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Abstract

In this study, the thermomechanical behavior of a variable cross-section rod with fixed
ends is studied using an analytical method. A rod with a radius that varies quadratically
with length is considered, and it is thermally insulated on its side surface. Heat flow is
applied to the left end of the rod, and heat exchange with the environment occurs at the
right end. Based on the obtained temperature distribution, the thermal strains, stresses,
displacements, and total elongation are determined. The results highlight the influence of
boundary thermal conditions on the thermomechanical response of the rod, which is of
interest for the design and analysis of structural elements operating under conditions of
uneven thermal stress.

Keywords: variable cross-section rod; thermal insulation; heat exchange; analytical
solution; finite element method; elongation; strain; stress

1. Introduction

Many mechanical engineering objects are rods of variable cross-section that are ex-
posed to various types of heat sources. To ensure the reliable operation of such objects, it is
necessary to know the laws of temperature distribution along the length of the rods used
and the values of other thermomechanical characteristics, such as elongation, axial force,
stress, strain, and displacement.

Due to increased stresses in narrowed areas, a rod with a variable cross-section—with
the same length and weight and under the influence of temperature—elongates more than
a rod with a constant cross-section [1-4]. Therefore, when creating devices that use rod
elongation upon heating, it is economically advantageous to use a rod with a variable
cross-section, as the desired result can be achieved using a smaller amount of material.
Such devices include dilatometric and bimetallic thermometers, thermomechanical sensors,
thermal expansion compensators, etc. Nuclear power plant (NPP) tubes can also be
considered as a variable cross-section rod exposed to high temperature under the condition
that the length-to-diameter ratio is >10 [5-7]. Under the same conditions, the pipes of
thermal power plants (TPPs) and chimneys can be considered as rods of variable cross-
section [8] with internal heat sources.

A review of published research shows that a sufficient number of studies have been
devoted to studying the thermomechanical characteristics of rods using various methods. It
is relatively easy to arrive at an analytical decision in the case of a rod with a constant cross-
section. Thus, the authors of [9,10] considered analytical thermal conductivity solutions
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for a rod with a constant cross-section and finite length. Heat conduction problems are
analyzed when heat flux is supplied to the lateral surface of the rod or when heat exchange
with the environment occurs. A power series expansion method is used to solve the
same problem [11]. An analytical solution to the thermal conductivity problem of a thin,
non-insulated rod embedded in a heated wall was considered by Eckert and Drake [12].

Some authors prefer using analytical and numerical methods in parallel. For example,
the authors of [13] utilize a Fourier series analytical solution, while the finite element
method was applied as the numerical method. It has been shown that the method of
separating variables can be successfully applied in one-dimensional heat transfer problems
in a rod [14].

As expected, various numerical methods can be successfully applied to heat transfer
problems in rods with both constant and variable cross-sections. The effective application
of variational methods, the finite difference method, and the finite element method in
such problems has been demonstrated by the authors of [14-16]. For example, the law of
temperature distribution along the length of a rod was determined by Arshidinova et al.
using a variational solution [10]. The elongation (when one end of the rod is rigidly fixed
and the other is free) and the axial compressive force (in the case of both ends of the rod
being clamped) were also calculated. Furthermore, the strain, stress, and displacement
fields were determined. In the studies of the authors of [17,18], the thermal stress—strain
state of a rod with a lateral surface that is completely thermally insulated was numerically
investigated. The radius of the rod varies nonlinearly along its length and decreases
quadratically along the length of the rod. Heat flow with constant intensity is applied to
the left end of the rod, while heat exchange with the environment occurs at the right end.
Changes in thermomechanical characteristics depending on changes in heat flow [17] and
environmental temperature [18] were also studied.

A review of the literature shows that existing sources do not yet provide an analytical
solution for thermal conductivity problems in a heat-insulated rod with a quadratic enve-
lope, where heat flux is applied at the left end, and heat exchange with the environment
occurs at the right end.

