates Tessellation rn (mm) σn Stotal (m2)

0.5 m2 Triangle (n = 3) 17.00 2.82965 1.41483
0.5 m2 Square (n = 4) 24.04 2.12214 1.06107
0.5 m2 Hexagon (n = 6) 29.44 1.82637 0.91319

1.0 m2 Triangle (n = 3) 17.00 2.82965 2.82965
1.0 m2 Square (n = 4) 24.04 2.12214 2.12214
1.0 m2 Hexagon (n = 6) 29.44 1.82637 1.82637

3.2.5. Normalized Density Ratio as a Function of hj/R

The percentage above is the value at one depth-to-radius ratio and should not be read
as a general figure. Let t = hj/R and normalize the density of each tessellation by the
triangular one. Since r3 = R/2, r4 = R/

√
2 and r6 =

√
3R/2,

Q4(t) =
F(r4)

F(r3)
=

σ4

σ3
=

1√
2

√
t2 + 1/2
t2 + 1/4

, (11)

Q6(t) =
F(r6)

F(r3)
=

σ6

σ3
=

1√
3

√
t2 + 3/4
t2 + 1/4

. (12)

Both ratios equal unity in the flat limit, Q4(0) = Q6(0) = 1, and decrease monotonically
toward the finite asymptotes

lim
t→∞

Q4(t) =
1√
2
≈ 0.7071, lim

t→∞
Q6(t) =

1√
3
≈ 0.5774.

For the representative case t = 45/34 one obtains Q4 ≈ 0.749964 and Q6 ≈ 0.645441.
The latter is the same result as the percentage quoted above, since (1/Q6 − 1)× 100 ≈
54.93%. Figure 8 plots both ratios; the interval shown is a range for mathematical visualiza-
tion and is not a validated fabrication range.

3.2.6. Linear Scaling and Domain Invariance

From the surface-amplification criterion, for fixed n, R, and hj, the total exposed
surface scales linearly with the domain area Ates:

Stotal(n) ∝ Ates. (13)

By Corollary 1 the constant of proportionality is σn for clipped panels as well as for
tile-aligned ones, so the total exposed area scales exactly linearly with Ates in both cases.
Doubling the footprint area exactly doubles Stotal(n).

The panel-scale curves presented below illustrate this linear scaling property and the
ranking

Stotal(3) > Stotal(4) > Stotal(6) (14)

is invariant under domain rescaling.
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1/ 2 0.7071

1/ 3 0.5774

Q4 = 0.7500

Q6 = 0.6454

t = 45/34

Q4(t) = F(r4)/F(r3)  (square / triangular)
Q6(t) = F(r6)/F(r3)  (hexagonal / triangular)

Figure 8. Normalized exposed-surface density F(rn)/F(r3) of the square and hexagonal tessellations,
relative to the triangular one, as a function of the dimensionless indentation depth t = hj/R, under a
common circumscribed radius and a common absolute depth. Both ratios start at unity when t = 0
and decrease toward the asymptotes 1/

√
2 and 1/

√
3. The marked ordinates are the values at the

representative case t = 45/34. The range shown serves mathematical visualization only and does not
represent a validated fabrication range.

3.2.7. Comparative Analysis at Panel Scale

We work with reference domains of 0.5 m2 and 1 m2, the reference panel areas used in
this study.

Panel-scale curves. Figures 9–11 report the panel-scale exposed area as a function of
indentation depth for square footprints of 0.5 m2 and 1 m2, as analytical evaluations of
Stotal(n) = σn Ates.

Result: Unlike the individual-cell behavior (Figure 6), at panel scale the triangular
configuration achieves the highest total exposed area, followed by square, then hexagonal.

Explanation. The two figures report different quantities, so there is no contradiction.
Figure 6 plots the exposed area of a single cell, and a hexagonal cell inscribed in a circle of
radius R has the largest perimeter and hence the largest single-cell area. Figures 9–11 plot the
exposed area per unit of panel footprint, governed by the density σn = ln/rn, equivalently by
the face slope hj/rn. The triangular cell has the smallest apothem, so its faces are steepest at a
common absolute depth; the reversal follows, and holds for every hj > 0.

