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Abstract

Liquid-state thermocells (LTCs) are emerging electrochemical heat engines for harvesting
low-grade thermal energy across small temperature differences. Their practical perfor-
mance is jointly limited by internal dissipation associated with ionic and electrochemical
transport, as well as by external irreversibility arising from finite thermal coupling to the
heat source and sink. In this work, a finite-rate thermodynamic framework is developed
for LTCs subject to coupled internal and external irreversibilities. The model combines
effective thermoelectrochemical transport, a phenomenological asymmetric Joule-heat par-
tition parameter motivated by electrode and interfacial heat effects, and non-ideal thermal
contacts, thereby enabling analytical optimization of power output in four representative
configurations. Closed-form expressions are derived for the maximum power and the
efficiency at maximum power (EMP), together with the admissible operating domain and
an equivalent-circuit interpretation. The results show that the thermal impedance ratio gov-
erns a transition between externally limited and internally limited regimes. In the externally
dominated limit, all configurations recover the Curzon-Ahlborn efficiency, whereas in the
internally dominated limit, the asymptotic EMP depends on the side receiving irreversible
heat release. When both dominant irreversibilities are located on the hot side, the highest
EMP is achieved, while the opposite configuration yields the lowest EMP. These findings
provide a thermodynamic benchmark for the LTC architecture and clarify how thermal
contact asymmetry and internal heat release pathways should be coordinated to enhance
performance in low-grade heat recovery.

Keywords: liquid-state thermocell; finite-time thermodynamics; efficiency at maximum
power; Joule heat partition; thermal impedance matching

1. Introduction

The conversion of low-grade heat into electricity plays an increasingly important role
in industrial energy efficiency and sustainable energy systems [1-3]. A large portion of
consumed energy is ultimately dissipated as waste heat at relatively low temperatures,
where conventional recovery technologies are often inefficient or economically unattrac-
tive [4]. This motivated the development of heat-to-electricity devices capable of operating
efficiently across small temperature differences [5-7].

Liquid-state thermocells (LTCs), also known as thermogalvanic cells, have recently
attracted considerable attention as promising candidates for low-grade heat recov-
ery [8-10]. Unlike solid-state thermoelectric devices, LTCs convert thermal energy into
electricity through temperature-dependent redox reactions occurring in an electrolyte
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between two electrodes [11-13]. In the K3Fe(CN)q /K Fe(CN)g electrolyte system, the
Fe(CN)g_ / Fe(CN)g_ couple undergoes oxidation at the hot electrode and reduction at the
cold electrode [14-16], establishing a potential difference that generates electrical current
through an external circuit, as shown in Figure 1. Owing to their intrinsic characteristics,
LTCs offer several advantages, including low material cost, chemical tunability, ease of
fabrication, and relatively good performance under small temperature differences [17].
These features make them particularly attractive for distributed energy harvesting and
low-grade heat recovery applications [18-20]. Despite these advantages, the performance of
practical LTCs remains far below the thermodynamic limit. This discrepancy arises from the
presence of multiple irreversible processes that act simultaneously within the system [21].
Internally, energy dissipation originates from ionic transport resistance, interfacial charge
transfer processes, and Joule heating. Externally, finite thermal conductance between the
cell and the heat reservoirs reduces the effective temperature difference across the electro-
chemically active region [22]. In addition, parasitic heat leakage through the electrolyte and
structural components further degrades the energy conversion efficiency [23]. Since these
internal and external irreversibilities are inherently coupled, a comprehensive theoretical
framework is required to understand their combined impact on LTC performance.
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Figure 1. Operating principle of a liquid-state thermocell. A temperature difference between the hot
and cold electrodes drives temperature-dependent redox reactions, generating an electromotive force
and electrical current through an external load.

