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Abstract

The mechanical interpretation of impact traces on historical masonry structures offers a
promising pathway for identifying the typology of ancient projectiles used in past conflicts.
In recent years, inverse analysis approaches have been increasingly employed to infer
projectile characteristics from residual damage patterns observed on archaeological re-
mains. However, the reliability of such reconstructions strongly depends on the mechanical
representation adopted for the impacted masonry. Ancient masonry walls, particularly
those composed of tuff blocks and mortar joints, exhibit a marked heterogeneity that cannot
always be adequately captured through simplified homogeneous material models. In
this study, a numerical framework is developed to investigate how different assumptions
regarding masonry homogenization influence the identification of projectile parameters de-
rived from impact evidence. The mechanical response of the masonry is modeled through
a homogenization procedure based on representative volume elements (RVE), allowing
the heterogeneous brick—mortar assemblage to be translated into an equivalent macro-
scopic constitutive description. The resulting elastic and limit mechanical properties are
then employed within a Finite Element Limit Analysis (FELA) formulation grounded in
Melan’s lower bound theorem to evaluate collapse mechanisms and energy dissipation
during impact.The methodology is applied to a case study inspired by the masonry walls
of Pompeii, where parametric variations in mortar thickness are considered to assess their
influence on the homogenized stiffness and strength domain. The results highlight how
even simplified yet mechanically consistent models are capable of capturing the anisotropic
behavior of masonry and its implications for energy absorption. In particular, the study
shows that adopting a homogenization-based representation leads to more reliable in-
verse estimates of projectile velocity and momentum compared to purely homogeneous
approximations. Overall, the proposed approach provides a computationally efficient yet
mechanically grounded framework for supporting archaeological interpretations of impact
traces, contributing to a more quantitative understanding of ancient warfare technologies.

Keywords: limit analysis; Pompeian wall; ancient balista; masonry limit domain

1. Introduction
The identification of ancient war projectiles through the mechanical interpretation of

residual impact traces on masonry structures represents a multidisciplinary research field
at the intersection of structural mechanics, fracture mechanics, material science, archeology,
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and computational modeling. Inverse analysis techniques have progressively emerged as
powerful tools for reconstructing projectile characteristics—such as velocity, momentum,
and impact energy—from measurable geometric damage patterns on historical structures.

The northern walls of Pompeii constitute a paradigmatic case study. Detailed geomet-
ric surveys of anthropic cavities and impact craters have been conducted using advanced
measurement and visualization techniques, allowing quantitative characterization of crater
morphology and spatial distribution [1–3]. These investigations provide a robust geometric
foundation for mechanical back-analysis aimed at distinguishing ballistic impacts from
natural degradation phenomena.

A critical issue in inverse ballistic assessments concerns the mechanical representation
of masonry. Ancient tuff masonry exhibits strong heterogeneity due to porosity, block
arrangement, mortar interfaces, weathering, and micro-cracking. Consequently, the as-
sumption of material homogeneity may significantly influence the evaluation of collapse
mechanisms and energy dissipation.

Homogenization techniques bridge mesoscopic heterogeneity and macroscopic consti-
tutive modeling. Early bounds for effective elastic properties were proposed by Voigt [4]
and Reuss [5], later unified through the Hill average [6]. Variational bounds for composite
materials were further refined by Hashin and Shtrikman [7]. Mean-field approaches such
as Mori–Tanaka schemes [8] and representative volume element (RVE) frameworks [9]
allow the derivation of equivalent continuum properties for heterogeneous media.

In masonry modeling, homogenization approaches have been extensively applied to
periodic block structures and stone assemblages [10,11]. Multi-scale strategies enable the
evaluation of equivalent stiffness, strength, and fracture energy parameters consistent with
the underlying mesostructure.

Fracture mechanics provides an essential theoretical framework for evaluating en-
ergy dissipation during impact. Griffith’s energy balance criterion [12] and Irwin’s stress
intensity factor formulation [13] establish the relationship between crack propagation
and energy release rate. In heterogeneous and graded materials, fracture parameters are
strongly affected by spatial property variation, as demonstrated in functionally graded
plate analyses [14].

Plastic collapse and limit analysis formulations further contribute to energy-based
interpretations of impact damage. Semi-analytical limit analysis of masonry domes [15] and
dislocation-based finite element procedures for plastic collapse assessment [16] highlight the
sensitivity of collapse multipliers to material modeling assumptions. From a geomechanical
perspective, local collapse phenomena in weak rocks are governed by combined shear
failure and tensile cracking mechanisms analogous to impact-induced crater formation in
tuff masonry [17,18].