Figure 9. Total panel exposed area versus indentation depth hj for triangular, square, and hexagonal
tessellations on a clipped 0.5 m2 architectural panel footprint. Compare with Figure 6, which reports
the exposed area of a single cell.
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Figures 10 and 11 confirm that this ordering persists across domain sizes and that the
exposed area scales linearly with projected area.

Figure 10. Total panel exposed area versus indentation depth hj for triangular, square, and hexagonal
tessellations on a clipped 1 m2 architectural panel footprint.

Figure 11. Total exposed surface area Stotal as a function of indentation depth hj for triangular, square,
and hexagonal tessellations on architectural panel domains of 0.5 m2 and 1 m2.

3.2.8. Design Criterion: Triangular Tessellation Maximizes Exposed-Surface Density

Theorem 1 (Triangular optimality of the exposed-surface density). Let R > 0 and hj ≥ 0 be
common to the admissible tessellations, and for n ∈ {3, 4, 6} let

σn =
ln
rn

=

√
h2

j + r2
n

rn
, rn = R cos(π/n),

computed on a representative tile Pn and counting inclined faces only. Then:

1. if hj = 0, then ln = rn and σ3 = σ4 = σ6 = 1, so no ordering exists;
2. if hj > 0, then σ3 > σ4 > σ6.

Proof. Write F(r) =
√

h2
j + r2/r for r > 0, so that σn = F(rn).

If hj = 0, then F(r) = 1 for every r > 0, which gives (i).
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Let hj > 0. A direct computation yields

F′(r) =
d
dr


√

h2
j + r2

r

 (15)

=

r · r√
h2

j +r2
−
√

h2
j + r2

r2 (16)

=
−h2

j

r2
√

h2
j + r2

< 0, (17)

so F is strictly decreasing on (0, ∞). Since

r3 =
R
2
< r4 =

R√
2
< r6 =

R
√

3
2

,

strict monotonicity gives F(r3) > F(r4) > F(r6), which is (ii).

Corollary 1 (Exact exposed area of a clipped panel). Fix n ∈ {3, 4, 6}, R > 0 and hj ≥ 0.
Over each inclined face the indented surface is the graph of an affine function whose gradient has
constant magnitude

|∇zn| =
hj

rn
,

so that the area Jacobian is constant almost everywhere:

√
1 + |∇zn|2 =

√
h2

j + r2
n

rn
= σn.

Consequently, if the indented tessellated surface is clipped by the vertical projection of any measurable
planar footprint Ω with 0 < |Ω| < ∞, and only the retained inclined faces are counted, then

Sn(Ω) =
∫

Ω

√
1 + |∇zn|2 dx dy = σn |Ω| (18)

exactly. In particular, for hj > 0 the ordering S3(Ω) > S4(Ω) > S6(Ω) holds for every such
footprint, whatever the phase or orientation of the tessellation, and for hj = 0 the three areas
equal |Ω|.

Proof. Each inclined face is a planar triangle joining an edge of a tile to the displaced
center. On the interior of such a face zn is affine, and |∇zn| equals the rise hj over the
horizontal run rn from edge to center, a value independent of the face and of the tile. Ridges
and tile boundaries form a locally finite union of line segments, a set of planar Lebesgue
measure zero, and so do not affect the integral. The area formula for the graph of a Lipschitz
function gives the identity, and the constancy of the integrand allows it to be factored out
of the integral.

Scope of the identity. Corollary 1 accounts for the inclined faces only. Flat bases, the rear
face of the panel, vertical closing faces at the panel perimeter, and any other surface
lie outside the functional and are not included in Sn(Ω). Within that scope the panel
result is exact rather than asymptotic: there is no boundary-error term and no large-
panel hypothesis.
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3.2.9. Degenerate Baseline at hj = 0 and Strict Ordering for hj > 0

In the flat case (hj = 0) there is no indentation: ln = rn and σn = 1, so a panel of
footprint Ω has exposed area |Ω| for the three tessellations alike. At cell level, Scell,n

∣∣
hj=0 =

Abase,n with Abase,3 < Abase,4 < Abase,6, but that difference is exactly compensated at panel
scale, because the density normalizes the exposed area of a cell by the footprint the cell

consumes. For hj > 0, σn =
√

1 + (hj/rn)2 > 1 and Theorem 1 gives Stotal(3) > Stotal(4) >

Stotal(6). The flat configuration is therefore a degenerate baseline, while indentation induces
a strict ordering.

