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Abstract

In the era of big data, the demand for vast quantities of diverse and representative datasets
has surged across various domains, from healthcare and finance to artificial intelligence and
machine learning. Synthetic data generation offers a promising solution by enabling the
creation of data with specific properties that closely mimic real-world data while avoiding
privacy concerns and regulatory limitations. However, generating high-quality synthetic
data that accurately preserves complex dependencies remains a significant challenge. This
paper addresses this gap by exploring a novel approach: Inverse Copula Sampling for Multi-
Dimensional Data Synthesis. Utilizing copulas, which are powerful tools for modeling
dependencies between variables, our method generates synthetic data that maintains
intricate interdependencies. We demonstrate the effectiveness of this approach through
various experiments and case studies, showing high fidelity in preserving dependencies
and minor discrepancies in marginal distributions. The method’s robustness was validated
through comparative analysis and statistical checks, including the Kolmogorov–Smirnov
test. Our research contributes to the field by introducing a flexible and efficient method
for synthetic data generation that is applicable to a wide range of data distributions and
practical applications. Future work will explore the application of other copula types and
the further refinement of the method to enhance its versatility.

Keywords: inverse copula sampling; synthetic data; multi-dimensional data synthesis

1. Introduction
In the era of big data, the demand for vast quantities of diverse and representative

datasets has surged across various domains, from healthcare and finance to artificial intelli-
gence and machine learning. One promising approach to meet this demand is the use of
synthetic data, which refers to data that does not exist in the real world but is generated
through algorithms that incorporate statistical dependencies. Synthetic data offers several
advantages, such as the absence of privacy concerns and regulatory limitations while
preserving the interrelationships among variables. This aspect is particularly crucial in sen-
sitive fields like financial services, where data privacy is paramount. Additionally, synthetic
data is cost-effective and timesaving, eliminating the need for extensive data collection
and processing efforts. However, the literature lacks a comprehensive investigation into
sophisticated methods for generating high-quality synthetic data that accurately represents
demographic, financial, psychological, and social-status data. This paper aims to fill this
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gap by exploring the novel approach of Inverse Copula Sampling for Multi-Dimensional
Data Synthesis.

To answer this research question, we propose a method that leverages copulas, pow-
erful statistical tools that model complex dependencies between variables. By using the
Inverse Copula Sampling method, we can generate synthetic data that maintains the intri-
cate interdependencies present in multi-dimensional datasets. Our approach benefits from
a sophisticated dataset and method, which goes beyond traditional data generation tech-
niques. The copula-based method allows for flexible and robust modeling of dependencies,
making it suitable for a wide range of applications and data distributions.

Our main results demonstrate that the Inverse Copula Sampling method effectively
generates high-quality synthetic data that preserves the dependencies observed in the origi-
nal dataset. The method was validated through various experiments and case studies, show-
ing high fidelity in maintaining the dependencies between features and minor discrepancies
in certain marginal distributions. These results support our hypothesis that copula-based
synthetic data generation is a powerful tool for producing representative datasets.

We conducted a series of robustness checks and extensions to validate our approach
further. Comparative analysis with traditional data generation methods showed supe-
rior performance in maintaining data dependencies. Statistical checks, including the
Kolmogorov–Smirnov test, confirmed the high quality of the synthetic data. Additionally,
we explored different families of copulas to enhance the method’s applicability to various
data distributions, ensuring comprehensive coverage and reliability.

Our research builds on several strands of literature in synthetic data generation and
copula theory. The most relevant works include studies on probabilistic methods for data
synthesis, such as those by Roger Nelsen [1] and Thorsten Schmidt [2]. We also draw on
the work of Jan-Frederik Mai and Matthias Scherer [3] on simulating copulas and the recent
advancements in nonparametric copula modeling by Subhadeep Mukhopadhyay and
Emanuel Parzen [4], Juan P. Restrepo et al. [5]. Our contribution goes beyond these works
by applying the Inverse Copula Sampling method to generate synthetic multi-dimensional
data, demonstrating its practical applications and validating its effectiveness through
rigorous testing.

Our paper makes several key contributions to the field of synthetic data generation:

1. Demonstrates the Inverse Copula Sampling method’s effectiveness in preserving
complex dependencies between variables.

2. Validates the approach through experiments and robustness checks, including com-
parative analysis and statistical tests.

