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Abstract

The low-energy massive Dirac Hamiltonian of strained monolayer transition metal
dichalcogenides (TMDs), including the effects of strain-induced pseudomagnetic fields
and intrinsic spin-orbit coupling (SOC), was employed to investigate the electronic and
thermodynamic properties of MoS: and WSez. The resulting pseudo-Landau-level (PLL)
spectrum was obtained and used to calculate the density of states (DOS), Fermi energy,
thermal average energy, and pseudomagnetic susceptibility over a wide range of
pseudomagnetic fields, temperatures, and carrier concentrations. The results demonstrate
that strain-induced pseudomagnetic fields generate discrete PLLs, producing pronounced
structures in the DOS and characteristic field-dependent behavior in the thermodynamic
quantities. The recalculated generalized pseudofield susceptibility remains positive over
the investigated field range and exhibits a pronounced low-field variation followed by a
progressively weaker field dependence at higher pseudomagnetic fields. Its magnitude is
strongly influenced by both pseudomagnetic field and temperature, reflecting the
thermodynamic response of the electronic spectrum to the strain-induced gauge field.
Furthermore, the larger intrinsic SOC of WSe: leads to a more pronounced spin—valley
splitting and distinct thermodynamic behavior compared with MoS.. These findings
demonstrate that strain-induced pseudomagnetic fields provide an effective route for
tailoring the electronic, thermodynamic, and spin—valley properties of monolayer TMDs
without an externally applied real magnetic field, opening new opportunities for strain-
engineered quantum, spintronic, and valleytronic applications.

Keywords: transition metal dichalcogenides (TMDs); strain engineering; pseudomagnetic
field; density of states; pseudomagnetic susceptibility; spin—orbit coupling

1. Introduction

The isolation of graphene by mechanical exfoliation [1] opened new opportunities
for exploring atomically thin materials for next-generation nanoelectronics. However, its
vanishing band gap limits applications requiring efficient current switching, motivating
interest in semiconducting transition metal dichalcogenides (TMDs) [2]. These layered
materials combine strong in-plane bonding with weak interlayer van der Waals
interactions, enabling monolayer isolation and heterostructure assembly [2,3]. Group-VI
TMDs, including MoS2 and WSez, exhibit thickness-dependent electronic properties; in
particular, the transition from an indirect band gap in multilayer or bulk MoS: to a direct
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band gap in the monolayer limit has been established experimentally [4,5]. Their
inequivalent K and K’ valleys, valley-dependent optical selection rules, and intrinsic spin—
orbit coupling (SOC) provide a platform for coupled spin—valley physics [6].

Mechanical strain provides a route for continuously tuning these properties without
changing chemical composition [7]. By modifying bond lengths and orbital overlap, strain
changes electronic hopping amplitudes and the low-energy band structure [8].
Experiments have demonstrated local band-gap tuning and changes in optical emission
in atomically thin MoS: [9,10], as well as a strain-induced direct-to-indirect band-gap
transition in monolayer WSz [11]. These observations establish the sensitivity of TMD
electronic states to deformation, although conventional strain-induced band shifts should
be distinguished from pseudomagnetic quantization.

Beyond conventional band-structure tuning, spatially nonuniform strain can
generate effective gauge potentials and valley-contrasting pseudomagnetic fields [12].
Such fields preserve overall time-reversal symmetry and can produce pseudo-Landau
levels (PLLs). In graphene nanobubbles, scanning tunneling spectroscopy revealed PLLs
associated with pseudomagnetic fields exceeding 300 T [13]. Complementary
measurements have resolved millitesla-scale pseudofields through quantum-oscillation
imaging [14], while graphene heterostructures exhibit twist-dependent PLL spectra [15].
Transport spectroscopy has also extracted strain-induced pseudofields from beating in
quantum oscillations under an applied magnetic field [16].

For monolayer TMDs, Rostami et al. [12] developed a Slater-Koster tight-binding
description and an effective low-energy strain Hamiltonian, while Sahu and Satpathy [8]
formulated strain-dependent Hamiltonians near the valley points. Shayeganfar [17]
investigated pseudogauge-field effects on the electronic structure and anomalous valley
Hall conductivity of TMD nanoribbons. Complementary calculations for graphene
nanobubble superlattices linked density of states (DOS) resonances and conductance
features to PLL formation [18]. Particularly relevant to the present framework, Boev et al.
[19] studied impurity-band optical transitions in TMD monolayers under a strain-induced
synthetic magnetic field.

Recent reviews have further highlighted advances in strain engineering and local
strain control in two-dimensional semiconductors and TMDs, including methods for
spatially tailoring strain fields and tuning electronic, optical, and valley-dependent
responses [20-22].

These developments motivate a comparative analysis of how the established PLL
spectrum governs electronic occupations and thermal responses in MoS: and WSe:.
Building on this theoretical foundation, the present study focuses on the interplay of
pseudomagnetic field, temperature, carrier density, and SOC within a common low-
energy description.

In this work, we investigate strained monolayer MoS: and WSe2 within the low-
energy massive Dirac framework, following the strain-induced pseudomagnetic
description of Ref. [19]. We examine the conduction- and valence-band PLL spectra and
their spin-valley characteristics, and calculate the density of states, Fermi energy at fixed
carrier density, thermal average energy, and generalized pseudomagnetic susceptibility.
Fixed-density occupations are treated using Fermi-Dirac statistics, whereas branch-
resolved thermal averages are evaluated within a single-particle canonical description.
The susceptibility characterizes the free-energy response to the strain-induced
pseudofield, not to an independently applied real magnetic field. This comparison
clarifies the electronic and thermal signatures of strain-induced quantization within the
specified model.
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2. Theoretical Model
2.1. Low-Energy Hamiltonian and Strain Coupling

Within the low-energy regime of group-VI monolayer TMDs, the electronic spectrum
is governed by states in the vicinity of the two inequivalent valleys K and K’ at the
corners of the Brillouin zone. In contrast to graphene, monolayer TMDs exhibit a finite
direct band gap together with strong intrinsic SOC, predominantly originating from the
transition metal d orbitals. The absence of inversion symmetry, combined with strong
SOC, gives rise to a characteristic coupling between the spin and valley degrees of
freedom.