In this study, an analytical solution to this problem is obtained. Thermomechanical
properties of the rod, such as elongation, stress, strain, and displacement, are determined.
The results of the analytical solution are compared with the finite element method.

2. Problem Formulation
2.1. Differential Equation of Thermal Conductivity

Let us consider a rod with a variable cross-section that is thermally insulated on
the sides (the radius changes quadratically along the length of the rod ax? + bx + c), the
left end of which is under the influence of heat flow, and heat exchange occurs with the
environment at the right end—the temperature of which is T,;, (Figure 1). It is necessary to
determine the thermomechanical characteristics of the rod.

First, we obtain the heat equation for the problem under consideration. To carry
this out, we calculate the amount of heat passing through a certain cross-section of the
rod—Ilocated at a distance x from the left end of the rod—in time dt. According to Fourier’s

law, it is equal to the following;:
oT

—Kyy-F-=—-dT, 1
P ®
where I denotes the cross-sectional area of the rod at a distance x from its left end;

T denotes temperature;

K,y denotes the thermal conductivity coefficient;

dt denotes an infinitely small time interval.
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Figure 1. Thermally insulated rod with a variable cross-section.

During time dt, the amount of heat that passes through the section located at a distance
x + Ax from the left end of the rod will be equal to the following;:

oT(x + Ax)

—KyxF(x + Ax) =

at. )
Adding and subtracting KyxF(x) g—sz to this expression, we obtain

[—KXXF(x + Ax) LAY | g (x0T — KxxF(x)g—ﬂ dt
= —{ [KuxF(x + 8) T — Ko P(6) 3| + Ko F(x) 3} 3)
= —{Kux g [F(x) 3T | dx + 333Kyu F(x) 3T Jdr
Then, the section of the rod enclosed between the sections located at distances x and

x + Ax from the left end of the rod acquires, over time 47, an amount of heat equal to the
difference between expressions (1) and (3) due to heat conduction:

~KaxF(2) ST + Kox [ F(x) 38 | dxdT + Koo (x) "
2
= Kux gy |F(x) 5F | ddr = Ko [ 45T + P(x) 3 | dxdr.

On the other hand, the amount of heat that must be supplied to a homogeneous body
to increase its temperature by AT is proportional to the volume V and the density p:

AQ = cpV AT = cpF(x) AT Ax, ®)

where c denotes the specific heat capacity of a body.
Equating expressions (4) and (5), we obtain the following;:

ds oT 0’T oT
Kyx o F(x)f)xZ] dxdt = ch(x)g
or )
dSoT 0°T oT Kxx
xx [M&C +F(X)W] dxdt = CpF(JC)E, a = ?

When the process is stationary, this equation takes the following form:

dx dx x>
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Multiplying both sides of this equation by %, the differential equation for steady-

state heat conduction can be written as follows:

d*T dT( 1 dF(x)\ _ ©)
dx2  dx \F(x) dx )
2.2. Boundary Conditions
The boundary conditions for our problem are as follows:
ar
Kxxa 0o+tqg =0, (7)
aT

Kxx% L+h(T = Tenw) = 0. (8)

3. Analytical Solution of the Problem
3.1. Temperature Distribution

To analytically solve the differential Equation (6) with boundary conditions (7) and (8),
we change some variables: y = %. Then, Equation (6) takes the following form:

dy 1 dF(x)\ _
dx+y(F(x) dx )0' ©)

Since the cross-sectional radius of the rod changes according to the quadratic equation
ax? + bx + ¢, the cross-sectional area of the rod changes according to the following formula:

F(x) = mr(ax?+ bx + ¢)?.

Then, the derivative of the cross-sectional area of the rod with respect to the length of
the rod x is as follows:

dF(x)
dx

=27(2ax +b) (ax2 +bx + c).