Finite-time thermodynamics provides a powerful tool for analyzing the performance
of heat engines operating under irreversible conditions [24-26]. Two classical limiting
results are well established. When irreversibility is dominated by finite-rate heat transfer
between the system and the reservoirs, the efficiency at maximum power is given by the
Curzon—Ahlborn efficiency [27]. In contrast, when internal dissipation is the dominant
irreversibility, the corresponding efficiency follows the Schmiedl—Seifert relation [28,29].
These two limits define the upper and lower bounds for a wide class of irreversible heat
engines. However, real LTC systems typically operate in an intermediate regime in which
both internal and external irreversibilities coexist and interact. Their performance cannot
be adequately described by either limiting case alone. For solid-state thermoelectric gen-
erators, several studies have investigated the combined effects of internal and external
irreversibilities within finite-time thermodynamic frameworks [30-33]. In particular, Kaur
and Johal developed an exactly solvable model that accounts for asymmetric placement of
external thermal resistance and Joule-heat dissipation, leading to analytical expressions
for maximum power and efficiency at maximum power in different configurations [34].
Their work provides a valuable theoretical foundation for understanding how the spatial
distribution of irreversibilities influences heat engine performance. However, LTCs dif-
fer fundamentally from solid-state thermoelectric systems in both physical mechanisms
and transport processes [17,35]. The effective Seebeck coefficient in LTCs originates from
thermoelectrochemical effects rather than carrier diffusion in solids, and the internal re-
sistance includes contributions from ionic conduction and interfacial kinetics [36]. More
importantly, the spatial distribution of irreversible heat release in LTCs can be strongly
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influenced by electrochemical reactions, electrolyte properties, and thermal coupling con-
ditions [37]. As a result, the direct application of thermoelectric generator models to LTC
systems may obscure key physical insights specific to liquid-state electrochemical energy
conversion. The possibility of spatially asymmetric heat release is also consistent with
classical thermocell theory. Holtan, Mazur, and de Groot showed that heat and entropy
changes in thermocells are closely related to electrochemical potential differences and
electrode processes [36], while Ratkje et al. further clarified that heat and internal energy
changes at electrodes and junctions may differ from the bulk Joule contribution [37]. These
studies indicate that heat release in thermocells is not necessarily spatially symmetric but
can depend on electrode reactions, interfacial energy conversion, and junction effects. This
provides a physical basis for introducing an effective heat partition parameter in a reduced
thermodynamic description.

To address these issues, the present work develops a thermodynamic framework
specifically tailored to liquid-state thermocells under coupled internal and external irre-
versibilities. Building on the analytical structure of exactly solvable models, we reinterpret
the governing parameters in terms of LTC physics and introduce an asymmetric Joule-heat
partition parameter to describe directional irreversible heat release. This approach enables
a systematic investigation of how the placement of thermal resistance and irreversible heat
affects power generation and efficiency. Four representative configurations are analyzed,
corresponding to different combinations of thermal contact asymmetry and Joule-heat
distribution. For each configuration, analytical expressions for the maximum power, effi-
ciency at maximum power, and operating constraints are derived. In addition, the role of
the thermal impedance ratio in governing the transition between externally limited and
internally limited regimes is clarified. The main contributions of this work are summarized
as follows: (1) the development of a unified thermodynamic model for LTCs incorporat-
ing coupled internal and external irreversibilities; (2) the introduction of an asymmetric
Joule-heat partition parameter with clear physical interpretation in electrochemical systems;
(3) the derivation of exact analytical expressions for maximum power and efficiency at max-
imum power in four benchmark configurations; and (4) the identification of performance
limits and design guidelines for optimizing the LTC architecture. These results provide a
theoretical basis for understanding the interplay between different irreversible processes in
LTCs and offer guidance for the design and optimization of liquid-state electrochemical
heat engines.

2. Methods
2.1. The LTC System and Effective Transport Description

We considered a one-dimensional LTC of a length L and cross-sectional area A ther-
mally coupled to a hot reservoir at a temperature Tj, and a cold reservoir at a temperature
T., with Ty, > T, as shown in Figure 2. The local temperatures of the active thermocell
region at the hot and cold sides are denoted by Tjs and T, respectively. The cell was
characterized by an effective thermoelectrochemical Seebeck coefficient Se, an intrinsic
electrical resistance R, and an effective internal thermal conductance K. Here, S. should be
understood as the redox-entropy-driven thermopower of the LTC rather than the carrier-
based Seebeck coefficient of a solid-state thermoelectric material. Likewise, R denotes an
effective intrinsic electrical resistance that may include the ionic resistance of the electrolyte,
separator resistance, interfacial charge transfer resistance, and other ohmic losses under
steady operating conditions. The thermal coupling to the external reservoirs is represented
by the hot-side and cold-side thermal conductances Ky, and K, respectively. Throughout
this work, K, K},, and K. denote thermal conductances with units of W K1, whereas x(x)
denotes a local thermal conductivity with units of W m~! K=1. In the main text, ] denotes
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the total electrical current flowing through the external circuit, whereas j denotes the local
current density used only in the local transport derivation in Appendix A. These two
quantities are related by | = jA. Accordingly, Qy,, Qc, and P in the main text represent
terminal heat currents and electrical power, rather than local heat flux densities.