3. Compares the appropriateness of using several copula families for a given pre-set
of distributions.

The following sections of this paper are structured as follows: Section 1 provides more
in-depth understanding of data synthesis. Section 2 provides a detailed explanation of the
theoretical underpinnings of copulas and the inverse sampling process. Section 3 describes
the methodology and experimental setup used to validate our approach. Section 4 presents
the algorithm of the proposed method. Section 5 shows the results of our experiments
and robustness checks. Finally, Section 6 discusses the implications of our findings and
potential future work in this area.

2. Motivation
In the era of big data, the demand for vast quantities of diverse and representative

datasets has surged across various domains, from healthcare and finance to artificial
intelligence and machine learning. One promising approach to meet this demand is the
use of synthetic data, which refers to data that does not exist in the real world but is
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generated through algorithms that incorporate statistical dependencies. Unlike traditional
data collection methods, synthetic data is created rather than collected, allowing for the
generation of large quantities of data with specific properties that closely mimic real-
world data.

Dsynthetic = F(Dreal) (1)

Synthetic data offers several advantages that make it an attractive option for re-
searchers and practitioners. One significant benefit is the absence of restrictions typically
associated with real-world data, such as privacy concerns and regulatory limitations, while
still preserving the interrelationships among variables. This aspect is particularly crucial in
sensitive fields like healthcare, where data privacy is paramount. Additionally, synthetic
data is cost-effective and timesaving, as it eliminates the need for extensive data collection
and processing efforts. This efficiency is especially beneficial for training machine learning
models, conducting simulations, and performing various analytical tasks.

However, the generation of synthetic data is not without challenges. The data genera-
tion process itself can be complex, requiring sophisticated algorithms and a deep under-
standing of the underlying statistical relationships. Ensuring the quality of the newly cre-
ated dataset is another significant hurdle, as synthetic data must be validated to confirm that
it accurately represents the real-world phenomena it aims to mimic. This validation process
is essential to ensure the reliability and utility of synthetic data in practical applications.

Dreal ̸= Dsynthetic (2)

Several methods exist for generating synthetic data [6–9] broadly categorized into
probabilistic and non-probabilistic approaches. Probabilistic methods rely on statistical
models to generate data based on the probability distributions of real-world data. In
contrast, non-probabilistic methods may use techniques such as rule-based algorithms or
machine learning models that do not explicitly rely on probability distributions. The choice
of method depends on the specific requirements of the data application, as each approach
has its own upsides and downsides.

In this paper, we explore a novel approach to synthetic data generation: Inverse
Copula Sampling for Multi-Dimensional Data Synthesis. Copulas are powerful tools
in statistics that allow the modeling of complex dependencies between variables. By
leveraging copulas, our proposed method aims to generate high-quality synthetic data
that preserves the intricate interdependencies present in multi-dimensional datasets. We
delve into the theoretical underpinnings of copulas, describe the inverse sampling process,
and demonstrate the effectiveness of our approach through various experiments and
case studies.

3. Problem Definition
The generation of synthetic data with preserved interdependencies among multiple

variables is a critical challenge in data science. This paper addresses the problem of gener-
ating synthetic multi-dimensional data that maintains the complex dependencies observed
in the original dataset. Specifically, we propose the use of Inverse Copula Sampling for
this purpose.

Given a dataset with (n) observations of (d) variables, the goal is to generate synthetic
data that closely mimics the joint distribution of these variables. The copula function, which
describes the joint distribution of a set of random variables, is employed in our method to
model the dependencies between the variables. This paper presents one possible method for
obtaining a joint distribution using a copula. There are numerous other methods available
to derive a copula function from the data, which are beyond the scope of this paper.
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A copula is a function
(

C : [0, 1]d → [0, 1]
)

that maps multivariate distribution func-
tions to their one-dimensional marginal distribution functions. In the context of modeling
dependencies between variables, copulas provide a flexible way to describe the joint distri-
bution of multiple random variables.