Near the K and K’ valleys, the conduction-band edge is dominated primarily by
the transition-metal d,. orbital, whereas the valence-band edge is mainly formed by the
combinations (dxz_yz + indxy) [23]. Here, n = +1 and —1 label the K and K’ valleys,
respectively. The distinct orbital-angular-momentum character of these states results in
markedly different SOC splittings: the valence band exhibits a pronounced spin splitting,
while the conduction band retains a smaller but finite contribution. Although weaker, the
conduction-band splitting becomes relevant on the meV energy scale, particularly in W-
based TMDs such as WSez. Accordingly, both conduction and valence band SOC
contributions are retained in the low energy Hamiltonian considered here.

For a fixed valley index n = 1 and spin index s = +1, we write the unstrained
Hamiltonian in a form that permits intrinsic SOC in both band sectors [24],

0 A 7ns ns
Hys = hvp(naxpx + aypy) + [E + > (Ae — /1,,)] o, + > A + A1 (1)

where A denotes the fundamental band-gap parameter; vy = %t the Fermi velocity, a
the lattice constant; t is the effective hopping integral; 24, and 24, are the intrinsic
spin—orbit spilling of the conduction and valence sectors, respectively; I is the 2 x 2
identity matrix; and o; are Pauli matrices acting in the two-band orbital basis. The basic
material parameters used for the two group-VI TMDs considered here are listed in Table
1.

The corresponding matrix representation is

4 .
> + nsi. th(nkx - lky)
HYs = A 2)
hvp(nkx + iky) —=+nsi,

2

The spectrum depends on the combined valley-spin index q = ns, so that the time-
reversal-related pairs KT and K’ belong to the same branch, while K1 and K'7T
form the opposite branch.

Table 1. Fitting parameters for relaxed monolayer group-VI TMDs [6]. The lattice constant a is
given in A, while the effective hopping parameter t, the band gap A, and the SOC parameter 22,

and 2. are expressed in eV.

Material a t 22, 22, A
MoS2 3.193 1.10 0.15 0.003 1.66
WSe:2 3.310 1.19 0.46 0.014 1.60

To describe the influence of a smooth lattice deformation on the low-energy
electronic structure of a monolayer TMD, one introduces the continuum strain tensor. The
in-plane displacement of a unit cell is represented by displacement field u(r) = (u,, u,),
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while h(r) denotes an out-of-plane displacement. In the long-wavelength limit, the strain
tensor is

1
&ij = E(aiuj + ajul- + 6lh a]h), iLj=xy. 3)

The present model is restricted to purely in-plane deformations, so that A = 0. The
strain tensor then contains three independent components, &y, €,,, and &,,. According
to the Dsh symmetry of the monolayer, these components can be decomposed into the
scalar trace &, + ¢,,, which describes local dilation or compression, and the shear
doublet formed by &y, — &,,, and 2g,,.

To the first order in the strain, symmetry permits two diagonal deformation-potential
terms and one off-diagonal shear term in the two-band Hamiltonian [20],

H, = [)’Ot(sxx + syy)l + ﬁlt(exx + Eyy)O'Z + [)’zt[(sxx — syy)ax — annyy] 4)

The dimensionless coefficients f,, 5, and f, characterize the coupling of the low-
energy electronic states to lattice deformation. The trace terms modify the local band
energies, whereas the 8, shear term has the same matrix structure as the Dirac kinetic
coupling and may therefore be absorbed into a valley-dependent pseudovector potential.

The shear contribution can be incorporated into the kinetic Dirac Hamiltonian
through the coupling substitution I, =p-—eA, where the valley dependent strain
induced pseudovector potential is

B,

ed, = - N(&yy = Exxr 28xy) )

The corresponding strain-induced pseudomagnetic field is obtained from the curl of
the pseudovector potential, B, = (Vx A,) .Because A, is proportional to the valley
index 7, the induced field reverses sign between K and K'. Therefore, strain produces a
valley-contrasting magnetic field rather than an ordinary magnetic field. This sign
reversal is essential: the deformation does not break time-reversal symmetry, even though
carriers in each individual valley experience Landau-like orbital quantization. Thus, the
strain-induced field should be regarded as a synthetic or pseudomagnetic field.

2.2. Pure-Shear Strain and Pseudomagnetic Field

A spatially uniform strain tensor gives a constant A, and therefore zero curl. Hence,
a nonzero uniform pseudomagnetic field cannot be generated by a mechanically uniform
strain within this gauge-field description. Instead, the required deformation must be
spatially nonuniform, with strain components whose first spatial derivatives are constant.
A standard triaxial-like pure-shear profile satisfying this requirement is

¢ 2 2
u, = —Cxy, u, = E(y —x°) (6)

where C has dimensions of inverse length and controls the strain gradient. Substitution
of Equation (6) into Equation (3) gives
_Ou, 1 <6ux N auy>

= —Cy, £ =—(x )

Yoo o9y Y Yoo2\ o0y  ox

The trace of the strain tensor therefore vanishes, &, + ¢, = 0; accordingly, the
leading hydrostatic scalar terms proportional to , and B, vanish for this ideal pure-
shear configuration. The remaining deformation acts through the gauge term.

2hpB,C
Pl (o, —x);

ea
this pseudovector potential has the form of a symmetric gauge and therefore produces a

Substitution of the strain components into the vector potential gives A, =7
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spatially uniform perpendicular pseudomagnetic field. Taking the curl gives B, = —nB;,

where the positive field magnitude B is B; = 4?:6. Hence, the two time-reversed valleys

experience pseudomagnetic fields of equal magnitude and opposite sign. The mechanical
deformation required to generate a prescribed field is therefore determined by C =

4;‘; B;. These relations provide the direct connection between the real-space strain profile
2

and the pseudomagnetic field used in the electronic calculations.

