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Abstract

The development of efficient and accurate methods for analyzing electromagnetic scattering
by cylindrical objects has theoretical and practical relevance due to its importance in
photonics, optoelectronics, antennas, and remote sensing applications. Modal methods are
a category of semi-analytical solvers used in modelling electromagnetic scattering problems.
Modal methods have several advantages compared to fully numerical methods, and they
are very useful for problems with translational symmetry. In this paper, the interaction of
electromagnetic waves with a cylinder with an impedance surface situated between two
homogeneous half-spaces with different electromagnetic properties is studied. A forward
model of the addressed scattering problem is presented. A theoretical formulation of the
problem is deduced within a flexible and comprehensive framework that can be extended
to solve other related cylindrical configurations. Furthermore, the modal solver developed
within the proposed framework can be further developed to consider other forms of source
excitations. Moreover, the impedance-dominant scenario has been investigated, and a
convergent scheme has been derived for the special case within this regime.

Keywords: electromagnetism; scattering; impedance boundary condition; impedance-
dominant regime

1. Introduction
The characterization of electromagnetic field interaction with many scatterers is an

extremely significant topic driven by rapidly evolving technological applications [1–3].
Several electromagnetic and photonic applications require the modelling of electromagnetic
wave scattering with diverse structures embedded within different geometries [4–8]. The
development of efficient solvers to represent the forward model can be a challenging task
depending on the examined configuration [9–12]. Characterizing scattering phenomena in
media comprising cylindrical structures may be done by means of conventional techniques
that mostly rely on dealing with Maxwell’s differential equations numerically, such as
finite element and finite difference approaches [13,14]. However, many challenges arise
in handling such structures through applying these numerical approaches, such as impos-
ing unphysical non-reflecting boundaries and difficulties in the representation of highly
localized sources, in addition to numerical dispersion and numerical polarization [15–17].
Therefore, it is of interest to develop new approaches that avoid these drawbacks and
efficiently model the intended configuration.

An interesting category of approaches that avoid discretizing the entire problem
domain is that of modal methods. Generally, modal methods are approaches that use semi-
analytical techniques, where the fields are expanded in terms of a set of eigenfunctions
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that satisfy Maxwell’s equations and boundary conditions in a given geometry [18,19].
Different modal approaches have been applied to cylindrical configurations similar to the
one studied in this paper. In [20,21], approaches were developed to treat the plane wave
scattering by a conducting cylinder partially buried in a ground plane for both TM and TE
polarization cases. The scattering by a metallic cylinder on a substrate, with consideration
of the burying effect, was discussed in [22]. Another approach was developed in [23] to
address the scattering by buried dielectric cylindrical structures. The plane wave scattering
by a finite set of perfectly conducting or dielectric cylinders buried in a dielectric half-space
was considered in [24]. The scattering by a metallic cylinder buried in a lossy medium was
studied in [25]. Another study [26] investigated the scattering of a perfect electromagnetic
conducting (PEMC) circular cylinder buried inside a half-space.

In these modal approaches, fields are expanded using Fourier series in the angular
variable. Thus, the resultant solutions in these approaches present intrinsically coupled
modal structures that require the solution of dense matrix systems and may exhibit algebraic
convergence behaviour [27]. In this paper, modelling of the interaction of electromagnetic
fields with a cylindrical object situated between piecewise homogeneous media comprising
two homogeneous half-spaces with asymmetric electromagnetic properties is investigated.
A proposed novel approach is introduced in this work to solve this scattering problem,
where the theoretical model formulations are derived with the proper boundary conditions
to delineate the electromagnetic fields of the studied configuration. Unlike other modal
approaches, the solution in this paper incorporates an exponential convergence feature
and diagonal matrix systems. Furthermore, the deduced fields’ representations offer a
flexible framework that enhances the ability to model electromagnetic scattering in versatile
scenarios involving similar configurations. From the same perspective, the impedance-
dominant regime is addressed in this paper, and proposed treatments are developed in this
work to analyze electromagnetic fields in a special case within this regime.

