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Abstract

This paper proposes a method for assessing societal risk along a traffic link by integrating a
stochastic formulation of the fundamental diagram. The approach accounts for uncertainty
in vehicle speed due to user heterogeneity, vehicle characteristics, and environmental
conditions. The risk index is decomposed into occurrence, vulnerability, and exposure
components, with the occurrence probability modeled as a function of stochastic speed. The
inverse gamma distribution is adopted to represent speed variability, enabling analytical
tractability and control over dispersion. Numerical results show that urban and suburban
environments exhibit distinct sensitivity to model parameters, particularly the gamma
shape parameter  and the composite parameter ¢ = - vy obtained by the product of the
occurrence parameter B and the free speed flow vg. Graphical representations illustrate
the impact of uncertainty on risk estimation. The proposed framework enhances existing
deterministic methods by incorporating probabilistic elements, offering a foundation for
future applications in traffic safety management and infrastructure design.

Keywords: transportation link risk; stochastic fundamental diagram; vulnerability and
occurrence

1. Introduction

Road safety analysis increasingly requires the integration of probabilistic models to
account for uncertainty in traffic behavior. Traditional deterministic approaches often
overlook the variability introduced by heterogeneous users, diverse vehicle types, and
fluctuating environmental conditions. This paper addresses this gap by proposing a
stochastic formulation of the fundamental diagram (S-FD) and applying it to the assessment
of societal risk along a traffic link.

The societal risk index is decomposed into three components: occurrence, vulnerability,
and exposure. This decomposition aligns with established risk assessment frameworks in
transportation and other safety-critical domains as explained in [1-4].

The main research question addressed in this study is as follows: how does the societal
risk index vary along a traffic link when speed is modeled as a random variable via an
S-FD, and what are the implications for traffic safety assessment?

To answer this, we develop a mathematical method that integrates stochastic speed
modeling with risk quantification. The inverse gamma (InvGamma) distribution is adopted
to represent speed variability, offering analytical tractability and control over dispersion.
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The proposed method is applied to both urban and suburban traffic scenarios, highlighting
differences in sensitivity to model parameters.

This paper is organized as follows. Section 2 introduces the S-FD and its properties.
Section 3 presents risk formulation. Section 4 details the mathematical model. Section 5 pro-
vides numerical results and graphical interpretations. Section 6 concludes with implications
and future research directions.

2. Deterministic and Stochastic Link Fundamental Diagram

The fundamental diagram (FD) (also called the link fundamental flow diagram, LFFD)
describes how vehicles move along a stretch of highway through relations among vehicle
density, flow, and speed. Under steady-state conditions the FD is the most used traffic
model. It was first proposed in [5]. Recent reviews of models of Traffic Flow Theory
include [6-12]. Segment-level studies [13] underscored the importance of spatiotemporal
flow variability in crash-frequency modeling.

Two basic variables can be observed for each link of a highway: flow, depending on
space, and density, depending on time. Speed can be averaged on space or time; the former
depends on the time instant, the latter on space.

Under steady-state conditions the flow during a time interval does not depend on the
space, and the density and the (space average) speed over a stretch of space do not depend
on the instant of time. If
f > 0is the (vehicular) flow;

k > 0is the (vehicular) density;
v > 0 is the (space average) speed;

fmax is the capacity (f < fyax is commonly assumed as a function of geometrical

characteristics of the infrastructure [7] or calibrated against read data);

o kyax is the maximum density (k < kpax, depending on (average) vehicle length and
minimum safety distance or calibration against read data);

e 17y is the zero-flow or free-flow or maximum speed (v < vy is commonly assumed as a

function of geometrical characteristics of the infrastructure, as well as weather and

light conditions),

the following relation holds:
f=k-v (1)
Moreover, a relationship between density and speed holds, defined by the monotonically
decreasing speed—density function:
v =vk(k) € [0, vl 0 <k < kmax ()

Combining Equations (1) and (2) the flow—density function is defined as

f=fk)e [0, fmax] 0 <k < kmax ©)

with f(k) = k - vk(k); vice versa, knowing the f(k) function, the speed-density function is
easily defined as vk (k) = f(k)/k.
Two further (endogenous-model-dependent) parameters can be defined:

e k¢ is the critical density, the density giving the maximum flow flkc) = fpax;
o vc =vk(ke) is the critical speed, the speed at critical density.