Non-uniform indentation depth. For a cell or region carrying a local depth h, the local
density is

σn(h) =

√
1 +

(
h
rn

)2
,

and the exposed area of a panel with varying depths is obtained by summing, or integrating,
the local contributions weighted by the projected area they occupy. If the three tessellations
are compared under the same weighted distribution of positive depths, then

σ3(h) > σ4(h) > σ6(h) for every h > 0,

and, since the inequality holds pointwise, it is preserved after integration. If instead the
depth variations are different and independent for each tessellation, the global ordering
cannot be guaranteed without bounding those perturbations or performing a sensitivity
analysis. No such sensitivity analysis is carried out here.

3.3. Established Analytical Results

Under the construction defined above, Stotal(n) = σn Ates holds exactly for every
footprint with 0 < |Ω| < ∞, so that Stotal(3) > Stotal(4) > Stotal(6) for all hj > 0 under a
common R and a common absolute hj, counting inclined faces only. For hj = 0 the three
values coincide.

3.4. Geometric Construction and Independent CAD Evaluation

The closed-form expression is exact and does not require numerical approximation.
A computer-aided design (CAD) model was nevertheless constructed and measured inde-
pendently, providing an independent numerical check using a separately constructed CAD
geometry. It is not a physical simulation, it does not represent a fabricated object, and it is
not the proof of the theorem, which is established analytically above.

3.4.1. Construction Procedure

For each n ∈ {3, 4, 6} a single regular n-gon was inscribed in a circle of radius R, so
that its vertices lie on the circle and R is the distance from the center of the polygon to any
of its vertices. The center G was identified; in a regular polygon the centroid, circumcenter,
and incenter coincide. The polygon was divided into n triangular faces by joining G to the
vertices, each face having a polygon edge as its base and G as its apex. The outer vertices
were held fixed in the plane z = 0 and G was displaced perpendicularly by the absolute
distance hj, generating an inverted pyramidal indentation formed exclusively by n planar
triangular faces. Cells were tessellated sharing their upper edges, without gaps.

For n = 3 the regular triangular tessellation {3, 6} was used: equilateral triangles
appear in two opposite orientations and six meet at each vertex. Each triangle is an
individual cell inscribed in its own circle of radius R = 34 mm, with its own geometric
center and its own indentation point. In the CAD model a visual grouping of six triangles
forming a hexagon was used only as an auxiliary repetition module for building the
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tessellation. It is neither an indented hexagonal cell nor a single indentation shared by six
triangles: the point that descends is the center of each individual triangle, not the common
vertex where six triangles meet. The triangles tessellate the plane without gaps, and the
macro-hexagonal grouping changes neither the definition of the triangular cell nor its
exposed area.

3.4.2. CAD Environment

The models were built in Rhinoceros 8, version 8.33.26188.13002 (7 July 2026). Docu-
ment units were millimeters and the absolute tolerance was 0.001 mm. All faces were repre-
sented as NURBS surfaces. Areas were obtained with the Area command, and the reported
quantity is the sum of the areas of the retained green NURBS surfaces after trimming.

3.4.3. Finite Panel Construction

For each tessellation a grid extending beyond the panel outline was generated first.
A square outline enclosing a projected area of 0.5 m2 or 1.0 m2 was then applied, and the
surfaces were cut cleanly at that boundary with the Split command. Only the portions of
the green faces lying inside the outline were retained and measured. Cells intersected by
the perimeter were not discarded as whole cells: their faces were trimmed at the modeled
panel boundary.

3.4.4. Surface Area Evaluation

Only the parts of the inclined faces remaining inside the square footprint enter the area
computation, matching the scope of the analytical functional; by Corollary 1 the expected
value is σn times the panel area.

3.4.5. Cell-Level Reference Values

For representative parameter values (R = 34 mm and varying hj), the closed-form
exposed lateral area per cell is reported in Table 3. These values are not the panel-scale
optimization criterion; they are included to clarify the difference between individual-cell
behavior and exposed area per unit of panel footprint. At the cell level the hexagon has
the largest exposed area. At panel scale, as shown in Table 2, the density σn reverses the
ordering and leads to triangular optimality.