2. Forward Solver Procedure
The proposed forward solver in this work is formulated to model electromagnetic

fields in the presence of an impedance cylindrical scatterer situated between two different
media, upper and lower media, which may have dissimilar electromagnetic properties. The
permittivity and permeability of the upper medium are denoted as ϵu and µu respectively,
while the permittivity and permeability of the lower medium are denoted as ϵl and µl

respectively. The model investigated in this paper is illustrated in Figure 1. The interface
between the two media is the Y = 0 plane, while the axis of the cylinder is the z-axis of the
Cartesian coordinate system. The cylinder has a surface impedance, Zc, and a radius, r. The
scatterer is illuminated by a time-harmonic electric line current source in the z-direction
located at the (ρ′, φ′) cylindrical coordinates. Furthermore, a harmonic time dependence
of the form e−iωt is assumed, and it will be suppressed accordingly in further analyses.
For this problem, due to the symmetrical nature of the examined structure relative to the
φ = ±π

2 plane, the boundary conditions in the symmetry plane are equivalent to either a
perfect magnetic conductor (PMC) or a perfect electric conductor (PEC). Thus, without loss
of generality, the analysis derived in this paper will apply to the PMC wall case only. That
is, the presented approach deals with the transverse electric (TE) polarization case.
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Figure 1. The model investigated in this work.

The solution scheme offered for the targeted problem begins with representing the
z-directed magnetic field components by means of a series formulation of the incident
and scattered fields. Here, the magnetic field of the upper medium in the z-direction, Hu

z ,
can be defined as the sum of a field, Hu(d)

z , which represents the source discontinuity in
the φ-direction, and an additional field, Hu(a)

z , which represents the rest of the field of the
upper medium. Hu(d)

z and Hu(a)
z can be written as

Hu(d)
z = ∑i

[
sin {νui(π/2 − φ>)}cos {νui φ<}

2νuicos νui
π
2

Ψi
(
kuρ′

)]
Ψi(kuρ), (1)

Hu(a)
z = ∑

i
Su(νui)sin

{
νui

(
φ − π

2

)}
Ψi(kuρ). (2)

Accordingly, the magnetic field of the lower medium in the z-direction, Hl
z, can be

written as
Hl

z = ∑i Sl(νli)sin
{

νli

(
φ +

π

2

)}
Ψi(klρ), (3)

where i is the number of indices, Su.l are the expansion coefficient vectors of the upper and
lower media respectively, and ku = w

√
µuϵu and kl = w

√
µlϵl are the upper and lower

medium wavenumbers respectively. Notably, once the Hz field components are computed,
the rest of the field components of the problem can be derived as

Eρ =
j

ωϵ

1
ρ

∂Hz

∂φ
, and (4)

Eφ =
−j
ωϵ

∂Hz

∂ρ
. (5)

So, by utilizing the proposed wave interaction scheme within the investigated model,
the fields are formulated as a series representation over unidentified expansion coefficients
for an index transform, where the transform pair is given by

f (ρ) = ∑i SiΨi(kρ), (6)

https://doi.org/10.3390/magnetism6020017

https://doi.org/10.3390/magnetism6020017


Magnetism 2026, 6, 17 4 of 13

Si =

∞∫
r

1
ρ

f (ρ) Ψi(kρ) dρ/ρ . (7)

Ψi(kρ) is a complete orthonormal set that is defined as

Ψi(kρ) = Nc H(1)
vi (kρ), (8)

where H(1)
vi (kρ) is the Hankel function of type one with a vi index and kρ argument and

{vi} is the set of complex roots located at d(vi) = 0 in the first quadrant of the complex v
plane. Nc is the normalization constant, which is defined as

Nc =

−jπ
υi b(υi)[
∂d(ν)

∂υ

]
νi


0.5

H(1)
νi (kρ), (9)

where b(ν) = J′υ(kr) + jD Jv(kr), (10)

d(ν) = H′(1)
υ (kr) + jD H(1)

ν (kr), (11)

and J′υ(z) =
dJν(z)

dz
, (12)

H′(1)
υ (z) =

dH1
ν(z)

dz
, (13)

Jν(z) is the Bessel function and H1
ν(z) is the Hankel function of type one. D = Zl,u/Zc,

where Zl,u =
√

µl,u/ϵl,u, is the impedance of medium 1 and medium 2 respectively. Notably,
the passivity requirement is met if the real part of (D) ≥ 0. At the interface between the
upper and lower media, the boundary conditions imply that