Since the strain components &, &,,, and &, vary linearly with Cx or Cy, the
eaBsL
4B, "
The local small-strain continuum description therefore requires CL « 1. At a fixed

characteristic strain amplitude over a region of linear size L scalesis &.pq, = CL =

admissible strain amplitude, increasing B; requires a larger strain gradient and
consequently reduces the spatial region over which the continuum pure-shear description
can remain mechanically moderate. The numerical conversion between B; and C is
material-dependent through both the lattice constant a and the shear-strain coupling {.

For MoSy, using a = 3.193 A and the commonly used value B, =3 [19], the SI
relation above gives € = 0.40 pm™* for B; = 10 T, consistent with the approximate value
C = 0.43 pm™* quoted in the source model of Boev et al. [19]. Requiring a characteristic
local strain not larger than about 5% gives L <124 nm at 10 T. At 80 T, the same

1

estimate gives C =~ 3.23pum™ and L <15 nm. Accordingly, the largest pseudofields

considered in the model should be interpreted as local nanoscale or idealized continuum
fields rather than fields that remain uniform over an entire micron-scale flake.

For the pure-shear profile introduced above, the scalar terms vanish at first order,
and the remaining strain contribution can be written as

Htrain = 2B,tCr(—sing o, + ncose ) (8)

2B2C _

. . . . eB .
Here, x = rcos¢ and y = rsing. It is convenient to introduce b = " 2—; Using

hvr = at, the strain contribution then takes the compact form,
Hgtrain = hvpbr(—sing o, + ncosé ) )

This is the form used below to derive the PLL spectrum.

2.3. Pseudo-Landau-Level Spectrum

The complete band Hamiltonian is
HrlS = H7[1)s + Hstrain (10)

Because the resulting Hamiltonian in the symmetric gauge has cylindrical symmetry,
the eigenstate can be written as the two component spinor

1 (ein(l—1)¢ P, (1)

lpns(r, ¢) = E in il W, )

The integer [ follows from the single-valuedness of the wavefunction under ¢ —

), 1=0,41,+2, .. (11)

¢ + 2m. The two components in Equation (11) are orbital components of the two-band
spinor; the real-spin degree of freedom is already represented by s.

Substituting Equation (11) into the stationary Dirac equation H,¥,s = E¥,, gives
the coupled radial system,

(E—%l—q/lc)l,bl—hvp<%+é+br)¢2=O (12)
th<%—l_Tl—br>1/J1+(E+%]—q/1,,)1/)2=0 (13)
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. h a 1 G .
From Equation (12), ¥, = ﬁ (E +-+ br) 1,. Substitution into Equation (13)
eliminates 1, and gives a second-order equation for the lower spinor component,
d*p, 1d E—E”)(E-EY 12
Yo  1d¥s ( = ) = )+2b(1—l)—r—2—b2r2 Y, =0 (14

drz 7 dr (hvg)?

Here, Ego)(q) =A/2+qgA, and E,SO)(q) = —A/2+qA, denote the corresponding
spin and valley resolved band edge energies.

Introducing the dimensionless radial coordinate ¢ = br? transforms Equation (14)
into a dimensionless radial equation. Regularity at the origin selects the nondivergent
radial behavior, whereas normalizability at a large radius requires exponential decay.
These conditions motivate the substitution 1,(§) = A,e~5/2&M/2f (&),

Substitution into Equation (13) gives

(E—Ego))(E—E,E")) o

S+ +1-Of + [ =0 (15)

Equation (15) has the standard form of the associated Laguerre differential equation,
which is the polynomial sector of the confluent hypergeometric equation, &y" +
(a+1-8)y +n,y=0. Comparing the two equations gives a=|[l| and n, =

(E-7)(E-E7) [
4b(hvg)? 2
terminate; hence n, = 0,1,2, .... The regular solution is therefore f(§) = L',i'z (&), where

. Normalizability requires the confluent-hypergeometric series to

L5 (&) denotes an associated Laguerre polynomial. The lower radial component can thus
be written as ,(r) = Aze‘f/zf“'/le,ll'2 .

Defining the PLL index by n, = n— 2

and combining this relation with the

preceding expression for the polynomial degree gives the quantization condition
(E - E®)(E - E?) = 4(hvg)?bn (16)
Solving the quadratic equation gives the expressions for the electron energy in
conduction (c) and valence (v) bands,

Ac+ A 1
Er(,l‘:z‘s - q( C2 V)iz

\/[A + q(Ac — 2,)]? + 8ehvi|Bg|n (17)

The upper sign in Equation (17) corresponds to the conduction band and the lower
sign to the valence band. The upper radial component follows from the first-order system
and can be expressed as ¥,(r) = Ale_f/zf”_“/le,lL;l'(f). With n, =n—1— =22
Together with the lower component above, these relations determine the relative
amplitude A4;/A, and the normalized spinor wavefunction.

The angular quantum number [ may be positive, negative, or zero because single-
valuedness of Equation (11) requires only ! € Z. By contrast, the Laguerre indices n; and
n, are polynomial degrees and must be non-negative integers. The absolute-value factors
therefore separate the allowed states into two cases.

