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Abstract

A new family of fourth-order accurate time integration schemes is developed by intro-
ducing two complex time sub-steps into the classical Newmark family of second-order
algorithms. These sub-steps consist of a pair of complex conjugate numbers, enabling the
triangularization of a complex-valued effective stiffness matrix. The proposed formulation
can be easily implemented in existing codes with only minor modifications to the standard
Newmark algorithm. The solution is composed of both real (physical) and imaginary
components. The real component provides fourth-order accuracy even in the presence of
external loads and physical damping, while the imaginary component offers additional
insight into the distribution of numerical errors, an original feature not previously reported
for implicit formulations. Compared to the classical Newmark method with a time-step size
four times smaller, the proposed scheme exhibits significantly lower numerical dissipation
and dispersion errors. Furthermore, the sub-step procedure extends the critical time step
of conditionally stable members of the Newmark family by a factor of

√
3. The numeri-

cal analysis performed in the proposed time integration method, along with the results
obtained for dynamic structural problems, including a complex three-dimensional (3D)
application, clearly demonstrate that the method outperforms both Fung’s fourth-order
complex scheme and the classical Newmark approach in terms of accuracy.

Keywords: fourth-order accuracy; Newmark method; complex time sub-steps; structural
dynamics

1. Introduction
The importance of dynamic problems lies in the fact that most structures and engineer-

ing systems are subjected to time-dependent loads, such as vibrations, impacts, seismic
excitations, and periodic forces [1]. Dynamic analysis is inherently tied to the physical
nature of the problem, which may be classified based on its dominant frequency spectrum.
Inertial problems are those governed by low-frequency modes (e.g., structural dynamics),
while wave propagation problems are also dominated by high-frequency components (e.g.,
impact or shock loading). These problems are typically solved using numerical approx-
imation methods in practical engineering applications [2–4]. While the Finite Element
Method (FEM) remains the predominant approach for spatial discretization, direct time
integration is the standard choice for the time discretization, which can be implemented in
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an explicit or implicit form. For inertial problems, implicit algorithms are often favored
because many of them are unconditionally stable, allowing the use of large time steps. In
contrast, for wave propagation problems that require small time steps, explicit approaches
become competitive due to their lower computational cost per time step [2,3].

Since spatial discretizations introduce spurious high-frequency artifacts into the
numerical solution, time integration methods are often designed to suppress nonphysi-
cal oscillations via numerical (algorithmic) damping. The importance of the numerical
damping also varies by application. For inertial problems, where the goal is to accu-
rately capture the low-frequency response, excessive algorithmic dissipation should be
avoided to allow the use of large time steps. Although these algorithms are designed
to minimize the effects on lower-frequency modes, non-dissipative schemes frequently
yield higher amplitude and period accuracy than their dissipative counterparts, mainly
for long-duration time-history analyses. On the other hand, in some wave propagation
problems, the nonphysical oscillations may compromise the solution; therefore, the
numerical damping can be activated to mitigate such spurious oscillations. For this
reason, algorithms with controllable numerical damping can handle a wider range of
applications in a unified way. Despite the advancement of schemes that enable para-
metric control of high-frequency dissipation preserving low-frequency accuracy (e.g.,
HHT [5], generalized-α [6], ImGA- and ExGA-Newmark [1,7], ρ∞-Bathe [8,9] and Soares
methods [10]), the classic Newmark [11] with the trapezoidal rule (constant average
acceleration) still remains popular throughout industry and academia, especially in
problems where an accurate integration of the relevant physical frequencies is priori-
tized over filtering out inaccurate high-frequency components. This enduring popularity
stems from its capability to provide reliable solutions while preserving energy, a property
of great importance for numerous linear as well as nonlinear vibration and structural
dynamic problems [12–15] and for the efficient use of large time steps.

Owing to the significant advances of higher order spatial discretization techniques
such as spectral element methods [16] and isogeometric methods [17,18] that yield distinct
and advantageous numerical features, the pursuit for highly accurate dynamic response
also in the time-domain analysis, combined with the need for computational efficiency
and compatibility with the spatial discretization, has also motivated the development
of high-order time-integration methods. One approach, which is also the focus of this
paper, for increasing the order of accuracy in time-stepping schemes involves the use of
time sub-steps. From the literature review and considering the Newmark method, we can
mention the three real sub-steps proposed by Tarnow and Simo [19] that allow fourth-order
algorithms to be constructed from second-order ones. Later on, Fung [20–24] developed
some high-order implicit methods, the main idea is to combine linearly the solutions of
the Newmark method evaluated at specific sub-steps. The author noted, however, that
certain classes of loading needed to be modified to maintain the load-operator accuracy
order consistent with that of the amplification matrix. In fact, a fundamental challenge in
developing high-order time integration schemes is ensuring that the order of accuracy of the
load operator is mathematically compatible with that of the amplification matrix, a classical
issue highlighted in the literature by Wood [25]. Along these lines, Fung demonstrated
that using two complex sub-steps yields third-order accuracy with numerical dissipation
or fourth-order accuracy without numerical dissipation both with significantly smaller
errors than those obtained using real sub-steps. Formulations based on the Newmark
method are often reported in the literature indicating its continued relevance in science and
engineering. In this context, a recent advancement was recently reported by Takács and
Fülöp [26], who used backward analysis to incorporate two compensation strategies into
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the Newmark method, one that removes the numerical damping and another that attains
fourth-order accuracy using the linear acceleration scheme.

Beyond the direct application of the Newmark method, the development of sub-
stepping techniques to derive high-order algorithms also remains an active and growing
area of research. Some recently proposed high-order implicit methods that use s sub-
steps fall into the following two categories: sth-order accurate schemes with controllable
numerical damping [27–31] or (s + 1)th-order accurate schemes without controllable
numerical damping [28,30–32]. For instance, Li et al. [28] developed three sub-step implicit
algorithms, all of which adopt the average acceleration scheme (zero dissipation) for the
first sub-step. A key distinction among these methods is that while the second- and third-
order schemes exhibit controllable numerical dissipation, the fourth-order scheme lacks
the dissipation control (achieving only moderate numerical damping) to attain such an
accuracy order. In the method proposed by Song and Zhang [31], an efficient algorithm
was developed when the implicit equation for a sub-step is in the same form as that of
the trapezoidal method. The authors demonstrated that (s + 1)th-order schemes also
lack controlled numerical damping. Furthermore, modern methods seek to preserve
the same order of accuracy of the amplification matrix in the load operator for forced
responses [29,31,33,34]. We can mention the work of Lee and Noh [33], in which the
external force is modeled at the last sub-step to ensure that the high-order accuracy is
maintained during forced vibrations. Remarkably, the method achieves (s + 1)th-order of
accuracy using s sub-steps (for s ≤ 5) with spectral radius control.

High-order methods that utilize complex-valued systems have also been the focus
of recent investigations. Song et al. [30] applied partial fraction to Padé expansions of
order (M, M) to achieve time-stepping schemes of order 2M. The resulting equations are
similar to the ones of the classical Newmark method but in the complex domain. When
M is odd, the method solves one system with a real matrix and (M − 1)/2 systems with
complex matrices to advance a time step, whereas for even M, M/2 complex systems
are solved. Later, Song et al. [35] extended the scheme to include controllable numerical
dissipation by mixing the diagonal Padé expansion of order (M, M) with the sub-diagonal
Padé expansion of order (M − 1, M). However, this introduction of numerical damping
limits the accuracy order to 2M − 1 in contrast to 2M in the previous approach. More
recently, Song and Zhang [31] further advanced the method to design high-order composite
schemes that utilize the same effective stiffness matrix in all sub-steps. They proposed
schemes achieving sth- and (s + 1)th-order of accuracy with s sub-steps. The authors
observed that the second-order variant of this method is numerically equivalent to the
ρ∞-Bathe method [8,9].