Hu(d)
z + Hu(a)

z = Hl
z at φ = 0, (14)

1
ϵu

(
∂Hu(d)

z
∂φ

+
∂Hu(a)

z
∂φ

)
=

1
ϵl

∂Hl
z

∂φ
at φ = 0. (15)

Furthermore, the continuity of the tangential field components applies at the interface
between the upper and lower media, which implies that

∑i

{
sin νui ( π

2 −φ′)
2υui cos υui

π
2

Ψi(kuρ′)− Su(νui) sin
(
νui

π
2
)}

Ψi(kuρ) =

∑i Sl(υli)sin
(
υli

π
2
)

Ψi (klρ),
(16)

∑i υuiSu(υui)cos νui
π

2
Ψi(kuρ) = n∑i υli Sl(νli)cos νli

π

2
Ψi (klρ), (17)

where n = ϵl/ϵu is a parameter that quantifies the electric field changes across the interface
between the upper and lower media. Notably, Ψi(kuρ) and Ψi (klρ) are different com-
plete sets, where νui and νli are different poles for ku and kl respectively. The impedance
boundary condition on the surface of the cylinder is

Eφ = −ZcHz. (18)

Here, it is worth mentioning that one advantage of the approach proposed in this
paper compared to numerical approaches [28,29] is that the impedance boundary condition
is built into the eigenfunctions of the complete sets Ψi(kuρ) and Ψi (klρ). This leads to
a more accurate representation of the solution components, which in turn enhances the
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physical interpretability of the modal structure [30]. Another advantage of the proposed
approach is the orthogonality relation of the ρ eigenfunctions, namely,

ρ′δ
(
ρ − ρ′

)
= ∑

i
Ψi
(
kρ′
)
Ψi (kρ). (19)

Utilizing this orthogonality relation within the proposed approach leads to the ability
to deduce the following formulations:

sin νug
(

π
2 − φ′)

2νugcos νug
π
2

Ψg
(
kuρ′

)
− Su

(
νug
)
sin
(

νug
π

2

)
= ∑i Sl(ν2i)sin

(
νli

π

2

)
Cpg ∀g, (20)

νug Su
(
νug
)

cos
(

νug
π

2

)
= n∑

i
νli Sl(νli)cos

(
νli

π

2

)
Cpg ∀g , (21)

where Cpg =
∫ ∞

r

1
ρ

Ψg(kuρ)Ψi(klρ) dρ/ρ , (22)

Another advantage of the usage of the orthogonality relation of the complete sets
within the proposed approach is that this provides the ability to recast the problem into a
linear system on the expansion coefficients Su(νui) and Sl(νli), where the solution of this
system fully defines the fields of the problem. This linear system can be formulated as

M − Q
[
sin υu

π

2

]
Su = C Q

[
sin υl

π

2

]
Sl , (23)

Q
[
υucos υu

π

2

]
Su = C Q

[
nνlcos νl

π

2

]
Sl , (24)

where M is a vector originated from the illumination source with the elements

M =

{
sin
(
υug(π/2 − φ′)

)
2υug cos

(
υugπ/2

) Ψg
(
kuρ′

) }
, (25)

And Q[bx] represents diagonal matrices with diagonal elements bx representing the
roots of the upper and lower media, C is a matrix with elements Cpg, and Su and Sl are the
expansion coefficient vectors of the upper and lower media respectively. The solution of
the above system can be written as

Su = Y−1M, (26)

Sl = Q−1
[
n νl cos υl

π

2

]
C−1 Q

[
νu cos υu

π

2

]
Su , (27)

where Y = Q
[
sin υu

π

2

]
+ CQ

[
sin υl

π

2

]
Q−1

[
nυlcos υl

π

2

]
C−1Q

[
υucos υu

π

2

]
. (28)

The solution of the derived linear system is the unknown expansion coefficients. Once
the expansion coefficients of the index transform are identified, all the field components
will be attained. Here, the fields’ expressions are valid everywhere. Also, it is worth
mentioning that any values for the cylinder radius and/or any frequency range can be
used within the modal approach. For example, the developed approach can be applied,
among other applications, to embedded nanowires or nanorods in photonic devices and
optical antennas, as well as cylindrical elements used in filters, reflectors, and modulators.