For [ >0, one has |[|=1 and |l-1|=1—-1. Hence, ny =n, =n—1Ln =1, with
n = [ following from the requirement n,,n, = 0. For [ < 0, including [ = 0, the absolute

values instead give |I| = —[ and |l —1| =1—1. Thus, for n>1, n, =n—1,n, =n, so
both spinor components are present.
The case n = 0 is special. The relation for n; =n—1— 2 then gives n; = —1,

which is not an admissible Laguerre-polynomial degree. Normalizability therefore
requires ; = 0, and the remaining first-order equation fixes the energy to the valence-
band edge,

https://doi.org/10.3390/micro6040096
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A
Eons = EV(@) = =5 + 4y (18)

Thus, for the strain convention adopted here, the zeroth PLL belongs only to the
valence band. The physically allowed pseudo-Landau indices are consequently

ne=123,.., n,=0123,.. (19)

The formal positive-energy root obtained by setting n = 0 in Equation (17) is not an
admissible conduction-band eigenstate because it does not satisfy the normalizable two-
component spinor solution. The angular quantum number [ labels the orbital degeneracy
within each PLL, whereas the energy depends on n, 1, and s.

2.4. Electronic Properties of the System

The PLL spectrum obtained above provides the basis for evaluating the electronic
properties of the strained TMD monolayer. DOS specifies the number of available
electronic states per unit energy and unit area. For a 2D system, each PLL carries the usual
orbital degeneracy per unit area. The corresponding pseudomagnetic length is
determined by the magnitude of the strain-induced field. Consistently with the allowed
indices derived in Section 2.3, the conduction-band sum starts from n = 1, whereas the
valence-band sum starts from n = 0. The ideal DOS is

D(E) = ﬁz:n,s,n 8(E — En,s,n) (20)

This shows a sequence of delta functions in energy. This description is valid to an
ideal, impurity-free system. In a more realistic model, however, the presence of
imperfections and disorder leads to a finite broadening of the PLLs.

Therefore, the delta function which appears in the DOS expression can be replaced
by a more practical expression via a Gaussian distribution with broadening parameter I
as

D(E) = Dy B s exp[— Enen) @

The normalization constant is given by D, = m, where [, = ,/h/eBy is the
c

pseudo-magnetic length scale and I' represents the level-broadening width. The stability
of the calculated observables is checked by varying both the broadening and the cutoff.
We next examine the behavior of the Fermi level with the pseudomagnetic field for a fixed
carrier density. To determine the Fermi energy Er in the presence of a pseudomagnetic
magnetic field, we begin with the expression for carrier density n,

ne = [ D(E)f(E)E (22)

where D(E) is the DOS given by Equation (19).

f(E) = [exp {%} +1]7! is the Fermi-Dirac distribution function. Here, Ep
denotes the equilibrium chemical potential u at finite temperature and is referred to as
the Fermi energy throughout this work, consistent with the very-low-temperature regime
considered.

Substituting the DOS expression into Equation (22) and applying the properties of
the Dirac delta function this transforms the integral into a summation over the PLLs,
yielding the self-consistent equation

ﬂnelg = Zn,s,n f(En,s,n) (23)
Equation (23) is solved numerically for each value of the pseudomagnetic field B; to
obtain the variation of Ey while maintaining a fixed carrier density.

https://doi.org/10.3390/micro6040096
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2.5. Thermodynamic and Pseudomagnetic Properties of the System

One of the primary objectives of this study is the determination of the average energy,
which is a fundamental quantity to describe the thermal population of the quantized
levels and to evaluate the effect of external parameters such as temperature and
pseudomagnetic field Bg. The average energy (E) is evaluated within the framework of
equilibrium statistical mechanics using the canonical ensemble. It is given by the

following standard expression:
1 E
(E) = EZn,s,n En,s,n exp(— FTLT (24)

En,s,

p ;’) is the standard statistical partition function; E,, denotes
B

the discrete energy eigenvalues of the system; T is the temperature; and kg is the

where Z =3}, 5, exp(—

Boltzmann constant.
For the valence band, the thermal average is evaluated using positive excitation
energies measured from the corresponding band edge,

Eg,s,n (Bs) = Eg,s,n (Bs) - Erli,s,n (Bs) =0, n=0. (25)

The band-edge state thus has zero excitation energy. These energies replace the
negative valence-band eigenenergies in the partition function and thermal average in
Equation (24), suppressing the contribution of deeper states and yielding a convergent
average as the number of retained levels is increased.

The thermodynamic response of the system to the strain-induced pseudomagnetic
field is characterized through the curvature of the Helmholtz free energy with respect to
Bs. Since the pseudomagnetic field originates from lattice deformation and acts with
opposite signs in the two valleys, it does not represent an externally applied real magnetic
field and preserves time-reversal symmetry. We therefore define the generalized
pseudofield susceptibility as

0%F 9%Inz
= — = T
Xs = =552 = keT 5

(26)

where F = —kpTInZ is the Helmholtz free energy. The quantity y, thus describes the
thermodynamic response of the electronic system to variations of the strain-induced
pseudomagnetic field.

3. Results and Discussion

This section analyzes the response of monolayer MoS: and WSe: to temperature
variations and different strengths of the strain-induced pseudomagnetic field Bs. The
energy spectrum, DOS, Fermi energy, average energy, and pseudofield response are the
main quantities considered in this analysis. These quantities provide important
information about the behavior of the monolayers under different thermodynamic and
strain conditions.

First, we present the PLL spectrum obtained from the theoretical model for
monolayer MoS: and WSe: as a function of the strain-induced pseudomagnetic field B,
as shown in Figures 1 and 2. Panels (a) and (b) show the conduction- and valence-band
levels, respectively. For both materials, the strain-induced pseudomagnetic field produces
a discrete ladder of PLLs, with the level separation between the levels becoming more
pronounced as B; increases. This quantization arises purely from strain and does not
require an externally applied real magnetic field. The states in the K valley with spin up
(down) coincide with the corresponding states in the K’ valley with spin down (up). This
is a direct consequence of time-reversal symmetry: because the strain-induced
pseudomagnetic field has opposite signs in the two inequivalent valleys, the

https://doi.org/10.3390/micro6040096
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corresponding time-reversed spin-valley pairs remain degenerate. This behavior differs
from that produced by a real magnetic field, which breaks time-reversal symmetry.