Substituting the obtained value of the derivative into Equation (9), we obtain the
following differential equation:

dl+ < 2(2ax +b) )

dx ax? 4+ bx +c
or
dy < 2(2ax +b) )
-+ =— —5——— |dx
y ax2+bx+c
Integrating this equation, we obtain the following:
oy (2ax + D) d(ax? + bx + c)
[Uo [ G ity
y ax?>+bx+c ax® +bx+c
From the last integral, we find
Ln(y) = —2Ln (axz + bx + c) + Ln(cq)
or

Ln(y) = Ln (01 (ax? + bx + 0)72).
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From here, we determine y:
2 -2
y=ci(ax"+bx+c) ~.

Carrying out the reverse substitution of variables (y = Z—I), we return to variable T:

T -
e c1(ax? + bx +¢) 2, (10)

Integrating this equation with respect to x, we obtain the following:

T(x) = /ydx: ] / (ax? + bx + c)fzdx + . (11)

Let us calculate the integral as follows:

1 1 1 ! :
/Wwdx—cﬂ/[(x2+gx+g)}zdx_gﬂ/ K(x‘f'zl;)z B2 )]2119(

Changing some variables, t = x + z—ha, and taking into account dt = dx, we have
the following:

T a2

2
/21172dx:L112/ 21 2dx:al7/%dt’[):_4b?+g'
(ax2 +bx +c) K(tha) 2 +Z)] (t2+ D)

Let us consider three cases: D>0,D =0, and D <0.
1. D> 0: Let us denote d% = (7% + %) Then,

1 1 1
|t [ e
(ax? +bx +c) asJ (t2 +d?)

We perform a change of variables, setting t = d-z and taking into account dt = d-dz;
thus, we have the following:

o [ty [
a2 ) (2422 dPa ) (2412
Because
/Ldzf1 arct (2)4—i +c
(22+1)> 2 § 1+22] 7%
we obtain

l/ ! dt = ! / ! dz= ! arct (z)—l—i +c
a2 ) (24422 da?) (24127 242 & 1+22 =

Carrying out the reverse change of variables, that is, moving from ¢ to x, we have

b

1 1 x+ L X+ g, )d

/ 5 sdx= B arctg( d2”>—|— ( ﬂ) 5 |- (12)
(ax? +bx +c¢) a d2+<x+%)
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Taking into account expression (12), the temperature Equation (11) can be rewritten

as follows:
b
Ti(x) = /c1(11x2 + bx + c)_zdx + = o arctg ( o 27) +c
2d34? ( b )
2a
By introducing the notation
b
X+ % (X + ﬂ) d
arc(x) = |arctg 7 + 5|7
2+ (x+ %)
the temperature can be represented as follows:
T __a 13
1(3() - 2d3a2arc(x) + 2. ( )

Using boundary condition (7) and taking into account expression (10) for x =0, we have

oT c
Kxxg 0 — KXXC% - —

From this equation, we find c;:

qe?

cg=——.
1 Kxx

Taking into account the second boundary condition (8), we have the following:

oT C1 [ C1

Kex=—|L XX
ox (aL2 +bL+c)>  L2d%2

arc(L) 4+ ¢y — Tenv} =0.
From this equation, we obtain c;:

C1 . C1
h(al2 +bL +c)*  2d%a?

cp = —Kxx arc(L) 4 Teno-

Substituting the obtained expressions for c; and ¢, into Equation (13), we have

_ c - c1Kxx __cparc(L) _
Ti(x) = ﬁarc(x) L 2z + Teno = 14)
_ 2d3ﬂ2 [arc(x) —arc(L)] — W}ﬁc)z + Too.

2. D =0: Then, we have

NN S B T N
J(ax2+bx+c)?> @2 J) (2+D)? a2/ 3a2 2a)

That is why the following is the case:

C1 b -3
Tz(X):?,az(X‘an) + 0o,

https:/ /doi.org/10.3390/thermo6010002
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. dT(x)
Since —;

end of the rod, we have

where

From here, we obtain c:

—4 -3
_ C1 b C1 b
C = Kxx{lz}l(L—Fle) +3{12<L+2a> + Tenp.

