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Abstract: Introduction: In this work, we develop a multi-scale model to calculate corrections to
the prescription dose to predict compensation required for the DNA repair mechanism and the
repopulation of the cancer cells due to the occurrence of patient scheduling variabilities and the
treatment time-gap in fractionation scheme. Methods: A system of multi-scale, time-dependent
birth-death Master equations is used to describe stochastic evolution of double-strand breaks (DSBs)
formed on DNAs and post-irradiation intra and inter chromosomes end-joining processes in cells,
including repair and mis-repair mechanisms in microscopic scale, with an extension appropriate for
calculation of tumor control probability (TCP) in macroscopic scale. Variabilities in fractionation time
due to systematic shifts in patient’s scheduling and randomness in inter-fractionation treatment time
are modeled. For an illustration of the methodology, we focus on prostate cancer. Results: We derive
analytical corrections to linear-quadratic radiobiological indices α and β as a function of variabilities
in treatment time and shifts in patient’s scheduling. We illustrate the dependence of the absolute
value of the compensated dose on radio-biological sensitivity, α/β, DNA repair half-time, T1/2, tumor
cells repopulation rate, and the time-gaps among treatment fractions due to inter-patient variabilities.
At a given tumor size, delays between fractions totaling 24 h over the entire course of treatment,
in a typical prostate cancer fractionation scheme, e.g., 81 Gy, 1.8 Gy per fraction and 45 treatment
days, require up to 10% compensation dose if the sublethal DNA repair half-time, T1/2, spans over 10
h. We show that the contribution of the fast DNA repair mechanisms to the total dose is negligible.
Instead, any compensation to the total dose stems from the tumor cell repopulation that may go
up to a significant fraction of the original dose for a time gap of up to one week. Conclusions: We
recommend implementation of time irregularities in treatment scheduling in the clinic settings to
be taken into account. To achieve a clinical endpoint, corrections to the prescription dose must be
assessed, in particular, if modern external beam therapy techniques such as IMRT/VMAT are used
for the treatment of cancer.
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1. Introduction

It is now evident that increase in frequency of occurrence of natural disasters such as
hurricanes, floods and large scale fires due to severe climate change and global warming, in
addition to the recent pandemic, lead to temporary shut down of outpatient cancer centers.
Such natural events cause unforeseen and in some cases a long interruption in patients
treatments. For example, in September 2021, several radiotherapy centers were shut down
due to the remnants of Hurricane Ida that resulted in severe thunderstorms and tornadoes
around the North East area. It is, therefore, an emerging demand to investigate potential
clinical actions that may require to adjust the prescribed doses of radiation to compensate
for the patients’ anatomical changes and tumor growth that may take place during the
interrupted treatment time.
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In the most common modality in radiotherapy, megavoltage photons generated in
clinical linear accelerators are mechanically focused to target cancerous tumors for treatment
of malignancy.

In radiotherapy, radiosensitivity, repopulation, repair, reoxygenation, and redistribu-
tion also called 5R’s are known to have important impact on outcome of radiotherapy (RT)
treatment [1]. Although recently, reactivation of the immune system by RT has been also
proposed as 6th R [2].

Among all of these processes, damage to DNA [3,4] and tumor cell repopulation
during the treatment gap play crucial roles as under treated tumors have a chance of
regrowth and tumor cell repopulation, a typical condition if a delay and time-gaps among
fractions occur.

In a nutshell, repair of DSBs that are caused by RT is vital for cell survival [5–7]. RT
prompts formation of reactive oxygen species (ROS) directly or indirectly which generates
apurinic/apyrimidinic (abasic) sites in the DNA, SSBs, sugar moiety modifications, and
deaminated adducted bases [8]. RT stimulates the activation of DNA damage repair (DDR).
The up-regulation of DDR genes (BRCA1, FANCG, RAD51) promote cell survival following
irradiation in radioresistant (PC-3) prostate cancer cell line [8]. Although several mutations
in these genes also increase the risk for developing breast and other neoplasias as well.
Tumor cells able to efficiently repair the radiation damage would develop resistance to
radiation and enable cells to survive and replicate. In addition, healthy cells surrounding
the cancer cells can get damaged. They would recover by either successfully repairing their
DNA or inducing cell death (apoptosis). Also, bystander effects of RT on normal cells may
contribute to chromosomal aberrations and to an increase the risk for new malignancies [9].

The half-life values of DNA repair depend on cell and tissue type, physical (dose
and type of radiation), chemical (oxygenation) and biological parameters (DNA repair
systems). The fast repair half-life is approximately 3–22 min and the slow repair half-life is
approximately 40 min–12 h. See Table 1.

