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Abstract: An artificial neural network (ANN)-based decision support system model, which
aggregates intuitionistic fuzzy matrix data using a recently introduced operator, is developed
in this work. Several desirable features related to distance measures of aggregation operators
and artificial neural networks, including the backpropagation method, are investigated to
support the application of the proposed methodologies to multiple attribute group decision-
making (MAGDM) problems using intuitionistic fuzzy information. A novel and enhanced
aggregation operator—the Hamming-Intuitionistic Fuzzy Power Generalized Weighted Av-
eraging (H-IFPGWA) operator—is proposed for weight determination in MAGDM situations.
Numerical examples are provided, and various ranking techniques are used to demonstrate
the effectiveness of the suggested strategy. Subsequently, an identical numerical example
is solved without bias using the ANN backpropagation approach. Additionally, a novel
algorithm is created to address MAGDM problems using the proposed backpropagation
model in an unbiased manner. Several defuzzification operators are applied to solve the
numerical problems, and the efficacy of the solutions is compared. For MAGDM situations,
the novel approach works better than the previous ANN approaches.

Keywords: MAGDM; ANN; aggregation operators; backpropagation; intuitionistic fuzzy
sets; artificial neural network

1. Introduction

The purpose of artificial neural network organizations is to function as networks of
parallel distributed computing. Neural networks have intrinsic characteristics that are
analogous to those of biological neural networks and they are, by nature, Mathematical
models of information processing. The basic processing units of neural networks are arti-
ficial neurons, or simply neurons. In an ANN, signals are transmitted between neurons
via a coupler. To control its output signal, each neuron applies an activation function
to its net input. A neural network is characterized by its architecture—the layout of the
microcircuitry between neurons—its activation function, and its approach to assigning
weight to the connections, which can be supervised or unsupervised. Artificial neural
networks (ANNSs) effectively handle uncertainty, nonlinearity, and high-dimensional data
by learning complex patterns and relationships from input data. Their adaptive nature en-
ables robust decision-making in diverse applications, including classification, optimization,
and prediction.

Modern computers are accelerated sequential machines, in contrast to the brain’s won-
derfully parallel structure. Arithmetic operations—sequential tasks that must be completed
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one after the other—are one example of the unique enterprises that the brain oversees. In
the instance of visual or speech recognition problems, which are thought to be extremely
parallel, the brain can easily and concurrently handle the intricacies, while a computer
cannot manage such tasks as effectively. A biological neuron that works in the human
brain is similar to the artificial neuron that has recently been developed. A neuron’s output
can be either on or off, and it is entirely dependent on the inputs. The authors of [1-9]
worked extensively on ANNs. Aggregation operators were designed and widely applied
to MAGDM scenarios by the authors in [5-7,9-12]. Furthermore, the authors of [3,7,13,14]
applied state-of-the-art techniques to tackle real-world problems involving fuzzy systems
using machine learning applications. Although a significant number of ANN-related works
have been conducted in the past, this paper will focus on the innovative field of ANNs
with intuitionistic fuzzy sets and the use of the backpropagation approach, which has not
yet been covered by many authors.

The Hamming-Intuitionistic Fuzzy Power Generalized Weighted Averaging (H-
IFPGWA) operator is a novel and improved aggregation operator used in this paper
to derive inputs for an adapted ANN model from [7]. In the past, the Power Generalized
Weighted Averaging operator played a vital role in MAGDM problem-solving; in this
work, it is enhanced with the Hamming distance to identify the closest alternatives to
the attributes. The proposed ANN model appears to be more effective and reasonable,
particularly when the decision-maker provides incomplete information about the problem
statement. After processing the input using the novel backpropagated intuitionistic fuzzy
ANN, the outcomes are evaluated for efficacy by contrasting them with those obtained
using other ANN techniques and ranking strategies.