3. D<0: Letus denote d = —(—% + g) > 0. Then,

1 1 1
(ax? +bx +c) asJ (2 —d)

dx
(2—a)*”
To carry this out, let us consider the two following functions:

t—d
t+d |

Let us calculate the integral [

t 1
F(X):mﬂ G(x):M—%n

Moreover, the sum of the derivatives is equal to

1
FxX)+G(x)= ————.
(0460 =~
This means that
dx t 1, |[t—+d
——=-Fx)-G(x) = —=—5—~——1In -
/(tz—t)z (=60 =" "7 va
Then, we have
/;dx— _ t _ 1 " t—\/g
(ax2+bx—|—c)2 20%d(t2 —d) 40245 |t+Vd|
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The temperature in this case is equal to

Ty(x) = — Cl(x+7b“) S S (x+2%) — Vv T o (15)

2a2d<(x+2ha>2_d) 1| (x4 4) +Va

The constants of integration c; and c; are found from boundary conditions (7) and (8).

Using boundary condition (7), we have

oT C1
Kxx$|0 =Kxx— = —¢q
where )
[ *LC
Kxx

Taking constraint (8) into account, we have the following;:

b b
. a(L+4) o |(L+k)-vd
(aL? +bL+c) 2a2d<(L—|—2ba) —d) 4a2d> <L+Z)+\/H
Moreover, we obtain the following:
b b
. ea(L+4) 0 |(L+d)-va

¢y = —Kxx

h(aL2+bL+c)2+ b\ Y L+2L)+Vd
2a?%d (L—Fﬂ) —d +2a +

3.2. Rod Extension

If one or both ends of a rod are free, the rod’s length changes due to temperature
changes. As the temperature increases compared to its initial state, the rod elongates. The
magnitude of the rod’s elongation, taking into account relationship (13), can be determined

using the following expression:

(1) For the case when D > 0,

b
L 1 ( +7)
Ll—vc/o Ty (x)dx= /0 3P arctg< ) ( )2 +ocp pdx.
+

+ L
2a

Here, o is the coefficient of thermal expansion, °oc1,
To calculate the integral of the first term, we use the following well-known
formula [19]:

/arctg(x)dx = xarctg(x) — %ln (x2 —+ 1) +c.

Taking this formula into account, we have

Jo = Jy arctg( )dx =d [ arctg(xﬁ”)d(”dfﬂ) =
b\ 2 t
)arctg<x+2“> — gw(("fﬁ) +1>
) L+2 d L+2 2
arctg( =7 | — 5ln 7 +1

NS

(x+

Kl

- | (& )arets () — 4 ()" +1) |

(L+
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Let us calculate the integral of the second term AL:
L (x + %) d
Jo0 = /0 v E—
d? + (x + %)

Let us make a change of variables: f = x + % Since dx = dt, we have

b b
C a4 [ @+ 2) = fin@ 1))
a 2a

Jo =d |, 12
2
.y lln <d2+ <“;fbﬂ> ) —zn(d2 + (;’)2>

%
L
Finally, the expression for the thermal elongation of the rod can be written as follows:

= gln<d2+ (x—i— zbu)z) .

&Cq .
Ly = W(ho + J20) +acoL;

For the case of D =0, we have

@)
L acq b\ 2 b\ 2
L, = DC/O Tz(x)dX— o2 [<L+%> - (2&) + wacyL.
(3) For the case of D < 0, we have
b b
L L 1l X+ > X+ 5 —\/H
L3=oc/0 Ts(x)dx:a/o - ( 2“2 - Czliln ( 2:) +cp | dx
2a2d<(x+2ba) —d) 4a*d? (x"_ﬂ)"‘ d
The first integral is equal to
2
L Cl(x“‘z*ba) acq b\?2 : acq (L"‘%) —d
Ilza/— > dx:—mln x—i—% —d :—42dln 5
0 2a2d((x—|—2bu) —d) “ 0 ! (%) —d
The second integral is equal to
acy L (x+2%) - Vd
12:—723/2/ nl-——|dx
4a’d 0 (x+27ha) +\/3
L+4)—Vd 2
e ) T ()

b
b \/d
Zb” vd —VdIn
Y

ncq b E 2_
+4a2d3/2{(2a>ln <2a> d‘}

Finally, we have
ALy = I + L.