The flow—-density function is monotonically increasing up to the critical density (stable
regime), then decreases (unstable regime).
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Finally, a relationship holds between speed and flow, obtained from Equations (1) and (2),
when looking for the solutions of the equation v — vk (f/v) = 0:

v=20(f) € [0, vl 0 < f< fmax 4)

Two regimes, with two different values of speed, correspond to each value of flow:

e A stable regime, with high speed and low density, in which v(f) is monotonically
decreasing;

e An unstable regime, with low speed and high density, in which v(f) is monotonically
increasing.

When steady-state conditions do not hold, within-day dynamic macroscopic models
can be used, including the FD or S-FD as one of the main equations.

The above deterministic analysis does not consider several sources of uncertainty such
as users’, vehicles’, and infrastructures” heterogeneity, weather and light conditions, etc.
Therefore, it seems useful to carry out a stochastic analysis too, where the speed given by
the stable regime speed—flow function is to be considered the mean of a random variable V,
whose dispersion models some sources of uncertainty, leading to the S-FD [9,10]:

ven Vel0 vl 5)

such that E[V | f] = v(f), and there is possibly variance depending on flow too. In this paper
the S-FD is within the risk assessment methods for endogenous events inside the flow.

The most promising distribution for speed seems to be InvGamma, which leads to
link travel time (or link disutility) being distributed in a gamma distribution (Section 4),
and thus to the use of the Gammit route choice model [9,14].

3. Transportation Link Risk Analysis

The probabilistic decomposition of road-traffic risk into occurrence, vulnerability, and
exposure can be dated back to May [15], who first formalized the need to quantify crash
likelihood as a function of dynamic flow variables, and was further elaborated in [16]
through statistical linkage of observable traffic conflicts to safety outcomes. The role of
flow instability in triggering endogenous events was clarified in [17], whose three-phase
theory showed how minor speed perturbations escalate into breakdowns and shockwaves,
elevating the probability of rear-end and lane-change collisions. Vulnerability curves
grounded in impact kinematics emerged in [18], demonstrating the nonlinear escalation of
crash severity with relative speed, and were refined in [19] to account for vehicle mass and
braking performance. Exposure estimation, linking traffic density and speed, relies on the
fundamental diagram reviewed in the next section.

This section summarizes the findings of a quantitative analysis investigating the
relationship between risk parameters and mean travel speed in a transport network link [20].
The analysis is carried out separately for each of the three risk components for social risk.

The risk analysis model considers the following three components (Figure 1).

e  Occurrence. In the context of a transport system, a dangerous occurrence refers to an
event, either accidental or intentional, that has the potential to cause serious harm,
injury, or damage, and is often subject to specific reporting requirements. The occur-
rence of dangerous events in a transport system can be classified into two categories
with respect to the vehicular flow:

o Exogenous: these events originate from external sources and, as a result, are
not affected by congestion; some examples of this kind of event are floods and
earthquakes;
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o Endogenous: these events are generated by vehicle flow and congestion and
thus depend on traffic conditions; examples of such events include vehicular
accidents.

Vulnerability. In a transport system, vulnerability to dangerous events refers to the
susceptibility of the system to disruptions and negative impacts caused by unforeseen
or hazardous occurrences. The impact energy applied to users in the aftermath of a
dangerous event can be quantified as follows:

o For an exogenous event occurring within the flow, the energy does not depend
on the traffic flow variables;

o For endogenous events, the energy depends on the traffic flow variables and is
mainly a function of the kinetic energy of the vehicles involved in the impact.