Recent studies on dynamic fracture of rock-like materials [19,20] confirm that energy
dissipation mechanisms in geomaterials are strongly influenced by porosity and microstruc-
tural heterogeneity. Therefore, adopting a mechanically consistent homogenized model is
essential to avoid systematic overestimation or underestimation of projectile kinetic energy
in inverse analyses.

In inverse ballistic modeling, two alternative strategies may be adopted: (i) global
homogeneous equivalent modeling, where impact effects are evaluated through equivalent
static loading and energy balance principles; (ii) mechanically informed homogenization
calibrated through fracture energy and plastic dissipation parameters derived from meso-
scale considerations. The choice between these strategies directly affects reconstructed
projectile velocity and momentum.

The present work investigates how different masonry homogenization assumptions
influence the inverse identification of ancient projectiles. By comparing homogeneous
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equivalent models with advanced homogenized descriptions, the study quantifies the
sensitivity of reconstructed ballistic parameters to material modeling choices. The objective
is to provide a mechanically rigorous framework for ancient projectile identification, high-
lighting the central role of homogenization theory in inverse analysis procedures applied
to historical masonry structures.

2. Materials and Methods
This section presents the theoretical framework adopted for the numerical modeling

of elasto-plastic materials under small strain assumptions. The formulation follows a strain-
driven continuum mechanics approach based on the standard additive decomposition of
the infinitesimal strain tensor into elastic and plastic components. The elastic behavior is
derived from a strain energy density function, while the inelastic response is governed by a
yield criterion combined with an associated flow rule.

The governing equilibrium equations are formulated in both strong and weak forms,
enabling their discretization within the finite element method. A formulation specifically
suited for limit analysis is introduced through a Finite Element Limit Analysis (FELA)
framework. In this setting, the stress field is decomposed into an elastic contribution and a
self-equilibrated component, in accordance with Melan’s lower bound theorem.

Finally, a homogenization procedure is employed to link microstructural fields to
effective macroscopic material parameters through volume averaging over a representative
volume element (RVE). The proposed framework provides a consistent basis for investi-
gating failure mechanisms in heterogeneous media and for evaluating their macroscopic
response under complex loading conditions.

2.1. Finite Element Discretization and Limit Load Analysis

The displacement-based finite element method assumes the existence of a kinemat-
ically admissible displacement field over the domain. The structure is discretized into
elements interconnected at nodes, where the displacement field is interpolated using shape
functions and nodal displacement values. Compatibility is enforced at the nodal level,
ensuring continuity of the displacement field across element boundaries.

By enforcing equilibrium in weak form and assembling elemental contributions,
the global equilibrium equation can be expressed as

F = Ku (1)

where u is the vector of nodal displacements, F the vector of external nodal forces, and K
the global stiffness matrix.

Inelastic behavior is traditionally incorporated by allowing permanent strains to
develop once the stress state reaches the yield surface. The evolution of plastic strains is
governed by the normality rule, and incremental return-mapping algorithms are typically
used for numerical implementation.

In the present work, an alternative strategy based on the lower bound theorem of limit
analysis is adopted. The collapse load is computed directly by searching for admissible
self-equilibrated stress fields. These stresses give rise to equivalent nodal forces, which
depend linearly on displacement-like parameters vp through an operator H.

Applying the Bubnov–Galerkin procedure to the weak form of equilibrium yields

F = Ku − Hvp (2)

where H collects the contributions of self-equilibrated stresses at the element level. The vec-
tor vp represents nodal dislocation-like parameters associated with residual stress fields.
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The problem can therefore be decomposed into elastic and self-equilibrated compo-
nents:

F = Kue

Ku0 − Hvp = 0
(3)

where ue denotes the elastic displacement field and u0 the self-equilibrated displace-
ment field.

The associated self-equilibrated stress field can be expressed as

σ0 = V δ(vp, u0) (4)

where V is the operator mapping displacement discontinuities to stress space, and δ

represents the superimposed element-wise displacement field satisfying compatibility
constraints.

Melan’s Theorem

According to Bleich [21] and Melan [22]:

A structure subjected to a time-dependent load f (t) does not collapse if and only
if there exists a time-independent self-equilibrated stress field σ̄0 such that the
sum of this field and the elastic stress σe(t) remains admissible at all times.