Thus, if the multivariate joint distribution, represented by the copula function, is
available, the process to generate synthetic data uses the Inverse Copula Sampling method.
A key hyperparameter of the solution is the type of copula to be used, based on certain
criteria, e.g., the Akaike Information Criterion (AIC) or the Bayesian Information Criterion
(BIC). Several families of copulas are commonly used in statistical modeling and finance to
introduce dependencies between random variables. Here are a few widely used copulas
(the list is inexhaustive):

Gaussian Copula [10,11]—Symmetric and captures linear dependence between vari-
ables. Useful for modeling a wide range of dependencies due to its flexibility. Cumulative
distribution function (CDF):

C(u, v; Σ) = ΦΣ

(
Φ−1(u), Φ−1(v)

)
(3)

where Φ is the CDF of the standard normal distribution, Φ−1 is its inverse, and ΦΣ is the
CDF of the multivariate normal distribution with correlation matrix Σ.

Clayton Copula [12–14]—It is asymmetric and can model lower tail dependence. It is
useful for modeling scenarios where extreme values in one variable are associated with
extreme values in another variable. Cumulative distribution function (CDF):

C(u, v; θ) =
(

u−θ + v−θ − 1
)− 1

θ , θ > 0 (4)

Gumbel Copula [15,16]—It is asymmetric and can model upper-tail dependence. It is
useful for scenarios where high values in one variable are associated with high values in
another variable. Cumulative distribution function (CDF):

C(u, v; θ) = exp
[
−
(
(−log u)θ + (−log v)θ

) 1
θ

]
, θ ≥ 1 (5)

Frank Copula [13,14,17]—Symmetric and can model both positive and negative de-
pendencies. It does not exhibit tail dependence. Cumulative distribution function (CDF):

C(u, v; θ) = − 1
θ

log

(
1 +

(
e−θu − 1

)(
e−θv − 1

)
e−θ − 1

)
, θ ̸= 0 (6)

Student’s t Copula [13,18]—Similar to the Gaussian copula but with heavier tails, cap-
turing extreme co-movements. It is useful for financial applications where extreme events
occur more frequently than the normal distribution predicts. Cumulative distribution
function (CDF):

C(u, v;ν, Σ) = tν,Σ

(
t−1
ν (u), t−1

ν (v)
)

(7)

where t−1
ν is the inverse CDF of Student’s T distribution with ν degrees of freedom, and Σ

is the correlation matrix.
The main advantage of the Inverse Copula Sampling method over traditional methods

such as Cholesky decomposition is that it does not assume a normal distribution for the
features. This flexibility allows the method to be applicable to a wider range of data
distributions, making it a robust tool for synthetic data generation.

https://doi.org/10.3390/engproc2026150050

https://doi.org/10.3390/engproc2026150050


Eng. Proc. 2026, 150, 50 5 of 12

4. Algorithm for Data Synthesis Using Inverse Copula Sampling
The Inverse Copula Sampling method captures dependencies among variables and

allows for the creation of distributions that effectively model correlated multivariate data.
The algorithm constructs a multivariate distribution by optimally specifying univariate
distributions. Utilizing a copula, the algorithm establishes the correlation structure among
a set of variables. This approach supports the use of bivariate distributions as well as
distributions in higher dimensions.

A key property of the copula function used in this algorithm involves fitting the
copula to the multivariate distribution and then applying the inverse of the copula func-
tion [1,19–21]. The resulting values are normalized between zero and one, necessitating
denormalization by scaling parameters. The next stage involves concatenating the matrix
with the denormalized data. Finally, an evaluation is done.

The quality of the synthetic data was evaluated using a variety of evaluation metrics,
e.g., statistical distance measures like the Kolmogorov–Smirnov test [22,23], visual com-
parison using scatter plots, and distribution comparison using histograms. In the current
methodology, the one-sample Kolmogorov–Smirnov Test is used because it is the most
rigorous statistical test for distribution comparison. The two-sample K-S test compares the
ECDFs of two independent samples to determine whether they are drawn from the same
population. The two-sample K-S testing is beyond the scope of the current paper.

(1) Given Φ = f1, . . . fs(ω1 . . .ωs), a multivariate joint distribution of m finite random
real data variables ω, denoting m number of quantitative characteristics of a studied system
S, the cumulative distribution function is defined as Φ = P(ω1 ≤ ω̂1,ω2 ≤ ω̂2, . . . ,ωs ≤ ω̂s),
where P denotes the probability that all random variables ωi are less than or equal to the
corresponding values ω̂i.

