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Abstract: Second-order Linear Active Disturbance Rejection Controller (SLADRC) is a
powerful control technique. Ongoing research is focused on simplifying tuning procedures,
extending applicability to handle more complex systems, and ensuring efficient real-time
implementation. In this proposed work, four different tuning approaches, using the
Atomic Orbital Search (AOS) optimization algorithm concerning the number of tuning
parameters, are presented. The performance of each tuning method for stabilizing the
rotary inverted pendulum in the upright position and tracking trajectory is analyzed and
validated through simulation and experimentation. The results indicate that the reduced
number of SLADRC controller parameters tuned using AOS optimization provides superior
performance compared to the controller with more tuning parameters for the nonlinear
rotary inverted pendulum. From the analysis method, II tuning, b0, ωc, and k provide the
optimum results of settling time (Ts), 1.5 s, and maximum angle deviation of θ(3.8◦), α(3◦).

Keywords: SLADRC; RIP; tuning methods; atomic orbital search optimization

1. Introduction
The rotary inverted pendulum (RIP) is a key challenge in control theory and robotics,

often used as a model for real-world applications like space booster attitude control,
automatic landing of aerial vehicles, aircraft stabilization, humanoid robots, and crane
systems. It is inherently nonlinear and underactuated, and its open-loop unstable dynamics
make control difficult. Various control methods, such as 2DOF PID [1], FOPID [1,2],
SMC [3], LQR [4], and feedback linearization, have been explored in the literature, all
of which demand precise system knowledge and tuning for optimal performance. This
study focuses on Active Disturbance Rejection Control (ADRC) [5–8], a modern, model-
free controller known for its fast disturbance rejection. Many real-world systems exhibit
nonlinear behavior that can complicate the design and performance of ADRC. Effective
methods to handle nonlinearities within the ADRC framework are still being researched.
Linear ADRC (LADRC) [9], introduced by Gao, simplifies tuning and is widely applicable.
First-order LADRC uses a second-order Extended State Observer (ESO) but faces challenges
with complex systems, while second-order LADRC (SLADRC) incorporates a third-order
ESO and a PD controller, which are better suited for managing system nonlinearities.
SLADRC tuning typically employs bandwidth parameterization. Increasing the order of
LADRC complicates the selection of controller dynamics and provides similar performance
as lower-order LADRC.
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This research investigates SLADRC parameter selection for balancing and trajectory
tracking of RIP using various tuning approximations and methods followed in the literature.
In general, system performance varies based on the number of tuning parameters involved.
The Atomic Orbital Search (AOS) [10] algorithm is applied efficiently to determine the
optimal tuning parameters [11] for each approximation.

This paper is structured as follows: Section 1 provides an introduction, Section 2
describes the problem, Section 3 explains the AOS algorithm, Section 4 presents simulation
and experimental results, and the conclusion is given in the final section.

2. Problem Description
Design of distinct SLADRC controllers for stabilizing the pendulum angle (α = 0◦) at

the equilibrium point and trajectory tracking of the motor angle (θr) using DC servo motor
with input voltage (V) of the range ±5 V. For tuning the controller parameters, the AOS
technique is utilized with the linear model of the RIP. The overall schematic is shown in
Figure 1.

Figure 1. Schematic of proposed tuning for the RIP.

2.1. Mathematical Modeling of the RIP

The Linearized dynamic equations of motion of RIP [12] are,(
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The transfer function for change in motor angle (∆θ(s)) and change in pendulum angle
(∆α(s)), with respect to change in motor voltage (∆V(s)) obtained from Equation (3), is
given below:

Gpθ(s) ⇒
∆θ(s)
∆V(s)

=
83.4s2 + 42.08s − 3727

s4 + 47.2s3 − 98.89s2 − 2046s
(4)

Gpα(s) ⇒
∆α(s)
∆V(s)

=
80.3s2 − 0.2s + 3.039e−13

s4 + 47.2s3 − 98.89s2 − 2046s
(5)

2.2. SLADRC Preliminaries

Figure 2 illustrates the generalized SLADRC structure, which consists of two parts: an
ESO and a feedback controller.

 
Figure 2. SLADRC structures.

The ESO estimates both the states (ẑ1, ẑ2) and the total disturbance (ẑ3) at the same
time. The feedback controller that cancels the total disturbance and achieves the desired
performance.