This principle can be reformulated as the following optimization problem:

k∗ = sup
δ

{
k
∣∣∣ f

(
k σe(ue) + σ0(δ)

)
≤ 0

}
(5)

where k∗ represents the collapse multiplier and f (·) denotes the yield function, and we
recognize, through Equation (4), that the set of the self-equilibrated stress is defined in the
domain spanned by δ.

2.2. Homogenization

To connect microstructural behavior with macroscopic material response, volume
averaging over a representative volume element (RVE) is adopted. The macroscopic strain
and stress tensors are defined as

⟨ε⟩ = 1
|V|

∫
VRVE

ε(x)dV

⟨σ⟩ = 1
|V|

∫
VRVE

σ(x)dV
(6)

where |V| denotes the RVE volume, and ε(x), σ(x) are the local strain and stress fields.
Assuming isotropic linear elastic macroscopic behavior, the effective material param-

eters κ are identified by minimizing the discrepancy between averaged microstructural
stresses and macroscopic constitutive predictions:

κ∗ = arg min
κ

N

∑
i=1

∥∥∥∥⟨σi⟩ −
∂w(⟨εi⟩)

∂ε

∥∥∥∥
2/F

(7)

where w is the strain energy density function, N is the number of loading cases, and ∥ · ∥2/F

denotes either the Euclidean norm or the Frobenius norm, depending on the adopted
stress representation.
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2.3. Constitutive Equations

In this work, the constitutive response is described by a convex elastic domain De in
stress space. Admissible stresses belong to the closure De = D̊e ∪ ∂De, where D̊e and ∂De

denote the interior and the boundary of the domain, respectively; stress states outside De

are not admissible. The set De contains the origin, so that the null stress state (corresponding
to null external actions) is always feasible.

For stress paths entirely contained in D̊e, the response is reversible and therefore
purely elastic. Plastic (permanent) strain rates ε̇p develop when the stress reaches the yield
surface ∂De and, under continued loading, the stress remains on ∂De. The plastic flow is
assumed associated (normality rule),

ε̇p = λ̇ n(∂De), (8)

where n is the outward unit normal to ∂De (defined almost everywhere) and λ̇ ≥ 0 is the
plastic multiplier. This assumption is consistent with the stability postulate

dσ : ε̇p ≥ 0, (9)

which provides a classical sufficient condition for dissipativity in rate-independent plastic-
ity [23].

When plastic strains are present, the elastic law is written in terms of the elastic strain
εe = ε∗ − εp, leading to

σ = C(ε∗ − εp), (10)

where C is the symmetric fourth-order elasticity tensor.
The admissible domain is defined through a yield function f (σ) as

De =
{

σ = {σx, σy, σz, τxy, τxz, τyz}
∣∣ f (σ) ≤ 0

}
. (11)

Comprehensive overviews of constitutive modeling, yield surfaces, and internal-
variable formulations (hardening/softening and, more generally, inelastic evolution laws)
can be found in standard references [24,25]. In many engineering materials, the elastic
domain boundary can be represented by smooth algebraic surfaces, frequently quadratic,
possibly evolving in stress space due to internal variables [26,27].

For isotropic materials, the elastic domain is invariant with respect to material rotations
and can be expressed in terms of principal stresses σξ , ση , σζ . For anisotropic materials, De

depends on both the stress components and the material symmetry directions; a classical
formulation for anisotropic yielding and plastic flow is due to Hill [28]. Consequently,
the domain is generally expressed in the material principal frame through the six stress
components σx, σy, σz, τxy, τxz, τyz.

For ductile metals, the von Mises criterion implies insensitivity to hydrostatic stress;
the yield surface is cylindrical around the hydrostatic axis σξ = ση = σζ (in the Haig-
Westergaard space). In contrast, quasi-brittle and frictional materials (including masonry
and tuff-like geomaterials) exhibit strength asymmetry in tension/compression and pro-
nounced directional effects, which motivate anisotropic and “aniso-resistant” domains.
In masonry mechanics, such choices are often coupled with no-tension or unilateral as-
sumptions and limit analysis concepts [29–31].

In the present study, a translated quadratic criterion is adopted to account simulta-
neously for anisotropy and different tensile/compressive strengths. This choice can be
interpreted as a modified Hill-type surface, consistent with the Tsai–Wu family of crite-
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ria [27]. Similar formulations have been used in the literature for orthotropic media and
masonry-like strength domains [32,33]. In plane stress, the yield function reads

f (σ) = 1 −
(

1
sxc

+
1

sxt

)
σx −

(
1

syc
+

1
syt

)
σy

− σ2
x

sxcsxt
−

σ2
y

sycsyt
−

τ2
xy

s2
xy

,
(12)

where sαt and sαc (α ∈ {x, y}) denote the tensile and compressive strengths along the
material directions, and sxy = sxyt = −sxyc is the shear strength.