Exposure. In a transport system, exposure to dangerous events refers to the number of
users (and the quantity of goods) on the link and in the proximity of the link who are
affected by the hazardous event. The model is composed of two components:

o The first category of users is those situated close to the link, for example,
residents, who could potentially be affected by the dangerous event;

o The second category of users is those utilizing the transport link; this category
of users is dependent on traffic conditions.

Let

v be the (space average) speed;

po be the probability of the occurrence of a hazardous event;

po,ex be the probability of the occurrence of an exogenous hazardous event;

po,eN1 be the probability of the occurrence of an endogenous dangerous event in an
unstable flow region;

po,eN2 be the probability of the occurrence of an endogenous dangerous event in a
stable flow region;

pv be the vulnerability, the conditional probability that the users of the transport
system will suffer negative effects given the occurrence of the dangerous event;
pvEex be the vulnerability, the conditional probability given the occurrence of the
dangerous exogenous event;

pvEen be the vulnerability, the conditional probability given the occurrence of the
dangerous endogenous event;

e be the exposure, the number of people (and the quantity of goods) exposed to
exogenous (erx) and endogenous (egy) events.

The risk r, which is the mean number of people suffering negative effects, can be given

by the following (see Figure 1):

r=po - Pv-e=poEx - PVEX - (eEx + €EN) + (PO,ENT + PO,EN2) - PVEN * €EN (6)

This paper describes the application of the proposed model to the risk of endogenous

events only (assuming po gx, pvex, and egx are equal to 0); under these assumptions, the

Equation (6) becomes

r=po - pv-e=(poENT +POEN2) - PVEN * €EN ()

In the case of only a stable flow region (pp gn7 is equal to 0), the risk is

7' =PO,EN2 * PVEN * €EN (8)
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Figure 1. Proposed model (adapted from Vitetta) [20].

4. Transportation Link Risk Analysis Through Stochastic
Fundamental Diagram

In a link, as indicated in Equation (8), societal risk is determined by three key compo-
nents: occurrence, vulnerability, and exposure. In the specific case of a stable flow regime,
these components can be expressed as functions of speed, which serves as the primary
independent variable (within the assignment model framework):

Po,EN2 = PO,EN2(V) )
PVEN = PVEN(D) (10)
eeN = een(v) (11)

Considering the stable regime of the traffic flow diagram, the travel speed v, or the
travel time ¢ (reciprocal of speed with length as the proportionality parameter), is a function
of the flow f (or the density), v = v(f), described in Section 2. Therefore, societal risk can be
specified as dependent on flow as well as some parameters (to keep the notation simple,
the parameters were omitted from the risk function):

r(©o(f), f) = po,en2(0(f)) - pvEn(V(f) - een(v(f) (12)

According to the S-FD the speed—flow function provides the mean of the speed as-
sumed as a random variable described by the probability density function (pdf). Two
approaches (deterministic or stochastic) may be followed to compute the above risk index,

as described below.

4.1. Deterministic Approach

If the randomness of the speed is neglected, each of the three components of societal
risk provides a deterministic value and therefore the risk is deterministically defined.

Let

o x=f/fpmax be the (dimensionless) degree of saturation;



Future Transp. 2025, 5, 150 60f 17

e Y =1u0/vybe the (dimensionless) speed ratio.

In most speed functions speed v depends on the degree of saturation x only; moreover,
the speed can be expressed as the free flow speed (or maximum speed) times the speed
ratio y, a function of the degree of saturation x:

y=yx) €[01] (13)
Thus Equation (4) becomes:
u(f) = y(x) - vy € [0, vyl (14)

Then, combining Equations (12) and (14), the risk (12) can be computed as a function
of the degree of saturation, only as

r(o(f), f) = v(y(x) - vy, x - farax) (15)

4.2. Stochastic Approach

If the speed is modeled as a random variable, each of the three components of societal
risk is a function of a random variable; therefore, societal risk is defined by a random
variable. According to the S-FD the speed—flow function provides the mean of the speed
assumed as a continuous random variable, with the following sensible requirements:

e Defined over the nonnegative real line;

e Defined by at least scale and shape parameters, so that mean and variance are
independent;

e Unimodal;

e Has an easily defined unimodal inverse describing the travel time randomness, stable
with respect to the sum, thus allowing the modeling of route travel time as a random
variable of known distribution.