Table 3. Exposed lateral surface area per cell (lateral faces only, in mm2) for representative indentation
depths. These values describe individual cells, not total panel-scale exposed area.

hj (mm) n = 3 n = 4 n = 6

0 1501.69 2312.00 3003.38
5 1565.29 2361.47 3046.37

20 2318.68 3007.41 3630.68
45 4249.25 4906.38 5485.29

The same check was performed on the CAD model at cell level. For R = 34 mm
and hj = 45 mm the Area command returns 4249.25193 mm2 for the triangular cell,
4906.37789 mm2 for the square cell and 5485.28650 mm2 for the hexagonal cell, each with a
numerical area uncertainty of ±10−6 mm2 reported by the Rhino Area command. These
reproduce the closed-form values of the last row of Table 3 to within 10−7 %.

3.5. Independent CAD Verification at Panel Scale

Table 4 compares the closed-form panel areas Sn(Ω) = σn|Ω| with the areas measured
on the CAD model, for R = 34 mm, hj = 45 mm and the two reference footprints.
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Table 4. Closed-form and independently measured CAD exposed areas for R = 34 mm and
hj = 45 mm, counting only the retained inclined faces, where ∆S = SCAD − Sanalytical and
εCAD = 100 ∆S/Sanalytical. Analytical values follow from Sn(Ω) = σn|Ω| with σ3 = 2.8296502,
σ4 = 2.1221358 and σ6 = 1.8263735.

Tessellation |Ω| (m2) Sanalytical (m2) SCAD (m2) ∆S (mm2) εCAD (%)

Triangle 0.5 1.414825114 1.414814330 −10.784212 −7.62229 × 10−4

Square 0.5 1.061067883 1.061067880 −0.002797 −2.63594 × 10−7

Hexagon 0.5 0.913186747 0.913186746 −0.000839 −9.18569 × 10−8

Triangle 1.0 2.829650228 2.829650230 +0.001575 +5.56652 × 10−8

Square 1.0 2.122135766 2.122135770 +0.004406 +2.07630 × 10−7

Hexagon 1.0 1.826373494 1.826373490 −0.003678 −2.01364 × 10−7

The CAD models reproduce the analytical ordering, triangle > square > hexagon,
at both panel sizes, and the results at 0.5 m2 and 1.0 m2 are approximately proportional
to the projected area within the reported CAD discrepancies. The largest discrepancy is
that of the triangular panel at 0.5 m2, approximately −7.6 × 10−4 %; the remaining five are
below 3 × 10−7 %.

The source of the small CAD discrepancies was not isolated and is therefore not
assigned to a specific modeling or numerical operation. They are reported transpar-
ently and do not affect the triangle–square–hexagon ordering. They should not be inter-
preted as a mathematical boundary-error term: under the exact clipped-domain definition,
Sn(Ω) = σn|Ω| remains the analytical identity, whereas the tabulated residuals belong to
the numerical CAD evaluation.

4. Discussion
4.1. Architectural Interpretation of the Geometric Result

The triangular tessellation maximizes exposed surface area at panel scale under a
common circumscribed radius and a common absolute indentation depth, which follows
from the monotonicity of the density with respect to the apothem. The result provides a
direct criterion for selecting the topology of a tessellated bioreceptive panel. Although the
hexagonal cell has the largest exposed area as a single indented unit, the triangular tessel-
lation prevails at panel scale, so the conclusion is a panel-scale one and not a property of
isolated geometry.

4.2. Implications for Substrate-Free Green Façade Systems

Some conventional vegetated envelopes incorporate a distinct growing medium,
modular containers, felt layers, or multilayer irrigation assemblies; the investigated concept
seeks to use the mineral surface itself as a potential biological support, and whether it
performs that function requires experimental validation. This study does not compute
whether omitting those additional layers changes mass, material volume, or total load.

