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Abstract

Magnetic hyperthermia models often use arbitrarily chosen or post hoc adjusted inputs,
which obscures what determines tumor heating and thermal dose. In the present
MATLAB model, every input is traced to a published measurement and the heat source
is computed, not prescribed. A temperature-dependent two-level model of the non-linear
Stoner-Wohlfarth hysteresis of immobilized magnetite cores is coupled to the Pennes
bioheat equation and to the CEM43 thermal dose, for spheres with the volumes of
pediatric CNS neuroblastoma (FOXR2-activated) under the glioblastoma clinical protocol.
Monte Carlo and Sobol analyses over literature bounds identify the controlling inputs. At
the clinical dose, the ZnO:FesOuchitosan mass ratio does not affect the heat source,
because only the magnetic phase generates heat. Linear response theory overestimates the
loss by 63% at the Atkinson-Brezovich (AB) field. A median of 43 °C in a 115 mL tumor
requires about 4.9 kA m-!, whereas the center of a 10.5 mL lesion stays below 43 °C at the
AB field. The reported range of the Néel attempt time can reduce the loss of monodisperse
cores a hundredfold, whereas the reported size spread triples it; over these bounds, the
median temperature at the AB field spans 37-59 °C (5th-95th percentiles).

Keywords: magnetic hyperthermia; dynamic hysteresis; Pennes bioheat equation; CEM43
thermal dose; uncertainty quantification; ZnO-FesOs/chitosan nanocomposite

1. Introduction

Magnetic hyperthermia has been applied to patients with recurrent glioblastoma
through intratumoral delivery of an aminosilane-coated iron oxide fluid followed by
exposure to a 100 kHz field [1]. Measured temperatures varied widely, with a median
intratumoral peak of 51.2 °C [1], and recent reviews highlight particle distribution,
thermometry, and treatment planning as major challenges for clinical translation [2-4]. In
pediatric oncology, hyperthermia holds promise as a radiosensitizer that could reduce
radiation doses to the immature brain, and patient-specific applicators are designed with
bioheat-transfer models [5]. Magnetite dispersed in chitosan-based hydrogels is being
developed for magnetic hyperthermia [6]; and ZnO nanoparticles interfere with zinc
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metabolism in SH-SY5Y neuroblastoma cells [7], a subclone of a cell line derived from a
bone-marrow metastasis of peripheral neuroblastoma [8]. Model simulations typically
adopt parameters from independent reports or fit them until a desired outcome is
achieved; physical effects are then difficult to distinguish from arbitrary input choices. An
easily overlooked constraint is that, at clinically administered iron doses, heat is generated
by the magnetic phase alone; nonmagnetic constituents contribute only indirectly,
through their thermal properties. Moreover, ZnO dissolution is solubility-limited: in cell-
culture medium at 37 °C, the oxide dissolves completely only up to about 5.5 ug mL,
which is consistent with the formation of zinc carbonate [9]. Magnetic losses are
commonly estimated using the classical Rosensweig formulation, derived from linear
response theory (LRT), which requires the Zeeman energy to remain small compared with
the thermal energy [10,11]. Hysteretic models based on the Stoner-Wohlfarth energy
landscape or on thermally activated switching do not require this condition, and kinetic
Monte Carlo simulations show that LRT fails at medically relevant amplitudes and
particle sizes [11-14]. Cores of about 15 nm are therefore expected to leave the LRT regime
at clinical amplitudes. Furthermore, the Néel anisotropy barrier should be evaluated in
the absence of dipolar contributions, a condition that can be approached by extrapolating
AC susceptibility measurements to infinite interparticle separation [15]. Magnetic losses
depend on the environment and on temperature: they decrease when the particles are
immobilized or internalized by cells [16,17] and change during heating itself [18]. On the
heat-transfer side, the Pennes equation [19] and solutions for spherical heat sources [20]
show that perfusion and geometry set the local temperature profile. Thermal dose is
usually expressed as cumulative equivalent minutes at 43 °C (CEM43), but a model
linking magnetic heat losses to a predicted CEM43 profile has, to our knowledge, not been
reported for composite materials. Coupled magnetic-bioheat models exist [21,22], but
they usually take the heat source from LRT or from a fitted specific absorption rate (SAR)
and do not trace each input to a measurement. The present framework differs from these
models in three respects. (i) The heat source is computed, not prescribed: the non-linear
two-level dynamic hysteresis of immobilized magnetite cores yields an SAR that depends
on the local temperature and is coupled to the Pennes equation, so the validity limit of
LRT at clinical amplitudes follows from the model. (ii) The composite is split into the
magnetic phase, which generates heat, and the other constituents, which act only through
heat transport; at a fixed clinical iron dose, this separates the effect of composition from
that of perfusion and allows compositions to be screened numerically before synthesis.
(iii)y All physical inputs are taken from published experimental studies, and the
computation stops if an input is missing or differs from a fixed reference database; the
temperature field is converted into CEM43 coverage, and a literature-bounded Monte
Carlo and Sobol analysis identifies which measurable quantities, such as the Néel attempt
time, control these predictions. The individual components are established; the
contribution lies in coupling them in one chain whose inputs can be audited. The
framework is applied to a sphere with the volumes reported for CNS neuroblastoma,
FOXR2-activated (CNS NB-FOXR?2), a pediatric intracranial tumor that was supratentorial
and infiltrated the white matter in all 25 cases of a multi-institutional cohort [23]. As no
individual study fully defines the magnetic, thermal, and clinical behavior of
ZnO:FesOuchitosan composites, the input parameters form a composite case study, in
which the intracranial geometry comes from CNS NB-FOXR2 and the in vitro benchmarks
from SH-SY5Y cells. We use the framework to explore how the composition affects heating
at clinically applied iron doses, which amplitude is required to reach therapeutic
temperatures and thermal-dose coverage, and which literature-derived parameters
control the predictions.
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2. Results
2.1. Literature-Derived Model Inputs

The inputs (Table 1) fall into three groups. The magnetic group determines the heat
source. It comprises iron oxide cores with a diameter of 15.3 nm and an effective
anisotropy determined in the absence of dipolar interactions [15], the saturation
magnetization and density of magnetite [10,24], and the Néel attempt time, the prefactor
of the relaxation time. The attempt time has not been measured for cores of this size; its
upper literature value is used in the base case and its lower value in the sensitivity analysis
[25]. The clinical group fixes the dose and the field. The iron concentration of the injected
fluid, the fluid volume per unit tumor volume, the frequency, the amplitude range and
the heating time were adopted from a clinical glioblastoma study with aminosilane-coated
magnetic nanoparticles [1]; the first two set the magnetite concentration in the tumor
(Section 4.1). The thermal group determines how the deposited heat is removed. Volumes
of 115 and 10.5 mL correspond to the mean and the second-smallest values among 25 CNS
NB-FOXR2 tumors [23]. The thermal conductivity is 89% of that of water at 37 °C [26], the
ratio measured for neuroblastoma cells [27]. The other tissue properties, which have not
been measured for neuroblastoma, and those of the white-matter host were taken from a
pediatric medulloblastoma treatment-planning study [5]. Perfusion and conductivity
together set the perfusion length, which decides whether a lesion is perfusion- or
conduction-limited (Section 2.3). The relative cerebral blood flow measured in a single
CNS NB-FOXR?2 patient [28], converted with the density and specific heat of blood [29],
gives a perfusion coefficient close to the adopted value; this comparison serves only as a
consistency check. The exposure criteria of Atkinson-Brezovich and Hergt-Dutz [30-32]
bound the product Hof; they were established for the trunk and proposed for smaller body
regions, respectively, and serve as reference exposure levels rather than safety guarantees.
The applicator range extends above the first but stays below the second; at 100 kHz, the
first corresponds to Has = 4.85 kA m™1.