In Figure 2, the proposed solver results were compared with frequency-domain finite
element analysis solver results for 10 wavenumbers. The diamonds and circles in the
figure represent the field computations of the proposed solver and the finite element solver,
respectively. As shown in Figure 2, the proposed solver results are very close to those of
the finite element analysis solver.
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Figure 2. The proposed solver versus the finite element solver.

Also, it should be noted that the orthogonality relation for the Hankel functions of integer
order in the deduced formulations represents another advantage of the proposed approach
compared to other numerical approaches [31–33], where the lack of this orthogonality relation
results in the appearance of additional dense matrices in the system of the form∫ ∞

r
H(1)

g (kuρ)H(1)
i (kuρ)dρ/ρ , (29)

∫ ρ′

r
H(1)

g (kuρ)Ji(kuρ)
dρ

ρ
, (30)

∞∫
ρ′

H(1)
g (kuρ)H(1)

i (kuρ)dρ/ρ. (31)

Notably, the generated matrices represented by Equations (29)–(31) are not diago-
nal [34]; thus, it will be a challenging task to derive a linear system formation like the one
proposed in Equations (23) and (24), and this, in turn, will complicate the possibility of
developing a solution approach for such cylindrical configurations.

Another edge of the proposed approach over other approaches [26,35] is related to
convergence behaviour. Notably, for the approach proposed in this work, the asymptotic
expansion of the used Bessel and Hankel functions as g → ∞ reveals that the series repre-
sentations in Equations (1)–(3) tend to converge exponentially with the order of the ith term,
with O

(
ejνi |φ−φ′ |

)
for Equation (1) and O

(
ejνi |φ|+φ′

)
for Equations (2) and (3). This leads to

a faster series convergence compared to other methodologies that depend on Fourier series
expansions on the angular variable, where the series convergence for such approaches may
be algebraic [24,36]. Also, while the conventional finite element-based approaches require
the solution of large sparse systems [37] and the finite difference time-domain methods
incur a high cost due to the time stepping [38], the proven exponential convergence of
the proposed approach ensures that the required number of modes for a certain level
of accuracy is significantly small, hence reducing the computational cost of the matrix
inversion, which is the dominant element of the computational burden [39,40].

Now, to analyze the convergence performance of the proposed approach, five configu-
rations were selected to represent different ranges of permittivity commonly exhibited by
antenna, photonics, and optics applications [41–45]. The five configurations were designed
to represent different percentages of relative permittivity contrast between upper and lower
media, as depicted in Table 1.
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Table 1. Relative permittivity values of the five configurations studied.

Configuration
Number

Relative Permittivity
of the Upper Medium

Relative Permittivity
of the Lower Medium

Relative Permittivity
Contrast (%)

1 75 71.25 5%
2 60 45 25%
3 9 13.5 50%
4 90 22.5 75%
5 1.1 2.2 100%

To evaluate the convergence results, a relative percentage error parameter, β, was
defined as follows:

β =
HPS − HFEM

HFEM
× 100, (32)

where HPS is the magnetic field computed using the proposed solver and HFEM is the
magnetic field computed using the finite element solver. The results in Figure 3 reveal that,
for all the investigated configurations, as the number of modes increases, β values decrease
considerably. Moreover, it can be observed that as the percentage of permittivity contrast
between upper and lower media varies from 5% to 100%, more modes are needed to reach
a quite small β value (0.1%). At the same time, it is shown that the adequate representation
of the fields is achieved using relatively few modes for the proposed solver.

 

Figure 3. Relative error versus number of modes for the five studied configurations.

That said, it is worth mentioning that the elements that structure the proposed modal
solver contribute to the significant avoidance of any possible ill-conditioning or numerical
stability issues. First, the semi-analytical nature of the solution makes the proposed ap-
proach structured from the beginning to avoid some of the usual mechanisms that generate
ill-conditioning in fully numerical methods (i.e., discretization of the modelling domain,
mesh density, etc.) [46]. Second, the orthonormal structure of the complete sets used further
supports stability, as each mode represents an independent physical direction in function
space, which makes the proposed method physically adapted to the problem and less prone
to numerical sensitivity [47]. Also, since the impedance boundary condition is built into
the eigenfunctions of the complete sets, the resulting system significantly avoids a primary
source of ill-conditioning encountered in discretization-based methods from approximate
boundary enforcement [48].

