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Numerical Solution of Desiccation Cracks in Clayey Soils
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Definition: This entry presents the theoretical fundamentals, the mathematical formulation, and the
numerical solution for the problem of desiccation cracks in clayey soils. The formulation uses two
stress state variables (total stress and suction) and results in a non-symmetric and nonlinear system
of transient partial differential equations. A release node algorithm technique is proposed to simulate
cracking, and the strategy to implement it in the hydromechanical framework is explained in detail.
This general framework was validated with experimental results, and several numerical examples
were published at international conferences and in journal papers.

Keywords: desiccation cracking; hydromechanical coupling; unsaturated soil mechanics; release
node technique

1. Introduction

Crack produced by desiccation in clayey soils is a problem that has implications in
a wide range of ground-related fields. Geotechnical engineering, agriculture, mining,
radioactive waste storage, tailings reservoirs, gravity dams, and public buildings are all
affected by cracks due to desiccation [1–5].

The crack patterns that appear during desiccation are random, unique, and their
development depends on multiple factors. Experimental approaches and numerical contri-
butions have been made in the last 50 years [2,6–23]. Comprehensive state of the art was
published in the last decade [12,24].

The process of cracking due to desiccation in clayey soils is difficult to treat numer-
ically because the features involved are not well understood and they are dependent on
one another. The process of initiation and evolution of the cracks includes a desiccation
process first (a hydraulic process) and a process of shrinkage after (a mechanical pro-
cess). The hydraulic and the mechanical components of the problem are both nonlinear
processes. Most of the soil’s properties that affect the cracking process depend on the
suction (see definition of suction in Equation (3)) or moisture content values. The process is
hydromechanical and coupled. Adding to the complexity is the not-yet-well-understood
soil–atmosphere interaction. The mineral composition of the clay as well as the salts dis-
solved in the water could play a role in the process, but this influence is beyond the scope
of this hydromechanical formulation.

In the past, several approaches have been presented for dealing with this problem,
with models available for each phase. There are numerical approaches in the literature
based on the finite element method (FEM), the discrete element method (DEM), the distinct
element method (DiEM), the mesh fragmentation technique (MFT), the lattice spring model
(DLSM) [2,11,25–31], etc.

There is a model [32] that presents a relatively simple application of linear elastic
fracture mechanics (LEFM) to simulate tension cracks in soils. In that work, however, the
soil is not drying, and the fracture toughness can be determined in a relatively easy way at
the laboratory for the convenient water content of the specimen. Commercial codes, such
as FLAC® [33], based on the finite difference method have been applied for simulating the
curling of a high-plasticity clay subjected to desiccation with no restrictions and with no
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cracks [11]. Rodríguez et al. [2] developed a one-dimensional hydromechanical approach
to study the initiation of a crack during a desiccation process applied to mine wastes.
The model proposed by Trabelsi et al. [25] takes into account the heterogeneity of the
soil and uses as the main variable the porosity to study the initiation and propagation of
cracks in thin samples. The distinct element method proposed by Amarasiri et al. [27]
(Amarasiri et al., 2011) is an adaptation of the commercial code UDEC® [34] for analysing
desiccation cracks in soils. This approach uses an interface element to simulate the cracks
but does not calculate the flow in the porous media (the variation of water content with
time needs to be known). The discrete element method (DEM) has been used for the
simulation of crack desiccation in thin cylindrical specimens [26] using the commercial
code PFC3D® [35] in which the variation of the stiffness and the tensile strength was taken
into account and drying shrinkage was imposed on each aggregate at the micro-scale. The
mesh fragmentation technique [28] uses high-aspect-ratio elements between the standard
elements of a mesh making the model easily adapted to standard finite element programs.
The lattice spring model DLSM is a two-phase bond model [29]. Finally, there have been
several attempts to use simple models of particles connected by springs or viscoelastic
Maxwell elements [36].

The classical theories of continuum mechanics, unsaturated soil mechanics, and the
strength of materials and concepts in fracture mechanics are the preferable framework
when studying problems such as this. The mathematical problem that emerges from the
classical theories in this approach is resolved by the finite element method using material
parameters obtained from laboratory tests in a controlled environment. Then, the approach
is theoretical, experimental, and numerical (Figure 1).
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Figure 1. A theoretical, numerical, and experimental approach to the desiccation crack problem in
clayey soils.

In this entry, the flow in deformable porous media is resolved by the finite element
method with a u− p formulation [37]. A release-node technique is used to simulate the
cracking process. The capabilities of the approach have been published recently [24,38]. In
this approach, desiccation, shrinkage, and cracking are solved without imposing distribu-
tion or variation of water content. The system evolves from its initial conditions in suction
and displacements first. After a while, the first crack appears when the tensile strength is
reached at a point in the soil’s matrix. The release-node algorithm deals with the propaga-
tion of the cracks allowing changes in the suction at the boundaries at the new surfaces
created by the cracks. Any other technique discussed above to tackle the cracking process
can be implemented in the context of the general finite element hydromechanical model
proposed here. The more complex the fracture mechanics approach is, the more parameters
determined at the laboratory will be necessary and the more numerical instabilities will
have to be resolved when simulating the process.
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2. Mathematical Formulation and Numerical Solution for Desiccation Cracks in
Clayey Soils

Although the three main physical processes involved in the formation of drying
cracks (desiccation, shrinkage, and cracking) can be studied separately, to understand and
model the process, it is necessary also to consider the interactions and couplings between
them. Physically, the problem is coupled because the evaporation of water from the soil
matrix produces matrix suction, and this matrix suction produces shrinkage and cracking.
Shrinkage and cracking contribute to the desiccation process because deformation forces
move the water out of the soil matrix and cracks produce new boundaries that water can
use to evaporate.