Table 1. Essential model parameters. Values in parentheses are the alternative literature values used

in the sensitivity analysis.

Symbol Meaning Value Unit Source/Reference
D Magnetic core diameter 15.3 nm [15]
Effective uniaxial anisotropy, corrected for
Ket dipolar interactions (AC field 1 Oe; 10 Oe in 11.7 (11.9) k] m= [15]
parentheses)

Ms Saturation magnetization of magnetite 446 kA m™! [10,24]
PFe304 Density of magnetite 5180 kg m= [10,24]
o Néel attempt time (uPper literature bound; 100 (10-1) s [25]

lower bound in parentheses)
Reported SAR of the fluid characterized with . . .
SARa the clinical applicator (about 21 mT, 100 kHz 35 Wg'Fe [33], as given in [34]
f Frequency 100 kHz [1]
Ho Amplitude rang.;e.of the applicator in the 215 KA -t [1]
clinical study
Atkinson-Brezovich (AB) and Hergt-Dutz = 4.85 x 108 (AB); 5 x 10°
H Amts? -32
f (HD) exposure criteria (HD) mes [30-32]
. . .y .
cron d Iron concentra’.tlon of'the clinical fluid; 112; 028 kg m=; mL 1]
median fluid dose cm™
Vinpmox Largest fluid volume injected in the clinical 16 . 1]

protocol (dosing check)
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Cruos Tumor-average F?sO4 concentration 433 kg m- Methods
(derived)
fon Heating time 60 min [1]
V(RY Volume of CNS NB-FO?(RZ (equivalent- 115 (30.2); 10.5 (13.6) mL (mm) 23]
sphere radius)
k, Tumor densit ific heat, thermal kgm?;J ke Co: [5]; k:
"ol ductivity, perfusion coetfcent 1056/ F700,056:22545 K W K P
wCb u ty, perfusion coetficie W ms K1 ,
- Thermal conductivity of water at 37 °C (ref- 0.6252 W -t K- 26]
erence for k)
Conductivity ratio of neuroblastoma tumor
kikw  cells to water (measured at 25, 37 and 44 °C); 0.89 - [27]
k=0.89 x 0.6252
Relative cerebral blood flow in one CNS NB- mL (100 g)1
rcer FOXR2 patient (perfusion consistency check, 34.143 min-lg [28]
not an input)
) Blood density; specific heat (convert rCBF to ) kg m=3; ] kg™
pb; Cb wCo = 22.8 KW m- K1) 1050; 3617 K [29]
P/wcg k White-matter host, same quantities 1038; 3600; 0.50; 15 925 as above 5]
b
Ta Arterial and baseline temperature 37 °C [21]
R CEM43 base for T>43 °C; T <43 °C 0.5;0.25 - [35,36]
1. 49 x 10-23;

ks; po Boltzmann constant; vacuum permeability 380649 107 JKL Tm A! [37]

1.25663706212 x 10-¢

Once the dose of the clinical fluid is fixed, the amount of magnetic phase no longer
depends on the formulation, which is the main constraint of this study (Figure 1). The
mass fraction of FesOs varies among the six ZnO:FesOu: chitosan formulations (Figure 1a),
but its mass concentration stays at 43.3 kg m= (Figure 1b), because the iron dose is pre-
scribed. The formulations are illustrative modeling scenarios, not experimentally reported
materials: two ZnO-to-FesOx ratios represent a moderate and a ZnO-rich composite, and
three chitosan-to-FesOs ratios span matrices from polymer-rich to polymer-poor (Section
4.1). The three constituents have distinct roles: magnetite is the heat source, chitosan is a
biocompatible matrix that immobilizes the cores [6], and ZnO nanoparticles interfere with
zinc homeostasis in SH-SY5Y neuroblastoma cells [7]. The ratios were chosen to test, be-
fore synthesis, whether composition can modify heating at a fixed iron dose; the model is
thus intended to support the numerical optimization and selection of formulations, whose
synthesis and experimental characterization are planned as future work.

Composition has two further effects. It can affect heating only through heat transport,
and this effect is small: the inorganic phases occupy at most 4.7% of the volume and, even
as dispersed perfect conductors, would raise the effective conductivity by at most 15%
(Figure 1d). The ZnO mass concentration exceeds the complete-dissolution limit meas-
ured in culture medium [9] by about four orders of magnitude, independently of the chi-
tosan fraction (Figure 1c). This comparison refers to DMEM at 37 °C and does not establish
zinc release, dissolution kinetics or bioavailability in tissue; the oxide is therefore treated
as a solubility-limited reservoir, and zinc release is not modeled. The four panels separate
a fixed magnetic source from a composition-dependent zinc reservoir; thermally, the six
formulations are reduced to one heat source.

https://doi.org/10.3390/thermo6040082
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Figure 1. Six ZnO: Fe3Ou: chitosan formulations at the clinical iron dose. (a) Mass fractions; (b) tu-

mor-average mass concentrations, with FesOs, the heat source, fixed at 43.3 kg m™¥ (c) ZnO satura-

tion index in DMEM (x10%); (d) inorganic volume fraction ¢ and Maxwell-Garnett bound of the

conductivity increase.

2.2. Dynamic-Hysteresis Loss Beyond Linear Response

In the chitosan matrix, the loss of the three documented cores is controlled by Néel
relaxation, and, for all of them, 7~ remains below 1/(2nf) (Figure 2a): the moments relax
within each cycle, and only the fraction that lags behind the field dissipates energy. The
15.3 nm cores relax most slowly, because the barrier grows with core volume; the 8.1 and
10.2 nm cores respond almost linearly and heat little at 15 kA m™ (Figure 2b). At Has, the
SAR of the 15.3 nm cores is 4.2 W g1; at higher amplitudes, it increases subquadratically,
because the field lowers the barrier without removing it (Figure 2c). Because & reaches
unity below Has, LRT fails in this regime; relative to the two-level result, LRT overesti-
mates the SAR by 63% at the AB limit.