1.05F (a) MoS, — Conduction Band

— Kt=K"{
=+ Ki=K'T

E (eV)

(b) MoS, - Valence Band

E (eV)

-L1f | - KL =K'?

0 10 20 30 40 50 60 70 80
B; (T)

Figure 1. Pseudo-Landau levels (PLLs) of monolayer MoS: are plotted as a function of the strain-
induced pseudomagnetic field B;. The upper and lower panels display the conduction and valence
band spectra, respectively. The two sets of curves correspond to the spin-valley configurations K T
= K'! (solid blue) and K ! =K' T (dashed red).

The behavior of the valence-band levels differs from that of the conduction band.
While the conduction-band energies increase with increasing Bs, the valence-band
energies decrease. Thus, the pseudomagnetic field shifts the two sets of levels in opposite
directions while preserving their overall ordering. Comparing MoS: and WSe2shows clear
quantitative differences in the PLL spacing and distribution, arising from their different
band parameters and the stronger SOC in WSe:. In contrast, the two opposite spin—valley
branches have different SOC-induced energy offsets and different effective gaps. Their
field-dependent shifts can therefore lead to crossings between PLLs belonging to different
branches. These crossings are allowed within the present model because the two branches
belong to distinct spin-valley sectors and no intervalley or spin-mixing interaction is
included that would hybridize them and produce an avoided crossing. The stronger
intrinsic SOC of WSe2 produces a pronounced separation between the two valence-band
branches, as clearly seen in Figure 2b. The conduction-band splitting is much smaller but
remains relevant on the low-energy scale. Overall, the strain-induced pseudomagnetic

https://doi.org/10.3390/micro6040096
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field provides a continuous means of tuning both the PLL spacing and the relative
positions of the spin—valley-resolved states without applying a real magnetic field.

1.10F @ WSe, — Conduction Band

- Kt=K'
LOSE | -- K=Kt
1.00f T
_ -
> Py .
& 095 g
S
0.90}
0.85}
0.80E 4%
1 1 1 1 1 1
0 10 30 40 50 60 70 80
B, (T)
(b) WSe, - Valence Band
-0.6f
-0.8f
~
>
L
<
& -1.0}
....uuu”””””is
HH
-12f | = Kt =K' 5
- KL=K'T )
1 1 1 | 1 1 1
0 10 20 30 40 50 60 70 80

B, (T)

Figure 2. Pseudo-Landau levels (PLLs) of monolayer WSe: are plotted as a function of the strain-
induced pseudomagnetic field B;. The upper and lower panels display the conduction and valence
band spectra, respectively. The two sets of curves correspond to the spin—valley configurations K T
=K'l (solid blue) and K| =K' T (dashed red).

In Figure 3, we present the dependence of the spin-splitting energy in the conduction
and valence bands of monolayer MoS: on the pseudomagnetic field B; for several values
of the PLL index n. We first focus on Figure 3a, where the conduction-band splitting
energy increases approximately linearly with B;. We can see that this energy separation
depends not only on B; but also on the PLL n. Specifically, higher PLLs exhibit a more
pronounced variation in energy separation with increasing B;. For example, the n = 10
level shows the steepest variation, whereas the n = 1 level changes only slightly over the
same field range. The splitting energies at the K and K’ valleys behave oppositely as B
increases in the conduction band: the splitting increases at the K valley (Figure 3a),
whereas it becomes increasingly negative at the K’ valley (Figure 3c), reflecting the
valley-contrasting character of the pseudomagnetic field. For the valence band, shown in
Figure 3b,d, the magnitude of the splitting is relatively large at B; = 0, approximately
0.150 eV for MoS:. At the K valley, the positive splitting decreases with increasing Bs,
whereas at the K’ valley, the negative splitting increases toward zero, with the variation
becoming more pronounced for higher n. Comparing MoS: (Figure 3) with WSe2 (Figure
4), we find that both materials exhibit the same qualitative field dependence, while the
magnitude of the splitting and its field variation depend on the PLL index and the material
parameters. In particular, the zero-field valence-band spin splitting is substantially larger

https://doi.org/10.3390/micro6040096
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in WSe2, approximately 0.460 eV, than in MoS:, approximately 0.150 eV, owing to the

stronger intrinsic SOC in WSe.

(a) MoS; - Conduction Band K valley (b) MoS; - Valence Band K valley
0.007} ) '
0.150
0.006
. — 0.1491
> >
O &
0.005
E E 0.148}
0.004
0.1471
0.003
1 1 1 0.146 1 1 1
0 5 10 15 20 0 5 10 15 20
B (T) B; (T)
(¢) MoS, — Conduction Band K' valley (d) MoS; - Valence Band K' valley
—0.146
—-0.003
-0.147F
—-0.004
— —~
s >
C <
—0.148
h&} ~0.005 E
—0.149
—-0.006
-0.150
~0.007 ; i ; | | |

10 20

B, (T)

20

Figure 3. Dependence of the spin-splitting energy on the pseudomagnetic field Bg for different PLL
indices n in monolayer MoS2: (a) conduction band at the K valley, (b) valence band at the K valley,
(c) conduction band at the K’ valley, and (d) valence band at the K’ valley.