To take advantage of such complex and stochastic processes and bring it under control
for a therapeutic modality of cancer, various clinical trials were proposed in the last
century. It is common in the current standard of practice among practitioners to follow
recommendations by The Radiation Therapy Oncology Group (RTOG) and other clinical
trials, in addition to in-house clinical protocols, and to prescribe a specific sequence of dose
(Gy) per fraction. Synchrony between fractionation scheme, physio-chemical pathway of
DNA damage and cell survival is crucial for achieving high efficacy of the treatment. It is
therefore crucial to investigate and assess the sensitivities of the clinical endpoints to the
clinical variations, such as the synchronization of the treatment and administration times.

The effect of time to deliver the dose has been studied extensively. For a variety of cell
lines and clinically relevant scenarios the effects of dose rate and treatment interruption
have been studied in Refs. [10–14].

A recent clinical study performed by Dong et al. [15] reported outcomes for 1728 pa-
tients. This study concluded that the treatment interruption did not lead to differences
in freedom from biochemical failure or overall survival. Ohri et al. [16], reported on con-
sequences of radiation therapy (RT) noncompliance on clinical outcomes. The authors
considered patients who missed 2 or more scheduled RT appointments, excluding planned
treatment breaks, noncompliant. Their model incorporated statistical analysis for patients
who completed courses of external beam RT with curative intent for cancers of the head
and neck, breast, lung, cervix, uterus, or rectum. The authors used a multivariable lo-
gistic regression to predict the likelihood that a given patient would be noncompliant to
identify high-risk patients who require additional interventions due to noncompliance
RT. Although the Ohri et al. [16] publication is an insightful analysis of consequences of
non-compliance on treatment outcomes, such analysis and algorithms lack the physical,
chemical and biological processes underlying the radio-biological effects as described in
this study.
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One of the earliest studies on the effect of the exposure time irregularities on cell
survival was investigated by Elkind and Sutton [17]. In a series of in-vitro assays, they
systematically exposed mammalian Chinese Hamster cells grown in culture within a range
of 50 to 100 KeV X-ray energies and illustrated variabilities in cell-survival as a function of
exposure time irregularities.

These experimental results demonstrated that overall cell survival tends to increase
with increase in total exposure time. Hence, one can infer a compensation dose must be
added to achieve a biological endpoint. The authors attributed this effect primarily to
sublethal damage repair because with an increase in exposure time, subjected to constant
dose, the repair mechanisms take place more effectively.

The effect of fractionation and prolonged delivery time compared with acute irradia-
tion in intensity modulated radiotherapy was investigated by Mu et al. [18]. The study was
performed in-vitro by irradiation of Chinese hamster fibroblasts (V79-379-A) to replicate
clinical situations of mammalian cells, using fractionation schemes. In this experiment,
each fraction was divided into different subfractions, simulating the delivery of a compli-
cated treatment. Consistent with the earlier results reported by Elkind and Sutton [17],
a prolonged delivery time was shown to cause significant reduction of radiation effects
compared with acute irradiation, such that in the former tissues with a fast DNA repair
may be spared, hence there would be risks for sparing tumors. Moreover, Mu et al. [18]
pointed out the effect of prolonging fraction time that includes irregularities in treatment
scheduling at conventional dose per fraction is underestimated by biological models.

To simulate biological effects due to irradiation with their mathematical models, Mu
et al. [18] determined the radiobiological parameters α and β for the V-79 cells. α and β
were obtained from a single-fraction experiment where the V-79 cells were irradiated to
different dose levels with a constant dose rate (2 Gy/min). They also determined the time
constant for repair of sublethal damage, τ and T1/2(= τ/ ln 2), by exposing V-79 cells to
two fractions with different 0–8 h time intervals between the fractions. The experiments
were performed with two different doses per fraction, 2 and 4 Gy. The mathematical model
used by Mu et al. [18] to plot surviving fraction against time between fractions to estimate
τ and T1/2 limited to several constraints. In particular, the model is a patch of different
approaches and approximations. Finally, Mu et al. [18] concluded that consideration of
time irregularities in treatment scheduling in the clinic must be taken into account if IMRT
technique is implemented. In this work, we address this issue by presenting a unified
mathematical framework and resolve various ambiguities at the mathematical and physical
levels where Mu et al. [18] is dealt with.

More recently, the effect of variabilities in intra-fractionation time in carbon-ion ra-
diotherapy were reported in Refs. [19–21], using microdosimetric kinetic model (MKM).
Inaniwa et al. [20,21] investigated the effects of dose-delivery and unintended machine
interruption time on biological effectiveness and on tumor control probability (TCP) due to
patient repositioning. The authors demonstrated that the realistic biological effectiveness of
therapeutic carbon-ion beam decreases with increasing interruption time. They suggested
the curative dose to be increased by 20% or more compared to the planned dose if the
interruption time extends to 30 min or longer. They concluded that these effects should
be considered in carbon-ion radiotherapy treatment planning if a longer dose-delivery
procedure time is anticipated.

In particular, it is in the current interest of cancer centers to develop a radiation therapy
model to translate the fractionation variabilities to an equivalent dose that would be gained
or lost because of these variations. Such investigations open up possibilities in search of
solutions where subtracting or adding dose corrections to compensate the prescription
dose can be introduced and incorporated to the clinical trials. This is the goal of this study.