The lower bound of 7o [25] makes the magnetization nearly reversible and lowers the
SAR a hundredfold (Figure 2c), whereas a log-normal distribution built from the TEM
data of [15] triples it, because the larger cores lie close to the loss maximum. The mono-
disperse prediction is 31% lower than the SAR reported for the fluid characterized with
the clinical applicator [33], a value taken from the secondary source [34] (star). The cores
of that fluid differ from the modeled ones in size, anisotropy, state (aqueous suspension)
and formulation (aminosilane shell, high iron concentration). Because 7~ depends expo-
nentially on KetD?, small differences shift 2rtftn and hence the loss; the gap therefore re-
flects the sensitivity of SAR to core properties rather than a model error. Along the AB
line, the SAR barely changes up to 1 MHz, whereas along the HD line [31,32] it rises more
than tenfold (Figure 2d); within the AB limit, the heat source is set by core size and 70, not
by frequency.

https://doi.org/10.3390/thermo6040082
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Figure 2. Magnetic loss of immobilized magnetite cores at 37 °C and 100 kHz (SAR per gram of
FesOu). (a) Néel relaxation time of three documented (D, Ketf) pairs (labels: Ketr, k] m=) and 1/(27f).
(b) Two-level SAR at Has and 15 kA m™; open symbols, LRT (£ < 1). (c) SAR of the 15.3 nm cores
versus Ho: monodisperse, log-normal TEM distribution [15], lower bound of 7o [25], LRT (£ <1) and
fluid characterized with the clinical applicator [33], as given in [34] (star, converted to mass of FesOs);
dotted line, £ = 1; solid line, Has. (d) SAR versus frequency at 15 kA m™ and along the AB and HD
criteria; dot, 100 kHz.

2.3. Perfusion-Limited Heating Kinetics

Because the heat source is identical for all composition ratios, the thermal response
is practically the same. Figures 3-5 therefore compare six cases: two CNS NB-FOXR2 vol-
umes, 115 mL (the cohort mean) and 10.5 mL (the second-smallest lesion, chosen so that
the small case is not set by a single extreme value) [23], each at three amplitudes (2, 4.85
and 15 kA m™). The two volumes bracket the two thermal regimes, Ry/Lt = 6 and 2.7 (Equa-
tion (7)), and intermediate sizes fall between them; the 115 mL case requires more fluid
than was injected clinically (Section 4.1) and is a hypothetical computational scenario.

Heating is fast compared with the 60 min session and is limited by perfusion (Figure
3). The initial rise is nearly adiabatic and set by the heat source; within minutes, all the
curves reach a plateau. At the AB field, the center of the larger volume stabilizes at 44.0
°C, whereas that of the smaller volume saturates at 42.7 °C, because more heat diffuses
into the host (Figure 3a); near Has, volume therefore decides whether the center exceeds
43 °C. The four panels follow one energy balance at increasing distance from the center.
In the larger case, the rise at the edge is about half that at the center (Figure 3c), as expected
for a homogeneous source (Equation (7)); two centimeters outside the boundary, it stays
below 0.2 K (Figure 3d), consistent with the treatment-planning aim of [1] that 43 °C
should not be exceeded beyond 2 cm from the tumor. After switch-off, the central excess
halves within about 2 min, consistent with the perfusion-limited half-life ti2 =
In(2) pcp/(wCp); the decay is faster in the smaller case, where conduction into the host adds
a second cooling path. Perfusion thus controls both the plateau and the cooling.

https://doi.org/10.3390/thermo6040082
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—— 115 mL, 2 KA m' = =115 mL, 4.85 kA m™’ 115 mL, 15 kA m™!
----- 10.5 mL, 2 kA m™" =©-10.5 mL, 4.85 kA m™" 10.5 mL, 15 kA m™
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Figure 3. Heating kinetics of the six cases (practically identical for all mass ratios) during 60 min of
heating and 30 min of cooling. (a) Center, T¢; (b) volume mean (T)wm; (c) edge, T(Ry); (d) 2 cm beyond
the edge. The amplitude 4.85 kA m' is Has.

Lesion size shapes the radial temperature profile (Figure 4). At 1 min, the central val-
ues of the two volumes nearly coincide at each amplitude (Figure 4a), because the early
rise is set only by the local source and the heat capacity. At 5 min, the profile of the 115
mL case has flattened over most of the radius, whereas the 10.5 mL case still shows a con-
duction-dominated profile (Figure 4b). At 15 and 60 min, the profiles hardly change (Fig-
ure 4c,d), so the steady state is reached long before the end of heating. The steepest gradi-
ents occur at the interface, where the source ends and the host removes the heat; there, the
rise decays over a few millimeters, the scale of the perfusion length.

The difference between the two volumes is set by the ratio of the radius to the perfu-
sion length, Ry/Ly, with Lt = 5 mm. For Rt > L, the steady rise approaches the perfusion-
limited value g/(wCv), independently of size. With R: = 6L:, the center of the larger case
almost reaches this value, whereas the smaller case attains only part of it, because heat is
conducted into the host (Equation (7)). Figures 3 and 4 describe the same balance in time
and in space: the plateaus of Figure 3 correspond to the flat cores of the profiles, and the
faster cooling of the small case reflects its larger surface-to-volume ratio. Because the SAR
is evaluated at the local temperature, the plateaus and profiles already include the slight
decrease in the loss as the cores heat (Section 4.2). The minimum local SAR needed for a
given center temperature follows from this energy balance alone, independently of the
magnetization model (Section 4.5), so the magnetic and thermal parts of the problem can
be checked separately.

https://doi.org/10.3390/thermo6040082
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Figure 4. Radial temperature profiles of the six cases. (a) 1 min, (b) 5 min, (c) 15 min and (d) 60 min

(end of heating), for the 115 and 10.5 mL cases at 2, 4.85 (Has) and 15 kA m™; line styles as in Figure

3; tumor edges at Ri=30.2 mm (115 mL) and 13.6 mm (10.5 mL); dotted line, Ta.

2.4. Thermal Dose

Converted into CEM43, the computed thermal histories show that small differences
in temperature produce large differences in thermal dose (Figure 5). Over the applicator
range, the central CEM43 of the larger volume spans about seven orders of magnitude
(Figure 5a), whereas its central temperature changes by about 20 K (Figure 3a). The reason
is the exponential form of Equation (6): each degree above 43 °C doubles the dose rate,
and each degree below it reduces the rate fourfold. The dose therefore accumulates mainly
during the plateau, at a nearly constant rate, and the 30 min of cooling add little. At every
amplitude, the dose of the smaller volume lags behind, because its plateau is lower; at 2
kA m™, neither volume accumulates more than a fraction of an equivalent minute.

Coverage shows the consequence (Figure 5b). The AB field is the most sensitive case:
the two central plateaus lie on opposite sides of 43 °C; therefore, 30 equivalent minutes
are reached in 59% of the larger volume but in only 2% of the smaller one. At 15 kA m™,
by contrast, both volumes are fully covered within minutes. Panels c and d give the spatial
counterpart. Between the center and one host perfusion length beyond the boundary,
CEM43 falls by several orders of magnitude (Figure 5c); the far-field plateau is the negli-
gible baseline of Equation (6) after 90 min at 37 °C. In all six cases, the volume mean stays
within about one order of magnitude of the central value, whereas the peritumoral shell
receives much less (Figure 5d). Coverage is therefore decided at the tumor edge, not at the
center, and near Has it behaves as a threshold in amplitude rather than as a gradual func-
tion.

https://doi.org/10.3390/thermo6040082
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Figure 5. CEM43 thermal dose of the six cases (line styles as in Figure 3). (a) Center versus time; (b)
volume fraction with CEM43 > 30 min; (c) radial profile at 90 min; (d) center, volume mean and
peritumoral shell (Rt to R + Ln, with Ln the host perfusion length) at 90 min, labeled by volume (mL)
and amplitude (kA m™).