Motivated by the goal of developing a simple in terms of implementation yet robust
high-order implicit algorithm, this paper presents a family of fourth-order accurate time in-
tegration methods based on the classical Newmark method for solving structural dynamic
problems, employing two complex sub-steps. The proposed methodology simultaneously
increases the order of accuracy and spectral stability of second-order algorithms of the
Newmark family, addressing the general case that includes forced responses and physi-
cal damping. The family includes the classical average acceleration, linear acceleration,
Fox Goodwing and all other numerical non-dissipative members of the Newmark family,
preserving fourth-order accuracy also in forced problems with physical damping. Further-
more, our sub-steps yield a complex solution, a distinct property whose advantages were
first discussed in Souza et al. [36]. It is noteworthy that the fourth-order accurate central
difference method (CD2) proposed in that work is a specific non-dissipative member of
the broader family of methods presented herein. As commented at the beginning of the
introduction, the algorithms of the Newmark family, though widely used, cannot introduce
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dissipation while maintaining second-order accuracy. In a similar way, the proposed family
of fourth-order accurate schemes is also designed to be non-dissipative, focusing on the
accurate solution of inertial problems with long periods of time that are common in a great
deal of structural engineering applications.

The remainder of the paper is as follows. Section 2 briefly revisits the Newmark
formulation for solving the equations of motion raised in structural dynamics. In Section 3
we present the novel high-order family of methods. In Section 4 numerical examples that
validate the method are analyzed. Finally, conclusions are drawn in Section 5, summarizing
the main findings and outlining directions for future research.

2. Newmark Family for Structural Dynamics
The general form of equations of motion encountered in linear structural dynamics,

assuming the time domain of analysis I = (0, t f ] ⊂ R+, can be stated, in matrix form, as
given U0 ∈ RN , U̇0 ∈ RN (vectors of initial conditions) and F : I → RN (load vector), find
U : I → RN such that

MÜ(t) + CU̇(t) + KU(t) = F(t) (1)

U(0) = U0 (2)

U̇(0) = U̇0 (3)

where U, U̇, Ü : I → RN are the displacement vector and its time derivatives, respectively.
Moreover, M, C, K ∈ RN×N are, respectively, the mass, damping and stiffness matrices
with N being the total number of unknown degrees of freedom [2–4,37].

The solution of Equations (1)–(3) can be performed by the so-called time integration
methods in which the time domain of analysis I is partitioned into a set of n time intervals,

i.e., I =
n−1⋃
k=0

[tk, tk+1] with 0 = t0 < t1 < . . . < tn = t f and a time-step length ∆t = tk+1 − tk

(not necessarily equal over the time steps) for which the solution is computed by suitable
approximations. Among the various existing time integration methods, the most renowned
for structural dynamics is the Newmark family of time integration algorithms. The New-
mark family is widely used in both industry, through commercial simulation software,
and academia to discretize Equation (1), and it can be concisely derived by evaluating
Equation (1) at the current time instant tk+1 and utilizing the Taylor series expansions of the
displacement and velocity vectors about the time instant tk for which the solution vectors
are known, resulting in [3,4,37,38]:

MÜk+1 + CU̇k+1 + KUk+1 = Fk+1 (4)

Uk+1 = Uk + ∆tU̇k +

tk+1∫
tk

(tk+1 − τ)Ü(τ)dτ (5)

U̇k+1 = U̇k +

tk+1∫
tk

Ü(τ)dτ (6)

in which the aforementioned integrals, which are the remainders of the Taylor series
expansions, are approximated according to Equations (7) and (8) after assuming a variation
for the acceleration.
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tk+1∫
tk

(tk+1 − τ)Ü(τ)dτ ≈
(

1
2
− β

)
∆t2Ük + β∆t2Ük+1 (7)

tk+1∫
tk

Ü(τ)dτ ≈ (1 − γ)∆tÜk + γ∆tÜk+1 (8)

where parameters γ and β govern the assumed variation of the acceleration over the time in-
terval and play a crucial role in controlling the stability and accuracy of the methods [3,37].
Throughout the text, the notation Uk ≡ U(tk), Uk+1 ≡ U(tk + ∆t), and so forth is systemat-
ically adopted for representing both numerical and analytical counterparts.

3. Proposed Time-Stepping Methods
A sub-stepping procedure can be employed to construct high-order methods based

on the second-order schemes of the Newmark family. Here, the key idea of the proposed
formulation as presented by Souza et al. [36] is to split the time-step length ∆t into two
time sub-steps given by θ1∆t and θ2∆t such that θ1∆t + θ2∆t = ∆t. In the first sub-step, the
displacement, velocity, and acceleration vectors are computed at time tk + θ1∆t from the
previous known solution at time tk by applying the Newmark method (Equations (4)–(8))
with a time-step size of θ1∆t, as follows:

MÜk+θ1 + CU̇k+θ1 + KUk+θ1 = Fk+θ1 (9)

Uk+θ1 = Uk + θ1∆tU̇k + (θ1∆t)2
[(

1
2
− β

)
Ük + βÜk+θ1

]
(10)

U̇k+θ1 = U̇k + (θ1∆t)
[
(1 − γ)Ük + γÜk+θ1

]
(11)

In the second sub-step, the solution is advanced from tk + θ1∆t to tk + ∆t with a
time-step size of θ2∆t, once again employing the Newmark method, yielding the desired
solution at the end of the time step ∆t:

MÜk+1 + CU̇k+1 + KUk+1 = Fk+1 (12)

Uk+1 = Uk+θ1 + θ2∆tU̇k+θ1 + (θ2∆t)2
[(

1
2
− β

)
Ük+θ1 + βÜk+1

]
(13)

U̇k+1 = U̇k+θ1 + (θ2∆t)
[
(1 − γ)Ük+θ1 + γÜk+1

]
(14)

The determination of θ1 and θ2 required to obtain fourth-order accuracy is presented
in details in Section 3.2. The other sub-stepping procedures based also on the Newmark
method mentioned in the Section 1 to develop high-order time integration methods are
briefly described here for comparison purposes (only fourth-order accurate schemes are
considered). For instance, the sub-steps of Tarnow and Simo [19] (Figure 1a) can be applied
to the Newmark family to achieve fourth-order accuracy; however, the critical time step for
the classical Central Difference method (i.e., γ = 1/2 and β = 0) is reduced as described
in Souza et al. [36]. On the other hand, instead of computing the sub-steps sequentially at
the time instants tk+θ1 , tk+θ1+θ2 and tk+θ1+θ2+θ3 as the Tarnow and Simo procedure, Fung’s
sub-stepping procedure [20] (Figure 1b) consists of linearly combining the solutions at
the three time instants tk+θ1 , tk+θ2 and tk+θ3 , allowing the solution of each sub-step to be
compute simultaneously. However, it does not directly assure fourth-order accuracy for
a general load case and requires modifying the load function by first approximating it as
a polynomial by then applying a correction in the cubic term. Conversely, in this paper,
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we propose a more direct and straightforward approach as sketched in Figure 1c (using
the implicit Newmark method) which preserves the order of accuracy in forced responses
without any type of modification into the load function. This approach was previously
investigated with the explicit Central Difference (CD) method [36], where the proposed
approach increased the critical time step by 73% and achieved computational efficiency
and numerical accuracy comparable to the most efficient fourth-order methods reported in
the literature.

Figure 1. Schematic representation of some sub-steps for achieving fourth-order accuracy in the
Newmark time integration method: (a) Tarnow and Simo [19], (b) Fung [20], and (c) proposed
sub-steps.

3.1. Single Degree of Freedom

To investigate and compare the numerical properties of the proposed time integration
method, we apply the modal decomposition procedure [2,3] by using the modal trans-
formation U(t) = Φu(t) with Φ ∈ RN×N being the undamped modal matrix whose
columns are the eigenvectors, and u : I → RN stands for the modal generalized dis-
placement vector. The modal matrix is constructed such that the orthogonal properties
ΦTKΦ = diag

[
ω2

1 , . . . , ω2
j , . . . , ω2

N

]
and ΦTMΦ = I (I ∈ RN×N stands for the identity

matrix) are satisfied, in which ωj is the jth natural frequency of the system. In this way,
considering proportional damping, we can transform Equation (1) into a set of decoupled
SDOF equations (modal equations) of the following form (hereafter, to simplify the notation,
the jth modal index is dropped):

ü(t) + 2ξωu̇(t) + ω2u(t) = f (t) (15)

where ξ ∈ [0, 1) is the physical damping ratio, ω = 2π/T with T being the natural period,
u : I → R is the generalized displacement, while f : I → R is the load function that arises
after the transformation.