We propose a model calculation to predict the effects of random and systematic inter-
fractionation time variabilities to the prescription dose. We follow a similar line of thoughts,
previously presented by Inaniwa et al. [20,21], but for photon therapy. We theoretically
investigate the effect of irregularities in inter-fractionation time on biological effectiveness,
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cell survival and TCP. We illustrate our findings for typical fractionation schemes in prostate
cancer, e.g., with 39 to 45 fractions in which the effect of intra-fractionation delivery time, as
studied in Refs. [19–21], can be neglected. This is consistent with our institutional standard
of practice and implementation of VMAT technique for a large pool of prostate cancer
patients. We note that the variabilities considered in this work are due to the treatment
interruption relative to the standard fractionation schedule that includes the weekends
with no patient treatment.

We further engage the clinical result and conclusion drawn by Dong et al. [15] to
validate the present theoretical model. Center to this validation processes is an assumption
on the DNA repair rate. The numerical results presented in this work exhibit an agreement
between the model prediction and the clinical data [15], if fast DNA repair mechanisms are
considered as major contributors to the overall DNA repair. In contrast, if slow DNA repair
mechanisms were hypothetically to contribute a dominant mechanism in DNA repair, a
significant dose correction must be added to compensate for a 24 h treatment interruption.

Table 1. Repair mechanisms mediated by enzymatic reactions.

Fast (min) Slow (h) Totally (Not Determined) Cell Type Ref

7–4 1–1.5 CHO [22,23]
5 2.5 HF19 [24]

19 min ACHN Renal Cell Carcinoma [25]
≤60 min Mammalian [26]

3–10 0.6–4 - [27]
13 4.5 DT40 [28]

7–8 2.5 GM5758, GM7166, M059K, U-1810 [29]
22 12 human glioma cell line, M059-J and M059-K [30]

2. Materials and Methods
2.1. Nomenclature and Terminology

To clarify the terminology and nomenclature used in this study, we define fractionation
time as well as random and systematic inter-fraction time variabilities. By fractionation
time, T, we refer to the average time between two sequential fractions. The average is
subjected to the entire treatment time. This is typically 24 h for a standard IMRT/VMAT
fractionation plan, excluding the weekends when there is no treatment. In this work,
however, we include the weekends and average based on the entire course of treatment
time. As an example let us consider a total of 81 Gy prescription for a prostate cancer
divided into standard fractions, f = 45, corresponding to the dose of 1.8 Gy per fraction.
Here we consider T = 32 h, including 8 weekends as depicted schematically in Figure 1.

Thus, any deviation from T = 32 h can be divided into random and systematic
variations, δT. On a cohort of patients, we refer to random variations if 〈δT〉 = 0, where
〈δT〉 is mean of δT over the entire treatment time. Note that, although, the mean-value in
δT is zero due to random fluctuations, but the the variance in the mean value, 〈δT2〉, hence
the corresponding standard deviation is non-zero. Similarly, systematic variations refer
to 〈δT〉 > 0. Therefore, the total elapsed time of treatment is ( f − 1)T + 〈δT〉. Here f is
the total number of fractions. Examples of systematic variations include frequent patient
delays and machine downtime, or a temporary shut down due to natural disasters such
as Hurricanes and floods that took place in 2021 when the remnants of tropical storm Ida
produced severe thunderstorms and tornadoes around the North East area that led to
temporary shut down of a few radiotherapy centers.
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Figure 1. Schematic sketch of fractionation in a typical external beam therapy. For an ideal 45 fractions
including 8 weekends, T = 32 h is the mean fractionation time. L1, . . . , L f refer to lethal lesions
corresponding to fractions 1, . . . , f .

2.2. Model

In this work, we employ a system of time-dependent Master equations that describe
the underlying Markov processes for the birth and death mechanisms of cancerous cells
in a solid tumor. These are the processes that contribute to the growth and suppression
of the tumor mass and their volume. We categorize the death process of cancerous cells
into two classes of radiation and non-radiation based processes. In the former, ionization
of atoms and molecules in the surrounding of the DNA in cell nuclei triggers a stochastic
time-evolution of DSBs formed on DNAs that evolve into post-radiation intra and inter
chromosomes end-joining processes (including repair and mis-repair enzymatic mecha-
nisms). The latter accounts for the cellular lethal transitions and/or cell cycle termination.
External non-radiation agents such as in chemo- and hormone-therapies contribute to the
death rate as tumor cell repopulation also depends on adjuvant treatment such as androgen
deprivation therapy. Although, the details of such mathematical model is straightforward,
but some readers may find it lengthy and some readers may find it tedious. For the in-
terested readers, we devoted an Appendix A to this paper and presented a step by step
algorithmic mathematical model.