https:/ /doi.org/10.3390/thermo6010002
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3.3. Thermal Stress

If both ends of the rod are not able to move in the longitudinal direction, then due to
the increase in temperature compared to the initial state, thermal stress arises in the rod,
which can be calculated using the following formula:

or = STZ"E/ i=1,23. (16)

where or; denotes thermal stress;

e1; denotes the constrained thermal strain;
E denotes the modulus of elasticity of the rod’s material.

The constrained thermal strain is determined using the following formula:
eri = a-Ti(x), (17)

where « denotes the coefficient of thermal expansion of the rod’s material.

In Formulas (16) and (17), the index i takes the values 1, 2, and 3 depending on the
parameter D: D> 0; D=0; D <0.

Thermal stress is determined using Formula (16).

4. Finite Element Method

In this section, the main (resolving) equation of the finite element method (FEM) for
modeling temperatures in the rod is obtained via the variational method.

Let us show that the solution of problem (1) under constraints (2) and (3) is equivalent
to minimizing the following functional:

'L Kyy (dT\? F(L
] = /o P(x)T (dx) dx —qTF(0) + (T)h(T — Teno). (18)

Let us apply a small increment to the temperature T = T + e7(x), where 7(x) is some
function with a first derivative. Then, the functional | has the following form:

= Jb[Hefa (dTert0) ﬂ dx—

(T +27(x))F(0) + 5 (T +e(x)(x) — Teno).
We take the variation of | with respect to ¢ at point 0. We have

% - /oL {F(X)Kxxgﬂl(x)} dx — qn(x)F(x) + F(x)h(T — Teno )77 (x). (19)

We integrate the first term via the following parts:

/OL {F(x)Kxngn’(x)] dx = F(x)Kxx‘Zl—Zn(xﬂé - /OL {(F(x)Kxx‘f; + dl;(xx)KxeZ)n(x)} dx.

Substituting the above into (19), we have

L 2 d
% = Jy {—F(x)Kxx% - l;gcx)Kxx%}n(x)dx+

(20)
+F(X)Kxxt,%’7(x)|(% — qF(x)n(x)]o + F(x)h(T — Teno)y(x) 1" =0

In order for (20) to be identically equal to zero, Equation (1) must be satisfied under
constraints (2) and (3).

https:/ /doi.org/10.3390/thermo6010002
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Next, we divide the rod into m elements of equal length and approximate the temper-
ature in the i-th element with a quadratic polynomial [11]:

2x% —3lx + 12 4lx — 4x? 2x2 — Ix
T, = (12) Ty + <12) Toit1 + <12) Tait2, (21)

where [ = L/m.
Let us define the following;:

daT; 4x — 3l 4] — 8x 4x — 1 .
lTxZ = <12>T2i + <12>T2i+1 + <12> Taiy2, i=1,m—1.

The number of nodes in this case is equal to n = 2m + 1.
Then, functional (18) has the following form:

1 mzl o l/ /4y —3] 4] — 8x 4x — | 2 F(L
] = EKxx 2 /0 (<12> T2i + <12> T2i+1 + (12) T2i+2) F(x)dx - qT()F(O) + %h(Tn - Tgn‘())z.
i=0

The minimization of this functional with respect to the variable T;, i = 1,n, n=2m+1,
was carried out using the Python 3.11 programming tool [20]. The general algorithm for
finding the law of temperature distribution along the length of the rod consists of the
following steps:

(1) Find the derivative of a functional:

9 _

=0 i=1n.
T, 0,1 N

This is carried out using the diff() function of the Sympy module [21]: sympy.diff(], T[i]), i = 1, n.
This results in a system of linear equations of the form

AT = B;

(2) We solve the resulting system of equations using the linalg.solve() function of the
scipy module: scipy.linalg.solve(A,B). As a result, we obtain the temperature values

at the nodal points T/, i = 1,1;
(3)  Substituting the values of T* (i = 1,n) into the quadratic temperature approximation
function, we obtain the law of temperature distribution along the length of the rod.