Desiccation occurs because of a thermodynamical imbalance between the saturated soil
mass and the environment (involving mainly temperature and relative humidity), leading
to evaporation and water flow through the porous medium. When the process starts, the
environment induces suction at the soil–air boundary because the relative humidity of
the air is less than the relative humidity of the soil mass. For this reason, the suction is
a boundary condition of the hydromechanical problem and the suction gradient in the
soil specimen produces a flow of water through the porous medium towards the external
surface, resulting eventually in evaporation, while in the soil’s pores an evaporation–
condensation process occurs constantly. Desiccation is a non-adiabatic process because
energy is needed for the evaporation. This energy comes from external pressures and high
temperatures that, together with the soil’s shrinkage, produce changes of water pressure
and of suction. This hydromechanical coupling shrinkage-flow is governed by several well-
known physics laws: Darcy’s law relates the relative velocity between water and soil with
the hydraulic gradient and describes the movement of air when the pores are interconnected;
the air dissolution in water is governed by Henry’s law, and the diffusion of air in water
is governed by Fick’s law. The soil temperature decreases during desiccation when the
energy is taken from the soil. Under non-isothermal conditions, there are other effects,
such as Soret’s thermal diffusion of water vapours in the air, because of pressure gradients
produced by temperature gradients [39–41], vapor effusion, and Stefan’s flow [42].

When suction increases, capillary effects produce shrinkage, reducing the volume
of the soil specimen and reduction of the void ratio. This may happen in saturated or
unsaturated conditions. At the same time, the increasing suction gives consistency to the
solid matrix and increases the stiffness and the tensile strength [15,43,44]. If the deformation
is restricted, then, once the tensile strength is reached, cracking develops [9]. There are
three types of restrictions to shrinkage: (1) boundary conditions in displacements or
stresses (e.g., friction between different portions of soil or adherence with a soil container);
(2) concentration of stresses in the soil mass; or (3) heterogeneity or impurities in the soil
structure [45].

Desiccation cracks can appear in saturated and/or unsaturated conditions [12]. In fact,
at the beginning of the process, the behaviour of the soils is more similar to a liquid with no
tensile strength at all. Tensile strength develops because of the increment in suction when
the soil acquires consistency. The water loss produces increment in suction that induces
unidimensional vertical shrinkage, first, and a three-dimensional shrinkage when the soil
becomes stiffer. The changes in the soil properties during the process induce a change
in the boundary conditions at the contact between the soil and a container (e.g., loss of
adherence or crack formation). Physically, cracking is a boundary condition problem, and,
for this reason, a consistent approach must deal with this boundary condition more than
facing the problem from the constitutive point of view.

The model presented here is developed in terms of two separated stress variables,
suction and net stress, to have the main variables directly related to the experimental results.
The consequence of this choice is that coupling of the hydraulic and mechanical problems
is made through the material model, and the global system of equations obtained from the
finite element method is non-symmetric. Although this is only one of different approaches
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that can be chosen regarding this topic [46], the numerical results obtained show the present
election’s effectiveness.

In order to simplify the hydromechanical analysis, a mechanical constitutive model
with a nonlinear elastic relation based on the stress state surface [47,48] is chosen. With this
choice, the necessity of a complex stress point algorithm (plasticity model) can be avoided,
and an explicit integration scheme can be used. Of course, other plastic models, such as
Cam Clay, can be implemented within this general framework.

The hydraulic problem is relatively complex because of the highly nonlinear depen-
dence of the properties and parameters on suction [7,12,49]. Although the hydromechanical
analysis is at the core of the crack desiccation problem, it is crucial to have a solver for the
simulation of crack initiation and propagation. Cracks are macroscopic discontinuities in
the soil matrix that need to be implemented in the numerical formulation. In the present
model, a release-node technique is used to simulate the initiation and propagation of a
crack. This technique is relatively simple to implement and is effective to simulate the
cracks induced by desiccation as is demonstrated in [38]. With this method, the tensile
strength is the only parameter necessary to be determined in the laboratory. Although linear
elastic fracture mechanics (LEFM) has been proposed as an alternative approach [2,32,50],
the fracture parameters for soils are difficult to obtain in comparison, which is the reason
why the strength of material approach is preferable.

The model presented here is based on classical theories in the context of geotechnical
engineering and is consistent and relatively simple. This is preferable instead of adding ad-
ditional numerical items to solve this already complex problem. However, complexity can
be added gradually to include all the variables and factors that affect the physical process
and the numerical results (non-isothermal processes, intrinsic and extrinsic factors, etc.).

2.1. Mathematical Formulation

In the formulation presented, the soil is assumed to be unsaturated during cracking,
with negative (tensile) porewater pressure at the initial saturated or nearly saturated stage.
This is convenient because conventional unsaturated soil mechanics can be used. The unsat-
urated soil framework allows setting up a desiccation simulation fixing hydraulic (suction)
and mechanical (displacements) boundary conditions. Significant changes in hydraulic
and mechanical properties that should be treated as material nonlinearities for consistent
modelling are produced by changes in the degree of saturation [51]. This is particularity
important in the desiccation problem because changes in volume (shrinkage) and stresses
induced by the water loss in the soil mass are produced. There are three fundamental issues
during the process of desiccation in soils: (1) volume change associated with water loss;
(2) tensile and shear strength properties that depend on the saturation degree changes; and
(3) hydraulic behaviour depending on suction or saturation degree [46].

To simplify the numerical analysis, at least regarding the mechanical constitutive
relation, a nonlinear elastic model is chosen as an example in this entry. A set of parameters
for this material model can be found in Appendix A and results of the model in 2D in
Appendix B for Barcelona silty clay desiccated under controlled laboratory conditions [38].
This model is appropriate when the deformations are mainly volumetric, and the shear
deformation does not have much relevance (suction is a spherical tensor that induces
isotropic deformation). The hypotheses of the model include isothermal processes (the
phases are at the same temperature and constant in time), small and slow deformations
(infinitesimal quasi-static model), the medium is unsaturated and there are two fluid phases:
liquid (water) and gas (dry air and water vapour), the pressure of air is constant and equal
to zero (the air flows without resistance), and the state variables of the hydromechanical
problem are the displacement of the soil matrix and the suction (tensile porewater pressure).

2.1.1. Mechanical and Hydraulic Constitutive Relations

To resolve the problem of desiccation cracks in clayey soils it is necessary to consider
the next definitions and equations:
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• Stress state variables.
• Stress–strain–suction relations.
• Stress–strain relation.
• Generalized Darcy’s law for unsaturated soils and permeability tensor.
• Water retention curve.