3. Results
Numerical Results

Figure 2 shows the time dependence of tumor cell population N(t) normalized by N0
(the number of cells at initial time, t = 0) on the rates of tumor cell birth, bT , and death, dT ,
in the absence of radiation exposure. In our model calculation, N(t) depends only on the
difference between bT and dT .

The time span, e.g., up to a one week, can be a representative of the time gap in the
treatment. During this time, if the tumor grows, an extra radiation dose becomes necessary
to compensate the effect of newly populated cancerous cells.

Considering the tumor growth factor as a free parameter, its range may vary up to a
few percentage of its initial value at the beginning of the treatment gap. For example, the
maximum tumor growth in a one week gap considered in the present numerical calculation
is 5%. It corresponds to the birth-death rate of bT − dT = 0.25 per month.
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Figure 2. N(t)/N0 as a function of time, δT, and tumor cell birth-death rate, bT − dT . The maximum
increase in tumor volume within seven days considered in this study is 5% that corresponds to
effective growth rate of bT − dT = 0.25 month−1.

Figures 3a–d and 4a–d illustrate the results of our numerical calculation employed
to calculate the absolute dose corrections, δD, to compensate for the occurrence of the
tumor cells repopulation during the treatment time disruption. The dependence of δD
on the growth rate, in addition to the tumor responses to the radiation, parameterized by
the linear-quadratic α and β within a range relevant to the prostate cancer cells is shown.
Note that the numerical range of δD is due to inter-patient variabilities in prostate cancer
sensitivity as a function of α/β. The range of α/β used in Figures 3 and 4 were reported
in literature, see for example Refs. [7,31,32]. The treatment parameters considered in this
calculation are f = 45 and D = 81 Gy.

Accordingly, in the present range of parameters, to compensate a one week treatment
disruption (depending upon the values of α and β), a δD within a wide range of 1 to
35 Gy must be applied. Note that because of the large time gap between sequential
treatment fractionations, compared to T1/2, the enzymatic repair mechanism plays no role
on determining the numerical values of δD.
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Figure 3. Shown proposed dose prescription change δD as a function of schedule time variation δT,
tumor cell birth-death rate, bT − dT , and linear-quadratic radiation response parameters, α and β,
corresponding to the sublethal DNA repair half-time of T1/2 = 0.5 h.

Figure 4. Shown proposed dose prescription change δD as a function of schedule time variation δT,
tumor cell birth-death rate, bT − dT , and linear-quadratic radiation response parameters, α and β,
corresponding to the sublethal DNA repair half-time of T1/2 = 2.5 h.
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4. Discussion and Conclusions

The present theoretical work suggests an escalation to the prescription dose might be
considerable to individuals whose tumors show significant growth during the treatment
disruption time. Engaging analysis based on the personalized studies to assess the indi-
vidual’s tumor growth factors that may occur due to repopulation of the cancerous cells
allow for quantifying the corrections to the prescription dose. The techniques, including
calculating the tumor volumes via contouring the daily based images acquired by cone-
beam CT, and accessible in the clinical treatments planning systems under the setup field
configurations, can be developed for these purposes. Monitoring the markers specific to
cancer activities such as PSA in case of prostate cancer can be calibrated to give parameters
such as bT − dT necessary to calculate δD.

Because the individual abnormalities are not typically detectable in a large cohort of
patients, the contribution of the tumor cell repopulation on the dose correction might not
be identified if the clinical studies have been designed based on a cohort of patients. This
includes the clinical data analysed by Dong et al. [15] where they reported unintentional
treatment breaks during dose escalated external beam radiation therapy for a large cohort
of patients and concluded the treatment breaks did not cause a significant difference in
outcomes. It is noteworthy to mention that in our model tumor cell repopulation also
depends on adjuvant treatment such as androgen deprivation therapy that was excluded
in the cohort of Dong et al. [15].

In this study, we systematically correlated the dose correction, ∆D, with tumor cell
repopulation and the DNA repair time, T1/2. We note that both tumor cell repopulation
and T1/2 depend on several key elements, such as cell types, age of the cells, the nature
of lesion, fidelity of DNA repair genes, and on the cell-cycle phase of the cells [33]. In
general upon damage, the repair response can proceed for up to 24 h with the fast first
phase happening during the first 15–30 min, followed by moderate second phase of up
to 10 h and a very slow last phase of up to 24 h [7,28,29,34–36]. Furthermore, the result
from previous studies on mice show that the cell death and response after acute radiation
exposures was linear, whereas for the low dose rate exposures there was a variable, perhaps
due to differences in time available for repair [37].

For some tumour types there is a delay of a few weeks before fast repopulation gets
under way. In such cases of delayed repopulation there is no need for compensatory doses
if the schedules can be completed within that delay period. Otherwise the repopulation is
considered to act over a period given by (T− Tdelay), where T is the final overall treatment
time.