2. The Backpropagation Method for Artificial Neural Networks

Since its inception, applications of artificial neural networks—or recursive nonlinear
functions—have transformed machine learning. In this instance, proper training of a neural
network is the most important step in producing a reliable model. The term “backpropa-
gation”, commonly used in connection with this training, is difficult for most individuals
unfamiliar with deep learning to understand. One of the crucial techniques utilized in
ANN training is backpropagation. It is necessary to calculate the error rate of forward
propagation and distribute the loss backward through the ANN layers in order to calibrate
the weights during this network operation. The backpropagation phases are an essential
component of any neural net training. It involves balancing the weights of a neural net
according to the error rate achieved in the previous iteration, or epoch. Lower error rates,
which occur during ANN weight vector calibration, improve the model’s generalizability
and dependability. ANN’s backpropagation algorithm uses the chain rule to calculate the
gradient of the loss function for a single weight which is evident from Figure 1. In contrast
to an indigenous direct computational model—which computes the gradient but does not
disclose how it is transmitted—the backpropagation skilfully computes one layer at a time
and generalizes the calculation in the delta rule.
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Figure 1. A simple backpropagation architecture.

3. The Hamming-Intuitionistic Fuzzy Power Generalized Weighted
Averaging (H-IFPGWA) Operator

In the following section, the Hamming-IFPGWA operator, which functions mainly
based on the usual Euclidean distance metric for IFSs, is presented.

Definition 1. Let E]- = (uj,v;) be a cluster of Intuitionistic Fuzzy Numbers. Let w =

(w1,wy, ..., wy)" be the weighting vector of a N(] =1,2,...,n), where the weight vector has

the property wj > 0, j = 1,2,...,n and Z” 1wj =1 Now the novel and improvised oper-

ator called Hamming—lntuitionistzc Fuzzy Power Genemllzed Weighted Average (H-IFPGWA)
A 1
pe

n . N.. ~ A
operator is proposed as follows: H — IFPGWA (51,52,...,En) = (ZJ =1 (HT( )) ! ) ,

T (14745

where A € (0, 400).

Using mathematical induction on 7, the following can be observed:

1 1
w (14T (3 ) A w1 T()) A

~ o~ ~ ~ A
H—IFPGWA(al,az,‘..,an) = H] 1(1— ) 1w (LT(i ) 11— 1_1_[17!:1(1_ <1_Vj> )Z] 1 /(”T( i ,

where T(a;) =Y. 1 Sup(al, a ) and Sup(al, a ) is nothing but the support for a; from
] =
j#1
a j and possesses the following three properties:
1) Sup(ai,z-) €[0,1],(2) Sup(zi,z-) = Sup(a ) 3) Sup(al, ) > Sup(ak,at),
~k ~l
if d(al, a ) < d(ak, at> Sup (rl-]-, ) 1-d (rl], l-]-), where d is the distance measure calcu-

lated using the Hamming  Distance: d (apa) = 3 "

2
[ py (xi) = p (xi) | + ‘L;l(xi) = 5 ()| + | () — 7 () } wheret=1—p— Y.
(1) Suppose A — 0.

Here, a few exclusive essentials of the H — IFPGWA operator are provided.

w (1+7(3 ) wi(1+T(3)))
a

H—IFPGWA(El,Zz,..., ) [T tag 5 1Ty (1 ) ST |

Then, the H — IFPGWA operator scales down to the H — IFPWG operator.
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(2) Suppose A = 1, then H — IFPGWA (51,52,...,5,1) =
w0 (1+T(7 ) wj(14+7(a )
Y w:(14T(a ;) Y1 w.(14T(a ;)
1— ]7.’:1 (1_14]‘) =1 j ,H;.'Zl v j

(3) Suppose A — +oo, then H — IFPGWA(Zl,Ez, . .,En) - max(?il,Ez, . ..,En).