Let v denote the space-averaged speed of vehicles on the link. In the S-FD, v is modeled
as a random variable V~InvGamma(y, 6), where

e 7 is the shape parameter;
e  fy is the scale parameter.

The InvGamma distribution is defined by the probability density function:
fr@)=6. 1Ty .o e /050 (16)

This choice also ensures nonnegativity, unimodality, and flexibility in controlling
dispersion. In practical terms, lower values of # correspond to higher uncertainty in speed,
which may reflect poorly controlled traffic environments or high heterogeneity among
users and vehicles. Higher values of 77 indicate more stable speed distributions, typical of
well-regulated traffic conditions.

The deterministic FD is recovered as a special case when 17— 0, leading to a degenerate
distribution where speed becomes constant.

The most promising distribution for the speed ratio Y according to the above require-
ments seems to be the one where the InvGamma that leads to travel time T is distributed as
a gamma with scale parameters 61 and the same shape parameter #; thus, ur = 07 - 77, and
variance 072 = 072 - 7.

The travel time gamma r. v. T may also be parameterized with respect to the mean
ur and the shape parameter 7; thus, the scale parameter is 1 = ur/#% and the variance is

or? = ur? /1.
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Assuming that the mean of T is given by the travel time function, ur = t(f), the travel
time gamma r. v. T has shape parameter 7, scale parameter 61 = t(f)/57, and variance
o1’ = H(f)*/y. Therefore T/t) is a gamma r. v. with the same shape parameter 1, mean
utpo = t(H/y, scale parameter 079 = t(f)/(y7 - tp), and variance oy, = HA? [(te? - ).

Then the speed ratio r. v. Y = 1/(T/ty) is distributed as an InvGamma with the same
shape parameter 1, mean py = (tp/t(f)) - (y /(1 — 1)), scale parameter 0y = (ty/t(f)) - 7, and
variance oy? = (to/t())? - 5’ /A( — 1)? - (5 — 2)). Since to/ Hx - farax) = y(x),

uy(x) =y(x) - n/y — 1) (17)

oy(x) =y(x) -y/((n —1) - \/(n — 2) = uy(x)/\/(n — 2) (18)

In the stable regime, with 1 fixed, an increase in the degree of saturation x leads
to a decrease in the speed ratio y(x), along with a reduction in the standard deviation.
Within the same stable regime, for a given y(x), the standard deviation also decreases as
1 increases.

Thus, the coefficient of variants Y is

co = oy (x, 1)/uy(x) =1/\/(n — 2) (19)

Independent of the degree of saturation, it decreases as 11 increases.

To guarantee positiveness of the mean, yuy > 0, the shape parameter must be greater
than 1; for that of the standard deviation, oy > 0, the shape parameter must be greater than
2; moreover, to avoid the coefficient of variation being greater than 1, the shape parameter
must be greater than 3. Therefore, in the following the shape parameter is assumed to be
greater than or equal to 3, # > 3. It is worth noting that oy = yy for = 3.

The explicit definition of the closed form of the pdf of the risk given the pdf of speed
may be very cumbersome, as in most such cases Monte Carlo techniques could be applied,
as will be addressed in a future paper. Otherwise, a heuristic approach (referred to as the
H-Method) can be applied, as described below.

H-Method: Given vy and fy14x, for each value of the degree of saturation x, a heuristic
approach to the stochastic analysis of the risk is based on defining an interval for the risk
index specified in Equation (15) by computing it for three values of speed ratio y(x):

Yr(x) = py(x) + oy(x) (20a)
ym(x) = py(x) (20b)
yr(x) = py(x) — oy(x) (20c)

For values of the shape parameter greater than or equal to 3, 7 > 3, Equation (20c)
always gives a nonnegative value. Equation (20a) may give values greater than 1 for low
values of the shape parameter, or even greater than 3.