In this way, it is sufficient to investigate the numerical properties of the time integration
method by comparing the numerical solution with the analytical one of such a SDOF model.
To this end, the displacement and velocity responses of the SDOF system can be obtained
analytically using the Green’s function [39] according to the following expressions written
in a step-by-step form [1]:

[
uk+1

u̇k+1

]
=

[
ġ(∆t) + 2ξωg(∆t) g(∆t)
g̈(∆t) + 2ξωġ(∆t) ġ(∆t)

]
︸ ︷︷ ︸

A(∆t)

[
uk

u̇k

]
+



∆t∫
0

g(∆t − τ) f (tk + τ)dτ

∆t∫
0

ġ(∆t − τ) f (tk + τ)dτ


︸ ︷︷ ︸

L(∆t,tk)

(16)

where g(t) = e−ξωt sin(ωdt)
ωd

for 0 ≤ ξ < 1 and ωd = ω
√

1 − ξ2; besides, A(∆t) ∈ R2×2

stands for the amplification matrix, and L(∆t, tk) ∈ R2 is the so-called load opera-
tor vector, which accounts for the particular solution (or forced response) through the
convolution integrals.
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Conversely, numerical counterparts of the amplification matrix and the load operator
vector obtained by the Newmark method can be defined as [3]

AN(∆t) = A1(∆t)−1A2(∆t) (17)

LN(∆t, tk) = A1(∆t)−1

[
∆t2

2 ((1 − 2β) f (tk) + 2β f (tk + ∆t))
∆t((1 − γ) f (tk) + γ f (tk + ∆t))

]
(18)

where

A1(∆t) =

[
1 + ∆t2βω2 2∆t2βξω

∆tγω2 1 + 2∆tγξω

]
(19)

A2(∆t) =

[
1 − ∆t2

2 (1 − 2β)ω2 ∆t(1 − ∆t(1 − 2β)ξω)

−∆t(1 − γ)ω2 1 − 2∆t(1 − γ)ξω

]
(20)

The amplification matrix and the load operator vector for the method proposed in this
paper are written as follows (the superscript 2 of N2 refers to the use of two sub-steps in
the Newmark method):

AN2(∆t) = AN(θ2∆t)AN(θ1∆t) (21)

LN2(∆t, tk) = AN(θ2∆t)LN(θ1∆t, tk) + LN(θ2∆t, tk+θ1) (22)

where AN(·) ∈ R2×2 and LN(·, ·) ∈ R2 are given by Equation (17) and Equation (18),
respectively.

In addition to the classical Newmark method, for comparison purposes, we also
consider the two complex sub-stepping procedure of Fung (Figure 1b) that combines
linearly the solutions in the sub-steps [20] and the procedure of three real sub-steps of
Tarnow and Simo [19] applied to the Newmark method to achieve fourth-order accuracy,
which are called hereafter only as Fung method and Tarnow and Simo method, respectively.
The amplification matrix and load operator vector of the Tarnow and Simo method [19] are
given by

ATS(∆t) = AN(θ3∆t)AN(θ2∆t)AN(θ1∆t) (23)

LTS(∆t, tk) = AN(θ3∆t)AN(θ2∆t)LN(Θ1∆t, tk) + AN(θ3∆t)LN(Θ2∆t, tk+Θ1)+

LN(Θ3∆t, tk+Θ2) (24)

where Θj = ∑
j
i=1 θi and θ1 = θ3 = α, θ2 = 1 − 2α, with α = (2 + 21/3 + 2−1/3). Conversely,

the amplification matrix and load operator vector of the Fung method [20] are written as

AF(∆t) =
3

∑
i=1

αi[AN(θi∆t)] (25)

LF(∆t, tk) =
3

∑
i=1

αi[LN(θi∆t, tk)] (26)

where αi is the weight for the solution in the sub-step θi. The Fung sub-steps that presented
lower dispersion and dissipation measures assume the following complex values: α1 = 1,
α2 = i

√
3, α3 = −i

√
3, θ1 = 0, θ2 = (3 − i

√
3)/6, and θ3 = (3 + i

√
3)/6 considering the

Newmark parameters as γ = 1/2 and β = 1/4 (trapezoidal rule).

3.2. Requirements for Fourth-Order Accuracy

To ensure p-order accuracy globally, the difference between Taylor series expansions
of the analytical and numerical amplification matrices as well as load operator vectors
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must be of order O(∆tp+1) locally. The analytical amplification matrix can be found in
Equation (16) and the numerical amplification matrix with two sub-sequentially substeps
of Equation (21) can be written as

AN2(∆t) = A1(θ2∆t)−1A2(θ2∆t)A1(θ1∆t)−1A2(θ1∆t) (27)

with A1(∆t) and A2(∆t) given in Equation (19) and Equation (20), respectively.
To simplify the demonstration, the first sub-step θ1 = θ is used to rewrite the second

one as θ2 = 1 − θ; besides, to reduce the complexity of expressions, ξ = 0 is initially
assumed and later generalized for any value of ξ. In this way, the difference between Taylor
series expansions of the analytical amplification matrix (see Appendix A) and numerical
one of the proposed approach (Equation (27)) for ξ = 0 can be concisely written as

A(∆t)− AN2(∆t) =

[
0 0
0 r2(γ, θ)

]
ω2∆t2

2!
+

[
0 r3,a(γ,β,θ)

ω

ωr3,b(γ, θ) 0

]
ω3∆t3

3!
+[

r4,a(γ, β, θ) 0
0 r4,b(γ, β, θ)

]
ω4∆t4

4!
+O(∆t5) (28)

where the auxiliary functions r2(γ, θ), r3,a(γ, β, θ), r4,a(γ, β, θ), r4,b(γ, β, θ) are introduced
for conciseness and are given by

r2(γ, θ) =(2γ − 1)(1 + 2θ(θ − 1)) (29)

r3,a(γ, β, θ) =3θ(1 − θ)(1 + (2γ − 1)θ) + 6β(1 + 3θ(θ − 1))− 1 (30)

r3,b(γ, θ) =1 + 3(θ − 1)θ2 − 3γ
(

1 − θ − θ2 + 2θ3
)

(31)

r4,a(γ, β, θ) =1 + 6(θ − 1)θ2(1 + (2γ − 1)θ)− 12β
(

1 − 2θ + 2θ3
)

(32)

r4,b(γ, β, θ) =1 − 12γθ(θ − 1)2(1 + (2γ − 1)θ)

− 24β
(

γ − (θ − 1)θ3 + 2γθ(θ − 1)(2 + (θ − 1)θ)
)

(33)

The method is second-order accurate if r2(γ, θ) = 0, and hence, the roots of such a
polynomial equation lead to the following two possible solutions:

γ =
1
2

(34)

θ =
1 ± i

2
(35)

Here, the first solution (γ = 1/2) determines a possible value of the Newmark
parameter, while the second solution (θ = (1 ± i)/2) determines a possible value for
the sub-steps required to attain second-oder accuracy. By substituting the first solu-
tion (Equation (34)) into Equations (30) and (31), and noting that the resulting poly-
nomial r3,b(1/2, θ) = −1/2(1 + 3(−1 + θ)θ) depends solely on θ and r3,a(1/2, β, θ) =

(−1 + 6β)(1 + 3(−1 + θ)θ), the roots with respect to θ of the equations r3,a(1/2, β, θ) = 0
and r3,b(1/2, θ) = 0 to ensure third-order accuracy are equal and can be readily
computed, yielding

θ =
3 ± i

√
3

6
(36)