Theorem 1. If Sup(zi, Ej) =k, forall i # j, then

~\\ AN T
o N Z7=1w7<1+T<aj>)a]- A\ &
H-— IFPGWA(al,az,...,an) - N - <27_1wjaj> .
n

o wi(1+7(a)))
Note: Support in the IFPGWA operator plays a crucial role in aggregating intuitionistic fuzzy
information, balancing conflicting opinions, and improving the reliability of decision-making in
MAGDM problems.

~ o~ ~! ~ o~ ~
Theorem 2 (Commutative Property). Let aq, a,, ..., a, beany permutation of (al, as,..., an) ,

~ ~! ~/! ~ o~ ~
then H — IFPGWA(al, a2,...,an) —H- IFPGWA(al,az,...,an).

Theorem 3 (Idempotent Property). Let E]' = E, with j = 1,2,...,n, then H-
[FPGWA (El, .. .,Zn) -7

Theorem 4 (Boundedness Property). The H — IFPGWA is found to lie within the maxi-
mum and the minimum operators: min (El, Ez, s, En) < H - IFPGWA (El, 52, e, En) <

max(al, az,..., Lln).

4. The Back-Propagated IFS-ANN with the H-IFPGWA Operator

Pseudo-code for ANN with H-IFPGWA:

Cp: n Matrix itemset of size k X m

Input {A,, Collection of n Intuitionistic Fuzzy Decision Matrices of size k }

W = np.array([wl,w2,w3,w4,w5]) #weights Initialization

//* Aggregation Phase*//

Compute {Hamming-IFPGWA aggregator with the Initial Weight Vector)
For (n=1; A, # @; n++) do begin

Generate {Individual Preference Intuitionistic Fuzzy Decision Matrices, X}
//* Xy, is the collection of Individual Preference IF-Decision Matrices */ /
Generate {Intuitionistic Fuzzy Attribute Weight Vector}

/ /* The same H-IFPGWA is also used to derive the attribute weight vector */ /
While i < m do {Defuzzify the IF column matrix into Fuzzy Column matrix}
Generate {Collective Overall Preference Intuitionistic Fuzzy Decision Matrices the new Weight
Vector, WT}

/ /*Improvise the input vector by different Defuzzification functions
l—p—yl—p+yl+p—y, =524/

Input vector / /* Back Propagation: Start*//

Forward Pass: Calculate net input to each hidden layer: a;= Yjwij Xi, i€ N
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Learning Rate = 0.5

Error Calculation: Error = Target Output — Network output

Backward Pass: (weights updating) w;;(new) = Awj; + wjj(old); Aw;; = ad;X;
Continue the Forward Pass with updated weights from Backward pass:
Calculate net input to each hidden layer: a;= Yjwij Xi, 1€ N

Continue the weight updation until the error is minimized to a desired level

/ /*Choosing the MAGDM best alternative*/ /

Find {The Weighted Arithmetic Averaging (WAA) values between the alternatives}
Find {The distance between WAA values and Net output}

While Distance values < Threshold do Generate {The best alternative}
Output {Best Alternative(s) to be chosen)

End.

This pseudo-code algorithm works in three phases. Phase 1 is the aggregation phase,
where the proposed H-IFPGWA operator combines all the given matrices with individual
column matrices. Phase 2 involves the determining the attribute weight vector from the
given decision matrices, which is used in the final phase of aggregation to convert the
individual decision matrices into input for the ANN. Phase 3 consists of the forward and
backward passes of the artificial neural network with backpropagation to decide the best
alternative of the decision problem which is evident from the depiction given in Figure 2.
The forward and backward passes are clearly depicted in the following flowchart.

Forward Pass
Net Input: a;=}; wy;

Activation Function
1
vi=f(a)=rm=s

Net-Input Calculation
An+1= 3 Wij Xi

Apply Activation
1

7 =
.‘ n+1 1+e(—@n+1)

Weight optimization
8i=yi(1 = ¥:) OVearger = ¥1):
5= yi(1 - y)(wi; — &)

«] Compute New weights:
w;j (new) = wy;(old) + Awy;; Aw;; = adiX;

Figure 2. Flow chart for backpropagation method.