(2) Fitting the copula function—estimating the parameters for the selected cop-
ula using the maximum likelihood estimation (MLE) method. Given the dataset
(X = {x1, x2, . . . , xn}), where each (xi) is a (d)-dimensional observation, fit a copula( )
by estimating the parameters θ that maximize the likelihood function:

L(θ; X) =
n

∏
i=1

cθ(F1(xi1), . . . , Fd(xid)) (8)

where c is the density function of C, and Fj are the marginal cumulative distributions of the
generated variables.

(3) Use copula C to generate simulated normalized sample vectors (x1, x2, . . . , xm) of
length n from Φ as:

C(x1, x2, . . . , xs) = Φ[ω1 ≤ f 1 − 1(x1), ω2 ≤ f 2 − 1(x2), . . . , ωs ≤ f s − 1(xs)] (9)

Using the fitted copula model, we generated synthetic data by sampling from the
copula and then applying the inverse of the marginal cumulative distribution functions.
Specifically, for each dimension j, we generated samples Uj from a uniform distribution
and then transformed them using the inverse of the marginal distributions F−1

j :

Xj = F−1
j
(
Uj
)

(10)

(4) Convert the normalized vectors (u) to the scale of the original data using the
inverse of the cumulative distribution functions (CDFs) of the original variables. Given
xs, let (u = (u1, u2, . . . , ud)) be the simulated sample vector, where each (ui) is in the
interval ([0, 1]).

xs = us.γs2
+ γs1

(11)
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where γs1
and γs2

are scaling parameters.

(5) Concatenate xm into matrix
∼
X :

∼
Xn,s =

[
x1 x2 . . . xs

]
. The result is a syn-

thetic dataset
(
X′ =

{
x′1, x′2, . . . , x′m

})
that preserves the dependence structure of the

original data.
(6) For evaluation, the one-sample Kolmogorov–Smirnov (KS) test is used. It is a statis-

tical test used to compare an empirical sample’s distribution with a reference theoretical dis-
tribution. In the one-sample KS test, we compare the empirical distribution function Fn(x)
of the sample with the cumulative distribution function F(x) of the reference distribution.

The empirical distribution function Fn(x) is defined as:

Fn(x) =
1
n

n

∑
i=1

I[Xi≤x] (12)

where I[Xi≤x] is an indicator function that equals 1 if Xi ≤ x and 0 otherwise, and n is the
sample size.

The test statistic for the one-sample KS test is the maximum absolute difference
between the empirical distribution function Fn(x) and the cumulative distribution
function F(x):

Dn = sup
x
|Fn(x)− F(x)| (13)

The null hypothesis (H0) for the KS test is that the synthesized data are drawn from the
same theoretical distribution. The value of α shows the significance level of the probability
of rejecting the null hypothesis when it is true. The critical value Dα for the one-sample KS
test at significance level α is given by:

Dα =

√
− 1

2n
ln
(α

2

)
(14)

If Dn > D, we reject the null hypothesis H0 at the significance level α and conclude
that the sample does not come from the reference distribution (one-sample KS test).

5. Numerical Implementation
In this numerical example, we aim to approbate and illustrate the algorithm described

above. To demonstrate the process of generating synthetic data, we follow a procedure
of steps, ensuring that the generated data retains the desired dependence structure and
follows specific marginal distributions. In the current section, the copula family used is the
Gaussian copula.

Step 1: Generate Data Using the Gaussian Copula
The primary objective of this step is to create a multivariate dataset that exhibits a

specific dependence structure, or correlation, among the variables. The Gaussian copula is
employed to achieve this purpose.

The generated data follows a multivariate normal distribution characterized by a
specified mean and covariance matrix (see Figure 1). This ensures that the data captures the
intended dependencies among the variables (see pair-wise joint distributions in Figure 2).
The joint scatter plot of the three synthesized variables (shown in Figure 3) visually confirms
the dependencies imposed by the copula.

For that matter, we generate and analyze three various probability distributions (the
normal, lognormal, and gamma distributions). In addition, for this current example, we
implement the Gaussian copula with the correlation matrix (Σ) of:

https://doi.org/10.3390/engproc2026150050
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Σ =

1.0 0.5 0.3
0.5 1.0 0.4
0.3 0.4 1.0

(15)

 

Figure 1. Independent graphical representations of the three distributions (normal, lognormal, and
gamma) using the set parameter values.