5. Results and Discussion
5.1. Thermal Verification

Let us consider a thermally insulated copper rod with a variable cross-section. The
rod’s material characteristics and boundary conditions used in the calculations are given in
Tables 1 and 2.

Table 1. Values of geometric characteristics and the modulus of elasticity of the rod material.

Radius Change Parameters Modulus of
Length of Rod L, m Elasticity E, MPa
a b c
2.0 0.03 —0.11 0.2 120,000

https://doi.org/10.3390/thermo6010002


https://doi.org/10.3390/thermo6010002

Thermo 2026, 6, 2

12 of 21

Table 2. Values of thermophysical characteristics of the rod material and boundary conditions.

Thermophysical Characteristics

of the Rod Material Boundary Conditions Parameters
Ky, W/ (m-°C) ®,1/°C q, W/m? h, W/(m?-°C) Temv, °C

400 1.65 x 107 3350 13.1 —-10

400 1.65 x 107 500 13.1 -10

It is well known that the accuracy of calculations using the finite element method also
depends on the number of finite elements into which the object under consideration is
discretized. To evaluate the accuracy of calculations in our cases, we performed calculations
of the temperature distribution in the rod with the following finite element numbers: n = 6,
10, 14, 20, 30, and 40. As Figure 2 shows, the convergence of the calculations is very high.
All subsequent calculations were performed with 30 finite elements, although the use of
6 finite elements ensures high calculation accuracy.

155
150 6 wom o @
PP QIDOTRO @@ 6 Wow 6 qYog, o
v ¥ D comoar;, D@
o < @O O
g 140
5 @O® © @D CAVOWO DA © Yo @
= O @ow O @y
& 135 QAo
St = GD@@)
@ O @ow o
=
E 130
=
125
120
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Relative coordinate
q=500Wm* On=6 O n=10 O n=14 O n=20 O n=30 O n=40

Figure 2. Comparison of temperature distributions for a rod at q = 500 W/m? obtained via FEM at
different FE numbers (n): 1—T¢p = —10 °C; 2—Tepp = —20 °C.

Figures 3 and 4 show graphs of temperature changes along the rod for two heat flux q
values, obtained analytically and via FEM.

As expected, for both high (q = 3350 W/m?) and moderate (q = 500 W/m?) heat flux
values, the highest temperatures—equal to 1048.5 °C and 159.4 °C, respectively—occur at
the left end of the rod. The temperature decreases monotonically and nonlinearly along the
length of the rod. Moreover, the rate of temperature decrease in the first half of the rod is
lower than in the second half. Despite the significant difference in heat flux (3350/500 = 6.7),
the temperature decrease at the left end of the rod is approximately the same as at the right
end (4.6 °C and 6.8 °C, respectively).

These figures also show that the agreement between the temperature values calculated

analytically and those obtained using FEM is very high for both high and moderate heat
flux values.
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Figure 3. Comparison of temperature distributions for a rod at q = 3350 W/m? obtained via the
analytical solution and FEM.
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Figure 4. Comparison of temperature distributions for a rod at q = 500 W/m? obtained via the
analytical solution and FEM.

5.2. Thermo-Mechanical Response and Parametric Study

In real-world conditions, the environmental temperature at which the second (right)
end of the rod is in contact can vary. Therefore, it is important to assess the influence of
environmental temperature on the temperature distribution and other mechanical charac-
teristics within the rod.

In further calculations, the mechanical and thermophysical characteristics of the rod
were taken to be the same as in Tables 1 and 2, with the only exception that the heat flow
supplied to the left end of the rod was taken to be q = 500 W/m?, and the environmental
temperature values changed from —40 °C to +40 °C in 20 °C increments.