Within this paradigm, exposed surface area becomes a design variable, and increasing
the area of the inclined faces enlarges the interface between the component and its envi-
ronment. The triangular configuration is a geometric optimum for the stated functional;
whether it is preferable overall depends on criteria not modeled here. Exposed surface area
and material efficiency are distinct objectives, and only the first is quantified. The frame-
work isolates the geometric contribution so that subsequent experimental work can test
whether the increased exposed area has any biological consequence.
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4.3. What the Exposed-Surface Functional Does Not Describe

The quantity computed here is exposed surface area. It is not a model of water
retention, accumulation, drainage, drying, moisture persistence, freeze–thaw behavior,
durability, or colonization, and none of these can be inferred from it. A concave indentation
may drain rapidly or retain water depending on orientation, depth, surface finish, and ex-
posure, and retained water raises a legitimate freeze–thaw concern. Establishing any of
these behaviors would require dedicated testing, which this work does not undertake.

4.4. Fabrication Considerations

The geometry analyzed here is an ideal zero-thickness surface and does not estab-
lish fabricability. For the representative triangular case, hj/R ≈ 1.32 and hj/r3 ≈ 2.65,
corresponding to a face inclination of approximately 69.3◦ relative to the projected plane.
The ideal tessellation also fixes the length of the shared edge network per unit projected
area, λn = 1/rn, which is largest for the triangular case. Both quantities are geometric
descriptors only: neither determines ridge width, rear thickness, or material volume.

No physical prototype has been fabricated in the present study. Material selection,
panel thickness, ridge and apex geometry, manufacturing process, structural performance,
and fabrication tolerances remain to be defined and tested in a subsequent experimental
phase. Accordingly, no fabrication-feasibility or material-volume comparison is claimed.

4.5. Relation to Bioreceptive Surface Design

The exposed-surface density is a geometric descriptor of the available surface–
environment interface and a candidate design parameter; it is not evidence of colonization.
The literature cited here supports the general relevance of contact area and of material
factors such as pH, porosity, roughness, and moisture [2–8], but does not establish that the
inclined faces of a triangular indentation support more colonization than a planar surface
or another tessellation. That remains a hypothesis requiring biological validation.

Mustafa et al. [4] developed design guidelines for bio-receptive concrete panels
through laboratory fabrication and greenhouse experiments, manipulating surface ge-
ometry and rhythmic patterns. Lewandowski et al. [5] identified high pH as a major
constraint and demonstrated that compost additions compensate for adverse material
characteristics. The present framework contributes a rigorous comparison of tessellation
topologies under an explicit area-maximization objective.

4.6. Tessellation Theory and Contemporary Computational Design

Recent advances in tessellation theory have found applications in bio-inspired de-
sign [23–25]. Those works address irregular and adaptive patterns; the present focus
on regular tessellations is complementary, since for periodic patterns with uniform cell
geometry the choice among the three tilings has quantifiable consequences for exposed area.

Within computational architectural design, tessellated envelopes have been used as
a parametric control strategy for façade components evaluated against environmental
performance criteria [12], and performance-based methods couple generative geometry
with simulation to compare façade configurations [11]. Bioreceptive surfaces have more
recently entered this workflow, both as monitored micro-environments for bryophyte prop-
agation [10] and as robotically fabricated clay façades whose toolpaths are engineered
for water behavior [13], while nature-based solutions research treats vegetated envelopes
as coupled multi-criteria problems [14]. The present formulation is narrower and com-
plementary: a closed-form comparison of the admissible regular tessellations under a
stated normalization.
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4.7. From Analytical Geometry to Future Prototype Development

Although the analytical model is scale-independent, the panel-scale evaluation is
carried out on a centimetric analytical and computational design case. The parameter pair
R = 34 mm and hj = 45 mm does not correspond to a fabricated prototype, a validated
manufacturing configuration, or a species-specific biological requirement, and no general
lower bound on cell size is claimed. Within these limits, the triangular tessellation is the
candidate base topology for subsequent experimental development, and the result links an
abstract geometric functional to a concrete design decision: the selection of the tessellation
family for a façade component.

4.8. Limitations and Extensions

The present analysis is subject to the following limitations.

1. Uniform depth: the depth hj is assumed identical in every cell. The non-uniform
case is treated above; tessellation-dependent depth perturbations would require a
sensitivity analysis, which is not performed here.