Figure 2. Pair-wise joint PDFs using a 3D surface.

Figure 3. Joint scatter plot of the three synthesized variables.

We begin by defining the parameters for each distribution and subsequently compute
their probability density functions (PDFs):

Normal fistribution: Mean (µ) of 0 and standard deviation (σ) of 1.

fNormal(x) =
1

σ
√

2π
exp

(
− (x − µ)2

2σ2

)
(16)

Lognormal distribution: Mean (µ) of 0 and standard deviation (σ ) of 0.5.

fLognormal(y) =
1

yσ
√

2π
exp

(
− (ln y − µ)2

2σ2

)
(17)

https://doi.org/10.3390/engproc2026150050
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Gamma distribution: Shape parameter (κ) of 2 and scale parameter (θ) of 2.

fGamma(z) =
zk−1e−z/θ

θkΓ(k)
(18)

To examine the joint behavior of pairs of distributions, we create mesh grids for 3D
plotting and calculate the joint PDFs for pairs of these distributions under the assumption
of independence.

Step 2: Transform the Data to a Uniform Distribution
The next step involves transforming the generated data into a uniform distribution.

This is achieved by applying the cumulative distribution function (CDF) of the normal
distribution to each value in the generated data. The CDF transformation effectively maps
each value to the range between 0 and 1.

By leveraging the properties of the CDF, this transformation ensures that the newly
transformed data are uniformly distributed. Despite this, the transformed data retain the
dependence structure that was initially imposed by the Gaussian copula.

Step 3: Transform the Uniform Data to the Desired Distributions
The final step involves mapping the uniformly distributed data to the desired marginal

distributions: normal, lognormal, and gamma. This is done using the inverse cumulative
distribution function (PPF) of each target distribution.

By mapping the transformed data using the respective inverse CDFs, we obtain
three generated variables (X, Y, and Z). These datasets now follow the specified marginal
distributions while maintaining the dependence structure derived from the original copula.
Figure 4 provides a comparison between the resulting empirical distribution parameters
and the pre-set theoretical distributions, demonstrating that the synthetic data successfully
follows the desired distributions and validates the effectiveness of the copula-based data
generation process.

Figure 4. Comparisons of the resulting empirical distribution parameters with the pre-set theoreti-
cal distributions.
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6. Comparative Evaluation
By comparing the original and synthetic data using the one-sided KS test is used as a

comparison vehicle for assessing not only the statistical significance of the copula fit but
also the appropriateness of using a given copula family. The five copula families described
in the previous sections are tested. The results are shown in Table 1.

Table 1. Resulting Kolmogorov–Smirnov tests for the three variables synthesized by various
copula families.

Copula Family Variable, Set Distribution One-Sided KS Test, p-Value

Gaussian X, Normal distribution (µ = 0, σ = 1) 0.006, 0.93
Gaussian Y, Lognormal distribution (µ = 0, σ = 0.5) 0.003, 0.98
Gaussian Z. Gamma distribution (κ = 2, θ = 2) 0.012, 0.74

Clayton X, Normal distribution (µ = 0, σ = 1) Did not compute *
Clayton Y, Lognormal distribution (µ = 0, σ = 0.5) Did not compute *
Clayton Z. Gamma distribution (κ = 2, θ = 2) Did not compute *

Gumbel X, Normal distribution (µ = 0, σ = 1) Did not compute **
Gumbel Y, Lognormal distribution (µ = 0, σ = 0.5) Did not compute **
Gumbel Z. Gamma distribution (κ = 2, θ = 2) Did not compute **

Frank X, Normal distribution (µ = 0, σ = 1) 0.019, 0.49
Frank Y, Lognormal distribution (µ = 0, σ = 0.5) 0.020, 0.45
Frank Z. Gamma distribution (κ = 2, θ = 2) 0.034, 0.09

Student X, Normal distribution (µ = 0, σ = 1) 0.003, 0.15
Student Y, Lognormal distribution (µ = 0, σ = 0.5) 0.012, 0.75
Student Z. Gamma distribution (κ = 2, θ = 2) 0.005, 0.95

* The computed theta value −0.069 is out of limits for the given CLAYTON copula. ** The computed theta value
0.968 is out of limits for the given Gumbel copula.