A more precise approach based on the definition of the risk index distribution from
Equation (12) and the distribution of the speed will be discussed in a future paper. Since a
closed-form formulation seems hard to derive, presumably Monte Carlo techniques need
to be applied.

As a reminder for the reader, we provide a short glossary in Table 1 for faster reading.

Table 1. Glossary of symbols and parameters.

Symbol/Term Description

T Speed random variable
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Table 1. Cont.
Symbol/Term Description
14 Travel time random variable
1 Shape parameter of the gamma and inverse gamma distribution
Ot Scale parameter of the inverse gamma distribution
Oy Scale parameter of the inverse gamma distribution
x Degree of saturation (dimensionless), ratio between flow and capacity
Yy Speed ratio (dimensionless), ratio between speed and free flow speed

5. Numerical Experimentation

The procedure is tested on a single link to check its applicability. The risk and traffic
flow functions are specified, and risk curves are calculated using both deterministic and
stochastic risk approaches.

5.1. Speed—Flow Function Specification

The FD can be derived from the well-known BPR-like travel time function, often used
for transportation supply analysis and demand assignment:

P =ty (1+a(f/fuax)) 0 < f < fuax (21)

where

t is the travel time needed to traverse the link;

L is the length of the link;

tp = L/vg is the null flow travel time needed to traverse the link;
a > 1 is the congestion factor, such that 1 + a = t(fprax)/to;

b > 1is a shape coefficient (b = 1, meaning it is a linear function).

The stable regime speed—flow function, v(f) = L/t(f), corresponding to the BPR-like
time—flow Equation (21) is given by

v(f) =vp/(1+a (f/fMAX)b) 0 <f<fmax (22)

Commonly used values of parameters are as follows (alternative parameter values
may be adopted depending on the characteristics of the infrastructure and the flow, and
should be calibrated using empirical data):

e a=0.15b=4,v9=120 km/h for extra-urban application [in this case Equation (21)
mainly plays the role of a capacity constraint];
e a=2,b=2,v9=60km/h for urban application.

The speed—flow Equation (22) can be redefined as
y(x;a,b)=1/1 +a(x)®)e [0,1]0 < x < 1 (23)

where
o x=f/fpax is the degree of saturation;

e Y =10/vyis the speed ratio.

5.2. Risk Function Specification

The three components of the risk (occurrence, vulnerability, and exposure) in the
following are specified as shown below [20]:

Po.EN2 = &1 - (1 —exp(—=f - v)) (24)
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PuEN = 22 - (0/vp) (25)
EEN=063~L-k (26)

where a1, &y, a3, and B are parameters greater than zero (to be calibrated against real data).

The above three equations can be combined with the speed flow Equation (2) in a
stable flow region, such as (22); moreover, the density can be obtained from Equation (21)
as k = f/v; thus,

pon2(f) = a1 - (1 — exp(—pB - v(f))) (27)
PoEN(D = a2 - (0(P/0p)? (28)
eeN(f) =az - L - f/o(f) (29)

Assuming & = a7 - a0 - a3, the risk—flow function (Equation (12)) for endogenous events
is given by

1) =a-(1—exp(—B-v(f) (0Plg)? - L-flof) =
=(a - L/vg?) - (1 —exp(—B - o(f) - v(f) - f= (30)
=(a - L- fayrax/vo) (1 — exp(—B - vg - v()/vy)) - (0(f)/vg) - (fffmax)

To enhance the clarity of exposition, the risk function and the speed function may
include the model parameters, thereby making the dependence explicit:

r(f;a,b,c)=(a-L-fapax/vo) (1 —exp(—c - v(f; a, b)fvg) - (v(f; a, b)/vy) - (fffpmax) (31)

where ¢ = 8 - vg (B to be calibrated against real data).
A dimensionless risk index z in the range [0, 1] can be defined as

z(f;a,b,c)=r(f;a,b,c) - (vo/la - L - farax) (32)