The control law of SLADRC is defined as

u(t) =
kp(r(t)− ẑ1(t))− kd ẑ2(t)− ẑ3(t)

b0
(6)

where kp and kd are the controller gains, r(t) is the reference signal, z1(t)and z2(t) are the
states of the system, ẑ1(t), ẑ2(t), and ẑ3(t) are the estimates of z1(t), z2(t), and f (t).

The second-order ESO structure obtained from the literature is
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According to the bandwidth parameterization technique, the observer and controller
poles are located at (s + ωo)

3 and (s + ωc)
2, respectively, where ωo is the observer band-
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width and ωc is the controller bandwidth. Now there are only three tuning parameters
(b0, ωo, and ωc). The ωo depends on the ωc (i.e., ωo > ωc).

[l1 l2 l3] =
[
3ωo 3ω2

o ω3
o

]
;
[
kd kp

]
=

[
3ωc ω2

c

]
; ω0 = k ωc (8)

where k is the multiplication factor. Transfer function form of the equations is obtained by
substituting the controller and observer gains and the Laplace transform of Equation (7) in
Equation (6). This gives the 2-DOF SLADRC structure, in terms of feedforward transfer
function H(s) and feedback transfer function GC(s), as

H(s) =
ω2

c (s + kωc)
3

b0s(s2 + (3kωc + 2ωc)s + (3k2ω2
c + 6kω2

c + ω2
c ))

(9)

GC(s) =
kω3

c
(
s2(k2 + 6k + 3

)
+ s

(
2k2ωc + 3kωc

)
+ k2ω2

c
)

b0s(s2 + (3kωc + 2ωc)s + (3k2ω2
c + 6kω2

c + ω2
c ))

(10)

Equations (9) and (10) show the compact 2 DOF structure of SLADRC with limited
parameters. In the literature, various versions of approximating the tuning parameters for
reducing the complexity in the design of SLADRC are discussed. From this, four major
methods of approximating the parameters are taken for analyzing the performance of the
RIP, as shown in Table 1.

Table 1. Classification of tuning methods.

Methods/(Number of
Tuning Parameters)

Tuning
Parameters Approximations Reference

I/(8)
(b 0, ω0, kp, kd

)
θ
,

(b 0, ω0, kp, kd
)

α

None [13]

II/(5) (b 0, ωc)θ , (b0, ωc)α, k ω0 = kωc [14]

III/(4) (b 0, ωc)θ ,
(b 0, ωc)α

Fixing k = 10. [15]

IV/(2) (b 0)θ , (b 0)α

Fixing the
k = 10. (ωc)θ = 4

Ts
(ωc)α = 2(ωc)θ

(∴ Ts = 1s for RIP)

[9]

3. Atomic Orbital Search Optimization
The Atomic Orbital Search (AOS) algorithm is a recent and successful metaheuristic

optimization technique that effectively explores the search space to find global or near-
optimal solutions for complex problems. In atomic orbitals, electrons organize themselves
to achieve minimal atomic energy. Similarly, the AOS optimization algorithm structures
its population in search space to minimize the objective function. Known for its fast
and adaptable performance, AOS can handle a wide range of systems, including linear,
nonlinear, constrained, and multimodal problems. AOS provides a flexible and efficient
method for selecting control parameters for different applications.

The initial population of electrons (Xk
i ) represents the various tuning parameters

utilized by different methods. The objective function of the algorithm is to obtain the lowest
energy levels from the large set of energy values (Ek

i ) derived from the population. Based
on the values of Binding State (BSk) and Binding Energy (BEk), the position of the electron
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is updated to the next imaginary layer at each iteration. The new position update equation
is given as

Xk
i+1 = Xk

i + αi

(
βi ∗ LEk − γi ∗ BSk

)
,

{
i = 1, 2, . . . , p
k = 1, 2, . . . , n

(11)

where αi, βi, and γi are uniform random values ranging between 0 and 1. LEk is the
lowest energy value at each iteration. The AOS framework for implementation is shown in
Figure 3.

Figure 3. AOS framework.