The concept of state surfaces [47,48] is chosen for the mechanical component of this
model, allowing a simple implementation of a nonlinear elastic constitutive law. For the
hydraulic component, the relation between suction and degree of saturation is modelled
using the van Genuchten’s closed form expression, and the generalized Darcy’s law [52].

Stress State Variables

Historically, for unsaturated soils, an effective stress tensor (σ
′
) similar to the effective

stress tensor for saturated soils was proposed [53], as shown in Equation (1):

σ
′
= σ− ua1 + χ(ua − uw)1 (1)

In Equation (1), σ is the total stress tensor. The air and water pressure are, respectively,
ua and uw , χ is a parameter that depends on the degree of saturation, the stress history, and
the soil’s fabric, and 1 ≡ δij is the identity tensor. In this formulation, the matrix suction
and the net mean stress define the effective stress tensor σ

′
through Equation (1). Other

authors argue that it is better to work with two separate variables, the net stress and the
suction that can be determined at the laboratory [54–58]. This latter approach is followed
in this work.

The net stress σnet (stress over the air pressure) and the suction s are

σnet = σ− ua1 (2)

s = ua − uw (3)

Assuming small deformations, the Cauchy strain tensor ε is expressed as

ε = ∇su =
1
2
(u⊗∇+∇⊗ u) ≡ Lu (4)

L =


∂

∂x 0 0 1
2

∂
∂y 0 1

2
∂
∂z

0 ∂
∂y 0 1

2
∂

∂x
1
2

∂
∂z 0

0 0 ∂
∂z 0 1

2
∂

∂y
1
2

∂
∂x


T

(5)

where ∇s is the symmetric gradient operator and u is the soil matrix displacement vector.
L is the symmetric gradient operator in matrix form when using Voigt’s notation.

Stress–Strain–Suction Relations

For oedometric and triaxial deformation and considering only a half-cycle of desicca-
tion, which is the case of the desiccation process, a nonlinear elastic constitutive approach is
enough to define the changes in volume and the development of stresses in the soil matrix.
The state surfaces [47,48] are experimentally obtained in the laboratory (see Figure 2) and
are an interpolation in the

{
σnet

m , s, e
}

space. In this case, Equation (6) is used:

∆e = a1∆ ln
(
σnet

m + a4
)
+ a2∆ ln

(
s + pre f

pre f

)
+ a3∆

[
ln
(
σnet

m + a4
)

ln

(
s + pre f

pre f

)]
(6)

where ∆e is the void ratio increment, {a1, a2, a3, a4} are state surface parameters calibrated
from laboratory tests, and pre f is a reference pressure to avoid logarithm indeterminacy.
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Increments in net stresses and/or suction increase the void ratio, which is related to
the volumetric deformation by

εv = − ∆e
1 + e0

(7)

where εv is the volumetric deformation and e0 the initial void ratio. In the desiccation
problem, deformations occur because of the decrease of void ratio triggered by increments
of suction (capillary effect).

Stress–Strain Constitutive Law

The general strain–stress relation must be written in differential form because of the
nonlinearity of the material behaviour; Equation (8):

dσ = Ddε (8)

where D is the fourth-order tangent stiffness tensor. The deformations are calculated
by addition of a component due to the net stress plus a component due to the suction.
Equation (9) considers, then, the additive deformation hypothesis:

dε = dεnet + dεs = C(K,G)dσnet + h(Ks)ds (9)

In Equation (9), the parameter K is the volumetric modulus and G is the shear modulus
of the soil matrix; the parameter Ks is the volumetric modulus due to changes in suction;
the factor C is a fourth-order compliance tensor, and h is a second-order tensor.

The net stress increments can be obtained from (9):

dσnet = C−1(dε− h(Ks)ds) = D(dε− h(Ks)ds) (10)

In Equation (10), D = C−1, is the tangent stiffness tensor.
The compliance and stiffness tensors depend on the volumetric and shear modulus

K and G. The suction tensor h depends on the volumetric suction modulus Ks. During
the desiccation process, (K,G, Ks) are variables since the volumetric strain depends on the
state surface of the soil. Combining Equations (6) and (7):

εv = − ∆e
1+e0

= − 1
1+e0

{
a1, ∆, ln,

(
σnet

m + a4
)
,+, a2, ∆, ln,

( s+pre f
pre f

)
,+

+, a3, ∆,
[
ln
(
σnet

m + a4
)

ln
( s+pre f

pre f

)]} (11)
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The total strain increment and then the volumetric strain can be decomposed into net
strain and suction strain increments, εnet

v and εs
v. Incrementally, this is

dεv = dεnet
v + dεs

v; dεnet
v = Kt

(
σnet

m , s
)
dσnet

m ; dεs
v =

ds
Ks

t(σ
net
m , s)

(12)

In Equation (12), Kt
(
σnet

m , s
)

and Ks
t
(
σnet

m , s
)

are the tangent moduli that depend on the
mean net stress and on suction. Therefore

dεv = Kt
(
σnet

m , s
)
dσnet

m +
ds

Ks
t(σ

net
m , s)

(13)

Moreover, dεv is

dεv
(
σnet

m , s
)
=

∂εv

∂σnet
m

dσnet
m +

∂εv

∂s
ds (14)

Studying Equations (13) and (14) allow to see the relation between the tangent moduli
and the volumetric strain:

∂εv
∂σnet

m
= Kt

(
σnet

m , s
)

∂εv
∂s = 1

Ks
t(σnet

m ,s)
(15)

The increment of the volumetric deformation, ∆εv, during a time increment
∆t = t− t0, can be calculated from Equation (11):

∆εv = − 1
1 + e0

{
−a1 ln(σnet

m,0 + a4).