Within the Onsager—Callen—Domenicali framework [38-41], the heat currents at the
hot and cold ends of the active region may be written as follows:

. 1
Qn = JSeThs + K(Tis = Tes) = 5 /°R, (1)

QC = ]SeTcs + K(Ths - Tcs) + %]2R- (2)

The first term represents convective or Peltier-like heat transport associated with
charge flow, the second term is direct conductive heat leakage, and the third term is
Joule dissipation.

Hot reservoir T,

LTC

Cold reservoir T,

Figure 2. Schematic representation of the benchmark LTC model. K}, and K. are the external thermal
conductances at the hot and cold contacts, respectively, R is the intrinsic electrical resistance, and Ty,
T¢s are the local temperatures of the active region. Dashed arrows indicate the effective direction of
Joule-heat release.

2.2. Asymmetric Joule-Heat Partition

To describe asymmetric heat release between the hot and cold sides, we introduce a
spatially varying effective thermal conductivity:

x\d
K(x) = Ko (1 - —) , 3)
L

where xq is the conductivity at the hot side and d is a grading exponent. The profile
in Equation (3) is not intended to be a literal conductivity distribution for all practical
liquid-state thermocells. Instead, it is used as an analytically convenient representation
that generates a tunable asymmetry in the terminal heat currents. The physically important
quantity in the reduced model is the effective heat partition parameter w, whereas the
specific functional form of «(x) should be viewed as one possible mathematical route for
obtaining asymmetric dissipation. Solving the one-dimensional heat equation with this
profile (see Appendix A) leads to the generalized hot- and cold-side heat currents

On = JSeThs + K(1 — d)(Ths — Tes) — (1 — w)J?R, )

Qc = JSeTes + K(1 — d)(Ths — Tes) + wJ°R, (5)
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where
1-d

o 2—d
For the specific conductivity profile in Equation (3), the physically admissible range

w

(6)

is restricted by the requirements that the effective conductive term remains non-negative
and that w can be interpreted as a heat partition fraction. These requirements lead to d < 1
for a finite positive effective conductance, with d — 1~ corresponding to the limiting case
w — 0. Values of d > 1 are not used in the physical interpretation of this profile because
they would lead to a negative effective conductive term or to a heat fraction outside the
interval [0, 1]. The parameter w denotes the effective fraction of irreversible heat released to
the cold side, while 1 — w corresponds to the fraction released to the hot side. Symmetric
heat release corresponds to w = 1/2, whereas w # 1/2 describes directional asymmetry. In
LTCs, w should be regarded as an effective phenomenological parameter that summarizes
the net directionality of irreversible heat release. It can represent, in a coarse-grained
way, the combined influence of graded transport properties, asymmetric thermal coupling,
electrode heat effects, non-uniform interfacial relaxation, and uneven spatial dissipation in
the electrolyte—separator—electrode assembly. From a device design perspective, w may be
affected by experimentally tunable factors such as electrode material asymmetry, catalyst
loading, electrode surface functionalization, separator thickness, electrolyte viscosity, redox
concentration, and natural or forced convection.

Two limiting cases are of special interest. In the limiting case d — 17, one has w — 0,
and the conductive leakage term tends to vanish. This limiting form corresponds to the
ideal benchmark in which irreversible heat is effectively released to the hot side:

Qn = JSeThs — J*R, 7)

Qc = ]SeTcs- (8)

The opposite limiting case, w = 1, cannot be obtained from the finite-d form of Equa-
tion (3). It is therefore introduced phenomenologically as an ideal benchmark representing
the complete release of irreversible heat to the cold side. This limiting case is useful
for establishing the lower performance bound and for comparing the thermodynamic
consequences of hot-side and cold-side irreversible heat release:

Oh = JSeThs, )

Qc = JSeTes + J*R. (10)

2.3. External Thermal Coupling and Performance Metrics

The LTC exchanges heat with the two reservoirs through finite thermal contacts.
Assuming Newtonian heat transfer, we have

On = K (Th — Ths), (11)

Qc = KC(TCS - Tc)- (12)

After imposing flux matching at both sides, the heat currents exchanged with the hot
and cold reservoirs become

JSeTh — (1 —w)J?R

_ ,
On h Kr +JS.