Moreover, the use of orthogonal eigenfunctions ensures that the resulting matrix
system is diagonally structured, thereby suppressing any possible coupling between coef-
ficients and significantly improving numerical stability [49]. Furthermore, although the
conditioning of the resulting linear system is not directly implied by the orthogonality of
the complete sets, the exponential convergence of the proposed approach ensures that a
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small number of modes is required, thereby avoiding the occurrence of extreme coefficient
values, which in turn greatly mitigates any potential ill-conditioning environments [50].

3. Impedance-Dominant Regime
Here, attention will be turned to a special case of this study, which is the impedance-

dominant scenario [51]. In the impedance-dominant scenario, the wavenumbers of the
upper and lower media are the same, “i.e., ku = kl”, despite the fact that they have dissimi-
lar impedances [52,53]. Analysis of the impedance-dominant model is mostly problematic
and challenging to resolve using numerically based approaches [37,38]. On the other
hand, the focus on the impedance-dominant regime is interesting, as this concept supports
applications that require preservation of phase velocity continuity or dispersion, while scat-
tering or directionality can be governed by impedance contrast only [54,55]. Therefore, the
impedance-dominant regime is an important design paradigm that is relevant to designing
many engineered electromagnetic systems, such as optical coatings and impedance-tailored
photonic devices [56–58]. In these devices, the phase velocity is deliberately matched to
preserve wavefront continuity, while the impedance can be manipulated to achieve the
intended device function [59,60].

For the characterization of this regime, the proposed procedure formulations will be
updated so that the values of νui will equal the values of νli. Also, for this regime, the theoretical
framework will be updated so that one orthogonal complete set is applied for both upper and
lower media. Consequently, Equations (16) and (17) will be updated, where the Cpg quantity in
Equations (20) and (21) will be made diagonal, which will lead to less dense matrices. Eventually,
an updated linear system will be formulated with the following form:

sin
(
υug (π/2 − φ′)

)
2 υug cos υugπ/2

Ψg
(
kuρ′

)
− Su

(
νug
)
sin
(

νug
π

2

)
= Sl

(
νug
)
sin
(

νug
π

2

)
, (33)

Su
(
υug
)
= n Sl

(
υug
)
. (34)

This in turn will result in a closed-form analytic expression for both expansion coeffi-
cients, Su

(
υug
)

and Sl
(
υug
)
, with

Sl
(
υug
)
= 1/1+n

sin
(
υug(π/2 − φ′)

)
2υug cos νugπ/2 sin

(
υugπ/2

)Ψg
(
kuρ′

)
. (35)

Thus, the magnetic field representations for the upper and lower media will be refor-
mulated as

Hl
z =

1
1 + n ∑g

sin
(
υug(π/2 − φ′)

)
2υugcos

(
υugπ/2

)
sin
(
υugπ/2

) sin
(
υug(φ + π/2)

)
Ψg
(
kuρ′

)
Ψg(kuρ), (36)

Hu(a)
z = n/1+n∑g

sin
(
υug(π/2 − φ′)

)
2υugcos

(
υugπ/2

)
sin
(
υugπ/2

) sin
(
υug(φ − π/2)

)
Ψg
(
kuρ′

)
Ψg(kuρ)., (37)

For the source discontinuity field component, Hu(d)
z , the field representation in

Equation (1) is valid everywhere except for a certain coincident source–observer situa-
tion, where the observer and the source are both located exactly at the interface between
the two half-spaces. In this specific situation only, the proposed series representations will
diverge. As a remedy for this situation, a convergent scheme for the Hu(d)

z field representa-
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tion will be derived accordingly. The first step of the convergent scheme is done through
reformulating the

[
sin (υui(π/2−φ>))cos(νui φ<)

2νui cos(νuiπ/2)

]
term in Equation (1) as

[
sin (υui(π/2 − φ>))cos(νui φ<)

2νui cos(νuiπ/2)