5. Numerical Illustration for Backpropagated IFS-ANN with
H-IFPGWA Operator

These days, the average person must invest money in a suitable company or plan.
Consider an investment firm with five options for where to put its funds: Vehicles are the
business of Al, beverages are the business of A2, software is the business of A4, heavy
alloys are the business of A4, and oil and gas are the business of A5. The following four
characteristics are considered: Risk analysis (G1), cash flow analysis (G2), liquidity analysis
(G3), and debt and equity analysis (G4). Three experts have thoroughly examined this
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investment strategy challenge and subsequently offered their weighting vector. Their data
are presented as decision matrices and are as follows:

(0.4,03) (05,02) (02,05) (0.1,0.6)
~ (0.6,02) (0.6,0.1) (0.6,0.1) (0.3,0.4)
I, =](0503) (04,03) (04,02) (0502)|;

(0.7,0.1)  (05,02) (02,03) (0.1,0.5)

(0.5,0.1) (0.3,02) (0.6,02) (0.4,02)

(0.5,04) (0.6,03) (0.3,0.6) (0.2,0.7)
N (0.7,03) (0.7,02) (0.7,02) (0.4,0.5)
I =|(0.6,04) (05,04) (0503) (0.603)|;

(0.8,0.1) (0.6,03) (0.3,04) (0.2,0.6)

(0.6,02) (0.4,03) (0.7,01) (0.5,0.3)

(0.4,05) (0.5,04) (02,07) (0.1,0.8)
N (0.6,0.4) (0.6,03) (0.6,03) (0.3,0.6)
I3=|(0505) (04,05) (04,04) (0.5,04)

(0.7,02) (0.5,04) (0.2,05) (0.1,0.7)

(0.5,03) (0.3,04) (0.6,02) (0.4,04)

Following the computations of BPIF-ANN, the results are as follows:
The H-IFPGWA values can be calculated for each data entry provided by the experts
from the above three matrices. Suppose A = 1, then

= (1- (1- }411)&“ X (1— }112)&12 x(1— 1113)&]3 X (1= pg) ™),

T= (1= (1= (T =72)" x (1= (1= 712))"x (1 = (1= 713))“ x

(1= (1= 710))91))) = (1 . ((1 . 0‘4)0.30863X (1- 0.5)0.19520 x (1 - 0'2)0.20575><
(1f0n“%“)1f(1f(@441fawfw%%<u441f0mﬁ””°xuf
(1-05))%2%7 % (1 —(1-0.6))2%))) = (0.30889,0.37653).

Similarly, all the other values from the above three matrices can be computed as
collective overall matrices, as follows:

(0.30889, 0.37653) (0.41197, 0.48360) (0.30889, 0.58803)
N (0.53555, 0.17999) | (0.63902, 0.29011) | (0.53555, 0.39511)
Iy = | (046399, 0.26435) |; I» = | (0.56446, 0.34615) |; I3 = | (0.46399, 0.44695)
(0.43637, 0.23209) (0.55071, 0.28341) (0.43637, 0.40324)
(0.45965, 0.16183) (0.56193, 0.21397) (0.45965, 0.32006)

By defuzzifying the collective overall values using the identity 1 — u — <, we obtain
the input vector, as follows:

0.31458 0.10443 0.10308
0.28446 0.07087 0.06934
X1= 1027166 |, Xp=10.08939 |, Xsz= | 0.08906
0.33154 0.16588 0.16039
0.37852 0.22410 0.22029

Assume the weight vector, (and permutation of wy; for all the other stages) as follows:

wn=<QB 022 025 0.20 QB)L&&eB@dOMpﬂ=L

Through computing the forward and backward passes and updating the weights, we
can derive the output as recorded in Tables 1 and 2.
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Table 1. Transforming vague values into fuzzy values.