2.5. Amplitude Window for Median Temperature and Dose Coverage

Amplitude-time maps of the 115 mL case locate the temperature and dose thresholds
over the applicator range (Figure 6). A median Tso of 43 °C requires 4.9 kA m™, practically
the AB value (Figure 6a). Coverage of 90% with CEM43 > 30 min requires 6.2 kA m, and
with CEM43 > 240 min, 8.8 kA m™! (Figure 6b,c). The difference between these thresholds
comes from the radial gradient. The median is set by the nearly isothermal core, whereas
90% coverage also requires heating of the outer shell, whose rise is only about half that of
the core; since the dose grows exponentially with temperature, the shell requires much
higher amplitudes. Reaching 240 instead of 30 equivalent minutes requires an eightfold
dose, that is, a coverage boundary a few kelvin warmer (Equation (6)).

The maps differ in their time dependence. The 43 °C contour of the median becomes
horizontal within about 10 min, whereas the coverage contours descend until switch-off,
because the dose integrates the thermal history; cooling afterwards adds little. Accord-
ingly, the time needed for 90% coverage falls steeply above each threshold and reaches a
few minutes at 15 kA m™ (Figure 6d). The perfusion response shifts all thresholds: a col-
lapse of tumor perfusion above 42 °C (Section 4.3) lowers the amplitudes required for Tso
=43 °C and for 90% coverage (dashed contours), whereas hyperthermic vasodilation [5]
raises them (dotted contours). Each threshold can be traced back to the inputs of Table 1.

https://doi.org/10.3390/thermo6040082
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Figure 6. Amplitude-time maps for the 115 mL case. (a) Median Tso; white contour, 43 °C. (b,c)
Volume fraction with CEM43 > 30 min and > 240 min; white contours, 10, 50 and 90%. In (a,b), 43
°C and 90% contours with collapse of tumor perfusion [38] (dashed white lines) and hyperthermic
vasodilation [5] (dotted white lines). Vertical line, switch-off; dash-dotted line, Has. (d) Time to cover

90% of the volume, where reached within 90 min.

2.6. Exposure-Equivalent Temperatures and Spatial Coverage

On a time-temperature plane, the median doses can be read as isothermal exposures
(Figure 7a). According to Equation (6), the median dose at Has is equivalent to an exposure
at 43 °C for the 115 mL case and at 41 °C for the 10.5 mL case, whereas at 15 kA m! it
corresponds to more than 50 °C. The two benchmark points are in vitro experiments on
the SH-SY5Y cell line: 43 °C for 30 min, a non-lethal stress stimulus [39,40], and 46 °C for
30 min, at which magnetic and external heating differ most [41]. At Has, the dose of the
larger volume is similar to the non-lethal exposure and the smaller volume receives less,
whereas at 15 kA m~! both exceed the dose of the 46 °C exposure. The comparison concerns
the thermal dose only, not the biological outcome.

The spatial distribution of the dose follows from panels b—d. At the end of heating,
the 41-43 °C isotherms remain inside the 115 mL volume at the AB field (Figure 7b),
whereas at 15 kA m™ they extend several millimeters into the host (Figure 7c). The iso-
therm radii grow steeply between about 3 and 6 kA m and then saturate: the 43 °C iso-
therm reaches the boundary at about 8 kA m-!, and beyond this amplitude its radius grows
only slightly, while the white-matter volume above 41 °C keeps increasing (Figure 7d).
The saturation follows from the perfusion length of the host, which limits how far heat
penetrates beyond the boundary. The figure thus links the dose equivalents of panel a to
their spatial extent and shows that, above about 8 kA m, a higher amplitude adds little
coverage and mainly heats the adjacent white matter.

https://doi.org/10.3390/thermo6040082



Thermo 2026, 6, 82

11 of 23

43 °C, 30 min, non-lethal A 115 mL, 485 kA m™ <] 105 mL, 4.85 kA m™’
46 °C, 30 min, MHT-EHT 45% ¥ 115 mL, 15 kA m™ > 10.5 mL, 15 kA m™'
b t = 60 min
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Figure 7. Dose equivalents. (a) CEM43 of isothermal exposures; circle and square, S-SY5Y bench-
marks [39-41]; triangles, median doses of four cases as 60 min equivalents. (b,c) 115 mL case at 4.85
and 15 kA m™ at the end of heating (t = 60 min); white arcs, 41-43 °C isotherms. (d) Radii of the 41—
43 °C isotherms at 60 min and of the CEM43 = 30 and 240 min surfaces at 90 min (left axis), and
white-matter volume above 41 °C at steady state (right axis); dotted line, Rt; dash-dotted line, HAB.

2.7. Numerical Verification

The numerical solution is verified in the upper row of Figure 8. Changing the inte-
gration time step or the number of easy-axis orientations alters the SAR by less than 0.2%
(Figure 8a); changing the grid resolution or the extent of the host domain alters five ther-
mal and dose metrics by less than 0.1% (Figure 8b); and the energy balance closes to
rounding error (Figure 8c). The ratio of the two-level to the LRT loss falls from about 1 at
small £ to 0.2 at the maximum amplitude (Figure 8d), so LRT remains accurate only for &
well below unity. These checks establish numerical stability, not predictive accuracy,
which is limited by the uncertainty of the physical inputs.

2.8. Physical-Parameter Uncertainty

The lower row of Figure 8 quantifies this limitation. The collapse of tumor perfusion
above 42 °C raises the median temperature, and vasodilation lowers it (Figure 8e). When
all literature-bounded inputs are sampled together (Section 4.6), T50 at HAB at the end of
heating has a median of 44 °C and a 5th-95th percentile range of 37-59 °C; the lower edge
of the band stays below 43 °C over the whole applicator range. The total Sobol indices
(Figure 8f) identify the width of the size distribution (0.71) and t0 (0.26) as the dominant
inputs, followed by tumor perfusion, whereas Keff and host perfusion contribute little;
the first-order indices are only slightly lower, so interactions between the inputs are weak.
The uncertainty of the predictions is therefore magnetic rather than numerical, and the
deterministic curves of Figures 3-7 should be read together with these intervals.
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Figure 8. Numerical verification (a-d) and parameter uncertainty (e,f); 115 mL case at Has unless
stated. (a) SAR change at 15 kA m™ for halved or doubled integrator steps (Nst) and doubled easy-
axis cones (Ny). (b) Change of five output metrics for 40 and 80 radial cells (circles, squares; relative
to 160) and host thicknesses of 6 and 10 perfusion lengths (triangles, diamonds; relative to 14); mark-
ers on the lower axis, no change. (c) Energy-balance residual. (d) Two-level to LRT loss ratio versus
&. (e) Tso versus Ho with temperature-dependent tumor perfusion [38], vasodilation [5], and Monte
Carlo median and 5th-95th percentile band. (f) Sobol indices of Tso.