In this way, θ = 3±i
√

3
6 are the possible sub-steps for the first solution. Once all possible

values for the sub-steps have been computed, one can proceed the demonstration with
respect to the other parameters γ and β by analyzing the conditions which render the
polynomial functions r2(γ, θ), r3,a(γ, β, θ), r3,b(γ, θ), r4,a(γ, β, θ) and r4,b(γ, β, θ) identically
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zero at least for the real part, a sufficient condition to guarantee fourth-order accuracy for
the real response. Therefore, for the first solution (Equations (34) and (36)), one obtains
the following:

r2

(
1
2 , 3±i

√
3

6

)
= 0

r3,a

(
1
2 , β, 3±i

√
3

6

)
= 0

r3,b

(
1
2 , 3±i

√
3

6

)
= 0

r4,a

(
1
2 , β, 3±i

√
3

6

)
= ±i (−1+4β)√

3

r4,b

(
1
2 , β, 3±i

√
3

6

)
= ±i (1−4β)√

3

(37)

Therefore, the conditions r4,a

(
1
2 , β, 3±i

√
3

6

)
= 0 and r4,b

(
1
2 , β, 3±i

√
3

6

)
= 0 are satisfied

only when β = 1/4. However, for any other real value of β, these terms are imaginary
numbers, including the case of β = 0 [36]. Hence, this family of methods maintains the
fourth-order accuracy for the real (physical) response for all β ∈ R.

On the other hand, by maintaining both γ and β in the analysis for the second solution
(Equation (35)), one has

r2

(
γ, 1±i

2

)
= 0

r3,a

(
γ, β, 1±i

2

)
= −1 − 3β + 3

2

(
1 +

(
1
2 ± i

2

)
(−1 + 2γ)

)
r3,b

(
γ, 1±i

2

)
=

(
1
4 ∓ 3i

4

)
± 3iγ

2

r4,a

(
γ, β, 1±i

2

)
= − 1

2 + (6 ± 6i)β ∓ 3iγ

r4,b

(
γ, β, 1±i

2

)
= 1 ± 3iγ − 6γ2 + 6β(∓i + 2γ)

(38)

Thus, from the equation r3,b

(
γ, 1±i

2

)
= 0 one readily finds the value of γ, and then

substituting in the equation r3,a

(
γ, β, 1±i

2

)
= 0 the value of β is found subsequently,

leading to

γ =
3 ± i

6
and β =

1 ± i
12

(39)

Now expanding r4,a

(
γ, β, 1±i

2

)
and r4,b

(
γ, β, 1±i

2

)
with the found parameters of γ and

β (Equation (39)) we have

r4,a

(
3 ± i

6
,

1 ± i
12

,
1 ± i

2

)
= −3

4
r4,b

(
3 ± i

6
,

1 ± i
12

,
1 ± i

2

)
= ± i

2
(40)

which are also imaginary numbers and thus this method is also fourth-order accurate for
the real response.

In summary, the values of the Newmark parameters and the sub-steps for the two
solutions are presented in Table 1. Moreover, Figure 2 provides a schematic representation
of the sub-steps with their corresponding values for both the first and second solutions,
as well as those of the Fung method. In this figure, the solid lines represent the time
marching with some complex sub-steps. The dashed line represent the combined solution
with the sub-steps of Fung. In the sub-steps of the first and second solution, the sub-steps
are executed sub-sequentially with the two sub-steps θ1 and θ2. The solutions in the first
quadrant of the complex plane are distinct, however, equivalent methods of the ones in the
fourth quadrant. The Fung time marching in both quadrants is the same method, although
executed independently. For constructing the solution in the time step ∆t, as represented in
the dashed line, the solutions in each of the three time sub-steps are combined with their
respective weights.
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Table 1. Roots of Equations (29)–(31) (conjugates of the sub-steps and parameters are also an
equivalent solution).

Solution θ1 θ2 γ † β
Amplification

Matrix
Load Operator

Vector

1st-sol. 1
2
+

√
3

6
i

1
2
−

√
3

6
i

1
2

β ∈ R Fourth order Fourth order

2nd-sol. 1
2
+

1
2

i
1
2
− 1

2
i

1
2
+

1
6

i
θ1

6
Second order * Second order *

* If ξ = 0 the 2nd solution is also fourth-order accurate. † For different values of γ, the 1st sol. is first-order
accurate, whereas the 2nd sol. remains second-order accurate.

Fung

2 solution
nd

1 solution
st

α2

α1

α3

θ2

θ3

θ1
θ2

θ1
θ2

θ1

θ2

θ1

θ2

θ1

Figure 2. Proposed complex sub-steps and Fung complex sub-steps (Θj = ∑
j
i=1 θi).

Finally, it remains to demonstrate whether the first solution (1st) and second solu-
tion (2nd) are also fourth-order accurate for any damping ratio value. In this way, the
difference between the Taylor series expansions of the analytical amplification matrix (see
Appendix A) and the numerical one of the proposed approach (Equation (21)), now for an
arbitrary ξ for the first solution according to the sub-steps and parameters in the first line
of Table 1, can be written as

A1st
N2(∆t)− A(∆t) =

i(4β − 1)√
3

[
1 − 4ξ2 4ξ(1 − 2ξ2)/ω

2ξω 4ξ2 − 1

]
ω4∆t4

4!
+

[
O(∆t5) O(∆t5)

O(∆t5) O(∆t5)

]
(41)

whereas for the second solution (see the sub-steps and parameters in the second line of
Table 1), one obtains

A2nd
N2 (∆t)− A(∆t) =

1
18

[
d11 d12

d21 d22

]
ω4∆t4

4!
+

[
O(∆t5) O(∆t5)

O(∆t5) O(∆t5)

]
(42)

where

d11 = 24(1 + 2i)ξ2 − 3i (43)

d12 = ξ
[
(2 + 7i)− 8(1 + 2i)ξ2

]
/ω (44)

d21 = (1 + i)
[
12(1 + 2i)ξ + 16(1 − 5i)ξ3

]
ω − 48ξ2

∆t
(45)

d22 = 4i
[
2(13 + 9i)ξ2 − 16(3 + 2i)ξ4 − 3

]
+

ξ(1 − 4ξ2)

ω∆t
(46)
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showing that only the first solution consistently achieves fourth-order accuracy for the
real response regardless of the ξ and β values, since Equation (42) regarding the second
solution exhibits real terms for ξ ̸= 0. In fact, for ξ = 0, Equations (41) and (42) reduce to
Equation (28) taking into account Equation (37) and Equation (38), respectively.

In order to demonstrate the accuracy order of the load operator vector for any value of
ξ, we assume tk = 0 for simplicity, without loss of generality, and a Taylor series expansion
around t = tk = 0 of a given force function sufficiently continuous such that one can
write f (t) = f (0)0 + f (1)0 t + f (2)0 t2/2 + f (3)0 t3/3! + f (4)0 t4/4! +O(t5) for t ∈ [0, ∆t], where

f (i)0 ≡ f (i)(0). Then, the Taylor series expansions of the analytical load operator vector in
Equation (16) after substituting the expressions for the analytical Green’s function and its
time derivative can be written as

L(∆t, 0) =
3

∑
i=0

[
fi−1

fi

]
∆ti+1

(i + 1)!
+

[
O(∆t5)

O(∆t5)

]
(47)

where fi = f (i)0 − 2ξω f (i−1)
0 + ω2(4ξ2 − 1) f (i−2)

0 − 4ξω3(2ξ2 − 1) f (i−3)
0 , with f (i)0 = 0 for

i < 0.
After performing Taylor series expansions of the numerical load operator vector

(Equation (22)) for the first solution (1st) and second solution (2nd), the corresponding
differences from the expansions of the analytical load operator (Equation (47)) are given,
respectively, by

L1st
N2(∆t, 0)− L(∆t, 0) =

i
24
√

3

[
(1 − 4β) f2

(1 − 4β)ω2 f1 +
1
3 f (3)0

]
∆t4 +

[
O(∆t5)

O(∆t5)

]
(48)

L2nd
N2 (∆t, 0)− L(∆t, 0) = − ξω

18

[
0
f1

]
∆t3 +

ξω

36

[
f1

f2 − f1

]
∆t4+

+
i

144

[
ω2(16ξ2 − 3) f (0)0 − 8ξω f (1)0 + 3 f (2)0

2ξω3(16ξ2 − 9) f (0)0 + ω2(6 − 16ξ2) f (1)0 + 6ξω f (2)0 − 3 f (3)0 )

]
∆t4 +

[
O(∆t5)

O(∆t5)

]
(49)

In Equation (48) the terms of order ∆t4 are imaginary numbers. As a consequence, the
load operator vector of the first solution effectively yields fourth-order accuracy (the same
of its amplification matrix) for any value of β ∈ R, including damped cases. However, the
real terms of order ∆t3 and ∆t4 in Equation (49) reveal that the load operator vector for the
second solution assures fourth-order accuracy only for the undamped case, otherwise the
second solution becomes second-order accurate. In summary, the order of convergence of
the first and second solutions is presented in Table 1.