In particular, our numerical calculations points to the sensitivity of the dose corrections
to factors such as contribution of enzymatic repair processes (that is not a universal response
of cells and can be individual dependent). The faster the sublethal DNA damages are
repaired, the less sensitive cells are to the irregularities in the fractionation scheduling.
The kinetic and swiftness of DNA repair depend on several factors such as, forms and
extend of the damage, cell and tissue types, cell cycle phases, and most importantly the
kind and proficiency of the recruited DNA repair system [38–40]. Based on types and
severity of the damage, the DNA repair response kinetics can vary from few minutes to
few hours long post damage. DNA single strand breaks (SSBs) are normally repaired
very fast. DNA double strand breaks can also be repaired fast via nonhomologous end
joining (NHEJ) slow via microhomology mediated end joining (MMEJ), or very slowly via
homologous recombination (HR) [41–44]. The γ-H2AX is among the first markers that
acts as a signaling molecule to accumulate surrounding the double strand break within
minutes upon breaks [45]. Very fast and fast repair half-life is approximately 3–22 min,
while the slow and very slow repair half-life is approximately 40 min–12 h (see Table 1 and
Refs. [27,38,39,46]).

The NHEJ is primarily active during G0/G1 phase of the cell cycle, but it can occa-
sionally be involved during other phases of cell cycle. MMEJ or HR on the other hand
can be mostly achieved during S and G2 of the cell cycle. Simple damage such as SSBs
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created by base excision repair (BER) or ionization radiation are expected to be repaired
very fast mechanism in presence of key enzymes such as PARP1 and XRCC1 [47–49]. The
allele and proficiency of DNA repair enzymes can play a significant role in progression
and therapy response of many human diseases such as Cancer [50]. One the other hand,
complex DNA damages such as DSBs or multiple SSBs take more time to be fixed. In terms
of fidelity, HR is known to be an error-free, while NHEJ and MMEJ belong to be error-prone
pathways [30,38,41–43,51]

Finally, the present study suggests implementation of time irregularities in treatment
scheduling in the clinic must be taken into account. In particular, the appropriate study
should be conducted based on individuals, and not the statistics of cohort of patients that
may wash out the important information on individual’s tumor growth. To achieve a
clinical end point, corrections to the prescription dose must be assessed, in particular if
modern external beam therapy techniques such as IMRT / VMAT are used for treatment of
cancer. To achieve a curative clinical end-point, an increase in the total prescription dose
delivered over the entire prescription course is suggested by adding extra fractions. This
is in particular important for other types of modalities that are under investigation and
development [52].
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Appendix A. The Mathematical Model

In a coarse-grained model such as the one described above, the transition rates are
phenomenological parameters that describe the damage induction by ionizing radiation
as well as enzymatic repair and mis-repair processes as described in Refs [53,54]. For
illustration of the methodology, in our numerical calculation, we consider the tumor
growth rate up to 5% in a week. In image-guided radiotherapy (IGRT) the information
regarding the size of tumor is available in the clinical data set after acquiring daily CBCT,
kV/MV and/or MRI setup fields. That information can be plugged in as an input to the
model presented in this study. Thus, it can be used for estimation of the personalized
prescription dose correction, independently for each individual.

Our model starts with the time evolution of DSB’s that follows a non-linear rate
equation

dn(t)
dt

= µż− λn− γn2, (A1)

where n is the average DSBs at the time t, µ is the number of DSBs per cell induced per
1 Gy of ionizing radiation, and ż is the specific energy rate in Gy per unit of time. λ and
γ denote enzymatic repair and misrepair rate constants. More specifically, λ is inversely
proportional to the recovery time of sub-lethal damages, λ−1 = τ = T1/2/ ln(2) where T1/2
is the half time of sub-lethal repair.

Note that ż is specific energy rate with identical unit to the dose rate, gray per second.
The difference between ż and dose rate is the scale of volumetric averaging. The dose is a
macroscopic quantity thus the volume of interest is in unit of cm3. The specific energy is a
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micro-dosimetry quantity and has been used in this work at the level of cell volume down
to DNA size, i.e., a nanoscopic scale.

Instantaneous population of broken DNAs transformed to lethally damaged chromo-
somes and cells can be calculated by

L[n(t)] =
∫ t

−∞
dt′L(t′). (A2)

where

L(t) =
[
λLn(t) + γLn2(t)

]
. (A3)

It is straightforward to show that the linear solution of Equation (A1), n0, that can be
derived analytically by insertion of γ = 0 is given by (see also Refs. [54,55])

n0(t) =
∫ +∞

−∞
dt′Gr

(
t− t′

)
ż
(
t′
)
. (A4)

Here Gr(t− t′) = µe−λ(t−t′)θ(t− t′) is the retarded Green’s function, the kernel of integral,
and θ(t− t′) is the Heavyside function (θ = 1 if t ≥ t′ and 0 otherwise).