3. Discussion

The chain from literature inputs to heat source and temperature is fully traceable,
which allows us to ask whether such a model can describe the thermal-dose response
without losing the provenance of any input. First, at a fixed clinical iron dose, the compo-
sition does not alter the magnetic heat source; it changes the median rise by at most 1.3%,
and only through the thermal conductivity. The composition can therefore be chosen on
non-thermal grounds: for the planned synthesis, the model fixes the magnetite dose by
the heating requirement and leaves the ZnO and chitosan fractions to be optimized for
zinc release and matrix properties. This choice is nevertheless constrained: for the 115 mL
case and ZnO:FesOs = 5, the tumor would contain about 25 g of ZnO, far more than can
dissolve at the solubility limit measured in culture medium [9]. If zinc delivery is intended,
lower ZnO-to-Fe3Os ratios or direct measurements in tissue-relevant environments are
needed. Two model findings are relatively insensitive to the specific parameter set: (i) LRT
becomes invalid above about 4 kA m™ at 100 kHz, consistent with dynamic-hysteresis [11]
and kinetic Monte Carlo calculations [14]; relative to the two-level result, LRT would
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therefore overestimate the heat source by 63% at the AB field, and the subquadratic de-
pendence on Ho agrees qualitatively with the saturation of the SAR observed experimen-
tally [16]. (ii) In tumors with a radius above about five perfusion lengths, the central rise
is set mainly by the ratio of the heat source to perfusion; for the assumed dose and perfu-
sion, reaching 43 °C therefore requires a local SAR of at least 3.1 W g for any uniform
source (Section 4.5). The smaller lesion is conduction-limited and needs 6.6 kA m~! for Tso
=43 °C; according to Equation (7), intermediate volumes fall between the two cases.

The therapeutic window is narrow: Ts reaches 43 °C at an amplitude only about 1%
above the AB value, whereas 90% coverage with CEM43 > 30 min requires an amplitude
about 28% higher. The AB condition was introduced as an exposure limit [30], but an in
vivo study in rats regards it as conservative [32]. Above the AB field, the gain in coverage
must be weighed against heating of the adjacent white matter (Figure 7d). Up to about 5
kA m™, no host tissue exceeds 41 °C; at the 6.2 kA m™ needed for 90% coverage, about 9
mL of white matter exceeds it. Above about 8 kA m, the 43 °C isotherm has reached the
tumor edge, so a further increase in amplitude adds little coverage and mainly heats the
host. For the 115 mL case, the useful amplitude is therefore limited to about 6-8 kA m™.
The upper limit of the applicator, 15 kA m™ at 100 kHz, corresponds to Hof = 1.5 x 10° A
m- s, three times the AB value and 30% of the HD criterion [31,32]. Near this limit, eddy
currents add a non-specific source that is not included in the model. For a conductor of
electrical conductivity oe, the induced power density is oe(mtfuoHor)?/2, with r being the
distance from the axis of the applied field. The conductivity of cerebrospinal fluid at 37 °C,
measured between 10 Hz and 10 kHz without systematic frequency dependence [42], ex-
ceeds the low-frequency values of gray and white matter [43]. If this value is assumed to
hold at 100 kHz and is taken as an upper bound for intracranial tissue, the perfusion-
limited rise of the white matter at ¥ =5 cm is about 0.5 K at Has and about 5 K at the upper
limit. Because the power density grows as r?, the AB criterion, derived for the human
trunk, is conservative for the smaller cross-section of a child’s head, consistent with the
HD criterion for smaller body regions [31,32]. Results above about 8 kA m should there-
fore be regarded as high-amplitude scenarios that require coupled electromagnetic—ther-
mal modeling of the head [22].

All results refer to the composite case study of Table 1, assembled from independent
sources [1,5,15,23,27]. The model has not been validated against clinical thermometry,
which was performed under heterogeneous nanoparticle deposition [1], a condition that
substantially alters the heating pattern [21]. For the 115 mL case, applying the median
dose ratio implies a total injected fluid volume about three times the maximum volume
administered to patients [1]; these results are therefore a hypothetical computational sce-
nario rather than a clinical protocol. For monodisperse cores, the largest single uncertainty
comes from the reported range of the Néel attempt time 7o [25,44]. Below the loss maxi-
mum, the loss is nearly proportional to 7n, so the lower bound of 7o can reduce it by up to
two orders of magnitude. With a log-normal distribution constructed from the TEM size
spread reported in [15], the loss is about three times larger and much less sensitive to 7o
(-34% at its lower bound), because part of the magnetite mass always lies near the loss
maximum. A monodisperse model would therefore overestimate the loss only if the mean
size lay at the loss maximum; here, the mean size lies below it, and the monodisperse loss
is a lower estimate. Accordingly, the Sobol analysis attributes most of the variance of Tso
to the size distribution and 7o (Figure 8f). Because Kef was extracted in [15] with a single
core size, a consistent treatment requires a joint fit of Ket, To and the size distribution. The
SAR reported for the fluid characterized with the clinical applicator [33,34], which lies
between the monodisperse and polydisperse predictions (Figure 2c), illustrates the width
of this uncertainty. AC susceptibility and AC magnetometry measurements over 10-500
kHz on an immobilized formulation, planned as future experimental work, could provide
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these parameters and turn this dominant uncertainty into an experimentally constrained
one.

Further limitations follow from the model assumptions. (i) Interactions. The cores are
treated as non-interacting, consistent with the Ket determined at infinite interparticle sep-
aration [15]; an apparent, interaction-affected value would count the interactions twice.
At the tumor-average loading (0.84 vol%), the mean core spacing is about four diameters
and the dipolar energy pom?/(4md?) shifts T~ by less than 10%, an effect comparable to that
of the second K.t value [15]. Aggregation within cells raises the local loading and can in-
crease or decrease the loss [14,17,45]; this regime requires interacting kinetic Monte Carlo
models and is not included. (ii) Brownian rotation. For a freely rotating 15.3 nm core in
water at 37 °C, the Brownian time 31nVu/ksT, computed with the viscosity of water [46], is
at least about 0.9 us, comparable to 1/(2mf), so Brownian loss could contribute in a free
suspension. In the chitosan network, a core can only twist elastically rather than rotate
freely; steady Brownian dissipation at 100 kHz is therefore suppressed, and Néel relaxa-
tion remains the only loss mechanism, consistent with the reduced loss measured after
immobilization or cell uptake [16,17]. Partial alignment of the easy axes, for example in a
gel formed in a field, would enlarge the hysteresis loop [11] and, for full alignment, raise
the SAR about threefold; the random-axis, fully immobilized case is therefore a conserva-
tive estimate of the source. For random and aligned easy axes alike, the two-level model
does not rely on LRT.