−a2 ln(
s0 + pre f

pre f
)− a3 ln(σnet

m,0 + a4) ln(
s0 + pre f

pre f
)

+a1 ln(σnet
m + a4) + a2 ln(

s + pre f

pre f
)

+a3 ln(σnet
m + a4) ln(

s + pre f

pre f
)
}

(16)

Differentiating with respect to the mean net stress σnet
m and suction s:

∂εv
∂σnet

m
= − 1

1+e0

[
a1

σnet
m +a4

+ a3
σnet

m +a4
ln
( s+pre f

pre f

)]
∂εv
∂s = − 1

1+e0

[
a2

s+pre f
+ a3

s+pre f
ln
(
σnet

m + a4
)] (17)

The tangent elastic moduli can then be obtained from Equations (15) and (17) in terms
of the state surface parameters a1, a2, a3, a4, and the stress variables σnet

m and s:

Kt
(
σnet

m , s
)
=
−a1−a3 ln

(
s+pre f

pre f

)
(1+e0)(σnet

m +a4)

Ks
t
(
σnet

m , s
)
=

(1+e0)(s+pre f )
−a2−a3 ln(σnet

m +a4)

(18)

If the air pressure is assumed to be constant and equal to zero, ua = 0, the elastic
moduli can be calculated as in the formulas below:

Kt(p′, uw) =
−a1−a3 ln

(
−uw+pre f

pre f

)
(1+e0)(p′+a4)

Ks
t(p′, uw) =

(1+e0)(−uw+pre f )
−a2−a3 ln(p′+a4)

(19)
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For simplicity and because the deformation produced by the increment of suction
is mainly volumetric, the Poisson’s ratio can be assumed constant. Additionally, a linear
elastic relation between the shear and Young’s moduli can be adopted:

Gt =
3Kt(1− 2ν)

2(1 + ν)
=

3(1− 2ν)(1 + e0)(p′ + a4)

2(1 + ν)
[
−a1 − a3 ln

(−uw+pre f
pre f

)] (20)

The volumetric deformation produced by changes of suction is then

dεs
v = − 1

Ks
t(p′, uw)

duw (21)

and the stress–strain relation becomes

dσij = Dijkl

(
dεkl −

dεs
v

3
δkl

)
= Dijkl

(
dεkl +

duw

3Ks
t

δkl

)
(22)

Finally, in matrix form, the stress–strain relation is

dσ = D(dε− dεs) = D
(

dε+ m
duw

3Ks
t

)
(23)

where εs is the tensor of deformations due to suction and it is spherical (εs
ij = uwδij/Ks

t )

and m =
[

1 1 1 0 0 0
]T is the identity tensor. An isotropic nonlinear elastic

material is defined by the stiffness tensor D. In this constitutive law, volumetric and shear
deformations are uncoupled.

Generalized Darcy’s Law for Unsaturated Soils and Permeability Tensor

The generalized Darcy’s law for unsaturated soils is

q = −K(Sr)·(∇uw − gρw) (24)

In Equation (24), q is the velocity of Darcy vector;∇uw is the gradient of the porewater
pressure; K(Sr) is a permeability tensor that changes with water saturation degree (Sr); g is
the gravity vector; and ρw is the water density.

The permeability tensor in terms of the intrinsic permeability is written as

K(Sr) = k(n)
krl(Sr)

µl (25)

In Equation (25), krl is the relative permeability and it is nondimensional. Its values
are in the range 0 to 1. This parameter changes with the degree of saturation (here,
krl = (Sr)

r, where r is a constant). The parameter µl is the dynamic viscosity of water and
it is temperature-dependent; k(n) =

(
µl/γw

)
K1 is the intrinsic permeability tensor, which

is a function of the porosity and of the viscosity and temperature of the fluid. Finally, γw is
the unit weight of water, and K is the hydraulic conductivity of the soil.

For cases where the hydromechanical coupling cannot be neglected, it is necessary to
relate the saturated hydraulic conductivity to changes of porosity. An expression that can
be used for that purpose is

ksat = k0 exp[b(n− n0)] (26)

where k0 is the saturated hydraulic conductivity of reference at n = n0, and ksat is the satu-
rated hydraulic conductivity for porosity n. In the last equation, b is a material parameter.
For saturated soils, K = ksat.
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Water Retention Curve

The van Genuchten function [59] is adopted in this formulation in order to relate
changes between the degree of saturation and the suction when constant air pressure
is considered:

Sr =

[
1 +

(
s

P0· fn

) 1
1−λ

]−λ

fn = exp[−η(n− n0)] (27)

where λ is a material parameter and P0 is the air-entry value for the initial porosity n0,
adopted as the reference value. Function fn considers the changes of porosity during
desiccation and its effect in the water retention curve by means of a parameter η. For
non-deformable soils fn = 1, because porosity is constant.

2.1.2. Governing Equations

The theoretical framework is defined using a multiphase approach where every phase
(soil matrix, water, and air) fills up the entire domain and is known at the macroscopic
level [60]. The process of desiccation is studied in unsaturated conditions considering the
water to be in a tensile state of stress once the suction boundary condition has been defined
for the hydromechanical problem. The global variables of the hydromechanical problem
are the displacement vector of the soil matrix u and the suction s in the pores. The finite
element method has been chosen for the discretisation in space and the finite differences
method for the time discretisation of the problem.

The governing equations of this problem are

1. Equilibrium equation of the solid particles.
2. Balance equation of water.

Equilibrium Equations

In an unsaturated porous medium, the equilibrium equation in terms of total stresses is

∇·(σ− ua1) +∇ua + ρg = 0 (28)

Equation (28) is an elliptic partial differential equation where σ(x, t) is the total stress
tensor, (σ− ua1) is the net stress tensor, ua is the air pore pressure, ρ is the average density
of the multiphase medium (soil, water, and air), and g is the gravity vector.

Assuming the air pressure is constant and equal to zero, ua = 0, the stress state
variables are σnet

ij = σij and s = −uw, and the equilibrium equation becomes

∇·σ+ ρg = 0 (29)

where the density of the multiphase medium is

ρ = (1− n)ρs + nSrρw (30)

where ρs is the density of the solid particles, ρw is the density of water, and Sr is the degree
of saturation.