(13)
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. JSeTe + wJ?R
=Ki————. 14
QC C KC _ ]Se ( )
The electrical power output is
P=0Qn— Qe (15)
and the thermal efficiency is
P
On
For convenience, we define
Tc
0= —, =1-9, 17
Th TIC ( )
and the ratio of external to internal thermal conductance, which is
Kext
® = , 18
Kint ( )
where
KiK.
Kext = ————, 19
ext Kh ¥ Kc ( )
S
Kint = = [wTh + (1 — w)T]. (20)

R

The parameter a governs the relative importance of external thermal limitation and
internal dissipation. A small a value corresponds to poor thermal contact and strong
external irreversibility, while a large « value indicates nearly ideal thermal contacts and
dominant internal irreversibility. The condition & = 1 is referred to as thermal impedance
matching, meaning that the effective external thermal conductance is comparable to the
effective internal thermoelectrochemical conductance. Under this condition, neither the
external thermal contact nor the internal dissipative transport dominates the overall finite-
rate performance. It should be emphasized that Kj,; is not a purely conductive thermal
conductance. Instead, it is an effective internal thermoelectrochemical conductance in-
troduced within the lumped linear response description. It measures the strength of the
coupling between electrical transport and heat transport through the redox-entropy-driven
thermopower. The weighted temperature

represents the effective temperature level associated with the side receiving the dominant
irreversible heat release. Thus, Equation (20) can be written as Kint = Sg T, /R. In contrast
to solid-state thermoelectric generators, Se in an LTC originates from thermoelectrochemical
entropy changes, while R is a lumped resistance including ionic conduction, separator
resistance, electrode contact resistance, and interfacial charge transfer resistance. Therefore,
Kint should be interpreted as an effective parameterization for finite-rate thermodynamic
analysis, rather than as a directly measured material conductance.

3. Results and Discussion
3.1. Exact Solutions for Four Representative Configurations

To retain analytical tractability while preserving clear physical meaning, we focused
on four representative configurations. In each of them, only one thermal contact was finite
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while the other was ideal, and the Joule heat was assumed to be fully released either to the
hot side or to the cold side. These four cases served as benchmark LTC architectures.

3.1.1. Case I: Finite K}, withw = 0

In Case I, external irreversibility was located at the hot side, the cold-side contact was
ideal (K. — o0), and all Joule heat was released to the hot reservoir, as shown in Figure 3a.
The heat currents reduced to

. o JSeTh— R
Onh = Khm, (21)
Qc = JSeTe. (22)
(a) (b)
Case | Caselll

LTC —>P LTC

Qc
Cold reservoir T, Cold reservoir T,
(c) (d)
Case lll Case IV
Hot resenvoir T,
Ky Q,
Qh Ths
LTC —F LTC —PF
TCS
K
Q. Q
Cold reservoir T, Cold reservoir T,

Figure 3. Four representative cases for LTC with coupled irreversibilities and dissipation. (a) Case I:
finite hot-side heat conductance and Joule heat released to the hot side. (b) Case II: finite hot-side
thermal conductance and Joule heat released to the cold side. (c) Case III: finite cold-side thermal
conductance and Joule heat released to the cold side. (d) Case IV: finite cold-side thermal conductance
and Joule heat released to the hot side.

Maximizing P with respect to | yields the EMP

a+1—+/6(a+1)(ad+1)

* , 23
T o+ ad+1 (23)
with
RKj
= _h 24
T ST (24)
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and the corresponding maximum power

Pimax = KnTh {1+2a5+52\/5(a+1)(a5+1) . (25)

The asymptotic limits are

H— 1=Vl g —= fle (26)

a—o0 2 — e

such that

1—T—pe <y < K¢ (27)

2—1c

This is the most favorable configuration for EMP within the present benchmark model,
because both the external bottleneck and the Joule-heat feedback act on the hot side.
3.1.2. Case II: Finite K, with w =1

In Case II, the hot-side thermal contact is still finite, but all Joule heat is redirected to
the cold side [see Figure 3b]:

- JSeKnTh
= , 28
Oh= &3 g 28)
Qe = JSeTe + JR. (29)
The efficiency at maximum power is
* 2
where
1[5, (a—6)?
Aw{x +T_(4a+5)’ (31)
x = 5402 + (20 — 6)° + 6v/3 0\ /2702 + (20— 6)3, (32)
and
_ RKy,
x = ST, (33)
The maximum power is
Pt = KnTh 2 [1—5—(a+5)A—«A2] (34)
II,max h hA 1 .
Its limiting behavior is
* _ — * ﬁ
gL Vi=e om0 o (35)

such that

%Snﬂﬁlf\/lfnc. (36)

Compared with Case I, moving Joule heat from the hot side to the cold side significantly
lowers the internal limit EMP.
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3.1.3. Case III: Finite K. with w =1

In Case III, the hot-side contact is ideal, the cold-side contact is finite, and all Joule
heat is released into the cold reservoir [see Figure 3c]:

Qn = JSeTh, (37)
. SeT.+ J*R
Qe = KLt )

The resulting maximum power is

PIII,max = KCTh [1+2(X+5—2 (D(+1)(IX+5):|, (39)

where RK
= <. 40
= or (40)

The corresponding EMP is

mp=a+1—/(a+1)(a+9). (41)

Its asymptotic behavior is

* * e
—1—-/1- — = 42
U1 — Mes =5 5 (42)
and thus
%gqf‘ngl—«/l—qc. (43)

This is the least favorable side placement from the viewpoint of EMP, because both
the external bottleneck and the internal irreversible heat release act on the cold side.

3.1.4. Case IV: Finite K. with w = 0

In Case IV, the cold-side thermal contact is finite, the hot-side contact is ideal, and all
Joule heat is released to the hot side [see Figure 3d]:

Onh = JSeTh — J°R, (44)
2 N ]SeKcTc
Q=g 5 (45)

The efficiency at maximum power is

=1~ G Eay 4o
where )
B:;‘[4045+1—y1/3—(1;12/2‘5)], (47)
y = 5402° + (206 — 1)° + 6v/306/6[(206 — 1)° + 270267, (48)
and
azgﬁ. (49)
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The maximum power is
plv,maX:KcThB“;"‘B) 1- (an;(Bé) . (50)
The limiting values are
v —7 1" Vi-ne iy P Tﬂc' (51)

and hence

1= V1= 7 <niy < ﬁ (52)

—fc
Case IV provides an intermediate situation; the cold-side thermal resistance penalizes
performance, but the release of Joule heat to the hot side preserves the higher internal limit

EMP bound.

3.2. Operating Domain Constraints and Thermodynamic Consistency
For the benchmark model to remain physically meaningful, the operating current
must stay within an admissible range. Since Equations (14), (38) and (45) contain the
denominator K. — JSe, configurations with finite cold-side conductance require
Kc

0<]<S—e. (53)

In addition, for cases with w = 0, the positivity of the absorbed hot-side heat imposes

T
o<]<SeTh. (54)

Accordingly, a sufficient admissible domain is

0 < T < Jmax, (55)
with
SeTh/R, Case,
+o00, Casel],
Jmax = (56)
Kc/se/ Case IH,
min(K./Se, SeTn/R), CaselV.

Within this domain, the optimized current [* lies in the interior of the admissible
interval for « > 0 and 0 < § < 1, and the stationary point corresponds to a genuine
maximum of the power output. The second law is also respected. For example, in Case I,
the entropy production rate can be written as follows:

0, 0 St

= 2> (57)

o=
Th Tc Kh"‘fse

The corresponding entropy production expressions for Cases II-1V are provided

in Appendix B. These expressions are positive within their admissible current domains,
confirming the thermodynamic consistency of all four benchmark configurations.
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3.3. Representative Parameter Ranges and Accessibility of Operating Regimes

To connect the reduced model with practical LTC systems, the representative orders
of magnitude of the key parameters are summarized in Table 1. These values should not
be interpreted as universal constants because they depend strongly on the electrode area,
electrode spacing, electrolyte composition, separator structure, and thermal integration.
Nevertheless, they indicate that the externally limited regime (¢ < 1), the thermally
matched regime (« ~ 1), and the internally limited regime (« > 1) can all be approached
by changing either the external thermal contacts or the internal electrochemical resistance.

Table 1. Representative parameter ranges for liquid-state thermocells and their role in the present
reduced model. The ranges are order-of-magnitude estimates for typical laboratory-scale aqueous
thermocells and should be adjusted for specific cell geometries and electrolytes.