(iii) Continuum perfusion. The Pennes term averages perfusion over volumes larger
than the vessel spacing and cannot represent discrete large vessels, microvascular prolif-
eration, necrosis or shunts. Hot spots around particle clusters are nevertheless negligible:
by our estimate, a cluster of pure magnetite with a radius of 100 pm, heated at the SAR of
the AB limit, raises its center by only about 0.2 K above its surroundings. This is consistent
with the conclusion of [47] that hyperthermia requires a nanoparticle-loaded region at
least 1 mm in diameter. Local gradients therefore arise on the millimeter scale of the de-
posits; the grid, which is much finer than the perfusion lengths, resolves this scale, but the
distribution of the deposits, which controls the heating pattern [21,22], is not known. Dis-
crete-vessel or image-based models, as used for heterogeneous deposits [21,22], are the
natural next step once imaging data of the vasculature and of the particle distribution
become available. Necrosis and shunts change the local perfusion; this uncertainty is
bounded by the perfusion range sampled in Section 4.6.

(iv) Geometry and properties. A sphere has the smallest surface-to-volume ratio, and
uniform deposition gives the smoothest profile. An irregular lesion of the same volume
loses more heat through its boundary, and heterogeneous deposition creates hot and cold
regions [1,21], which raise the peak temperature; both effects reduce the coverage at a
given mean iron dose, because the under-dosed regions control the 90% coverage. Piece-
wise-constant properties impose a sharp tumor-host interface, whereas the infiltrative
margin of CNS NB-FOXR2 [23] would smooth the edge gradient. The effects of perfusion
collapse and vasodilation are shown in Figures 6 and 8e; the temperature dependence of
conductivity changes the steady median rise by only 0.1%, and a gray-matter host lowers
it by about 5%. Since Ms and Kes are kept constant, thermal activation is the only source of
the temperature dependence of SAR and lowers it by about 10% between 37 and 43 °C,
whereas measured SAR can also change through these properties [18]. Chitosan and gel
water are treated as part of the tissue phase, although the effective conductivity of mag-
netic composites depends on their porosity and topology [48]. In addition, cerebrospinal
fluid [5] is not included; the lesion conductivity is based not on CNS NB-FOXR2 tumor
tissue but on measurements on neuroblastoma cells [27]; the tissue properties are proxies
taken from another pediatric brain tumor [5]; and the single-patient relative blood flow
[28] serves only as an independent consistency check. Because CEM43 ignores
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sensitization and heat-induced perfusion changes [49], the thresholds of 30 and 240 min
serve only as thermal-dose indicators, not as evidence of cell death or treatment efficacy.

4. Methods

All calculations are performed using a standalone MATLAB R2019a script, without
any fitting parameters; no new experimental data were generated, and all measured quan-
tities were taken from the cited literature. Each physical input is read from a fixed refer-
ence database that stores its value, unit and provenance; the calculation stops whenever
the provenance is missing or an input differs from the stored value. The calculation pro-
ceeds in six stages (Sections 4.1-4.6): (i) average composition at the clinical iron dose; (ii)
magnetic loss of immobilized cores using a two-level dynamic hysteresis model [11]; (iii)
solution of the Pennes bioheat equation for a sphere embedded in white matter [19] using
a finite-volume method with implicit time stepping; (iv) calculation of the CEM43 thermal
dose metric [35,36]; (v) an analytical solution of the steady-state problem used to interpret
the numerical results; and (vi) a literature-bounded uncertainty and sensitivity analysis.
Numerical checks are reported in Section 2.7 and the uncertainty analysis in Section 2.8;
all symbols are defined in Table 2.

Table 2. Mathematical notation.

Symbol Definition Unit
E, 0, v Magnetic energy of a core; angle of jche momfent to the easy axis; angle of J; rad; rad
the easy axis to the field
V,D Core volume (1tD3/6) and diameter m3; m
Kest Effective uniaxial anisotropy constant Jm=
H(t), Ho, f Applied field, its amplitude and frequency Am7’, Am?; Hz
h, Hx Reduced field H/Hk; anisotropy field — Am!
o, ks Vacuum permeability; Boltzmann constant TmA7JK?
M Saturation magnetization A m™
m, n2 Occupation probabilities of wells 1 (cos 0 > 0) and 2 (cos 0 <0), n2=1-m -
V1, V2 Escape rates from wells 1 and 2 s!
Ae1, Aex Barriers of wells 1 and 2 in units of KetV' -
o Reduced barrier KetsV/ksT -
To, TN Néel attempt time; Néel relaxation time 7oe” S
p1, p2 Field projection of the moment in wells 1 and 2 -
My Magnetization along the field for easy-axis angle 1 A m
W(y) Hysteresis loss per cycle and per unit volume of magnetite J m?
(v, Nu Average over easy-axis orientations; number of orientation cones - =
SAR, SARwr Specific absorption rate per unit mass of Fe3Os (two-level model; LRT), re- W kg
ported in W g~
PFe304 Density of magnetite kg m=
Xo, & Equilibrium susceptibility; ratio of Zeeman to thermal energy — -
T T, Temperature, in K in o, 7, Yo and & (Equations (2)-(4)) and in °C in Equa- K: °C
’ tions (5)—(7); arterial temperature ’
7, t,8 Radial coordinate; time; integration variable m;s;s
p, cp, k Tissue density, specific heat and thermal conductivity kg m] kg; IK_I; Wm
wCb Perfusion coefficient W m=3 K1
q Volumetric heat source W m-3
CFe304 Tumor-average FesOs concentration kg m=
Rt, ton Tumor radius; heating time m; s
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gé\l\/f:i’o Cumulative equivalent minutes at 43 °C; median value (50% of the volume) min
R, Req CEMA43 base -
Teq Constant temperature giving CEM43s0 in 60 min °C
kt, kn; Lt, Ln Conductivity and perfusion length (k/wCb)'? of tumor and host Wm1K1Lm
x, Y, A Ry/Ly; Ry/Lr; denominator in Equation (7) -
Tthr, SARreq Target center temperature; minimum local SAR to reach it °C, W kgt
Oin Width of the log-normal size distribution (standard deviation of In D) -
Ol Electrical conductivity of tissue (eddy-current estimate) Sm™!
(@Co)(T), k(T) Temperature-dependent tumor P?rfusion coefficient and conductivity (sen- W m= K W me KO
sitivity cases)
Si, Sti First-order and total Sobol indices of Tso -