In a fractionation scheme where the intra-fraction variation in dose rate can be ne-
glected in favor of inter-fractionation variations, it is appropriate to consider an acute
radiation dose in each fraction

ż(t) =
f

∑
i=1

żi(t) = z1δ(t− T1) + z2δ(t− T2)

+z3δ(t− T3) + · · ·+ z f δ(t− Tf ). (A5)

Here δ denotes Dirac delta function, hence zδ(t) describes the intra-fraction dose rate, and
T1, T2, T3, . . . are the sequential treatment times. z1, z2, . . . are the radiation specific doses
given in nano-meter virtual domain sizes in cell nuclei. Therefore, the physical doses
calculated in treatment planning systems are the track and domain averaged over ensemble
of cells, i.e., d1 = z1, d2 = z2, and etc.

Insertion of Equation (A5) into Equation (A4), considering standard fractionation with
no interruption in treatment time, e.g., T1 = 0, T2 = T, T3 = 2T, . . . , Tf = ( f − 1)T and
integration over delta function, yields the following solution

n0(t) =
f

∑
i=1

n0,i(t) = µ(z1e−λtθ(t) + z2e−λ(t−T)θ(t− T)

+ · · ·+ z f e−λ(t−( f−1)T)θ(t− ( f − 1)T)). (A6)

Here we replaced the actual treatment time with T, the average time between two sequential
fractions. In this study, we intended to calculate the dose correction if there was any
unintended delay in the patient treatment relative to an ideal fractionation.

Note that in a clinical setting where the inter-fractionation time is much larger than
intra-fraction time, delta functions multiplied by the mean of specific energies can describe
the intra-fractionation dose rates in a first approximation. In our institution, using VMAT for
treatment of prostate cancer using Varian’s clinical linear accelerators, the intra-fractionation
time of radiation is less than 5 min where T is two orders of magnitude larger. Hence,
Equation (A5) is applicable to our clinical setting.

Appendix A.1. SF and TCP

Unrepaired DNA damages lead to cell lethality. Experimentally, this process can be
quantified by in-vitro and/or in-vivo cell survival fraction measurements, SF = N1/N0
where N1 and N0 are the number of survived and initial cells, respectively.
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To assess the effect of scheduling time and its deviation from ideal repetition time
in standard fractionation scheme and its variation to the prescription dose, appropriate
calculation of TCP is needed to allow us to match the standard fractionation plan with a
modified one. In particular, because a clinically optimal prescription dose on a TCP sigmoid
curve intended to avoid (1) a sub-optimal radiation dose that may lead to recurrence of the
tumor and (2) excessive dose radiation that lead to potential injuries and possibilities in
forming tissue complications and formation of necrosis.

A relation between tumor control probability, TCP, fraction of survived cells, SF, DNA
damage and the DSB mean population, n(t) can be calculated throughout the solutions
of the system of coupled stochastic birth-death rate equations [53]. Other computational
and analytical methods to investigate biological responses of the deposition dose were also
investigated (see for example Refs. [56–59]). Here we adopt the method developed recently
in Ref. [53] where the TCP at moment t is given by

TCP(t) =
(

1− SFf [n(t)]
)N0

. (A7)

N0 is used to denote the number of cancerous cells that constitutes the tumor at the initial
time of treatment, t = 0, and

SFf [n(t)] =
e(bT−dT)t−L[n(t)]

1 + bTe(bT−dT)t−L[n(t)]
∫ t

0 dt′e−(bT−dT)t′+L[n(t′)]
. (A8)

In Equation (A8), bT and dT denote the birth and death rates of cells in absence of ra-
diation field and L is the population of broken DNAs transformed to lethally damaged
chromosomes over sufficiently long time, t→ ∞. The bar over L denotes averaging over
all stochastic variables including energy deposition in an ensemble of cell nuclei.

The present TCP model exhibits interplay of sequence of events, starting from DSB
induction by ionizing radiation in nanoscopic scale. Similar to the theory of dual radiation
action (TDRA) [60–62], in this model, we consider an enzymatic mis-repair pathway starting
from DSB’s, a temporary form of DNA damage that propagates to a permanent form of
DNA damage, e.g., throughout occurrence of chromosome aberrations during cell cycles.
Clearly, the collective deactivation of tumor cells in macroscopic scale governs the clinical
outcome of radio-therapy. Thus in our coarse-grained model, the number of DSBs is linearly
proportional to the specific energy (for example, see Equation (13) in Ref. [53]) and the
cell lethality that determines the cell survival (see Equation (9) of the same reference) is a
non-linear function of dose (see Equation (15) in Ref. [53]). Therefore, our cell deactivation
model accounts for chromosome aberrations followed by induction of DSBs is a two-stage
cell lethality, equivalent of TDRA, i.e., lesions followed by combinations of sublesions [62].