The family of time-stepping methods with the two complex sub-steps of the first
solution given in Equation (36) (adopting either θ1 = (3 + i

√
3)/6 and θ2 = (3 − i

√
3)/6

or θ1 = (3 − i
√

3)/6 and θ2 = (3 + i
√

3)/6, with both approaches being equivalent) is
named hereafter as Newmark2. Similar to the Newmark method, it has two free parameters,
γ and β.

For instance, by adopting γ = 1/2 and β = 0, the Newmark2 method reproduces the
CD2 method [36] and when γ = 1/2 and β = 1/4 the method is spectrally equivalent to
the fourth-order Fung method with complex sub-steps [20].

However, different from the complex sub-steps of Fung [20], the proposed method
maintains fourth-order accuracy in the forced response without any further procedures.
Moreover, it is worth noting that the proposed method, as opposed to the complex
sub-steps of Fung, yields a solution in the complex plane (domain), where the real part
represents the physical response, whereas the imaginary part reflects a numerical artifact
resulting from the truncation error. The imaginary part can be discarded if not required.
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However, this novel feature may provide insightful information related to numerical
errors in the solution. Strictly speaking, the relation between the imaginary component
and the numerical errors arises because as the numerical physical response converges,
the imaginary response tends to vanish (the former at the fourth-order rate and the
latter at third-order rate according to Equation (41) and Equation (48), respectively).
Furthermore, the imaginary component in the amplification matrix vanishes for β = 1/4
in the first solution as commented previously, and it is only presented in the load
operator vector (particular solution). However, the imaginary component of the load
operator is still tied to the overall numerical errors. This occurs because Equation (16),
considering the corresponding numerical amplification matrix and load operator vector,
is applied recurrently (see also Equations (23) and (24)) and, therefore, the real errors of
the amplification matrix will be multiplied by the complex errors from the previous time
steps originated from the particular solution (or forced response) which possesses an
imaginary component. A detailed study of the complex response in a time integration
method is presented in Souza et al. [36].

3.3. Stability Analysis

The spectral radius of the amplification matrix is used to accomplish the stability
analysis of the time-marching schemes of the Newmark2 family. The spectral radius can be
defined as ρ(A) = max

i
|λi(A)|, with the eigenvalues given by

λ1,2(A) = A ±
√

A2 − B (50)

for A ∈ R2×2, where A = tr(A)/2 and B = det(A).
By computing the Newmark2 spectral radius ρ(AN2) from Equations (21) and (50) and

recalling the sub-steps of the first solution presented in Table 1, we plot the stability region
(i.e, ρ(AN2) ≤ 1) in Figure 3 as a function of γ, β, and ∆t/T for ξ = 0. The stability region
of Figure 3 is very close to the classical Newmark method (opaque region in Figure 3), but
with an extended conditional stability region (transparent region in Figure 3). For a deeper
comprehension of the stability behavior, consider the spectral stability as a function of the
Newmark parameters γ and β presented in Figure 4a and the spectral stability for γ = 1/2
in Figure 4b (slices in Figure 3 in ∆t/T → ∞ and γ = 1/2, respectively). These figures
show that the proposed method (as the classical Newmark method) is unstable for γ < 1/2
(blue region in Figure 4a, where ρ(AN2) > 1 ∀∆t/T), unconditionally stable for γ ≥ 1/2
and β ≥ γ/2 (green regions in Figure 4, where ρ(AN2) ≤ 1 ∀∆t/T), and conditionally
stable for γ ≥ 1/2 and β < γ/2 (orange regions in Figure 4, where ρ(AN2) ≤ 1 ∀∆t ≤ ∆tcr).
However, the critical time step for the conditionally stable region of the Newmark2 with
ξ = 0 is given by

∆tcr

Tmin
=

1
π

√
3

2γ − 4β
(51)

which is higher than the critical time step of the classical Newmark method by a factor of√
3 (see Figure 4b).
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Figure 3. Improved Newmark2 stability region over the classical Newmark method for ξ = 0.

(a) (b)

Figure 4. Spectral stability region of the Newmark2 method for ξ = 0 as a function of (a) γ and β;
and (b) β and ∆t/T for γ = 1/2 (fourth-order accuracy).

As a consequence, the Central Difference method (γ = 1/2 and β = 0), Fox and
Goodwing method (γ = 1/2 and β = 1/12) and linear acceleration method (γ = 1/2
and β = 1/6), represented in the orange points in Figure 4a [2,3], as any other method
within the Newmark family with γ = 1/2, become fourth-order accurate with a higher
stability limit. This increase in the stability is also depicted in Figure 4b, where the orange
dashed line represents the critical time step of the Newmark family and the continuous
one the critical time step of the Newmark2 for the parameters γ = 1/2 and β < 1/4.
Observe also the increase in the stability region (i.e., in the critical time step value) for
γ ∈ (1/2, 1) and β < γ/2 in the transparent and solid regions of Figure 3, illustrating that
each conditionally stable scheme within the Newmark family exhibits an increase in the
stability limit by a factor of

√
3. Finally, it is readily verified that the unconditional stability
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for physical damping cases is assured as well. For instance, Figure 5 shows a comparison
of spectral radii for some values of ξ considering γ = 1/2 and β = 1/4, where the curves
associated with the Newmark² method exhibit greater proximity to the analytical ones than
those obtained using the Newmark and Tarnow and Simo methods. A summary of the
improvements for these members of the Newmark2 method over the original Newmark
method is presented in Tables 2 and 3.

0.001 0.010 0.100 1 10 100 1000

0.0

0.2

0.4

0.6

0.8

1.0

(a)

0.001 0.010 0.100 1 10 100 1000

0.0

0.2

0.4

0.6

0.8

1.0

(b)

Figure 5. Comparison of spectral radii as a function of the damping ratio ξ considering γ = 1/2 and
β = 1/4 among the analytical (· · · ), the Newmark method (- - -), and (a) the Newmark2 method (–);
and (b) the Tarnow and Simo method (–).

Table 2. Properties of well-known members of the Newmark family (including non-null load operator
vector and physical damping ratio).

Method Type γ β
Stability Condition

(∆tcr/Tmin)
Order of
Accuracy

Trapezoidal Rule (TR) Implicit 1/2 1/4 Unconditional 2

Linear Acceleration Implicit 1/2 1/6
√

3/π 2

Fox–Goodwin Implicit 1/2 1/12
√

3/2/π 2
Central Difference (CD) Explicit 1/2 0 1/π 2

Table 3. Properties of proposed members of the Newmark2 family (including non-null load operator
vector and physical damping ratio).