Figure 5 illustrates how the strain-induced pseudomagnetic field modifies the
normalized DOS in the valence and conduction bands of monolayer MoS: and WSez. For
the adopted pure-shear strain profile, increasing Bs from 30 to 50 T corresponds to
increasing the magnitude of the strain-gradient parameter. Within each spin-valley
branch, the stronger pseudomagnetic field increases the energy separation between
successive PLLs. At a fixed level index, the conduction-band levels shift toward higher
energies, whereas the nn > 1 valence-band levels shift toward lower energies. These changes
modify the positions and distribution of the DOS resonances, although resonances from
different branches may remain closely spaced or overlap. Differences between MoS: and
WSe: reflect their distinct band parameters and intrinsic spin-orbit coupling strengths.
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Figure 4. Dependence of the spin-splitting energy on the pseudomagnetic field By for different PLL
indices n in monolayer WSe:: (a) conduction band at the K valley, (b) valence band at the K valley,
(c) conduction band at the K’ valley, and (d) valence band at the K’ valley.
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Figure 5. Normalized density of states, D(E)/D,, as a function of energy for monolayer MoS: and
WSe2 at strain-induced pseudomagnetic fields B; = 30 and 50 T. Panels (a,b) show the valence-
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and conduction-band results for MoSz, respectively, while panels (c,d) show the corresponding
results for WSez. Blue and red curves correspond to B; = 30 and 50 T, respectively. A Gaussian

broadening parameter of I' = 0.15 meV is used.

The experimental relevance of these results is a qualitative connection between strain
and the electronic spectrum. Levy et al. [13] observed strain-induced pseudo-Landau
quantization through tunneling spectroscopy of graphene nanobubbles, demonstrating
that electronic levels generated by a strain-induced pseudomagnetic field can be resolved
spectroscopically. This provides an experimental precedent for the quantization
mechanism considered here, although the material and electronic spectrum differ from
those of monolayer TMDs.

In monolayer MoSz, Pet6é et al. [25] reported strain-dependent changes in the
electronic gap and Fermi-level position using tunneling spectroscopy, complemented by
photoluminescence measurements. Their measurements demonstrate that strain can
measurably modify the electronic spectrum of MoS:. However, their study concerns
biaxially strained nanobubbles and does not establish the orbital PLL spectrum
considered here. The qualitative connection is therefore the strain tunability of the
electronic structure, rather than agreement in the direction or magnitude of individual
PLL peak shifts. In the present model, this tunability is mediated by the strain-induced
pseudomagnetic field. The predicted changes in resonance energies and level spacings
provide specific signatures for spatially resolved tunneling spectroscopy in suitably
strained TMD monolayers, provided that spectral broadening and instrumental
resolution permit individual levels to be resolved.

To clarify the spin—valley contributions underlying the total DOS shown in Figure 5,
Figure 6 presents the branch-resolved normalized DOS, for monolayer MoS: and WSe: at
Bs = 50 T. The two contributions correspond to the Kt = K'| and K| = K't sectors, each
containing a pair of time-reversal-related states. The relative displacement of their PLL
resonances reflects the spin—valley dependence of the electronic spectrum. In the valence
band, the separation between the two sets of displayed resonances is more pronounced in
WSe: than in MoS:, consistent with the stronger intrinsic valence-band SOC of WSez. In
the conduction band, the two spectral sequences occupy largely overlapping energy
ranges, with their relative peak positions determined by the conduction-band SOC and
the PLL spectrum. Thus, Figure 6 complements the field-dependent total DOS in Figure 5
by identifying the contributions of the individual spin-valley sectors to the overall
spectral response.

To further investigate the electronic structure, we plot the normalized DOS evaluated
at a fixed Fermi energy, D(Er)/D,, as a function of the inverse of the strain-induced
pseudomagnetic field, B;*', for monolayer MoS: and WSe:2 in Figures 7 and 8,
respectively. The oscillatory structure directly reflects the discrete PLL spectrum. As B;
varies, successive PLLs are brought into resonance with the selected Fermi energy,
producing maxima in the DOS whenever E = Ey. Between successive crossings, the DOS
is strongly suppressed. Since the field-dependent contribution to the PLL spectrum is
governed approximately by the product nB;, the fixed-energy crossing condition
produces an approximately periodic sequence of resonances when the results are
represented as a function of B;'. The resulting DOS oscillations are therefore analogous
to the inverse-field periodic quantum oscillations associated with Landau quantization
and Shubnikov-de Haas-type behavior.
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Figure 6. Branch-resolved normalized density of states, D(E)/D,, as a function of energy for

monolayer MoS: and WSe: at a strain-induced pseudomagnetic field Bs = 50 T. Panels (a,b) show the

valence- and conduction-band results for MoSz, respectively, while panels (c,d) show the

corresponding valence- and conduction-band results for WSez. The blue and red curves correspond

to the Kt =K’| and K| =K't spin—valley sectors, respectively. A Gaussian broadening parameter of
I' = 0.3 meV is used.

For MoS:, panels (a) and (b) are evaluated at Er = 0.8304eV over different
pseudomagnetic-field ranges. In the lower-field regime, a larger number of higher-index
PLLs successively cross the Fermi energy, giving rise to a denser sequence of oscillations.
At relatively higher pseudomagnetic fields, the separation between neighboring PLLs
increases, and the individual resonances become more clearly resolved. Panel (c),
evaluated at Er = 0.8322 eV, demonstrates the sensitivity of the oscillatory structure to
the position of the Fermi energy. Changing Ep modifies the PLL indices satisfying the
resonance condition and therefore shifts the positions and spacing of the DOS maxima.
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Figure 7. Normalized density of states, D(Er)/D,, as a function of the inverse of the strain-induced
pseudomagnetic field, By !, for monolayer MoSz. Panels (a,b) are evaluated at Ep = 0.8304 eV over
low- and relatively higher-pseudomagnetic-field ranges, respectively, while panel (c) is evaluated
at Er=08322eV in the low-field regime . A Gaussianbroadeningparameter of I' =
0.0017 meV is used.
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Figure 8. Normalized density of states, D(Er)/D,, as a function of the inverse of the strain-induced
pseudomagnetic field, By !, for monolayer WSez. Panels (a,b) are evaluated at Ep = 0.8082 eV over
low- and relatively higher-pseudomagnetic-field ranges, respectively, while panel (c) is evaluated
at Ep=0.8097eV in the low-field regime . A Gaussianbroadeningparameterof I' =
0.003 meV is used.