The TCP as given in Equation (A7) is a solution of a one-step birth-death master
equation that calculates the time evolution of a tumor growth probability, TN(t), with
exactly N cancerous cells. A dynamical system that is based on sequence of the stochastic
cell activation-disactivations in a Markov-chain is given by

dTN(t)
dt

= (N − 1)bTTN−1 + (N + 1)[dT + L(t)]TN+1

− [bT + dT + L(t)]NTN . (A9)

Because the goal in radiotherapy is to reach a point in time, t, such that no cancerous
cells have a chance of survival, solutions of Equation (A9) flowing toward N(t) = 0 are
of particular interest. Thus it is customary to define TCP = TN=0(t→ ∞). In the absence
of radiation where L = 0, one can show TN=0(t → ∞) = (d/b)N0 . For d = b, we find
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TN=0(t→ ∞) = 1. Alternatively, we may calculate N(t), the average number of cancerous
cells, from Equation (A9)

N(t) =
∞

∑
N=0

NTN(t). (A10)

To this end, we apply a time-derivative to Equation (A10) to obtain the associated rate
equation to N(t)

dN(t)
dt

=
∞

∑
N=0

N
dTN(t)

dt
= [bT − dT − L(t)]N(t). (A11)

The solution for N(t) can be calculated by integration Equation (A11) over time

N[L(t)] = N0e(bT−dT)t−
∫ t

0 dt′L(t′), (A12)

where N0 = N[L(t = 0)] such that at L(t = 0) = 0. Under the above initial condition
we assume the radiation exposure starts at t = 0 where prior to that time there is no cell
lethality stemming from the radiation. Moreover, the population of cells in a colony tagged
as cancer and under radiation is N0 at t = 0, thus TN(t = 0) = δN,N0 .

We now turn to consider two different radio-therapy schemes that lead to two dis-
tinguishable cell lethalities L1 and L2. If the cell lethality achievable by these two radio-
therapies is the same, we consider these two approaches equivalent. In other words

N[L1(t1)] = N[L2(t2)], (A13)

where t1 = ( f − 1)T1 and t2 = ( f − 1)T2 subjected to a given dose per fraction, d. Note
that the condition for Equation (A13) can be fulfilled if the total dose corresponding to t1
and t2 are given by D1 and D2, respectively. Therefore if D1 is the standard fractionation
scheme, D2 = D1 + δD where δD is the correction dose corresponding to a change in the
treatment time, i.e., δT = T2 − T1.

Inserting Equation (A13) to Equation (A12) yields

(bT − dT)t2 −
∫ t2

0
dt′L(t′)

= (bT − dT)t1 −
∫ t1

0
dt′L(t′). (A14)

From here a condition that requires clinical equivalence for two different end times
can be obtained

(bT − dT)(t2 − t1) =
∫ t2

0
dt′L(t′)−

∫ t1

0
dt′L(t′)

=
∫ t2

t1

dt′L(t′). (A15)

Hence

(bT − dT)( f − 1)δT =
∫ ( f−1)(T+δT)

( f−1)T
dt′L(t′). (A16)

Equation (A16) encapsulates the treatment equivalence of two radio-therapies to the
cell lethality within δT. We consider Equation (A16) to calculate the corresponding dose
correction δD subjected to a constraint that specifies the clinical endpoints.

Note that because of one-to-one correspondence between TCP and SFf , to achieve
clinical end points for two cases of ideal and realistic fractionation (the latter includes time
variations due to treatment interruption time), it is adequate to match SFf ’s to match TCP’s.
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Appendix A.2. Calculation of L
[
∑

f
i=1 n(ti)

]
By substituting n0 for n we find

L0 =
∫ +∞

−∞
dt
[
λLn0(t) + γLn2

0(t)
]
. (A17)

L0 is used to denote population of broken DNAs transformed to lethally damaged chromo-
somes over sufficiently long time, t→ ∞ if the DNA damage response to radiation dose is
assumed to be linear.

We proceed with insertion of Equation (A6) in Equation (A17) to drive the cell lethality
and survival fraction as a function of fractionation time. After performing straightforward
algebraic steps, we find

L0 =
λL
λ

µ(z1 + z2 + z3 + · · · )

+
γL
2λ

µ2
(

z2
1 + z2

2 + z2
3 + · · ·

)
+

γL
λ

µ2(z1z2e−λT + z2z3e−2λT

+z2z3e−λT + · · · ). (A18)

Here we assume uncorrelated deposited dose among fractions, e.g., zizj = zizj if i 6= j.