Method Type γ β
Stability Condition

(∆tcr/Tmin)
Order of
Accuracy

Trapezoidal Rule2 (TR2) Implicit 1/2 1/4 Unconditional 4
Linear Acceleration2 Implicit 1/2 1/6 3/π 4

Fox–Goodwin2 Implicit 1/2 1/12 3/(
√

2π) 4

Central Difference2 (CD2) Explicit 1/2 0
√

3/π 4

Similar to the Newmark method, in the Newmark2 method, it is only possible to intro-
duce numerical damping for γ > 1/2; however, the method becomes first-order accurate
only (see Section 3.2). Nevertheless, in many practical structural dynamic applications, the
numerical damping is unnecessary, meaning that a non-dissipative scheme is preferred.
In these cases, the classical Newmark method with γ = 1/2 is very well suited and, as
a consequence, the Newmark2 method as well because it inherits some of the classical
Newmark properties.
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For the proposed Newmark2 family of methods, the parameters can be selected with
an analogous perspective of the classical Newmark family, i.e., (i) γ = 1/2 is preferred
to maintain the fourth-order accuracy in the Newmark2 method (or second-order in the
Newmark method) and (ii) the family of methods with β < 1/4 are conditionally stable.
However, for β ≥ 1/4, the numerical errors increase with β. For this reason, in implicit
approaches, we recommend adopting β = 1/4 and γ = 1/2, i.e., the well-known trape-
zoidal rule (represented in the green point TR2 in Figure 4a and the green line in Figure 4b),
for achieving simultaneously unconditional stability, fourth-order accuracy, and very low
numerical errors. In problems where explicit approaches are well suited, we recommend
the parameter values β = 0 and γ = 1/2 to reproduce the recent explicit method proposed
in Souza et al. [36] (represented in the orange point CD2 in Figure 4a).

Until now, we have only discussed the stability concerning the sub-steps of the first
solution (Table 1). In order to study the stability of the second solution, in Figure 6, we
compare the spectral radius ρ(AN2) for the first and second solutions (Table 1). Figure 6
shows that the first solution increases the stability of the classical Newmark according to
Equation (51), whereas the second solution has a critical time step of ∆tcr/Tmin ≈ 0.557,
which is close to the critical time step of the first solution with β = 0. However, although
the second solution is also conditionally stable, the method cannot be implemented in
an explicit manner since β ̸= 0. Finally, it is important to stress that this work focuses
only on unconditionally stable fourth-order accurate methods for solving the structural
dynamic problems; therefore, further investigation of the second solution will not be
presented hereafter.

0.05 0.10 0.50 1
0

1

2

3

4

5

Figure 6. Spectral radii of the Newmark method with two sub-steps (—) compared to the classical
Newmark method (- - -) for ξ = 0.

3.4. Measurement Errors

Finally, to measure and compare the errors, the relative period elongation and numeri-
cal damping are calculated. The numerical damping ratio ξ̄ and numerical frequency ω̄ are
related to the complex eigenvalues of the amplification matrix according to the following
equation [3]:

λ1,2(A) = exp
(

ω̄∆t(−ξ̄ ± i
√

1 − ξ2)

)
(52)

From Equations (52) and (50) we obtain the following:

ω̄ =
Ω̄
∆t

(53)

ξ̄ = − ln ρ(A)

Ω̄
(54)
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where Ω̄ = 2π∆t/T̄ = arctan(
√
(B/A2)− 1)/

√
1 − ξ2.

The relative period elongation (or relative period error) can be calculated as [3]

PE =
T̄ − T

T
=

Ω
Ω̄

− 1 (55)

The numerical damping ratio and relative period elongation are calculated, respec-
tively, with Equations (54) and (55) for ξ = 0 and ξ = 0.2 considering the Tarnow and
Simo, Newmark2 and Newmark methods with the trapezoidal rule (the Fung sub-steps
shares the same amplification matrix of the Newmark2 method for the trapezoidal rule).
The results are presented in Figure 7, where we can observe that errors of the fourth-order
Newmark2 method are smaller than those of the second-order Newmark method or the
fourth-order Tarnow and Simo method. Even when the Newmark method uses a time step
four times smaller, or the Tarnow and Simo method uses a time step two times smaller,
they still exhibit more numerical errors than the proposed method. The use of complex
sub-steps leads to reduced numerical dissipation and dispersion measures that cannot be
achieved with real sub-steps. In addition, the proposed method, like the classic Newmark
method, have no numerical (algorithmic) damping for ξ = 0 and γ = 1/2.

0.05 0.10 0.15 0.20 0.25

0.000

0.005

0.010

0.015

(a)

0.05 0.10 0.15 0.20 0.25
-0.010

-0.008

-0.006

-0.004

-0.002

0.000

(b)

Figure 7. Numerical dissipation and dispersion errors for ξ = 0 (—) and ξ = 0.2 (- - -) considering
the trapezoidal rule: (a) relative period elongation and (b) numerical damping ratio.

3.5. Computer Implementation

The implementation of the new family of time integration methods that achieves
fourth-order accuracy based on the first solution developed in the previous subsections
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with γ = 1/2 and complex sub-steps according to Equation (36) in the Newmark’s family
is summarized in Algorithm 1. As can be observed, the proposed schemes are straight-
forwardly implemented into existing structural dynamics codes based on the classical
Newmark method by just calling the Newmark subroutine twice and sequentially to carry
out the computations required by the two complex sub-steps whitin each time step ∆t. It
should be noted that the computed displacement, velocity and acceleration solution vectors
consist of complex numbers, i.e., Uk+1, U̇k+1, Ük+1 ∈ CN , implying that the code must be
adapted to handle complex variables. Strictly speaking, the use of complex arithmetic
operations inevitably increases the overall computational cost. Nevertheless, for the small-
to medium-scale structural dynamic problems modeled, for instance, as truss, frame, and
beam, this is often not a concern in view of the high accuracy provided by the proposed
Newmark2 method. On the other hand, for large-scale problems, particularly those involv-
ing solid finite elements in 3D continua, the cost may become an issue on some applications,
and certain aspects of the algorithm should be considered.

Algorithm 1 Time integration with the implicit Newmark2 method

1: Calculate the initial acceleration vector Ü0 = M−1[F0 − CU̇0 − KU0].
2: Select the time-step size ∆t and the number of time steps n.
3: Select the complex sub-steps θ1 and θ2 of the 1st solution (Table 1) and the Newmark pa-

rameters γ and β (select γ = 1/2 for 4th order accuracy and β = 1/4 for unconditional
stability with lower numerical errors).

4: Calculate the complex-valued integration constants a0,j = θj∆t, a1,j = (1 − 2β)a2
0,j/2,

a2,j = (1 − γ)a0,j, a3,j = βa2
0,j and a4,j = γa0,j, with j = 1, 2.

5: Calculate the effective stiffness matrix Keff,1 = M + a4,1C + a3,1K and triangularize it
(for the second sub-step one readily obtains Keff,2 = Keff,1).

6: for k = 0, . . . , n − 1 do
(a) Newmark with the first sub-step: ▷ First sub-step

Uk+θ1
p = Uk + a0,1U̇k + a1,1Ük

U̇k+θ1
p = U̇k + a2,1Ük

}
Predictors ▷ Compute predictors at (k + θ1)∆t

Keff,1Ük+θ1 = Fk+θ1 − CU̇k+θ1
p − KUk+θ1

p ▷ Solve for accelerations at (k + θ1)∆t

Uk+θ1 = Uk+θ1
p + a3,1Ük+θ1

U̇k+θ1 = U̇k+θ1
p + a4,1Ük+θ1

}
Correctors ▷ Compute displacements and velocities at (k + θ1)∆t

(b) Newmark with the second sub-step: ▷ Second sub-step

Uk+1
p = Uk+θ1 + a0,2U̇k+θ1 + a1,2Ük+θ1

U̇k+1
p = U̇k+θ1 + a2,2Ük+θ1

}
Predictors ▷ Compute predictors at (k + 1)∆t

Keff,1Ük+1 = Fk+1 − CU̇k+1
p − KUk+1

p ▷ Solve for accelerations at (k + 1)∆t

Uk+1 = Uk+1
p + a3,2Ük+1

U̇k+1 = U̇k+1
p + a4,2Ük+1

}
Correctors ▷ Compute displacements and velocities at (k + 1)∆t

Print the solutions ℜ(Uk+1, U̇k+1, Ük+1)
(
and ℑ(Uk+1, U̇k+1, Ük+1) if required

)
.