In this research work, AOS is used to optimize the parameters of a SLADRC controller
to control the position of underactuated rotary inverted pendulum, where it simulates the
behavior of electrons to find the optimal values of the controller parameters that minimize
a cost function. The cost function is formulated by minimizing the deviation between the
desired and actual values of settling time and peak overshoot to ensure the desired transient
performance and robustness. The six key controller parameters θ(b0, ωo, and ωc) for the
motor angle and α(b0, ωo, and ωc) for the pendulum angle are chosen as AOS parameters
and their corresponding search boundaries are provided in Table 2.

The objective function is designed by summing the ITSE minimization terms for both
the motor angle and the pendulum angle, ensuring an improved transient response with a
faster settling time, minimal overshoot, and a balanced control effort, as given below.

Objective Function, fmin = minimise
(∫ tsim

0
teθ(t)

2dt +
∫ tsim

0
teα(t)

2dt
)

where eθ(t) is the motor angle deviation, eα(t) is the pendulum angle deviation, and tsim

represents the simulation time.
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Table 2. RIP system and controller parameter values.

RIP Parameters AOS Optimization Optimization Search
Bounds

Symbols Description Values/Units Parameters Values Parameters Bounds

mp Mass of Pendulum 0.127 kg Energy Update
Coefficient 0.5 (b 0)θ , (b 0)α [−20, −1]

Lp
Total length of
Pendulum 0.337 m Orbital Radius 0.5 (ω c)θ , (ω c)α [1, 20]

Lr
Rotary arm length
from pivot to tip 0.2159 m Energy Decay Factor 0.95 (ω o)θ , (ω o)α

[30, 60],
[70, 100]

Bp
Pendulum viscous
damping coefficient 0.0024 Nms

rad
Number of iterations
(Niter)

30
(
kp
)

θ
,
(
kp
)

α

[10, 20],
[50, 70]

Jr
Motor arm moment
of inertia 9.9824 kg m2 Number of

populations
(

Npop
) 50 (k d)θ , (k d)α [1, 20]

g Gravitational
constant 9.81 m

s2
Weighting Factor for
global search 0.5 k [5, 20]

Remark 1: The stability of the closed-loop system is analyzed using the Nyquist stability criterion
for the linearized RIP model, as presented in Equations (4) and (5). The designed controllers are
represented as Gcθ and GCα. The closed-loop characteristic equation of the RIP system is expressed
as 1 + GpθGcθ + GpαGCα. The corresponding loop transfer function is given as GpθGcθ + GpαGCα.
Figure 4 validates the stability and robustness of each system for the controllers designed based on
different approximation methods.

Figure 4. Nyquist plots of plant transfer function with controllers (a) Gpθ(s) and (b) Gpα(s).
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4. Results and Discussion
To determine the optimal tuning parameters for each method, the AOS optimization

technique was applied using a linearized model of the pendulum with initial state values
([θ, α,

.
θ,

.
α] = [10, 0.10, 0, 0]) to improve model accuracy. The optimal parameters, along

with their angle variations, fitness values, and computation time, are shown in Table 3.
Table 4 provides a simulation and experimental comparison of each tuning method. As
shown in Figure 5a, all methods achieve good stability and performance in tracking and
disturbance rejection. However, Method I exhibits significant oscillation in simulation due
to poor tuning and boundary region selection. Figure 4a,b shows the Nyquist plots of the
loop transfer functions with different controllers. In Method II, the k value ranges between
8 and 12; beyond this, the observer bandwidth increases, leading to instability. In Methods
III and IV, k is fixed, allowing flexibility in tuning b0 and ωc (in terms of kp and kd for
Method IV) to achieve optimal performance.

Table 3. SLADRC optimized parameter values for different tuning methods.

Tuning
Methods

Optimized
Parameter Values [θmin,θmax] ∆θ [αmin,αmax] ∆α fmin

Computation
Time (s)

I

(b 0)θ = −13.10,
(ωo)θ = 51.39,(

kp
)

θ
= 15.99,

(kd)θ = 5.527
(b 0)α = 18.820,
(ωo)α = 79.68,(

kp
)