To further proceed, we recall a known relation [60,61], z2
j = zj

(
zj + zD

)
where dj = zj,

zD = ∆/µ, and j is the label of jth fraction. Here ∆ is the average number of DSBs per a
single radiation event. We thus end up with

L0 =
λL
λ

µ(d1 + d2 + d3 + · · · )

+
γL
2λ

µ2(d1(d1 + zD) + d2(d2 + zD)

+ d3(d3 + zD) + · · · )

+
γL
λ

µ2(d1d2e−λT + d1d3e−2λT

+d2d3e−λT + · · · ). (A19)

After simplifying Equation (A19), we find

L0 =

(
λL
λ

µ +
γL
2λ

µ2zD

)
(d1 + d2 + d3 + · · · )

+
γL
2λ

µ2
(

d2
1 + d2

2 + d2
3 + · · ·

)
+

γL
λ

µ2(d1d2e−λT + d1d3e−2λT

+d2d3e−λT + · · · ) (A20)

Considering d1 = d2 = d3 = · · · = d, we find

L0(d, T) ≈
(

λL
λ

µ +
γL
2λ

µ2zD

)
f d +

γL
2λ

µ2 f d2

+
γL
λ

µ2( f − 1)d2e−λT +O(e−λ2T). (A21)
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where d and f are the dose per fraction and the number of fractions. We denote the total
dose by D = f d and rewrite L0 in terms of D

L0(D, T) ≈
(

λL
λ

µ +
γL
2λ

µ2zD

)
D +

γL
2λ

µ2 1
f

D2

+
γL
λ

µ2 f − 1
f 2 D2e−λT +O(e−λ2T). (A22)

Note that λ in the denominator of Equation (A22). Because λ is the DNA repair rate, to
keep L0 constant, the intra and inter fractions radiation doses must be adjusted according to
the values of DNA repair rates that varies among different cell types. Moreover, according
to Equation (A25), L0 not only depends on the total radiation dose, D, but it is a complex
non-linear function of f , d, and T.

Defining α and β in a standard single fraction ( f = 1) linear-quadratic cell survival
model

α =
λL
λ

µ +
γL
2λ

µ2zD

(A23)

and

β =
γL
2λ

µ2, (A24)

Equation (A25) can be simplified to

L0(D, T) ≈ αD +

[
1
f
+ 2

f − 1
f 2 e−λT

]
βD2 +O(e−λ2T). (A25)

Considering two different treatments with inter-fractionation times, T1 and T2 corre-
sponding with total doses D1 and D2, and recalling Equation (A13)

N[L1(D1, T1)] = N[L2(D2, T2)], (A26)

in addition to Equations (A14)–(A16) and Equation (A25) we obtain a condition such that
the cell lethality at very long times (t→ ∞) asymptotically saturates to a given value for
both treatments

L0(D2, T2) − L0(D1, T1)

= (bT − dT)( f − 1)(T2 − T1) (A27)

Equation (A27) can be approximated to

L0(D2, T2) − L0(D1, T1)

≈ δL0

δD
δD +

δL0

δT
δT +O(δD2, δT2)

= (bT − dT)( f − 1)δT, (A28)

where δT = T2 − T1 and δD = D2 − D1 and we define T ≡ T1 and D ≡ D1 to calculate the
following differences. Up to second order of variations in time and dose we obtain

D2
2 − D2

1 = (D + δD)2 − D2 = (D2 + δD2 + 2DδD)− D2

= 2DδD + δD2 ≈ 2DδD +O(δD2), (A29)
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and

D2
2e−λT2 − D2

1e−λT1 = (D + δD)2e−λ(T+δT) − D2e−λT

= (D2 + δD2 + 2DδD)e−λTe−λδT − D2e−λT

= (D2 + δD2 + 2DδD)e−λT(1− λδT +
λ2

2
δT2)

− D2e−λT

≈ (D2 + 2DδD)(1− λδT)e−λT − D2e−λT

+ O(δD2, δT2)

= (D2 + 2DδD− D2λδT − 2DδDλδT)e−λT

− D2e−λT +O(δD2, δT2)

= (2DδD− D2λδT − 2DδDλδT)e−λT

+ O(δD2, δT2) (A30)

thus

D2
2e−λT2 − D2

1e−λT1

≈ (2DδD− D2λδT − 2DδDλδT)e−λT

+ O(δD2, δT2). (A31)

The loss of cell-killing must be compensated by a “dose correction”, δD where the
balance between the cell generation and death yields

(bT − dT)( f − 1)δT = −2β
f − 1

f 2 D2e−λTλδT

− 4β
f − 1

f 2 De−λTλδTδD

+ αδD + 2β
1
f

DδD

+ 4β
f − 1

f 2 e−λT DδD

+ O(δD2, δT2) (A32)

By knowing δT, we can calculate the total dose correction, δD. For T1/2 = 1/2 h,
λ = ln 2/T1/2 = 1.386 and T = 32 h, where λT ≈ 44 >> 1, we can simply neglect
the effect of ezymatic repair in the fractionation treatments as exp(−λT) ≈ 0. Hence
Equation (A32) can be simplified to

(bT − dT)( f − 1)δT ≈ αδD + 2β
1
f

DδD, (A33)

hence

δD ≈ (bT − dT)( f − 1)
α + 2β 1

f D
δT (A34)

In general

δD ≈
[(bT − dT)( f − 1) + 2β

f−1
f 2 D2e−λTλ]δT

α + 2β 1
f D + 4β

f−1
f 2 e−λT D− 4β

f−1
f 2 De−λTλδT

. (A35)
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