Transforming Vague

Sl. No.: Values to Fuzzy Values Input Vector-1 Input Vector-2 Input Vector-3 Ranking of Alternatives
[0.4657] [0.4636] [0.3599]
0.6770 0.6736 0.5694
1 [l —fa ()] R; = |0.5981 Ry = |0.6079 R3 = |0.5073 Ay <As <Ay <Az <Ay
0.5944 0.6245 0.5077
10.6475 | 10.6723 | 10.5681 |
[0.3311] [0.4436] [0.4283]
, 0.3945 0.4733 0.4691
2 % R; = |0.3860 R, = |0.4624 R; = |0.4551 Ay <Az <Ay <A <Asg
0.3586 0.4327 0.4199
0.3534 | 04165 0.4028 |
[0.38207] [0.4898]] [0.6975]
1 ta () fa0)] 0.2728 0.3800 0.4124
— u)— u
3 tA(u) + W R1 = (0.2978 R2 = [0.3847 R3 = 10.4474 A1 < A3 < A2 < A4 < A5
0.2676 0.3411 0.4112
0.2299 | 0.3038 0.3378 |
Table 2. Selection of best alternatives [7] by intuitionistic fuzzy ANN and different aggregation
operators with/without hidden layers and different learning rules.
SL. No.: Learning Hidden Threshold  Threshold  Threshold  Threshold Rankin
T Rule Layer P-IFWG P-IFWA IFWG IFWA 8
0.17875 0.19861 0.17885 0.18195 A A
1
Delt No 0.19772 0.21238 0.20166 0.22589 A A
elta
0.13971 0.13971 0.14204 0.14204 Ay, Ay
2 Yo
es 0.13656 0.13656 0.13641 0.13641 Ay, Ag, Ay
0.12992 0.13326 0.13017 0.2005896 Aq, Ay A
3 N
© 0.17017 0.17175 0.17094 0.197562 A Ay, Aj
Perceptron ’
0.05797 0.05797 0.05774 0.05774 Ay, As
4 Yo
s 0.05775 0.05775 0.057716 0.057696 Ay, Az, Ay
5 Hebb No 0.85408 0.81353 0.84579 1.39 Ay, As
Yes 2.33259 2.33259 2.33647 2.33647 A1, Az, As

6. Discussion

Table 1 illustrates how this ANN model, which is based on the backpropagation
technique, is used to convert intuitionistic fuzzy input into a fuzzy input vector using the
three different defuzzification procedures based on the median membership grades. The
collective matrix for which the ANN was used was supplied by the suggested H-IFPGWA
operator, and the outcomes are shown in a table. Following the completion of weight
updates, the network output is presented in Table 1. The maximum number of iterations
is n=1000, though the decision-maker may choose to increase this to any large value of n.
The best alternative is A; for one case and A in the other two cases. The same numerical
example was also illustrated by P-IFWG aggregation operator in [7], and the results were
compared with existing ranking techniques. The choice of best alternative in [7] was also
A1, when Delta and Perceptron Learning Rules were employed. Hence, using this new
ANN algorithm proves to be a consistent method in line with the earlier proposed methods,
which is clearly evident from the data presented in Tables 1 and 2.
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7. Conclusions

Using an enhanced aggregation operator for computing, a novel backpropagated
model for MAGDM problem-solving is presented in this study. In order to solve the
MAGDM problem, the new aggregation operator (H-IFPGWA) defined and used in this
work advances the decision matrices to the next level of processing through an ANN. Lastly,
the decision alternatives are ranked based on the updated weights of the ANN, following
successful forward and backward passes. The model proposed in this paper was compared
to the conventional MAGDM methods and techniques for addressing the same investment
choice problem. Compared to the previous ANN-based method in [7], which employed
different learning rules, the new ANN approach proves to be very effective, particularly in
handling the complexities faced by decision-makers during the weight updating process in
MAGDM situations. This MAGDM model, together with the proposed backpropagated
ANN (implemented without any bias vector), can also be extended by including a bias
vector, which is reserved for the future work.
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