Balance Equations

In an unsaturated porous medium, the fluid mass balance equation (or conservation
of water mass) is written as follows:

∇·(ρwq) +
∂

∂t
(ρwnSr) = 0 (31)

which is a parabolic equation. Assuming water to be incompressible, the water density
is constant:

∇·q +
∂

∂t
(nSr) = 0 (32)
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Combining Darcy’s law, Equation (21), with the balance equation, the general flow
equation is obtained:

∇·[−K(Sr)·∇uw] +∇·[ρwK(Sr)·g] + Sr
∂n
∂t

+ n
∂Sr

∂t
= 0 (33)

Adding an additional term including water compressibility, which is usual in this type
of problem, a diffusive term which stabilizes the numerical solution and permits dealing
with quasi-incompressible and compressible problems is obtained:

∇·[−K(Sr)·∇uw] +∇·[ρwK(Sr)·g] + Sr
∂n
∂t

+ n
∂Sr

∂t
+

nSr

Kw
∂uw

∂t
= 0 (34)

where Kw is the water compressibility coefficient.
Assuming that the increment of porosity is equal to the volumetric deformation

(∆n = εv), and considering that in general Sr = Sr(σ, uw) and using the chain rule to
evaluate ∂Sr/∂t, the following equation is obtained:

∇·[−K(Sr)·∇uw] +∇·[ρwK(Sr)·g] + Sr
∂n
∂t

+ n
∂Sr

∂σ

∂σ

∂t
+ n

∂Sr

∂uw

∂uw

∂t
+

nSr

Kw
∂uw

∂t
= 0 (35)

For desiccation problems, the saturation degree depends only on the porewater
pressure by means of the water retention curve, Sr = Sr(uw). Then ∂Sr/∂σ = 0, and
Equation (35) is simplified to

∇·[−K(Sr)·∇uw] +∇·[ρwK(Sr)·g] + Sr
∂n
∂t

+ n
∂Sr

∂uw

∂uw

∂t
+

nSr

Kw
∂uw

∂t
= 0 (36)

This problem is highly nonlinear because all variables depend on the porewater pres-
sure which is the main unknown variable in this strong form of the hydraulic problem:
K = K(uw), Sr = Sr(uw), n = n(uw). Also of interest are its gradient and temporal deriva-
tive, ∇uw and ∂uw/∂t, respectively, because they are needed to evaluate the increment of
porosity, which is equivalent to the volumetric deformation. Finally, it is also necessary to
evaluate the temporal derivative of the porosity, ∂n/∂t.

The initial and boundary conditions for the transient hydromechanical problem are
specified in terms of displacements and of porewater pressure. The initial conditions are

u = u0
uw = p0

in Ω and Γ (37)

where Ω is the domain and Γ its boundary; u(x, t) is the displacement field of the soil
matrix; u0 = u(x, 0) is the displacement field at the initial time t0 = 0; and p0 is the initial
porewater pressure.

The Dirichlet boundary conditions for the hydromechanical problem are

u = û
uw = p̂

in Γ (38)

where
^
u and p̂ are displacements and pore water pressures at the boundary Γ of the domain.

The Newman’s stress boundary conditions for the hydromechanical problem are

σ·n = t
ITσ− t = 0

in Γ (39)
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where n is the vector normal to the boundary; t is the traction vector on the boundary; and
IT is the following operator:

lT =

 nx 0 0 ny 0 nz
0 ny 0 nx nz 0
0 0 nz 0 ny nx

 (40)

where ni are the components of the unit vector n normal to the boundary.
Finally, the Newman’s flow boundary condition for the hydromechanical problem is

K(Sr)(−∇uw + gρw)·n = qw in Γ (41)

where qw is the flow perpendicular to the boundary.

2.2. Numerical Approach

This formulation is a one-phase flow in a deforming unsaturated porous media prob-
lem known as Richard’s problem [61].

2.2.1. Finite Element Approximation

The main variables and the ones that are unknown in the desiccation problem are
the porewater pressure, uw(x, t), and the displacements in the soil matrix, u(x, t). In the
framework of the finite element method, the porewater pressure can be approximated

by using the shape functions, Np, and the pressure,
¯
p, in the nodes of an element. For a

two-dimensional problem, the porewater is calculated as

uw(x, y, t) ≈ ûw(x, y, t) =
n

∑
i=1

Ni(x, y)pi(t) = Np
¯
p (42)

where ûw(x, t) is the interpolated value of the porewater pressure. The variation with time
of the porewater pressure is given by

∂uw

∂t
≈ ∂ûw

∂t
=

n

∑
i=1

Ni(x, y)
∂pi(t)

∂t
= Np

∂
¯
p

∂t
(43)

Similarly, the displacement vector can be approximate at the nodes in a two-dimensional

analysis by using the shape functions,
~
Np, and the nodal displacements,

¯
u:

u(x, y, t) ≈ ^
u(x, y, t) =

n

∑
i=1

Ñi(x, y)ui(t) =
~
Np

¯
u (44)

The variation with time is

∂u
∂t
≈ ∂

^
u

∂t
=

n

∑
i=1

Ñi(x, y)
∂ui
∂t

=
~
Np

∂
¯
u

∂t
(45)

The incremental form with respect to time of the constitutive Equation (23) is expressed as

∂σ

∂t
= D

(
∂ε

∂t
+ m

1
3Ks

t

∂uw

∂t

)
(46)

The displacement is related to the deformation by Equation [38], and after substituting
(44), the following expression of the strain tensor is obtained:

ε = Lu ≈ L
~
N

¯
u = B

¯
u (47)
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Replacing Equations (43) and (47) in Equation (46):

∂σ

∂t
= DB

∂u
∂t

+ Dm
1

3Ks
t
Np

∂
¯
p

∂t
(48)

The integral form of the equilibrium equation is

∫
Ω

BT ∂σ

∂t
dΩ =

∂f
∂t

(49)

Replacing Equation (48) into Equation (49):

∫
Ω

BT

DB
∂u
∂t

+ Dm
1

3Ks
t
Np

∂
¯
p

∂t

dΩ =
∂f
∂t

(50)

and considering that

∂n
∂t

=
∂εv

∂t
= mTB

∂
¯
u

∂t
(51)

and
∂Sr

∂t
=

∂Sr

∂uw

∂uw

∂t
=

∂Sr

∂uw
Np

∂
¯
p

∂t
(52)