The corresponding WSez results exhibit the same PLL-crossing mechanism, although
the oscillatory pattern differs quantitatively because of the stronger SOC and the finite
conduction-band spin splitting. In the present calculation, the conduction-band SOC
parameter is taken as 4, = 7 meV, corresponding to a total spin splitting of approximately
14 meV. Panels (a) and (b) are evaluated at Er = 0.8082 eV, whereas panel (c) is
calculated at Ep = 0.8097 eV. Since these Fermi energies lie slightly above the upper spin-
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split conduction-band edge, both spin—valley-resolved conduction branches can
contribute to the DOS. In panel (a), the low-field regime contains a dense sequence of
closely spaced resonances because many high-index PLLs successively cross the fixed
Fermi energy. At higher pseudomagnetic fields, as shown in panel (b), the PLL separation
increases and the individual DOS peaks become more clearly resolved. Panel (c) shows
that a slight change in the Fermi energy modifies the relative positions of the PLL
crossings and produces a more structured modulation of the oscillation amplitude. This
behavior results from the superposition of the two spin-valley-resolved PLL sequences
and demonstrates the strong sensitivity of the WSe2 DOS to both the pseudomagnetic field
and the selected Fermi energy.

The inverse-field oscillatory behavior predicted here is qualitatively related to
quantum-oscillation phenomena observed experimentally in two-dimensional electronic
systems under Landau quantization. In monolayer MoS:, Shubnikov-de Haas oscillations
and Landau-level filling have been experimentally resolved [26], demonstrating the
characteristic inverse-field periodicity associated with successive level crossings of the
Fermi energy. Similar Landau-level spectroscopy has also been reported in WSe2-based
systems [27]. Although these experiments involve real magnetic fields rather than strain-
induced pseudomagnetic fields, they provide a qualitative experimental benchmark for
the level-crossing mechanism and inverse-field oscillatory structure discussed in Figures
7 and 8.

Figures 9 and 10 present the field dependence of the common conduction-band Fermi
energy Ep of monolayer MoS: and WSe: at fixed electron densities of n, = 3 x 105 m™2
and n, = 6 x 10*® m~?, respectively. The calculations include both time-reversal-related
spin—valley sectors and finite conduction-band SOC, with the Fermi energy obtained self-
consistently from the Fermi-Dirac distribution. For both materials, the calculated
chemical potential displays oscillatory variations as the strain-induced pseudomagnetic
field changes. These features arise because the energies and orbital degeneracies of the
PLLs vary with Bg, while the total electron density is held fixed. Successive changes in the
occupation of the quantized levels consequently produce a nonmonotonic, approximately
sawtooth-like field dependence. The detailed positions and amplitudes of the oscillations
differ between MoS:2 and WSe: because of their distinct band parameters and conduction-
band spin-orbit splittings.

Increasing the electron density from 3 X 10%° to 6 x 1015 m™2

raises the chemical
potential relative to the lowest conduction states and changes the sequence of occupied
PLLs. The resulting oscillatory pattern is accordingly reorganized. At the very low
temperatures considered here (0.01, 0.1, and 0.5 K), thermal occupation smooths the
sharpest filling-related features, most visibly near changes in level occupancy; its extent
depends on the local energy-level spacing. Importantly, the numerical convergence
analysis confirms that these field-dependent oscillations are insensitive to further
increases in the retained number of PLLs. This behavior demonstrates how a strain-
induced gauge field can tune the electronic filling response without an externally applied
magnetic field.

The oscillatory response in Figures 9 and 10 is consistent with the general filling
physics of Landau-quantized 2D electron systems. For example, Alresheedi et al. [28]
theoretically reported magnetic-field-dependent chemical-potential oscillations at
different carrier densities, including an increase of the mean chemical potential and a
rearrangement of oscillatory features with higher density. Experimentally, Gustafsson et
al. [27] employed single-electron-transistor spectroscopy to resolve density-dependent
Landau-level structure in monolayer WSe2, while Pisoni et al. [26] observed well-resolved
quantum oscillations in n-type monolayer MoS:. Independent measurements of a GaAs-
based 2D electron gas have also demonstrated an oscillating chemical potential whose
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structure changes with temperature [29]. These studies establish qualitative connections
between Landau quantization, level filling, carrier density, and chemical potential.
However, they concern externally applied magnetic fields and, in some cases, significant
many-body interactions; the present model instead predicts an analogous filling response
produced by a strain-induced pseudomagnetic field. Direct experimental confirmation of
the latter Fermi energy oscillations in strained TMD monolayers remains an open
challenge.
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Figure 9. Conduction-band Fermi energy Ep as a function of the strain-induced pseudomagnetic
field B; for monolayer (a) MoS: and (b) WSe: at carrier concentrations of n, = 3 X 1015 m™2. Blue
solid, red dashed, and black dot-dashed curves correspond to T =0.01, 0.1, and0.5K,
respectively.
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Figure 10. Conduction-band Fermi energy Er as a function of the strain-induced pseudomagnetic
field B; for monolayer (a) MoS: and (b) WSe: at carrier concentrations of n, = 6 X 101> m~2. Blue
solid, red dashed, and black dot-dashed curves correspond to T =0.01, 0.1, and0.5K,

respectively.

Having characterized the electronic structure through the DOS and Fermi energy, we
next examine the thermodynamic response of the system. We first analyze the thermal
average energy as a function of temperature and pseudomagnetic field, followed by the
pseudomagnetic susceptibility, which describes the corresponding response to variations
in Bs.