4.1. Composition at the Clinical Iron Dose

The iron concentration cren = 112 kg m= refers to the administered clinical fluid, not
to tissue. With the median dose d = 0.28 mL of fluid per cm? of tumor [1], the average iron
concentration in the treated volume is cread = 31.4 kg m=. Assuming that all iron is present
as FesOu (for maghemite, the conversion factor would be 3.5% larger) and using standard
atomic weights [50], cre304 = cFefi d Mre304/(3Mee) =43.3 kg m= is obtained for each composite
formulation. The conversion also assumes a uniform distribution of the fluid and no par-
ticle loss during treatment. Applying this median dose ratio, the 115 mL case requires 32.2
mL of fluid, 2.8 times the largest volume injected in the clinical trial (11.6 mL) [1], whereas
the 10.5 mL case requires 2.9 mL; the larger case is therefore a hypothetical computational
scenario. It would also contain 5.0 g of FesOs together with 10.0 g of ZnO at the lower ratio
or 24.9 g at the higher ratio. The zinc oxide and chitosan contents were defined by the
mass ratios 7z = czno/cre304 and 7c = Cchitosan/Cre304, With 1z € {2, 5} and rc € {1, 0.5, 0.1}; these
are illustrative design scenarios, not experimentally reported formulations. The volume
fraction of the inorganic components, @ = czn0/pzn0 + cre30s/presos, using pzno = 5606 kg m=3
[51], is 0.84% for magnetite alone. It is used to estimate the upper limit of the relative
effective thermal conductivity through the Maxwell-Garnett relation, ket/ke < (1 + 2¢)/(1 -
@), for dispersed spherical inclusions in the limit of infinite conductivity and no interfacial
resistance [52]. This limit coincides with the Hashin—Shtrikman lower bound for a contin-
uous biological-tissue matrix [52,53], while percolating inclusion networks may exceed
the Maxwell-Garnett estimate. The zinc oxide saturation index is defined as the ZnO mass
concentration normalized to the complete-dissolution limit of 5.5 ug mL" measured in
DMEM at 37 °C [9].

4.2. Magnetic Loss

Each core is treated as a Stoner—Wohlfarth particle [12], a single-domain particle with
uniaxial anisotropy whose moment rotates coherently. The easy axis forms an angle
with the external magnetic field, while the magnetic moment makes an angle 6 with the
easy axis. The reduced energy is

E@;9.t) _
KV sin? @ — 2h(t)cos(8 — ), o
h(t) = HH(;), Hy = i:n;f , H(t) = Hysin(2mft)

For every (h, 1), the minima 01 (cos 0 > 0) and 02 (cos 0 <0), together with the lowest
saddle point, yield the reduced barrier heights Aeir and Aez and the field projections pi =
cos(0i — ). If one minimum vanishes, the magnetic moment switches to the surviving
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well. Within the two-level approximation [11], the occupation probabilities of wells 1 and
2, m and n2=1 — n1, obey the master equation (dnz/dt = —dni/dt)

dn, 1
o v, (1 —ny) —ving, v = Z—Toexp(—JAei),
()
KotV

asz—T, nl(t+%)=n1(t)

When h =0, both reduced barrier heights are unity, and the relaxation time (v1 + v2)™
reduces to T~ = 7o exp(c), where 1 is the Néel relaxation time [13,44]. The two-level de-
scription rests on a separation of time scales. Within a well, the moment relaxes on the
precession time 1/(yuoHk) = 0.1 ns (), gyromagnetic ratio of the electron [37]; poHk =
2Keti/Ms =52 mT), much faster than the Néel time t~ = 0.17 pys, which is in turn shorter than
the field period 1/f=10 ps. The moments therefore occupy the instantaneous energy min-
ima, and the magnetization is determined by the occupations of the two wells. Since & =
Ho/Hx < 0.36 remains below the minimum Stoner-Wohlfarth switching field (h=0.5 at ¢ =
45°), neither well disappears during the cycle, and reversal is purely thermally activated.
Transient cycles are eliminated by imposing the time-periodicity condition in Equation
(2), so that the solution directly represents the steady periodic state. The periodic start
n1(0) follows in closed form from the one-cycle propagator of the exponential integrator
described below. The cores are immobilized (no Brownian rotation), do not interact with
each other, and their easy-axis orientations are random (uniformly distributed in cos ).
The non-equilibrium magnetization along the field and the energy dissipated per cycle
and unit volume are

My (t) = Mg[nyp, + (1 —ny) pol, W) = —uo$ My dH,

f Wy, = f

PFe;0, PFe;0,

®)

1
SAR = f W () d(cos ¥)
0

Here, W(¥) = po$H dMy = —po$My dH is evaluated using the trapezoidal rule over the
Nit steps of the periodic solution, and (W)y is the loss per cycle. The orientation average is
carried out over Ny =16 cones defined by cos 1= (j — 1/2)/Ny, yielding (W)y = N1 ZW(1y).
Owing to symmetry, the interval 0 < cos ¢ <1 is sufficient to represent the full orientation
distribution. The SAR is normalized per unit mass of FesOs and depends on Ho, f, and,
through o and vi, also on T. For a log-normal distribution of core diameters of width om
[10,15,24], each size contributes in proportion to its magnetite mass, so the SAR is aver-
aged with mass weights, SAR = [SAR(D")D"g(D")dD'/fD"3¢(D")dD'. Here, g is the number
distribution constructed from the TEM mean and standard deviation reported for these
cores in [15], 15.3 + 3.4 nm (o = 0.22). The integral is evaluated with the trapezoidal rule
over +50m in In D (41 nodes; 81 nodes change it by less than 0.1%), and Ker is kept at its
fitted value for all sizes. Because K.t was obtained in [15] with a single core size, the mon-
odisperse case remains the reference, and the width of the distribution enters the uncer-
tainty analysis (Section 4.6).

For comparison, LRT gives

7T#o)(ofl'loz 2nfty

SAR\ gt = )
L PFe,0, 1+ @2nfry)? @)
_ oMV _ HoMsVHg
X0 = "3k kT

LRT was used only as a diagnostic and is shown in Figure 2 only where & <1 [11].
The barrier height tables were calculated at 641 points in the reduced magnetic field (/2|
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<1.6) and 1440 angles, employing parabolic refinement near the extrema. Equation (2) was
integrated over one cycle using an exponential integrator (400 steps per cycle, with linear
interpolation of the equilibrium occupations within each step). The loop area integral of
Equation (3) matched the direct numerical integration of the dissipated energy to within
a relative difference of 10°. For Ho =100 A m™ (¢ = 0.02), the two-level SAR agreed with
LRT to within 0.7%. SAR(Ho, T) was tabulated at 1 K intervals over 35-100 °C, with linear
interpolation between the tabulated values; temperatures outside this range terminated
the simulation.