The integral form of the hydraulic problem is∫
Ω

wTSr
∂n
∂t dΩ +

∫
Ω

wTn ∂Sr
∂uw

∂uw
∂t dΩ +

∫
Ω

wT nSr
Kw

∂uw
∂t dΩ+

+
∫
Ω
(∇w)TK(Sr)∇uwdΩ =

∫
Ω

ρw(∇w)TK(Sr)gdΩ−
∫
Γ

wTqwdΓ
(53)

where w are the weight functions. If the weight functions are such that w = Np, then

∫
Ω

(
Np
)TSrmTB

∂
¯
u

∂t
dΩ+

∫
Ω

(
Np
)Tn

∂Sr

∂uw
Np

∂
¯
p

∂t
dΩ+

∫
Ω

(
Np
)T nSr

Kw Np
∂
¯
p

∂t
dΩ

+
∫
Ω

(
∇Np

)TK(Sr)∇Np
¯
pdΩ

=
∫
Ω

ρw(∇Np
)TK(Sr)gdΩ−

∫
Γ

(
Np
)TqwdΓ

(54)

The u–p Formulation

The well-known u–p formulation [37] is adopted for solving the hydromechanical
problem, where u are the displacements and p is the negative porewater pressure at the
gauss points of the finite elements. Equations (50) and (54) are expressed as a non-symmetric
system of partial differential equations: KT

∂
¯
u

∂t + QT
∂
¯
p

∂t = ∂fu

∂t

P ∂
¯
u

∂t + S ∂
¯
p

∂t + H
¯
p = fp

(55)

where the tangent matrices of the stress-strain problem are
Stiffness matrix:

KT =
∫
Ω

BTDBdΩ (56)
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Coupling matrix:

QT =
∫
Ω

1
3Ks

t
BTDmNpdΩ (57)

Vector of nodal forces:

∂fu

∂t
=
∫
Ω

Nuρ
∂g
∂t

dΩ +
∫
Ω

Nu
∂
¯
t

∂t
dΩ (58)

and the matrices of the flow problem are
Coupling matrix:

P =
∫
Ω

(
Np
)TSrmTBdΩ (59)

Compressibility matrix:

S =
∫
Ω

(
Np
)Tn

∂Sr

∂uw
NpdΩ +

∫
Ω

(
Np
)T nSr

Kw NpdΩ (60)

Permeability matrix:

H =
∫
Ω

(
∇Np

)TK(Sr)∇NpdΩ (61)

Vector of nodal flow:

fp =
∫
Ω

ρw(∇Np
)TK(Sr)gdΩ−

∫
Γ

(
Np
)TqwdΓ (62)

If matrix notation is used, the system of partial differential Equation (55) is

[
0 0
0 H

] ¯
u
¯
p

+

[
KT QT
P S

] d
¯
u

dt
d
¯
p

dt

 =

[ dfu

dt
fp

]
(63)

This form of hydromechanical problems in unsaturated soils is typical and can be
found in the literature [62].

What is different in the derivation using separated variables is that the system is a
non-symmetric system of equations because QT 6= P. The constitutive Equation (46) is the
one that links the hydraulic variable (pore water pressure) with the mechanical variable
(total stress).

Defining the next non-symmetric matrices:

C =

[
0 0
0 H

]
, D =

[
KT QT
P S

]
(64)

and defining also

X =

 ¯
u
¯
p

,
dX
dt

=

 d
¯
u

dt
d
¯
p

dt

, F =

[ dfu

dt
fp

]
(65)

the compact form of the hydromechanical problem becomes

C·X + D·dX
dt

= F (66)
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This is the differential equation that needs to be solved to simulate the desiccation
shrinkage of unsaturated soils.

Time Integration of the Coupled Problem

In Equation (66), the unknown is X, which is a vector that contains the unknown

displacements and porewater pressures (
¯
u and

¯
p, respectively) at the finite element mesh

nodes. The time derivative can be expressed by the generalized trapezoidal method
(generalized midpoint rule) as (

dX
dt

)
n+θ

=
Xn+1 − Xn

∆t
(67)

and the value of the unknown at point n + θ is

Xn+θ = (1− θ)·Xn + θ·Xn+1 (68)

Replacing Equations (67) and (68) in Equation (66) and multiplying both members
by ∆t,

C·[(1− θ)·Xn + θ·Xn+1]n+θ ·∆t + D·
[

Xn+1 − Xn

∆t

]
n+θ

·∆t = Fn+θ ·∆t (69)

Rearranging:

[C·(1− θ)]n+θ ·∆t·Xn + [C·θ]n+θ ·∆t·Xn+1 + [D]n+θ ·Xn+1 − [D]n+θ ·Xn
= Fn+θ ·∆t

(70)

Placing the unknowns on the left side of the equation:

[C·θ∆t + D]n+θ ·Xn+1 = [D−C(1− θ)∆t]n+θ ·Xn + Fn+θ ·∆t (71)

Equation (71) is a system of equations from which Xn+1 can be calculated from the
values of Xn and Fn+θ . This is an implicit method, and it is necessary to solve a system of
equations in each time step. ∆t is the time interval between Xn and Xn+1, and the parameter
θ varies between 0 and 1. Expanding Equation (71):

[
KT QT
P H·θ∆t + S

]
n+θ

 ¯
u
¯
p


n+1

=

[
KT QT
P S−H(1− θ)∆t

]
n+θ

 ¯
u
¯
p


n

+ ∆t
[

fu

fp

]
n+θ

(72)

This is a non-symmetric system of nonlinear equations that can be solved using a
coupled, staggered, or uncoupled scheme.

2.2.2. Release Node Algorithm

During a process of desiccation in clayey soil, cracking occurs at some point [2,7,12].
However, there are cases where desiccation produces shrinkage but not cracking, such
as, for instance, in the curling produced in unrestricted tests [63]. For this problem, the
formulation presented until here is directly applicable without any addition [24].