2. Planar domains: Euclidean geometry only; no extension to curved substrates.
3. Regular monohedral tessellations: only the three admissible Euclidean types

n ∈ {3, 4, 6}.
4. Stated normalization: the ordering holds under a common circumscribed radius and

a common absolute indentation depth. Under a common aspect ratio hj/rn the three
densities coincide and no ordering exists.

5. Scope of the functional: only the inclined faces are counted. Flat bases, the rear face
of the panel, vertical closing faces, and perimeter walls are excluded.

6. Fabrication not evaluated: thickness, ridge width, apex geometry, tolerances, demold-
ing, and structural integrity are not modeled.

7. Hydraulics and durability not evaluated: water retention, drainage, drying, moisture
persistence, freeze–thaw behavior, and long-term durability lie outside the model.

8. CAD as verification, not validation: the CAD study checks the closed-form expres-
sions numerically. It validates neither fabrication, nor material, nor structural or
biological behavior.

9. Biology not tested: no colonization, rooting, or aging experiment is reported. Exposed
area is a geometric descriptor, not evidence of biological performance.

10. Material properties outside the model: bioreceptivity depends on material factors
such as porosity, pH, and chemistry [1,5–7]; the analysis isolates the geometric contri-
bution under fixed material conditions.

11. Scale selection not validated: the reference parameters (R = 34 mm, hj = 45 mm)
define a centimetric analytical and computational design case. The closed-form
expression applies across scales, but a suitable scale depends on the target species,
the system, and the fabrication process, and is not validated here.

5. Conclusions
This article developed a geometric design framework for substrate-free or substrate-

minimized bioreceptive architectural components, asking whether the surface of a façade
element can be analytically configured to maximize the exposed surface area available for
environmental interaction.

Within the admissible class of regular Euclidean tessellations, triangular, square,
and hexagonal patterns were evaluated under a common circumscribed radius R and
a common absolute indentation depth hj, counting inclined faces only. A closed-form
expression was derived for the exposed-surface functional, showing that the total exposed
area depends on the apothem of the regular cell through the amplification factor
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σn =

√
h2

j + r2
n

rn
.

Because this function is strictly decreasing in rn, and because the triangular tessellation
has the smallest apothem among the three admissible regular tessellations, the triangular
configuration uniquely maximizes exposed surface area for all hj > 0. When hj = 0 there is
no indentation, the three densities equal unity, and no ordering exists.

The result is exact for finite panels as well. Since each inclined face has constant slope
magnitude hj/rn, the area Jacobian is constant, and clipping the indented tessellation by
any measurable footprint Ω with 0 < |Ω| < ∞ yields an exposed area of exactly σn|Ω|,
whatever the phase or orientation of the tessellation, provided only the inclined faces
are counted. An independently constructed CAD model reproduces these panel areas at
both reference footprints, with a largest relative discrepancy of about 7.6 × 10−4 % and the
same ordering.

The result demonstrates a functional inversion relative to classical perimeter-
minimization theory. Whereas the hexagon is optimal for minimizing planar interface
length in the Honeycomb Theorem (Hales [19]), the triangle becomes optimal when the
design objective is to maximize three-dimensional exposed surface generated by concave
indentation. This distinction is relevant for architectural design because it shows that the
optimal tessellation depends on the geometric functional being prioritized.

By reframing classical tessellation theory [18] in terms of surface amplification,
the present work establishes an analytical criterion for design problems involving exposed-
surface maximization, directly computable from closed-form expressions and therefore
usable for rapid screening under the stated normalization, without numerical meshing.

For the representative case hj/R = 45/34, the normalized densities are F(r4)/F(r3) ≈
0.7500 and F(r6)/F(r3) ≈ 0.6454, the latter equivalent to a 54.93% triangular advantage
over the hexagonal configuration. These values are specific to this ratio, and the triangular
configuration is the candidate geometric basis for subsequent prototyping. No material,
mass, or fabrication comparison has been carried out, and the exposed-surface result is not
evidence of colonization, water behavior, or durability.

Future directions. Practical bioreceptive surface design involves objectives beyond ex-
posed area, including water retention, structural stability, material durability, and biological
compatibility [5]. Future work should couple the exposed-surface functional with these
variables and move to prototype validation, using the triangular configuration as refer-
ence geometry.
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