α
= 56.92,

(kd)α = 16.5822

[6.75◦,
23.5◦] 16.75◦ [−4.2◦,

4.05◦] 8.25◦ 3.632 × 10−5 1276

II

(b 0)θ = −15.492,
(ωc)θ = 4.984,
(b 0)α = 19.638,
(ωc)α = 9.155,

k = 11.70

[12.7◦,
16.5◦] 3.8◦ [−1.5◦, 1.5◦] 3◦ 1.51632 × 10−4 835

III

(b 0)θ = −9.395,
(ωc)θ = 6.165,
(b 0)α = 8.759,
(ωc)α = 8.9517

[12.2◦,
16.2◦] 4◦ [−1.2◦, 1.2◦] 2.4◦ 2.12632 × 10−4 412

IV (b 0)θ = −9.465,
(b 0)α = 13.889

[11.9◦,
17.6◦] 5.7◦ [−1.5◦, 1.5◦] 3◦ 3.94632 × 10−4 396

Table 4. Simulation and Experimental comparison of various tuning methods in SLADRC.

Tuning Methods I II III IV

Performance Parameters Sim Exp Sim Exp Sim Exp Sim Exp

Time

Domain

performance

Ts/s (θ) 2 2 1.5 1.5 1.5 1.5 1 1.2

Ts/s (α) 2 2.5 1.25 1.5 1.5 1.5 1 1.5

Mp/% 73 53 33 27 40 38 10 8

Us/% 33 0 27 33 46 35 20 0

Servo

(Set point

tracking)

TV 0.6391 0.6673 0.839 0.822 2.118 1.834 0.885 0.945

ITSE (θ) 2.742 6931 2.742 1.09 × 103 2.741 1.40 × 103 2.742 1.04 × 103

ITSE (α) 4.30 × 10−11 214.2 2.86 × 10−14 14.02 1.51 × 10−10 4.171 1.03 × 10−11 33.49
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Table 4. Cont.

Tuning Methods I II III IV

Performance Parameters Sim Exp Sim Exp Sim Exp Sim Exp

Regulatory

(∆θ, ∆α)

TV 2.87 × 10−5 8.17 × 10−3 8.39 × 10−6 0.0479 1.25 × 10−4 0.055 5.43 × 10−6 0.0201

ITSE (θ) 2.77 × 10−8 8594 4.69 × 10−9 231.2 1.68 × 10−10 164.4 9.96 × 10−11 359

ITSE (α) 1.69 × 10−9 3796 2.21 × 10−10 41.83 1.55 × 10−9 16.69 5.85 × 10−11 66.74

Settling time (Ts), Overshoot (Mp), Undershoot (Us), Integral time square error (ITSE), Total Variation (TV).

Figure 5. (a) Set point tracking of motor angular position and pendulum angle in simulation,
(b) regulatory response of motor and pendulum angle in simulation.

To assess disturbance rejection, a disturbance of 10 is added at 3–3.5 s for the motor
angle (θ) and 0.10 at 5–5.2 s for the pendulum angle (α), as shown in Figure 5b. In the
experiments, robustness is tested by adding a 10 g tip mass from 5 to 10 s, as shown in
Figure 6b. Figure 6a,b demonstrates the servo and regulatory results for RIP, showing
that Methods II, III, and IV have better performance with smaller oscillations in tracking.
Method I shows large oscillations in the servo response and becomes unstable under
parameter uncertainty, as shown in Figure 6b. This study confirms that increasing the
number of tuning parameters complicates design and hinders optimal performance, while
better results are achieved with fewer tuning parameters, as confirmed by the ITSE values
in Table 4. The k value must be optimal. Methods II and III demonstrate strong disturbance
rejection, with Method III showing the least angle deviation and optimal results, as shown
in Tables 3 and 4.
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Figure 6. (a) Set point tracking of motor angular position and pendulum angle in real time; (b) regu-
latory response of motor and pendulum angle in real time.

5. Conclusions
The performance and robustness of four different tuning techniques of SLADRC are

discussed for the unstable RIP. From the results, it is clear that increasing the controller
parameter reduces the performance and robustness due to the inability to select optimum
values. Increasing the multiplication factor ‘k’ value larger than 10 increases phase lag in
the loop and reduces robustness of the system. The choice of k value as 10 provides better
estimation of parameters and time domain performance for most of the LTI systems and
it violates complex nonlinear systems. From the overall analysis, it is clear that the fixing
controller, observer bandwidth, and k (Method II and III) provide better performance and
robustness for the RIP and other complex systems.
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