To simulate crack formation and propagation, there are three main variables that need
to be established: the value of the stress at crack initiation (σc), the direction that the crack
follows during propagation (θc), and the length of the crack when it is produced (∆a)

In this approach, the tensile strength of the soil defines the stress value when cracking
starts [59]. In the laboratory, the process of desiccation starts with the soil being a slurry
with practically no tensile strength. After a while, the soil acquires consistency because of
suction increments. During the process, the tensile strength increases first and after a while
start decreasing (Figure 3a). This fact can be taken into account adopting an experimental
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expression to calculate the tensile strength as a function of the current suction, as proposed
by [23] and shown in Equation (73).

σt = −0.0191w2 + 0.6874w− 2.88 (73)

where σt is the tensile stress in kPa and w is the humidity content in %.
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The equation and the parameters that relate the changes in the tensile strength with
humidity will be different for different soils. Equation (73) is valid only for a clay from
Barcelona, but the principle is general.

The direction of crack propagation can be taken as perpendicular to the maximum
principal tensile stress. Since the soil matrix is discretized by a finite element mesh, the
amount of propagation of a crack can be assumed to be equal to the length of the finite
element. Cracks represent a change of boundaries because new crack surfaces (new bound-
aries) appear at each increment, and an appropriate algorithm needs to be implemented in
the finite element code. Using this method, crack propagation is modelled as a sequence
of temporal boundary-value problems. The discrete growing crack is assumed as a dis-
continuity. In the real soil, crack propagation occurs independently of a mesh. Failure of
the material at the crack process zone is a continuous process. This is a limitation, but
the simulation is good enough for certain purposes. In the model and in reality, when
a new crack develops, new boundaries appear, and it becomes necessary to change the
displacement and suction boundary conditions in the model. Then the geometry of the
problem changes and it is necessary to solve the new problem to satisfy the equilibrium
and balance conditions when the crack is growing.

At any point in the soil mass where the tensile stress reaches the tensile strength, a crack
starts, and it propagates if the tensile strength is reached at the crack tip. Figure 3b shows
the classical Griffith fracture criterion for a nonlinear elastic material [59]. This criterion is
valid for the macroscopic scale, and when the tensile strength is reached, cracking starts
instantaneously. There is no damage nor plastic zone at the crack tip. Despite the limitations
of this technique in terms of what happens at the cracking area, it is easily implemented
in the context of the finite element method and allows a first approach to cracking. The
crack-opening mechanism must be established when the crack initiates and propagates. To
simplify the analysis, only Fracture Mode I is taken into consideration in in this approach.
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Release Node Algorithm

A simple technique to simulate the propagation of a crack in a finite element mesh
consists of releasing a node that initially had a displacement boundary condition (Figure 4a)
in the case of cracks at the soil–structure interface (e.g., soil in contact with a dam or wall).
By releasing the node, after the condition is reached, a new geometric boundary is free to
deform, and an elemental crack geometry is added to the model (Figure 4b). In Mode I,
a crack propagates following a symmetry line perpendicular to the maximum principal
tensile stress. In the case of a crack at the soil–structure interface, only the displacement
boundary condition needs to be released. In addition, the new surface in contact with the
environment will be subjected to the suction boundary condition and this needs to be added
to the model (Figure 4d). In a more general case, when the crack propagation condition
is reached on the surface of the soil, the node at the crack tip needs to be split into two
nodes (Figure 4f,g) generating two new surfaces and propagating the crack a length equal
to the element side ∆a. The new node generates a change in the node number list, node
coordinates, and element connectivity, and therefore the mesh needs to be updated (this is
an elemental re-meshing technique). The forces Fi between the elements (or reactions, Ri,
at the boundary) that share the split node become zero after the opening and the system
needs to be equilibrated. Some numerical problems can be expected because of the abrupt
cancelling of these forces.

To avoid numerical instabilities, the unloading process is made gradually in several
steps (Figure 4c,g).

The node release algorithm can be explained as follows:

1. Fracture criterion is reached at a point in the soil matrix.
2. Keep the external loads constant (suction profile for desiccation problems).
3. Calculate reactions at the boundary, Ri, or calculate equivalent forces that keep the

split nodes together, Fi.
4. Delete the nodal restriction in the contour or split the nodes in the surface of the soil

where the tensile strength was reached.
5. Add reaction R at the released node (reaction in the contour) or forces F in the node

that was split.
6. Reduce the force R or F step by step to zero.
7. Add suction on the new surface created by the crack and exposed to the environment.
8. Once the model is in equilibrium, check whether the fracture criterion is reached at

any other point of the geometry.
9. If yes, go to step 3 to initiate again the release node algorithm.
10. If no, continue the hydromechanical analysis.

When the crack propagation path is known, this technique is very useful and simple
to implement. When desiccation is studied in the laboratory, the first cracks that appear
are in the interphase between the soil and the containers, then, the first cracks directions
and locations are known. For more arbitrary cracks, this technique is mesh-dependent but
works relatively well if the mesh is dense enough. This method effectively calculates the
stress state in the soil matrix during desiccation. This stress state is crucial for defining the
initiation of the cracks and their propagation using any other alternative method to deal
with the cracks.
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Figure 4. Release node algorithm for a contour crack and a crack starting in the middle of the
soil surface. Contour crack case: (a) starting scheme in a contour, (b) equivalent starting scheme
after reaching the cracking criteria, (c) reaction reduction and application of new suction condition,
(d) new contour condition scheme with crack propagated. General crack case: (e) initial conditions,
(f) nodes are split and equivalent forces applied, (g) reduction of equivalent forces, (h) new contour
condition scheme with crack propagated.

Limitations of the Model

Several intrinsic factors define the direction of crack propagation: the tensile strength,
the initial water content, anisotropy, imperfections, heterogeneity, impurities, the fracture
toughness, the initial particle size, and the fabric in the field, just to mention the most
important ones. If these intrinsic factors need to be added to the analysis, a more so-
phisticated fracture approach must be implemented in the context of the finite element
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hydromechanical model proposed here. Linear elastic fracture mechanics and a heteroge-
neous, anisotropic plastic material model should be implemented. The imperfections and
impurities should be added to the geometry of the problem.