Figures 5-8 show the graphs of temperature distribution, displacement values, con-
strained thermal strain, and thermal stress in the rod for the selected environmental tem-
perature values.
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Figure 5. Temperature distribution in a rod at q = 500 W/m? and different environmental
temperatures, Tenp-
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Figure 6. Values of displacement in the rod at q = 500 W/m? and different environmental
temperatures, Teyp.

As observed in Figure 5, the temperature distributions in the rod at different envi-
ronmental temperatures are similar. That is, if the temperature distribution at any one
environmental temperature is known, then the temperature distribution at other environ-
mental temperature values can be obtained by simply shifting the known temperature
distribution in the vertical direction (up or down). It was observed that the maximum
temperature in the rod has a functional relationship with the environmental temperature
(Figure 9, R? = 1). This relationship is linear, with a slope of 1. From this, it becomes clear
that a change (increase or decrease) in the environmental temperature causes a similar
change (increase or decrease) in the temperature at the left cross-section of the rod. The
graph in Figure 9 is a function of the shear.
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Figure 7. Constrained thermal strain in the rod at q = 500 W/m? and different environmental
temperatures, Teyp.
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Figure 8. Thermal stress in the rod at q = 500 W/ m? and different environmental temperatures, Tepo.
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Figure 9. Relationship between the maximum temperature in the rod and the environmental temper-
ature Ty at q = 500 W/m?.
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Constrained thermal strain (Figure 7) and thermal stress (Figure 8) have similar
properties. The shear functions for these strains are shown in Figures 10 and 11 respectively.
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Figure 10. Relationship between the maximum constrained thermal strain in the rod and the environ-
mental temperature T, at q =500 W/ m?2.
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Figure 11. Relationship between the maximum thermal stress in the rod and the environmental
temperature Ty, at q = 500 W/ m?.

It was observed that with a change in environmental temperature from —40 °C to +40 °C,
the maximum temperature, maximum constrained thermal strain, and maximum stress
in the rod increase from 120 °C to 200 °C, from 0.0020 to 0.0033, and from 240 MPa to
400 MPa, respectively.

As expected, with an increase in rod temperature (due to increasing environmental
temperature), the displacements at the rod points and the rod’s elongation increase linearly.
There is also a functional (linear) relationship between the elongation of the rod and the
environmental temperature (Figure 12), which is also a function of the shift in the elongation
of the rod at different environmental temperature values (Figure 6). Figures 6 and 12 show
that when the environmental temperature increases from —40 °C to +40 °C, the elongation
of the rod ranges from 3.8 mm to 6.5 mm.
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Figure 12. Relationship between the maximum displacement in the rod and the environmental

temperature Ty, at q =500 W/ m?.

In order to study the influence of material characteristics on the temperature field and
mechanical behavior of the rod, temperature distributions (Figure 13), constrained thermal
strains (Figure 14), and thermal stresses (Figure 15) were calculated in rods constructed
with different materials (copper, aluminum, and iron). The thermophysical characteristic
values of rod materials and the parameters of the boundary conditions are given in Table 3.
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Figure 13. Temperature distribution in the rod at q = 500 W/m? and environmental
temperature Teyy = —20 °C.

As observed, the type of material (its characteristics) greatly influences the tempera-
ture distribution and mechanical characteristics of a rod. Despite the fact that the thermal
conductivity coefficient of aluminum has an intermediate value (Ky = 209.3 W/(m-°C))
compared to iron (Kyx = 74.4 W/(m-°C)) and copper (Kyx = 400.0 W/(m-°C)), the tempera-
ture value of the aluminum rod is significantly higher. This is explained by the fact that
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Thermal stress, MPa

the heat transfer coefficient of aluminum (h = 10 W/(m?2-°C)) is lower than that of iron
(h=15W/(m?-°C)) and copper (h=13.1 W/(m?2-°C)).
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Figure 14. Constrained thermal strain in the rod at q = 500 W/m? and environmental temperature

Tenv = —20 °C.
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Figure 15. Thermal stress in the rod at q = 500 W/m? and environmental temperature Ty, = —20 °C.