The (dimensionless) risk index z(f; 4, b, ¢) can be defined as a function of the degree of
saturation, given by the multiplication of three terms, all in the range [0, 1]:

z(x;a,b,¢) =(1 —exp(—c-y(x;a,b) - y(x;a,b) - x€[0,1]0<x <1 (33)

where (as already stated)

o x=f/fmax € [0,1]is the degree of saturation (usually a value of fyjax = 2000 veic/h for
a standard lane);

e y =ufvy € [0, 1] is the speed ratio (usually values of vy = 80-120 km/h x-urb,
30-60 km /h urb);

o z=1/la- Ly - fpmax) € [0,1] is the risk index (L is the highway length; « is to be
calibrated).

5.3. Numerical Results and Comments

This section presents the results of a deterministic or stochastic analysis using the
formulation present in the previous section, namely Equations (23) and (31).

We apply the proposed risk model to two traffic environments: urban and suburban.
The parameters 4, b, and vy are calibrated based on typical flow—speed profiles for each
setting. Table 2 summarizes the input parameter values used, distinguishing urban and
extra-urban settings, relative to the functions specified in Equations (22)—(24).
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Table 2. Reference parameter values.

Parameter Urban Extra-Urban
vy [km/h] 60 120
fmax [veic/h] 2000 2000
a 2 0.3
b 2 4
B 0.01 0.01
c=p-79 0.6 1.2

Despite using the same nominal capacity fi.x = 2000 veic/h for both cases (which is
the capacity known in the literature), the resulting risk profiles differ due to variations in
the shape of the flow—speed function.

5.3.1. Deterministic Risk Analysis

Two types of deterministic analysis were carried out, concerning the speed ratio or
risk index.

The first analysis compares the speed ratio values y() against the degree of saturation
x considering different values of a and then of b in both urban and extra-urban settings (as
shown in Figure 2). It is important to remember that since y() is not a function of ¢, it is
useless to study the effect of changing such a parameter.

As far as the speed ratio y() is concerned, the effects of changing both parameters a
and b are relevant in the urban setting, whilst for the extra-urban setting only changing
parameter a has a significant effect. In both settings, as the degree of saturation goes to 0,
the effect of changing parameter a becomes negligible, whilst as the degree of saturation
goes to 0 or to 1 the effect of changing parameter b becomes negligible.

The second analysis compares the risk index values z() against the degree of saturation
x in urban and extra-urban settings considering different values of 4, b, and ¢ (as shown in
Figure 3); in any case z() against x shows a concave graph. Whatever the setting changes,
both the parameters a2 and b have negligible effects. On the other hand, the effect of changing
parameter c is very significant.

Figure 2 shows the impact of parameters a and b on the flow—speed relationship. In
urban environments, both parameters significantly affect the curve, reflecting congestion
sensitivity and speed deterioration. In suburban settings, parameter a dominates, consistent
with highway flow characteristics.

Figure 3 illustrates the sensitivity of the risk index z(x) to the composite parameter
c=p - vg. We observe that higher values of c lead to sharper decay in occurrence probability
and lower expected risk.

5.3.2. Stochastic Risk Analysis

Two types of stochastic analysis were carried out, concerning speed ratio or risk index,
applying the H-Method defined above. The parameters used in this analysis are the same
as those used for the deterministic analysis.

In both cases, as already stated, the speed ratio y is assumed to be a realization of the
r.v. Y distributed as an InvGamma r.v. with mean py given by y(), depending on the degree
of saturation, and shape parameter 1 independent of the degree of saturation; from these
two parameters, the standard deviation oy = uy/\/(§ — 2) can be obtained.