A typical anisotropic limit locus is shown in Figure 1. The adopted strength description
is later combined with the lower-bound limit analysis setting used in this work to determine
collapse multipliers and admissible self-equilibrated stress fields [15,16,22,34].

Figure 1. Anisotropic limit domain: −1 ≤ σx ≤ 0.5 = −2,−2 ≤ σy ≤ 0.75,−0.6 ≤ τxy ≤ 0.6.

3. Case Study: Pompeian Masonry Wall
The case study concerns the mechanical characterization of a Pompeian masonry wall

through a homogenization-based approach. The first step of the analysis consisted in
identifying a Representative Volume Element (RVE) of the masonry texture, as shown in
Figure 2.

In the context of masonry, an RVE is defined as the smallest portion of material that
statistically represents the periodic arrangement of bricks and mortar joints, such that the
volume-averaged stress and strain fields coincide with the macroscopic response of the
wall. For running-bond masonry, the RVE must include both horizontal and vertical mortar
interfaces in order to properly capture anisotropy induced by the brick—mortar pattern.
The effective elastic and limit properties of the masonry RVE were derived through the
application of fundamental stress states, as schematically illustrated in Figure 3. In particu-
lar, independent macroscopic loading conditions were imposed corresponding to uniaxial
tension/compression along the horizontal direction (σx), uniaxial tension/compression
along the vertical direction (σy), and in-plane shear (τxy).

For the elastic characterization, each loading case was applied within the linear regime,
and the homogenized stress–strain response was obtained through volume averaging of
the microstructural fields. The effective elastic moduli Exx and Eyy, together with the
Poisson ratios νxy and νyx, were computed from the slope of the macroscopic stress-strain
curves under the corresponding fundamental deformation modes. For the limit (plastic)
characterization, the same set of fundamental loadings was considered within the FELA
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framework. The collapse multiplier associated with each stress state was determined
according to the lower-bound theorem, providing the homogenized limit stresses in tension,
compression, and shear. In this manner, both the elastic stiffness tensor and the effective
strength domain of the masonry were consistently identified from the response of the
RVE to elementary stress states. This procedure ensures that the macroscopic constitutive
parameters—both elastic and plastic—are directly rooted in the mechanical behavior of
the heterogeneous brick—mortar assembly, preserving the anisotropy induced by the
masonry pattern.

Figure 2. Extraction and idealization of the Representative Volume Element (RVE) from the Pompeian
masonry wall. (Top): real masonry texture with highlighted RVE region. (Bottom left): zoomed
portion of the selected masonry pattern. (Bottom right): geometrical idealization of the RVE used for
homogenization, where bricks are represented in blue and mortar joints in yellow.

Four different configurations were considered by varying the mortar inclusion thick-
ness t, corresponding to different mortar–brick ratios: t = 5 mm (case a), t = 10 mm (case
b), t = 15 mm (case c), and t = 25 mm (case d). In Figure 2 is represented the extraction
of the RVE from the wall. This parametric variation allows evaluation of the influence of
mortar content on the effective mechanical response.

Elastic homogenization was first performed using Voigt and Reuss bounds. The con-
stituent elastic properties were assumed as Ebrick = 3800 MPa, νbrick = 0.2, and Emortar =

1000 MPa, νmortar = 0.25. The resulting homogenized orthotropic elastic parameters
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(Exx, Eyy, νxy, νyx) were evaluated for each mortar thickness. As expected, increasing mor-
tar content leads to a progressive reduction in effective stiffness, with more pronounced
anisotropic effects for larger joint thicknesses. The considered load cases is reported in
Figure 3. The discretization of the RVE is reported in Figure 4. The results are reported in
the following Tables 1 and 2.

Figure 3. Fundamental macroscopic stress states applied to the masonry Representative Volume
Element (RVE) for homogenization purposes. (Top row): positive loading directions corresponding
to uniaxial stress in the horizontal direction (σx), uniaxial stress in the vertical direction (σy), and in-
plane shear stress (τxy). (Bottom row): reversed loading directions used to ensure consistency of
the homogenized elastic and limit responses. The RVE distinguishes brick phase (blue) and mortar
joints (yellow).