The significantly high constrained thermal strain values of the aluminum rod are due
to its large thermal expansion coefficient «.

The approximately equal thermal stress in most of the length (approximately 0.7 of the
length) of all three rods can be explained by the fact that the elastic modulus of aluminum
is almost two times less than that of copper, while the elastic moduli of iron and copper are
of approximately the same order of magnitude.
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Table 3. Values of the thermophysical characteristics of the rod’s materials and boundary condition

parameters.
Thermophysical
Material of Characteristics of the Rod’s Boundary Condition Parameters
the Rod Material
Kxx, W/(m-°C) «, 1/°C q, W/m? h, W/(m2-°C)  Teno, °C
Aluminum 209.3 22 x 107 500 10.0 -20
Iron 744 12 %1075 500 15.0 —-20

6. Failure Criteria

In order to ensure the safe and reliable operation of structural parts, etc., which are
rods with a variable cross-section, the following failure criteria must be taken into account:

I Mechanical criterion:

Ooper ki < [U]/ (22)

where oyper denotes the value of maximum stress in the rod;

[c] denotes the permissible voltage value at temperature T;
k1, denotes the mechanical safety factor.

II. Thermal criterion:

Toper ’ kT < T, (23)

where Typer denotes the maximum temperature value in the rod, °C;

T, denotes the melting point of the rod’s material;
kT denotes the thermal safety factor.

7. Practical Applications

In the Introduction section of this study, it was stated that many mechanical engineer-
ing objects comprise rods with a variable cross-section. It was also noted that rods with
variable cross-sections can be used as device components, such as dilatometers, bimetallic
thermometers, thermomechanical sensors, thermal expansion compensators, etc.

In geotechnics, the following important problem often arises: It is necessary to con-
struct the pile foundation of a new object in confined conditions (for example, between
buildings), which during the spring, summer, and autumn periods can negatively affect the
stability of existing neighboring objects. Therefore, this practical process is more reliably
carried out in winter. In this case, it is effective to use a device that enables localized
thawing of frozen ground to a certain depth. Such a device can be designed in the form
of a rod with a variable cross-section, with heat supplied to one end, while the other end,
embedded in frozen ground, exchanges heat with the environment (with frozen ground).

8. Conclusions

1.  As the main result of our modeling, an analytical expression was obtained for the
temperature distribution in a heat-insulated rod with a variable cross-section, where a
constant-intensity heat flow is supplied to the left end, and heat exchange with the
environment occurs at the right end. The analytical solution was obtained using the
finite element method based on the variational solution.

2. Using analytical expressions for temperature, we obtained the thermophysical (tem-
perature solution coefficient) and mechanical (elastic modulus) characteristics of the
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rod material and expressions for the elongation, constrained thermal strain, and
thermal stress of the rod.

3. The agreement between the temperature values obtained using the analytical method
and the finite element method for both large (q = 3350 W/m?) and moderate
(q =500 W/m?) heat flux values is very high, which demonstrates the high accu-
racy of the obtained analytical solution.

4. The temperature field in the rod is nonlinear and decreases along its length, which
is a result of one-sided heating and free heat exchange with the environment at the
other end. The temperature distributions in the rod at different environmental tem-
peratures are similar. There is a functional (linear) relationship between the maximum
temperatures in the rod and the environmental temperatures. This relationship can
serve as a shift function to obtain the temperature distribution in the rod at other
environmental temperatures.

The constrained thermal strain and thermal stress in the rod have similar properties,
for which the corresponding shear functions are also defined.

5. When the environmental temperature increases from —40 °C to +40 °C, the maximum
temperature, maximum constrained thermal strain, maximum thermal stress, and
elongation of the rod increase from 120 °C to 200 °C, from 0.0020 to 0.0033, from
240 MPa to 400 MPa, and from 3.8 mm to 6.5 mm, respectively.
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