Figures 4 and 5 show an uncertainty interval for the speed ratio y() or the risk in-
dex z(), respectively, against the degree of saturation x; the uncertainty interval is ob-
tained by applying the H-Method, specified in Section 4.2, considering y as defined by
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Equations (20a), (20b) and (20c) respectively. Three values of shape parameter 1 are con-
sidered, 3, 6, and 11, corresponding to ¢, =1, 1/2, and 1/3, according to Equation (19).

As expected, the larger the values of the shape parameter, the smaller the uncertainty
interval. Figure 5 shows that the risk index is more sensitive to the degree of saturation and
that uncertainty intervals are larger for the extra-urban setting with respect to urban ones.
Lower 7 values yield wider intervals, indicating greater uncertainty in risk estimation.
This has practical implications for traffic management: conservative measures may be
warranted when uncertainty is high.

Some scenarios show a large uncertainty interval of the risk index for the extra-urban
setting. These results, which are to be further investigated, may greatly affect the risk
assessment for traffic control and project evaluation. Therefore, the Stochastic Risk Analysis
results show how stochastic analysis allows us to obtain more effective results and can lead
to interesting future developments to be discussed in future papers.

To quantify this effect, the elasticity index is adopted:

g =0z/dc-c/z (34)

Table 3 reports elasticity values for selected points along the link. The results confirm
that z(x) is highly sensitive to c, especially in mid-range saturation levels.

Table 3. Reference parameter values for elasticity.

Saturation Level x Risk Index z(x) Parameter ¢ Elasticity &
0.2 0.015 0.85 —0.42
0.5 0.038 0.85 —0.67

0.8 0.021 0.85 —0.31
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Figure 2. Speed ratio y(x) vs. degree of saturation x, urban (left) and extra-urban (right) settings: deterministic risk analysis.
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Figure 3. Risk index z(x) vs. degree of saturation x, urban (left) and extra-urban (right) settings: deterministic risk analysis.
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6. Conclusions

A methodology has been proposed for the stochastic analysis of societal risk along a
transportation link. This methodology further elaborates the approach to transportation risk
analysis due to endogenous flow events proposed in [20]. Indeed, it includes a stochastic
formulation of the (stable regime) fundamental flow diagram to consider the observed
dispersion of the speed for each value of flow through a random variable.

Some specifications of the methodology have been discussed, and a heuristic imple-
mentation method has been formulated through dimensionless variables that are useful for
providing uncertainty intervals for the speed as well as the risk index.

A heuristic method has been tested on a single link to check its applicability through
some numerical applications to urban as well as extra-urban settings. Some scenarios show
a large uncertainty interval of the risk index for the extra-urban setting; these results, to be
further investigated, may greatly affect the risk assessment for traffic control and project
evaluation.

Some issues worth further research efforts are as follows:

e  the combination of the proposed method with route choice models and its application
within an assignment framework (recent reviews on this topic, introduced by Wardrop
in his seminal paper [21], are in [22,23]);

o the specification of a more precise modeling approach based on the definition of the
risk index distribution from Equation (12) and the distribution of the speed as an
InvGamma. Since a closed-form formulation seems hard to derive, presumably Monte
Carlo techniques need to be applied.

This paper presents a stochastic framework for assessing societal risk along a traffic
link, integrating uncertainty in vehicle speed via the InvGamma distribution. The proposed
method extends traditional deterministic models by incorporating probabilistic elements,
enabling more realistic and flexible risk estimation.

Numerical results demonstrate that urban and suburban environments respond differ-
ently to model parameters, particularly the shape parameter 77 and the composite parameter
c = f - vp. Elasticity analysis confirms that the risk index is highly sensitive to these param-
eters, especially under medium saturation conditions.

The uncertainty interval associated with different values of 77 provides practical guid-
ance for traffic safety management. Lower 7 values suggest greater variability in speed
and risk, warranting conservative interventions. Higher 5 values indicate more stable
conditions, allowing for targeted control strategies.

Future research will focus on implementing Monte Carlo simulations to refine the
stochastic analysis and validate the model against empirical data. This will enhance the
applicability of the framework in real-world traffic safety assessments and infrastruc-
ture planning.
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