It is important to mention that the validity of the Darcy’s law, symmetry of the strain
tensor, and invariability of the Poisson’s ratio are limitations of this model.

In this complex process, even the water density changes with temperature, salt content,
permeability of the medium, etc. [64].

Aside from the geotechnical context of this entry, there are chemical, sedimentological,
mineralogical, and petrological considerations that can be made to improve the model,
adding the relevant parameters and physical laws. The necessary modifications and
improvements of the model will depend on the area of interest and the practical application.

However, the formulation presented in this entry is general, so all these changes will
be relatively simple to implement from the proposed framework. The challenge will be the
determination of the material parameters and dealing with the numerical instabilities of the
nonlinear material problem that every extra refinement will introduce to the formulation.

3. Conclusions and Prospects

In this entry, a mathematical formulation and a numerical solution for the analysis
of desiccation cracking in clayey soils is presented. This model is hydromechanical and
includes all the main variables and features that control the physical process of desiccation
in clayey soils. The beauty of this approach is that it is based on fundamental principles.
The unsaturated soils mechanics and strength of materials principles are used, avoiding
the need for data obtained at the laboratory to force the system to behave as in reality. Once
the initial conditions in suction and displacement are set, the system evolves until reaching
a new state of equilibrium with the environment. The release node algorithm added to the
hydromechanical core allows the study of at least a crack initiation and propagation as is
shown in Appendix B.

The model offers a good balance between complexity and relatively simple imple-
mentation tools for the analysis of desiccation cracking in clayey soils. All the parameters
that control the physical process can be easily determined from conventional experimental
tests. The formulation is general and adaptable to more complex problems. The resulting
approach helps to understand the process of desiccation cracking in soils.

This hydromechanical model without the cracking algorithm can be used for studying
the curling process that soils show in the laboratory without cracks.

This model can be improved to take into consideration boundary effects such as the
soil–atmosphere [65]. One way of achieving that is to simulate the fluid of the atmosphere
in contact with the soil and its interaction.

The hydromechanical model can be modified to introduce more complex fracture
mechanics approaches to have more control on the fracture process. Methods such as the
mesh fragmentation technique can improve the treatment of multiple cracks and it can be
added to the hydromechanical model presented here.

Heterogeneity and anisotropy can be added via the constitutive laws at a cost of
having to determine more elastic parameters.

Imperfections can be added in the geometry or in the mesh.
If there is a need to study the process inside the pores, more sophisticated models

can tackle the air dissolution in water governed by Henry’s law and the diffusion of air in
water governed by Fick’s law. All these processes can be added at constitutive level using
the same hydromechanical core and numerical solution.

If the temperature and chemical processes are relevant variables for a study, a thermal–
chemical–hydromechanical formulation will be necessary. Adding the thermal component
is relatively simple. The soil temperature decreases during desiccation when the energy is
taken from the soil. Under non-isothermal conditions, there are other effects, such as Soret’s
thermal diffusion of water vapours in the air, because of pressure gradients produced by
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temperature gradients, vapor effusion, and Stefan’s flow. All of these can be added to the
formulation if necessary.

The hydromechanical core is essential to develop any other model to study the crack
desiccation in clayey soils. For this reason, the mathematical formulation and the numerical
solution is presented here in every single detail to allow researchers to implement it when
necessary. To help with the implementation of the hydromechanical core, a set of parameters
are included in Appendix A. Of course, these parameters need to be calibrated for every soil.
Numerical examples can be found in previous publications of this author and a sequence
of the simulation for a particular laboratory sample is presented in Appendix B. Since
experimental validation is crucial for any model, results of experiments and comparison
with the numerical approach are presented in Appendix C.

Additionally, the interaction between the soil and the atmosphere is crucial for the
complete understanding of the process and for the moment is a topic being researched
separately [65].

This model needs to be validated in three-dimensional studies [66] considering several
types of soils to be properly validated for a wider range of soils and situations. This is
indeed a live line of research of the author.
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Appendix A. Set of Parameters for a Numerical Model for Barcelona Silty Clay

Table A1. Water retention curve parameters for Barcelona silty clay.

Void Ratio (e) Porosity (n) Dried Unit Weight
γd (g/cm3)

fn = exp[−η(n −
n0)] λ 1/(1 − λ)

0.87 0.47 1.45 1.04 0.27 1.37
0.75 0.43 1.55 1.07 0.25 1.33
0.64 0.39 1.65 1.12 0.23 1.30
0.55 0.35 1.75 1.16 0.20 1.25

Table A2. Parameters used in the numerical analysis of Barcelona silty clay.

Mechanical Parameters

State surface parameters Pre f
(MPa)

Poisson Ratio
ν

(−)

Tensile strength
σc

(MPa)
a1
(−)

a2
(−)

a3
(−)

a4
(MPa)

−0.02 −0.0025 −0.000039 0.023 0.1 0.4 0.0035

Hydraulic Parameters

Initial permeability
k0 (m/s)

Material parameter
b

Initial porosity
n0

Material parameter
r

9.27 × 10−10 25 0.6 3

Appendix B. Numerical Results of the Model for Barcelona Silty Clay

Simulation of 120 days of desiccation on a cylindrical soil sample 80 cm in diameter
and 20 cm height desiccated under controlled conditions. The figure shows the evolution
of the suction in the radial section of the cylindrical sample and the propagation of a crack



Encyclopedia 2022, 2 1055

in contact with the container of the soil in the laboratory. (a) Suction and crack after 7 days
of drying; (b) suction and crack after 12 days of drying; (c) suction and crack after 37 days
of drying; (d) suction and crack after 62 days of drying; (e) suction and crack after 72 days
of drying; (f) suction and crack after 120 days of drying. The results show the effectivity of
the release node algorithm to simulate a cracking process by desiccation.
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Evolution of suction for different samples of 80/40 cm in diameter and 20/10 cm
height in laboratory and environmental chamber conditions. The numerical simulation
of radial cross-section 40 cm wide and 20 cm high is included to validate the model with
the experiment.
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