Parameter Representative Range Physical Meaning

Se 1074-102VK! Thermoelectrochemical Seebeck coefficient

R 1071-10° O Lumped ionic and interfacial resistance

K 1074-10"' WK! Internal conductive heat leakage scale

Ky, K¢ 1074-109 WK! External thermal-contact conductances

Th 303—-353 K Hot reservoir temperature

T 283—-323 K Cold reservoir temperature

x 10~2-10? External-to-internal thermal conductance ratio
Effective fraction of irreversible heat released to

w l<w<l1 .
cold side

3.4. Asymptotic Structure and EMP Hierarchy

Figure 4 compares the EMP of all four configurations for a representative Carnot
efficiency 1. = 0.5. Although Figure 4 is plotted for 5. = 0.5, the analytical limiting
expressions show that the same side-dependent trend is not specific to this representative
value. The separation between the curves changed with the temperature ratio, but hot-
side irreversible heat release remained less detrimental than cold-side release within the
benchmark framework. A central result is that a controlled the transition between externally
limited and internally limited operation. When a — 0, the effective external thermal
conductance was much smaller than the internal one, and the system was dominated by
thermal contact irreversibility. Therefore, all four cases converged to the Curzon—Ahlborn
expression. By contrast, when « — oo, the thermal contacts became effectively ideal, and
internal dissipation dominated. In this limit, the asymptotic EMP depended on the side
toward which irreversible heat was released. Cases I and IV, in which Joule heat was
directed to the hot side, approached the upper bound 7./ (2 — #.), whereas Cases II and III,
in which Joule heat was directed to the cold side, approached the lower bound #./2.

This distinction is physically significant for LTC design. Releasing irreversible heat
to the hot side is thermodynamically less detrimental than releasing it to the cold side,
because the latter directly degrades the useful temperature gradient available for electro-
chemical power generation. At the same time, an external thermal resistance is less harmful
when placed on the hot side than on the cold side. For finite operating values of a, the
representative calculations indicate the following side-dependent hierarchy:

no> My > > (58)

This inequality should be interpreted for finite operating regimes rather than for the
limiting endpoints. As &« — 0, all cases approached the Curzon—Ahlborn limit; as « — oo,
Cases I and IV shared the same upper asymptote, while Cases II and III shared the same
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lower asymptote. Additional calculations for different values of 77. show that the qualitative
hierarchy remained unchanged.

0.34
0.321 Case |
— —Caselll
- - - Casell
0.30+ —-~—Case IV
o S 2N
s Upper bound

Lower bound

0261 “+.% < _

0.24

Figure 4. Efficiency at maximum power versus the external-to-internal thermal conductance ra-
tio « for the four benchmark configurations, with . = 0.5. For a — 0, all cases recovered the
Curzon—Ahlborn limit. For large « values, Cases I and IV approached the upper bound 7./ (2 — %),
while Cases II and III approached the lower bound #./2.

3.5. Near-Equilibrium Behavior and Thermal Impedance Matching

Near thermal equilibrium (§ — 1), all four benchmark configurations satisfied the
universal linear-response result

1 =T +00), (59)
independent of a. This universality is consistent with finite-time thermodynamics and con-
firms that the leading-order behavior of EMP does not depend on the detailed arrangement
of irreversibilities under small temperature differences.

The distinctions among the four configurations appeared at the second order, especially
under thermal impedance matching (¢« = 1). The expansions are summarized in Table 2.
For a fixed Joule-heat partition, moving the external thermal resistance from the hot side to
the cold side lowered the second-order coefficient. Similarly, for a fixed side of external
irreversibility, transferring Joule heat from the hot side to the cold side lowered the second-
order EMP correction. These stepwise changes provide a compact way to quantify the side
sensitivity of LTC performance.

Table 2. Efficiency at maximum power up to second order in 7. and optimal load ratio under thermal
impedance matching (« = 1).