The Gaussian copula showed high fidelity in maintaining the dependencies be-
tween features, with minor discrepancies in certain marginal distributions. The one-sided
Kolmogorov–Smirnov (KS) tests are conducted to validate the equivalence of the synthetic
datasets to their respective theoretical distributions.

In all three cases, the KS tests show high p-values, indicating that the synthetic datasets
(X, Y, and Z) are statistically indistinguishable from their respective theoretical distributions.
These results validate the effectiveness of our copula-based data synthesis method in
preserving the specified dependence structure and producing data that adheres to the
desired marginal distributions.

The Clayton copula did not compute a fit. The parameter (theta) computed for the
Clayton copula during the fitting process was outside the valid range, as it must be positive
because the Clayton copula cannot model negative dependence. If the sample data has
negative dependence, the Clayton copula may not be appropriate.

Similarly, the Gumbel copula also did not compute because the fitting parameter was
outside the valid range. For the Gumbel copula, the parameter θ must be greater than
or equal to one, as it cannot model dependence with θ values less than one. This issue
arises when the data used for fitting the copula do not exhibit sufficient dependence for the
Gumbel copula, resulting in an invalid θ value.

The results from the KS tests suggest that the synthetic data generated using the Frank
copula matches well with the specified theoretical distributions. The high p-values in
all three cases indicate that there is no significant evidence to reject the null hypothesis,
confirming that the generated synthetic data closely follow the specified distributions.
Having said that, all of the results compared to those obtained using the Gaussian copula
are worse, indicating that the latter is more suitable for the given set of distributions.

https://doi.org/10.3390/engproc2026150050
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As for the Student’s T copula, the synthetic data also matches well with the specified
theoretical distributions. The relatively high p-values in all three cases indicate that there
is no significant evidence to reject the null hypothesis, confirming that the generated
synthetic data closely follow the specified distributions. Interestingly, the results for the
gamma distribution are the best of all tests, inclining that this copula is best suited for the
gamma distribution.

7. Conclusions
In this paper, we addressed the challenge of generating synthetic multi-dimensional

data that maintains the complex dependencies observed in the original dataset. By leverag-
ing the power of copulas, specifically through the Inverse Copula Sampling method, we
demonstrated a robust approach for producing high-quality synthetic data.

Our approach involved three key steps: generating data using various copula families
to impose the desired dependence structure, transforming the data to a uniform distri-
bution, and then mapping the uniform data to specific marginal distributions (normal,
lognormal, and gamma). The effectiveness of this method was validated through a series of
Kolmogorov–Smirnov (KS) tests, which confirmed that the synthetic data closely mimicked
the theoretical distributions of the original data.

The experimental results showed high fidelity in maintaining the dependencies be-
tween features, with minor discrepancies in certain marginal distributions, as evidenced
by the high p-values from the KS tests. These results validate our copula-based data syn-
thesis method as a powerful tool for generating synthetic datasets that preserve intricate
interdependencies while adhering to specified marginal distributions.

The Gaussian copula performed the best all-around, meaning that it maintained the
pre-set dependencies among the given variables. The KS tests for the Gaussian copula indi-
cated that the synthetic datasets were statistically indistinguishable from their respective
theoretical distributions.

The Student’s T copula also produced synthetic data that matched well with the
specified theoretical distributions. The relatively high p-values in all three cases indicated
that there was no significant evidence to reject the null hypothesis, confirming that the
generated synthetic data closely followed the specified distributions. The results for the
gamma distribution were particularly noteworthy, suggesting that Student’s T copula
is well-suited for the gamma distribution. The results from the KS tests suggest that
the synthetic data generated using the Frank copula matched well with the specified
theoretical distributions. However, the results were inferior to those obtained using the
Gaussian copula, indicating that the Gaussian copula was more suited for the given set
of distributions.

The Clayton copula and Gumbel copula did not compute fits as the parameter (theta)
computed during the fitting process was outside the valid range. This means that these
copula families are not suitable for the pre-set distributions.

The Inverse Copula Sampling method offers a flexible and efficient approach for
synthetic data generation, making it an attractive option for various applications in data
science, including machine learning model training, simulations, and analytical tasks.
Future work could explore the application of other types of copulas and further refine the
method to enhance its applicability to an even broader range of data distributions.
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