4.3. Bioheat Transfer

Heat transport follows the Pennes equation [19] in spherical symmetry,

oT 10 oT
(fr252) - Gy (7 = 1) + (. 0)

Pt = rzor ar
©)
o) = {CF6304 SAR(Hy, T(r,t)), T <R, 't < ton
0, otherwise

Equation (5) uses piecewise-constant properties (tumor for r < Rt and white matter
otherwise; Table 1), with fon = 60 min and the simulation continued to 90 min. Initially, T(r,
0) = Ta = 37 °C, the arterial temperature prescribed in Pennes models of nanoparticle hy-
perthermia [21]. At r =0, a symmetry (zero-flux) condition is imposed; at r = R, tempera-
ture and heat flux are continuous, while T = Ta is imposed at # = Rmax = Rt + 10Ln, where L
= (k/wCp)'2 is the perfusion length (Lt = 5.0 mm, Lx = 5.6 mm). Since the model describes
the rise relative to the arterial baseline, the metabolic heat term does not appear. Rt is the
radius of the equivalent sphere, Rt = (3Vi/4m)'2. We used a cell-centered finite-volume
method (80 cells within the tumor, identical cell spacing outside, and the boundary posi-
tioned at a cell face), harmonic-mean face thermal conductivities, implicit Euler time dis-
cretization (Af = 0.5 s), a magnetic source term lagged by one time step, and coupling of
the outermost cell to the boundary condition using the conductance across half a cell
width. Verification included evaluation of the relative energy-balance residual (energy
stored = energy deposited by the magnetic field — energy removed by perfusion — energy
transferred by thermal conduction) both within the tumor and over the entire computa-
tional domain; this residual did not exceed 2.1 x 10-4. The thermal-balance residual for the
central cell did not exceed 1.0 x 104 K s'. The steady-state solution was obtained by Pi-
card iteration on SAR(T) with a convergence tolerance of 10~ K.

In the sensitivity cases of Sections 2.5 and 2.8, perfusion and conductivity depend on
temperature. Tumor perfusion follows the relative form of the function of Lang et al., as
given in [38]: (wCb){(T) = (wCb)t0[0.833 — (T - 37)*8/5438]/0.833 for 37 < T < 42 °C and
0.50(wCb)10 above 42 °C, i.e., a functional collapse to half of the baseline, while host perfu-
sion keeps its baseline value. As the opposite bounding case, host and tumor perfusion
take the hyperthermic increase estimated for healthy brain and tumor (x2.5 and x1.5) [5].
Both conductivities scale with that of water [26], k(T) = k(37 °C)kw(T)/kw(37 °C), assuming
that conduction in these tissues is dominated by their water content; k then increases by
about 4% between 37 and 55 °C. Like the magnetic source, these coefficients are evaluated
at the previous time step, and the energy balance uses the same values, so that it remains
closed. Temperature-dependent properties of this kind are also used in coupled electro-
magnetic-thermal planning models [22].

4.4. Thermal Dose and Coverage Metrics

The thermal dose and the constant-temperature equivalent of the tumor-median dose
are
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t o
cona =g [lwean n- 0 T2
(6)
T 43— In(CEM435,/60) R - {0.5, CEM43;, > 60 min
ed InReq ’ €4~ 10.25, CEM43, < 60 min

where the integration variable s is expressed in seconds and T in °C; the integral was eval-
uated with the trapezoidal rule. Since Req <1, the criterion CEM43s0 > 60 min, used to select
Req, is equivalent to Teq 2 43 °C, so the appropriate branch of the piecewise definition of R
is applied consistently. Tso and CEM43so refer to the temperature and thermal dose, re-
spectively, exceeded in 50% of the tumor volume. Coverage is the fraction of this volume
with CEM43 > 30 min or > 240 min, which correspond to 30 min exposures at 43 °C and
46 °C, the two SH-SY5Y benchmarks [39-41]. All volume metrics use r2 weighting.

4.5. Steady Perfusion-Limited Relation

The steady-state solution of Equation (5) for a homogeneous heat source q within a
sphere of radius Rt embedded in an infinite perfused host medium is obtained analyti-
cally. The rise T — Ta is proportional to 1 + a sinh(r/L+)/r inside the sphere, with a constant
a, and to exp(—t/Ln)/r outside. Matching the temperature and the radial heat flux at 7 = Rt
yields, with x = R/Ltand y = Ry/Ln,

T0)-T. _ X T(R) — Ty sinh x
q/(@Cp)y A’ q/(wCp)y A
(7)
k¢ x coshx — sinh x To —T C
/1 =Slnhx+—t , SARre — ( thr a) ((U b)t
kh 1+ y q CFe3O4

Equation (7) is the closed form of the matching conditions solved in the script. For x
> 1 the center rise tends to g/(wCb)y, 50 SARreq is the minimum local SAR needed to reach
a center temperature Tinr.

4.6. Uncertainty and Sensitivity Analysis

Following credibility guidelines for in silico medicine [54], the uncertain inputs were
sampled within their literature bounds: 7o log-uniformly in 10110~ s [25]; Kett uniformly
in 11.7-11.9 k] m3 [15]; om uniformly between 0 (monodisperse) and the reported width
[15]; and the tumor and host perfusion factors uniformly between the temperature-in-
duced collapse [38] and the hyperthermic increase [5], 0.5-1.5 and 1-2.5, respectively. For
each sample, SAR(Ho, T) was taken from a table of the dimensionless two-level loss as a
function of g, ho and 2nfro (log-linear interpolation; 95th-percentile error 0.4% relative to
direct calculation). The steady Pennes problem was then solved, since the temperature
plateau is reached within about 10 min (Figure 3). Tso is reported as the median and the
5th-95th percentile range of 4000 samples; with 2000 samples, the median changes by
about 0.3 K. First-order and total Sobol indices of Tso were estimated with the Jansen esti-
mators [55,56] from N(k + 2) model runs (N = 8192, k=5 inputs), with bootstrap confidence
intervals.

5. Conclusions

The framework computes the heat source from the non-linear dynamic hysteresis of
immobilized cores at the local temperature, separates the magnetic source from the con-
stituents that act only through heat transport, and traces every input to a published meas-
urement. For a literature-derived scenario that combines immobilized 15.3 nm magnetite
cores, the iron dose and field protocol from the clinical glioblastoma trial, CNS NB-FOXR2
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volumes and brain-tumor tissue properties, the model yields five conclusions for this hy-
pothetical case study. First, at the clinical iron dose, the power deposition depends only
on the magnetic phase; the ZnO: FesOu: chitosan ratio modifies the median rise by at most
1.3%. The ratio is therefore a non-thermal design parameter, constrained mainly by the
solubility limit of ZnO. Second, at 100 kHz and above about 4 kA m™, linear response
theory is no longer applicable to these cores and overestimates the energy loss by 63%
relative to the two-level hysteresis model at the Atkinson-Brezovich field (Has). Third,
heating of the 115 mL tumor is perfusion-limited, so its central rise follows the ratio of the
heat source to the perfusion coefficient. The 10.5 mL lesion, by contrast, is limited by con-
duction to the surroundings, and its center stays below 43 °C at Has. Fourth, in the 115 mL
case, a median of 43 °C (4.9 kA m™) and 90% coverage with CEM43 > 30 min (6.2 kA m™)
require amplitudes close to or moderately above this exposure criterion, and above about
8 kA m™ heating extends primarily into the adjacent white matter. Finally, the predictions
are controlled by the magnetic characterization: 7o can change the loss of monodisperse
cores by up to two orders of magnitude, a log-normal distribution built from the reported
TEM size spread triples it, and together they dominate the Monte Carlo interval of Ts at
Has (37-59 °C). A joint measurement of the magnetic relaxation and size distribution of
the immobilized formulation, planned as future experimental work, would turn the case
study into a quantitative prediction. These conclusions apply to a composite case assem-
bled from different sources and do not validate any specific synthesized formulation.
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