Case w (e =1) R} 4/Rata=1
I 0 L 2 +00) 2
I 1 Ty 2promd) 24k 2y
m 1 Ty 323173 +0(nd) 2
v 0 s 353175 +0(12) -x ;73 2
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3.6. Equivalent-Circuit Interpretation

For practical use, it is important to distinguish between the intrinsic resistance R of
the LTC and the apparent internal resistance seen by the external load. The open-circuit
electromotive force is

Eoc - Se(Ths - Tcs)/ (60)

but Ty, and Ts depend on the operating current because they are coupled to the thermal
boundary conditions. Therefore, under load, the LTC cannot, in general, be represented
by a simple current-independent Thevenin source with internal resistance exactly equal
to R. Instead, the external circuit sees an apparent internal resistance that depends on the
thermal coupling. If the external load is Rjy.q, then

P = J?Rjpad- (61)

For a generic Thevenin equivalent, maximum power is obtained when the load
matches the apparent internal resistance and not necessarily the intrinsic resistance R.
In the present benchmark model, this distinction becomes explicit. For Case I, substitution
of the optimal current into the power relation gives

1
Rigad1 = R(l + a)' (62)

Thus,
Rl*oad,l —+R (Ué - OO)/ (63)

where the thermal contacts are nearly ideal, whereas

R SeTc 0 64
load,I% Kh (D‘_) )' ( )

where external thermal coupling governs the apparent matching condition. This resolves
a common ambiguity in LTC equivalent-circuit discussions; the optimal electrical load
generally depends on both electrical and thermal transport.

3.7. Implications for LTC Architecture

From the perspective of practical LTC design, the present results suggest several con-
crete strategies. First, when the device operates in the low-« regime, reducing external
thermal contact resistance is more effective than solely lowering the internal electrical
resistance. This can be achieved by improving heat exchanger contact, reducing encapsula-
tion thermal resistance, and enhancing cold-side heat rejection. Second, the heat release
pathway can be influenced by electrode asymmetry, catalyst loading, electrode surface
functionalization, and separator design. These factors affect interfacial kinetics and local
dissipation and therefore may shift the effective value of w. Third, electrolyte engineering,
including redox concentration, viscosity control, additives, and suppression or enhance-
ment of convection, can modify both R and the spatial distribution of irreversible heat.
Finally, the cold-side thermal management is particularly important because cold-side heat
accumulation directly reduces the useful temperature span across the electrochemically
active region.

3.8. Model Scope and Limitations

The present framework was intentionally reduced and benchmark-oriented. Several
limitations should therefore be kept in mind. The Joule-heat partition parameter w is
phenomenological and does not explicitly resolve the microscopic origin of asymmetric heat
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release. Concentration overpotentials, ion mass transfer limitations, electrolyte convection,
side reactions, and long-term degradation were not included. In addition, only four exactly
solvable one-contact finite configurations were treated analytically; the fully general case
with finite K}, finite K¢, and 0 < w < 1 will generally require numerical optimization.
Accordingly, the model should be interpreted as a thermodynamic benchmark rather than
a full predictive simulator for a specific LTC chemistry.

The four configurations analyzed in this work should therefore be understood as limit-
ing benchmark cases rather than as an exhaustive description of all possible LTC operating
conditions. They were selected because they allowed closed-form expressions for maximum
power, efficiency at maximum power, asymptotic limits, and load-matching conditions,
thereby making the role of irreversibility placement transparent. A fully generalized treat-
ment with simultaneous finite hot- and cold-side thermal contacts and intermediate heat
partition 0 < w < 1 would require numerical optimization over a larger parameter space,
including Ky, /K, w, R, Se, and the temperature ratio. Such an analysis is important but
beyond the analytical scope of the present benchmark model. The spatial conductivity pro-
file adopted in Appendix A is a mathematical device for deriving an analytically tractable
heat partition relation. It should not be interpreted as a universal material prescription for
practical LTC electrolytes or separators. In real devices, the same effective value of w may
result from electrode asymmetry, interfacial kinetics, electrolyte inhomogeneity, convection,
or thermal contact asymmetry.