]
=

[
1
4

{
jejνui |φ−φ′ | − 2jejπυui

1 + ejπυui
cos υui

(
φ − φ′) +

sin(υui(π/2 − φ − φ′))

cos νuiπ/2

}] (38)

By substituting this representation into the Hu(d)
z field expression in Equation (1) in the

special situation along φ = φ′, the second and the third parts of this new representation will
result in a convergent series for all observation angles. However, the first part of the new
representation still needs to be handled for efficient computation of the field expression.
The first part of the new representation is dealt with here using the Watson transform [61].
The Watson transform is a well-established technique that is used to convert a series over
integer indices into an integral over a complex contour [62–64]. The technique demonstrates
its applicability as a working tool in developing solutions for several applications, from
scattering and diffraction problems to quantum and condensed matter systems [65–68]. It is
worth mentioning that other rigorous techniques such as the Abel–Plana formula [69] and
the Mellin–Barnes transform [70] were developed to convert a discrete series over integers
or modes into a complex integral representation. While Abel–Plana is often simpler and
Mellin–Barnes is a more general technique, both are relatively less well suited to wave
problems [71,72]. On the other hand, the Watson transform is applicable in wave scattering
applications as it preserves the physical interpretation of the wave problem [73,74].

Once the Watson transform is applied to the first part of the new representation in
Equation (38), the following expression can be derived:

i
16

[∫
δ

ejυ|φ−φ′ |
{

H(2)
υ (kuρ<)H(1)

υ (kuρ>)− H(1)
ν (kuρ)H(1)

ν

(
kuρ′

)H(2)
ν (kur)

H(1)
ν (kur)

}
dν

]
, (39)

where δ is the contour around the zeros of d(ν) = 0 in the first quadrant of the complex ν

plane and H(1)
ν (.) and H(2)

ν (.) are the Hankel functions of the first/second kind and complex
order, ν. The resultant transformation is designed to improve the mathematical handling of
the field expression, and it makes it more amenable to asymptotic evaluation [75,76]. Hence,
the asymptotic evaluation of Equation (39) leads to the conclusion that the derived integrals
can be recognized as the geometrical optical incident and reflected fields respectively [77,78].
Thus, the proposed remedy approach is now complete, and one can plug the formulation
defined by Equation (38) into Equation (1) to get a convergent representation of the Hu(d)

z

field in the special situation along φ = φ′.

4. Conclusions
In this paper, the modelling of the interaction of electromagnetic fields with a cylindri-

cal object situated between piecewise homogeneous media comprising two homogeneous
half-spaces with asymmetric electromagnetic properties is addressed. A procedure is pro-
posed to solve this problem that involves the formulation of the electromagnetic fields in
terms of a complete orthonormal set that depends on expansion coefficients of the Hankel
function transform. The proposed procedure takes advantage of the orthogonality fea-
ture of the Hankel functions of integer order to attain a linear system that comprises the
unidentified expansion coefficients to deduce the electromagnetic fields of the model.

The presented procedure possesses the advantages of incorporating the impedance bound-
ary condition directly into the eigenfunctions of the proposed complete set, which leads to more
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accurate modal representations. Furthermore, the proposed procedure holds the advantage of
an exponential convergence for the series representations of the fields’ components.

On the other hand, the proposed procedure delves into the impedance-dominant
regime, where the field’s representations are updated accordingly. Additionally, within this
regime, the special case of a coincident source–observer situation at the interface between
the two half-spaces was treated using the Watson transform technique, where a convergent
scheme was deduced for the solution, which is to be understood in its asymptotic sense.

It will be of interest to investigate the development of the presented approach in the
case of rough-surface cylindrical configurations. This should be investigated in future work.
Also, it is worth mentioning that the formulations of the proposed procedure generalize
the theoretical framework so that it can deal with electromagnetic fields in the presence of
other sources of excitation, such as plane waves or beams, for the same geometry as the
one presented here. Furthermore, the presented procedure may also be extended for the
solution of electromagnetic scattering problems associated with other geometries, such as a
cylinder in the vicinity of two half-spaces and a cylinder less/more than half buried, which
will be studied in future work. Finally, the proposed procedure can be further developed to
address the forward model based on the transverse magnetic (TM) approach, which will
also be investigated in future work.
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