7: end for

An important aspect of the method is that the sub-steps are complex conjugate
numbers, and therefore the effective stiffness matrices are also complex conjugates (i.e.,
Keff,2 = Keff,1). This feature reduces the overall computational cost by eliminating the
need to triangularize an additional effective stiffness matrix, since the conjugate of the first
effective stiffness matrix factorization can be reused for the second sub-step. Although
not common in time-domain analyses, the system of equations with complex numbers
frequently appears in structural dynamics, particularly in the frequency domain [40],
as well as in other fields like electromagnetics [41,42]. In addition, recent solvers often
supports complex-valued systems [42]. Thus, significant advancements in solving this
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complex-valued system efficiently have been accomplished using both direct and iterative
solvers [42]. The effective stiffness complex-valued matrix Keff,1 ∈ CN×N of Algorithm 1
can, in principal, be converted into an equivalent real-valued matrix by doubling its dimen-
sions, i.e., K̃eff,1 ∈ R2N×2N (the reader is refereed to Higham [43] and Marioni et al. [44]
for a more in-depth discussion of such a conversion). Hence, it follows that computing
the solution of a linear system with N complex equations is equivalent of solving a real
system with 2N equations. However, as pointed out by Higham [43], who focused on
direct solvers, true complex formulation outperforms the equivalent real approaches for
solving complex-valued linear systems. In fact, nowadays, many robust solvers such as
PARDISO (PARallel DIrect SOlver) and MUMPS (MUltifrontal Massively Parallel Sparse
direct Solver) can handle the solution of sparse complex linear systems of equations directly
in an efficient manner using modern parallel architectures [42].

It is noteworthy, that in the complex Fung method, the solutions on conjugate sub-
steps are computed independently (Figure 2), allowing the response corresponding to
one sub-step to be obtained directly from the other without recomputing the system, thus
reducing the computational effort. However, for large-scale problems, the computational
cost is heavily dominated by the factorization of the effective stiffness matrix. Although
the computational effort to compute the factorization of complex-valued matrices requires
about three times the computational effort to compute the factorization of real matrices
on modern computer architectures [45], the proposed method mitigates this overhead
through a key algorithm to perform only a single matrix factorization. In this sense, an
analytical comparison of the computational effort can be established based on floating-point
operations (FLOPs) for solving large-scale problems. If the FEM matrices are assumed to
be Nb-banded and recalling that N is the number of DOFs, a Cholesky decomposition in
methods with a single symmetric real-valued stiffness matrix, like the Newmark method,
requires approximately NN2

b FLOPs. In contrast, methods that utilizing a single complex-
valued stiffness matrix require about 3NN2

b FLOPs for the factorization. Finally, unlike the
Fung method or any other unconditionally stable time integration method, an additional
important aspect stems from the fact that the imaginary component of the computed
solution vectors, i.e., ℑ(Uk+1, U̇k+1, Ük+1) can be employed as an indicator of the errors in
the solution as analyzed later in the numerical examples.

4. Numerical Experiments
In what follows, to illustrate the performance of the proposed method and validate the

theoretical findings, we solve and analyze two numerical examples using the Newmark,
Newmark2, Tarnow and Simo, and Fung methods as described in Section 3, all employing
the trapezoidal rule (i.e., γ = 1/2 and β = 1/4). In these problems, we do not modify the
external load vector to adjust it to a specific time integration method, unlike the procedure
discussed in Fung [20]; instead, the load vector is directly applied as usual. The first
example considers a simple frame structure with rigid beams and inextensible columns,
introduced to demonstrate the order of accuracy in the presence of external load and
physical damping. The second example deals with a 3D elastodynamic model discretized
by the finite element method. Only the real part of the computed solutions is considered
in the graphics, unless explicitly stated otherwise, thereby always avoiding the use of
the notation ℜ(·) when plotting solutions. Moreover, the imaginary component in the
examples arises only due the load operator, since we use β = 1/4, which leads to a
real-valued homogeneous solution and a complex-valued particular solution according to
Section 3.2.
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4.1. Shear Building

In this first example, in order to present the performance of the proposed method, in a
general case, including external forces and physical damping, as theoretically demonstrated
in Section 3.2, we analyze a four-floor shear building, as illustrated in Figure 8, described
by the following initial-value problem with null initial conditions:


m1 0 0 0
0 m2 0 0
0 0 m3 0
0 0 0 m4




Ü1(t)
Ü2(t)
Ü3(t)
Ü4(t)

+


c11 c12 0 0
c21 c22 c23 0
0 c32 c33 c34

0 0 c43 c44




U̇1(t)
U̇2(t)
U̇3(t)
U̇4(t)

+

+


k1 + k2 −k1 0 0
−k1 k2 + k3 −k3 0

0 −k3 k3 + k4 −k4

0 0 −k4 k4




U1(t)
U2(t)
U3(t)
U4(t)

 =


0
0
0

f4(t)

 (56)

with m1 = m2 = m3 = m4 = 1, k1 = 40, k2 = 35, k3 = 30, k4 = 25, and f4(t) = sin(t), whereas
entries cij of the proportional damping matrix correspond to the Rayleigh coefficients of 0.2
and 0.002 for the mass and stiffness matrices, respectively (damping ratio of approximately
2% and 5% into the higher and lower modes of the system, respectively).

f4(t)
m4

m3

m2

m1

k4

k3

k2

k1

Figure 8. Shear building model with four stories.

We compute both the displacement, velocity, and acceleration vectors considering
various time-step sizes to analyze the corresponding convergence rates with the Euclidean
norm at the time instant tn = 12. The analytical solution vector Ua(t) is obtained by
decoupling the system through modal analysis and solving each SDOF equation analytically
according to Equation (16). The maximal and minimal periods of the system are given
by Tmin ≈ 0.589 and Tmax ≈ 3.059. Figure 9 presents the solution of the displacement,
velocity, and acceleration and Figure 10 presents the convergence rate, including the
imaginary component. The results are in perfect agreement with the theoretical predictions
of Section 3. Figure 9 shows that the second-order Newmark and the fourth-order Tarnow
and Simo methods fail to produce accurate results for ∆t = 0.6. Only the fourth-order
Newmark2 and Fung methods yield accurate results for this time-step size and time range
of analysis. However, in this example, the Fung method becomes second-oder accurate for
the displacement, velocity and acceleration results, while the other methods preserve the
same order of accuracy of their amplification matrices as can be observed in Figure 10a–c.
Furthermore, the proposed Newmark2 method provides an imaginary component in
the solution that is related to its numerical errors. This is a novel numerical property,
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studied recently by Souza et al. [36]. The relation arises because, as the numerical response
converges to the analytical one, the imaginary component approaches to zero with a global
convergence rate of 3 (see Figure 10d), which is in agreement with Equation (48), which
exhibits local terms of order ∆t4.

0 2 4 6 8 10 12

-0.2

-0.1

0.0

0.1

0.2

(a)

0 2 4 6 8 10 12

-0.3

-0.2

-0.1

0.0

0.1

0.2

(b)

0 2 4 6 8 10 12

-0.3

-0.2

-0.1

0.0

0.1

0.2

0.3

(c)

Figure 9. Time-history results of the fourth floor: (a) displacement, (b) velocity, and (c) acceleration.
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Figure 10. Convergence rates of the (a) displacement, (b) velocity, (c) acceleration, and (d) their
respective imaginary components. The numbers inside the small gray triangles (1, 2, and 4) are slope
indicator that directly represents the order of accuracy of the numerical method.