4. Conclusions

A finite-rate thermodynamic framework was developed for liquid-state thermocells
operating under coupled internal and external irreversibilities. The model combines non-
ideal thermal contacts with an effective intrinsic electrical resistance and an asymmetric
Joule-heat partition parameter, making it possible to analyze how the location of irreversibil-
ity affects the efficiency and power output of LTCs. Four benchmark configurations were
solved analytically, yielding closed-form expressions for maximum power, efficiency at
maximum power, asymptotic limits, and load-matching conditions. The analysis shows
that the thermal impedance ratio « determines the transition between externally limited
and internally limited operation. In the limit of dominant external irreversibility, all four
cases recovered the Curzon—Ahlborn form. In the limit of dominant internal irreversibility,
the asymptotic EMP depends on the side toward which irreversible heat is preferentially
released; hot-side release led to the upper bound 7./ (2 — #.), while cold-side release led to
the lower bound #./2. Under thermal impedance matching, the second-order expansion
of EMP revealed a clear hierarchy that further confirmed the thermodynamic advantage
of locating both the dominant external bottleneck and the dominant irreversible heat re-
lease at the hot side. These findings provide a useful benchmark for the LTC architecture
and thermal management. They indicate that sink-side thermal crowding and cold-side
irreversible heating should be avoided, while electrical load matching must be interpreted
together with the thermal environment. More broadly, the present framework clarifies how
coupled irreversibilities shape the trade-off between power and efficiency in liquid-state
electrochemical heat engines. Future work should extend the model by incorporating
concentration polarization, coupled mass and heat transfer, interfacial reaction kinetics,
and multiphysics validation against experimental LTC systems. In addition, the fully gener-
alized finite-contact case with finite Kj,, finite K, and intermediate heat partition 0 < w < 1
should be examined through numerical optimization to test the robustness of the analytical
hierarchy beyond the four limiting configurations. Such developments would help bridge
the gap between analytical thermodynamic bounds and device-specific design.
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Appendix A. Derivation of the Internal Heat Currents with Spatially
Varying Conductivity

For completeness, the derivation of Equations (4) and (5) is briefly summarized here.
The local heat flux in the active LTC region is written as follows:

jo = SeiT — k(x)VT, (A1)

where j is the electric flux and «(x) is the effective local thermal conductivity. The local
balance of energy gives
V-jo=jE (A2)

while the Onsager constitutive relation is
j = OetE — Sevet VT, (A3)

with o being the effective electrical conductivity. In one dimension, combining
Equations (A1)-(A3) yields

d®T  de(x)dT 2

= g A4
o2t oy dx T oy (Ad)
where j is the magnitude of the current density.
Assuming that
o\ d

K(x) =ro(1-7), (A5)

with boundary conditions T(0) = Ty,s and T(L) = T, integration gives

2 _ _ 2

dT 72x (1 =d)(Ths — Tes) . 2L (A6)

dx — ougro(1—x/L)4 L(1—x/L)? oo (2 —d) (1 — x/L)4

The grading exponent d cannot be chosen arbitrarily. For the profile in Equation (A5),
a finite and positive effective conductance requires d < 1. The limiting case d — 1~
gives w — 0 and suppresses the conductive leakage term. Therefore, the relation
w=(1-d)/(2—d) is used here only within its physically admissible domain, rather
than as a universal expression for all possible heat partition states.
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For a spatially varying thermal conductivity, the effective conductive thermal conduc-

tance is 1
Ketf = /de (A7)
Jo x(x)
Substituting Equation (A5) into Equation (A7) gives
Kett = %(1 —d)=K(1-d), d<l. (A8)

This result explains the appearance of the factor K(1 — d) in the terminal heat current
expressions. When introducing | = jA, R = L/ (0¢A), and K = kyA /L, the endpoint heat
fluxes are

Qn = JSeThs + K(1 = d)(Ts — Tes) — (1 — ) J*R, (A9)
Qc = JSeTes + K(1 — d) (Tys — Tes) + /R, (A10)

where
w = %. (A11)

In the limiting case d — 17, the conductive leakage term tends to vanish and w — 0,
leading to the simplified hot-side release benchmark used in Cases I and IV.

Appendix B. Entropy Production Expressions for the Four
Benchmark Cases

The entropy production rate is defined as follows:

s G Q
=TT (A12)

For Case I, substituting Equations (21) and (22) into Equation (A12) gives

. J? < 2 KhR>
op0=——(S:4+——] >0. Al3
R gs T (A1)
For Case II, one obtains
S2 R
. 2 e
o = — 4+ =| >0. Al4
n=J {Kh TS, TJ (A1)
For Case I1I, the entropy production rate is
. J? 2, KR K¢
=——|S , 0< ] < —. Al5
0 = g, \ % + T. )~ 0 J 5 (A15)
For Case IV, one obtains
0 —]2{R+Sg}>o 0<j<ke (A16)
v Tn  Ke—JSe] ~ Se’

Equations (A13)—(A16) show that all four benchmark configurations satisfy the second
law within their corresponding admissible current domains.
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