Figures 11 and 12 show the temperature dependence of the average energy (E) for
monolayer MoS: and WSez, respectively, at B; = 10, 50, and 80 T. In the conduction
band, (E) increases monotonically with temperature for all pseudomagnetic fields because
thermal excitation progressively populates higher PLLs. At a fixed temperature,
increasing Bg shifts the conduction-band average energy upward, reflecting the larger
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quantization energy of the strain-induced PLL spectrum. The valence-band excitation
energy also increases with temperature; however, its field ordering is reversed under the
adopted edge-referenced definition, with the average excitation becoming smaller as Bs
increases. The two spin-valley branches remain close in MoSz, whereas WSe: exhibits a
visibly larger branch separation, particularly in the conduction band. This enhanced
separation is consistent with the strong SOC in WSez and with the finite conduction-band
SOC, Ac =0.007 eV. Thus, both materials display the same qualitative thermal behavior,
while WSe2 shows a stronger spin—valley differentiation.
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Figure 11. Temperature dependence of the thermal average energy, (E), of monolayer MoS: at strain-
induced pseudomagnetic fields B; =10, 50, and 80 T. Panels (a,b) show the conduction-band and

edge-referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt =

K| and K| =K't spin-valley sectors, respectively.
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Figure 12. Temperature dependence of the thermal average energy, (E), of monolayer WSez at strain-
induced pseudomagnetic fields B; = 10, 50, and 80 T. Panels (a,b) show the conduction-band and
edge-referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt =

K| and K| =K't spin-valley sectors, respectively.

Figures 13 and 14 present the average energy (E) as a function of Bs; for MoSz and
WSey, respectively, at T = 100, 200, and 300 K. For both materials, the conduction-band
average energy increases smoothly with By at every temperature, while increasing the
temperature shifts the curves upward because of the enhanced population of higher-
energy PLLs. In contrast, the edge-referenced valence-band excitation energy decreases
continuously with Bs, although its magnitude increases with temperature. The same
overall trends are obtained for MoSz and WSez, confirming that the pseudomagnetic field
controls the quantization scale in both materials. The main quantitative difference is the
more pronounced separation between the two spin—valley branches in WSe, particularly
in the conduction band. This enhanced separation reflects the stronger SOC in WSe:
together with the inclusion of the finite conduction-band SOC, Ac = 0.007 eV, which
produces a larger differentiation between the two spin-valley-resolved conduction
branches.
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Figure 13. Thermal average energy, (E), as a function of the strain-induced pseudomagnetic field
Bs for monolayer MoSz at T = 100, 200, and 300 K. Panels (a,b) show the conduction-band and
edge-referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt =

K'| and K| =K'1 spin-valley sectors, respectively.
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Figure 14. Thermal average energy, (E), as a function of the strain-induced pseudomagnetic field
Bs for monolayer WSe2 at T = 100,200, and 300 K. Panels (a,b) show the conduction-band and
edge-referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt =

K'| and K| = K'1 spin-valley sectors, respectively.

Figures 15 and 16 show the generalized susceptibility, xs /up, associated with the
strain-induced pseudomagnetic field as a function of B; for MoS: and WSe;, respectively,
over B;=1-10T at T = 20,50,and 70 K. In both materials, y; /up, remains positive
and decreases monotonically with increasing Bg. The response changes most rapidly in
the low-field region and progressively weakens at larger fields, where the curves flatten
and approach small values. At a fixed B, the susceptibility increases with temperature,
with the 70 K curve lying above the 50 K and 20 K curves; this thermal separation is
strongest at low field and becomes progressively smaller as B;increases. The conduction-
and valence-band responses exhibit the same overall field-driven suppression, while the
two time-reversal-related sectors Kt = K'| and K| = K't remain closely spaced, indicating
that spin-valley splitting provides only a small quantitative contribution to the dominant
field and temperature dependence.
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Figure 15. Generalized susceptibility, xs /up, as a function of the strain-induced pseudomagnetic
field By for MoSz2 at T = 20, 50, and 70 K. Panels (a,b) show the conduction-band and edge-
referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt =K'|
and K| =K't spin-valley sectors, respectively.
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Figure 16. Generalized susceptibility, xs /up, as a function of the strain-induced pseudomagnetic
field B; for WSez at T = 20, 50, and 70 K. Panels (a,b) show the conduction-band and edge-
referenced valence-band results, respectively. Solid and dashed curves correspond to the Kt = K'|

and K| =K'1 spin-valley sectors, respectively.

4. Conclusions

In conclusion, we investigated the electronic and thermodynamic properties of
strained monolayer MoS: and WSe2 within the low-energy massive-Dirac framework in
the presence of a strain-induced pseudomagnetic field. Starting from the PLL spectrum,
we systematically examined the density of states, the Fermi energy at fixed carrier density,
the thermal average energy, and the generalized thermodynamic response to the
pseudomagnetic field.

The results show that the strain-induced pseudomagnetic field produces pronounced
Landau-like quantization, giving rise to discrete PLLs and characteristic oscillatory
behavior in both the DOS and the Fermi energy. The Fermi-energy oscillations are
progressively smoothed with increasing temperature as a consequence of thermal
broadening, while increasing the carrier density shifts the Fermi level upward and
modifies the sequence of PLL crossings. The thermal average energy exhibits a systematic
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dependence on both temperature and pseudomagnetic-field strength, reflecting the
redistribution of carriers among the quantized levels. The generalized pseudofield
susceptibility is most pronounced in the low-field regime and gradually approaches small
values as the pseudomagnetic field increases. The spin—valley-resolved calculations
further reveal quantitative differences between MoS: and WSez arising from their distinct
band parameters and SOC strengths, including the finite conduction-band SOC retained
for WSea.

Building on the strain-induced PLL spectrum, the present work provides a unified
picture of how pseudomagnetic quantization governs the electronic and thermodynamic
response of monolayer TMDs. Taken together, the calculated observables reveal how
strain, temperature, carrier density, and spin-valley coupling collectively shape the
response of the quantized electronic system. They also provide complementary,
experimentally relevant signatures of strain-induced quantization that may be probed in
suitably engineered TMD structures. More broadly, the results demonstrate that strain-
generated pseudomagnetic fields offer a versatile route for tuning the electronic, thermal,
and spin—valley properties of monolayer TMDs without the need for an externally applied
real magnetic field.
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