4.2. Three-Dimensional Structure

Consider a perforated solid with the base fixed, null initial conditions, and subjected to
a lateral dynamic loading as illustrated in Figure 11 [31,46]. The dimensions are indicated
in the figure with a = 2 m. The material properties are Young’s modulus E = 2 × 108 Pa,
mass density ρ = 2 × 104 kg/m3, and Poisson’s ratio ν = 0.2. The variation of the load
with respect to time is given by

f (t) =

P sin3
(

πt
2t0

)
, t ∈ [0, t0]

P, t > t0

(57)

with P = 104 Pa and t0 = 0.3 s.

x
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z
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f

1a

(a) (b)

0.0 0.5 1.0 1.5 2.0

0

2

4

6

8

10

(c)

Figure 11. Three-dimensional structure model: (a) boundary conditions and geometry definitions,
(b) 3D finite element mesh, and (c) dynamic loading function.
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The domain is discretized into 274,050 linear tetrahedron elements, and the solution
is computed up to t f = 40 s. Figure 12 presents the results of the displacement and
velocity at point A(2a, 6a, a) in the x direction for the first and last 4 s of the analysis. The
reference solution is computed with the Newmark method with a small time step of size
∆t = 1.5 × 10−3 s. Since we are using non-dissipative implicit time integration methods,
large time-step sizes are allowed. In this case, we choose to compare the methods with a
large time-step size of ∆t = 0.15 s. The proposed Newmark2 method achieves the most
accurate results. The Fung complex method, although spectrally equivalent to the proposed
Newmark2 method, cannot achieve accurate results, even in the beginning of the analysis
due to the error originated from the load operator (particular solution). Furthermore, for
a long time duration analysis, the classical Newmark method and even the fourth-order
method of Tarnow and Simo suffer from high period elongation.

0 1 2 3 4

0.000

0.005

0.010

0.015

0.020

(a)

36 37 38 39 40

0.000

0.005

0.010

0.015

0.020

(b)

0 1 2 3 4

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

(c)

36 37 38 39 40

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

(d)

Figure 12. Time-history results at point A(2a, 6a, a) of (a) displacement at t ∈ [0, 4] s and (b) t ∈ [36, 40] s;
(c) velocity at t ∈ [0, 4] s and (d) t ∈ [36, 40] s.

To further investigate the numerical features of the Newmark2 method, the error
and the imaginary part of the displacement at nodal point A(2a, 6a, a) are compared and
analyzed. To this end, the problem is resolved considering two additional smaller time steps
of sizes ∆t = 0.075 s and ∆t = 0.0375 s. Figure 13 shows the evolution of the error (defined
by the difference between the reference and the Newmark2 solutions) and the imaginary
part of the displacement along with the time. One can observe a strong correspondence of
the imaginary part to the error in the sense that both decrease with a reduction in time-step
size. It also shows that the imaginary part captures quite well the same behavior of the
error curve. In fact, although they are in phase, amplitudes do not coincide as expected
since the imaginary part is only related to the remainder in the Taylor series expansions of
the particular solution (see Equation (48)). Such behavior has already been observed in a
series of numerical examples presented and studied by Souza et al. [36]. Furthermore, to
better visualize the reduction in both the error and the imaginary part as ∆t decreases in
different scales, Figure 14 depicts a comparative analysis of the relative percentage error
at the end of the simulation (i.e., t f = 40 s), also considering the other methods. In this
way, the imaginary component may act as a tool that indicates whether accurate results are
being achieved.
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Figure 13. Time-history results at point A(2a, 6a, a) of (a) numerical errors of the displacement and
(b) imaginary component for t ∈ [0, 40] s.

Figure 14. Percentage relative error and imaginary part of the displacement at point A(2a, 6a, a) and
t = 40 s with ∆t = 0.15 s, ∆t = 0.075 s, and ∆t = 0.0375 s.

The key information in Figure 13 lies in the distribution of the error in the time domain
provided by the imaginary part as previously discussed. However, the relationship between
the magnitude of the imaginary part and the error, in addition to not being coincident,
varies for each degree of freedom. As a result, the spatial distribution of the error does
not always mirror that of the imaginary part due to the different scales encountered in the
imaginary component over the degrees of freedom. Nonetheless, at certain time instants, a
significant correspondence can still be observed; for example, the displacement errors at
t = 4 s shown in Figure 15.

(a) (b) (c)

Figure 15. Contours of the norm of the nodal components for (a) displacement, (b) absolute error,
and (c) imaginary part at t = 4 s.
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5. Conclusions
In this paper we present the Newmark2 family of methods based on the use of two

complex sub-steps into the well-known Newmark family for achieving fourth-order accu-
racy. We provide a detailed analysis of the method and found out that, like the Newmark
method, the trapezoidal rule results in an unconditionally stable algorithm with low nu-
merical errors and non-dissipative property. However, our proposed complex sub-steps
lead to an increase in the order of accuracy while improving the stability limit by

√
3 in

the conditionally stable schemes and significantly reducing numerical dissipation and
dispersion errors compared to the classical Newmark method. We also demonstrate that
the load operator vector of the proposed scheme inherently achieves the fourth-order
accuracy without additional procedures in problems involving external loads and physical
damping. Concerning the implementation, in addition to being simple to implement,
the conjugate sub-steps also yield conjugate effective stiffness matrices, and, thus, just
one factorization must be performed, while the other is simply its conjugate. This feature
reduces the computational effort, especially for large-scale problems.

In the numerical examples, the proposed method achieves more accurate results
than the fourth-order methods with the three real sub-steps of Tarnow and Simo and the
two complex sub-steps of Fung. In addition, the proposed method possesses the distinct
property of providing a complex response, where the real component is indeed the physi-
cal response, whereas the imaginary component provides additional information about
numerical errors and may be utilized as an indicator of accuracy in the computed results.

The main drawback of the proposed method is that it cannot retain its fourth-order
accuracy when algorithmic dissipation is introduced, resulting in a drop to first-order
accuracy, as also occurs with the classical Newmark method. Consequently, the Newmark2

method, like the Newmark one, is best suited for inertial problems, where the accurate
integration of the physically relevant low-frequency modes is prioritized over the filtering
of spurious high-frequencies, as well as for other discrete or continuous models, which
can be represented by a set of coupled second-order differential equations. In addition, the
performance of the proposed method under nonlinear conditions has not been investigated
in the present work and remains an open topic for future research. For future directions,
we aim to conduct a detailed analysis of the proposed method in nonlinear applications.
We also intend to explore the use of different Newmark parameters in each sub-step, the
use of other time integration schemes, as well as introducing numerical damping while
maintaining high-order accuracy.
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Appendix A. Taylor Series of the Analytical Amplification Matrix
The analytical expressions of the Green’s function and its time derivatives at the first

time step required us to evaluate the analytical amplification matrix A(∆t) (Equation (16))
are given by

g(∆t) =e−ξω∆t sin(ωd∆t)
ωd

(A1)

ġ(∆t) =
e−ξω∆t

ωd
(ωd cos(ωd∆t)− ωξ sin(ωd∆t)) (A2)

g̈(∆t) =
e−ξω∆t

ωd

((
ω2ξ2 − ωd

2
)

sin(ωd∆t)− 2ξωωd cos(ωd∆t)
)

(A3)

recalling that ωd = ω
√

1 − ξ2. Thus, after inserting Equations (A1)–(A3) into A(∆t),
the Taylor series expansions for all entries of the analytical amplification matrix can be
written as

A1,1 =1 − 1
2

ω2∆t2 +
1
3

ξω3∆t3 +
1

24
(1 − 4ξ2)ω4∆t4 +O(∆t5) (A4)

A1,2 =∆t − ξω∆t2 +
1
6
(4 − ξ2)ω2∆t3 +

1
6

ξ(1 − 2ξ2)ω3∆t4 +O(∆t5) (A5)

A2,1 =− ω2∆t + ξω3∆t2 +
1
6
(1 − 4ξ2)ω4∆t3 +

1
6

ξ(2ξ2 − 1)ω5∆t4 +O(∆t5) (A6)

A2,2 =1 − 2ξω∆t +
1
2
(4ξ2 − 1)ω2∆t2 +

2
3

ξ(1 − 2ξ2)ω3∆t3+

1
24

(1 − 12ξ2 + 16ξ4)ω4∆t4 +O(∆t5) (A7)
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