Figure 4. Parametric variation of the Representative Volume Element (RVE) adopted for the Pompeian
masonry wall. Four configurations are shown corresponding to increasing mortar inclusion thickness
(t = 5 mm, 10 mm, 15 mm, 25 mm). The brick phase and mortar joints are explicitly represented in the
geometrical model, allowing evaluation of the influence of the mortar–brick ratio on the homogenized
elastic and limit mechanical properties.
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Table 1. Elastic homogenized properties of the masonry RVE obtained using the Reuss bound.

RVE t [mm] E−
xx [MPa] E−

yy [MPa] ν−
xy ν−

yx

a 5 3756.9 3671.5 0.2008 0.1962
b 10 3714.7 3551.4 0.2015 0.1927
c 15 3673.5 3438.9 0.2023 0.1893
d 25 3593.8 3234.0 0.2037 0.1833

Table 2. Elastic homogenized properties of the masonry RVE obtained using the Voigt bound.

RVE t [mm] E+
xx [MPa] E+

yy [MPa] ν+
xy ν+

yx

a 5 3788.5 3765.0 0.2002 0.1990
b 10 3777.0 3730.0 0.2004 0.1979
c 15 3765.6 3695.0 0.2006 0.1969
d 25 3742.6 3625.0 0.2010 0.1947

Subsequently, plastic (limit) homogenization was carried out within the FELA frame-
work [35].

Limit stresses were assigned separately to brick and mortar constituents and the
corresponding homogenized strength domain was determined through lower-bound limit
analysis. The limit stresses considered for the constituents and the resulting homogenized
RVE strengths are reported in Table 3. The effective tensile and compressive strengths
along the principal material directions, as well as the shear strength τxy, were found to
be strongly influenced by the mortar–brick ratio. In particular, the increase of mortar
thickness reduces the homogenized compressive and shear capacities, while modifying the
anisotropic shape of the yield surface. This combined elastic and plastic homogenization
procedure provides the effective macroscopic parameters required for subsequent inverse
analysis of projectile impact, ensuring that both stiffness and strength characteristics of the
heterogeneous masonry are consistently represented.

Table 3. Limit stresses of brick, mortar and homogenized RVE obtained through FELA-based
plastic homogenization.

Stress Component Brick [MPa] Mortar [MPa] Homogenized RVE [MPa]

σ+
x 2 0.25 0.47

σ−
x 20 3 5.61

σ+
y 2 0.25 3.42

σ−
y 20 3 0.35

τxy 5 0.30 0.51

4. Discussion and Conclusions
The results obtained from the elastic and plastic homogenization analyses highlight

the strong influence of the mortar–brick ratio on the effective mechanical response of the
Pompeian masonry wall. Even though the adopted RVE geometry represents a simplified
idealization of the real masonry texture, the model preserves the essential morphological
features of the brick-–mortar arrangement, including orthotropic stiffness and directional
strength asymmetry.

The elastic homogenization performed through Voigt and Reuss bounds shows a
systematic reduction of the effective Young’s moduli with increasing mortar thickness.
Moreover, a clear anisotropic behavior emerges, as evidenced by the differences between
Exx and Eyy and between νxy and νyx. These differences are not artifacts of the numerical
scheme but arise directly from the geometric configuration of horizontal and vertical joints.
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Therefore, even within a simplified RVE framework, the masonry cannot be treated as
isotropic without introducing non-negligible errors in the global stiffness description.

The plastic homogenization carried out within the FELA framework further empha-
sizes the directional dependence of the strength domain. The homogenized limit stresses
differ significantly between tension and compression and between the two principal di-
rections. This asymmetry reflects both the intrinsic mechanical contrast between brick
and mortar and the structural role of the mortar joints in governing failure mechanisms.
The resulting yield surface of the RVE is markedly anisotropic and non-symmetric, which
is consistent with the mechanical behavior expected for historical masonry.

From the perspective of inverse analysis, these findings are particularly relevant.
The identification of ancient projectile characteristics from impact craters relies critically
on an accurate estimation of the energy dissipation capacity and collapse load of the wall
material. If the masonry were modeled as a homogeneous isotropic medium with averaged
properties, the predicted collapse multipliers and energy absorption would be distorted,
leading to potentially misleading estimates of projectile velocity and momentum.

By contrast, the proposed homogenization-based approach provides an effective
macroscopic constitutive model that is both computationally efficient and mechanically
consistent with the heterogeneous microstructure. The RVE-based formulation allows the
inverse engineering procedure to account for anisotropy, tension–compression asymmetry,
and shear strength reduction, all of which directly affect impact-induced cracking and
plastic dissipation.

In conclusion, the numerical modeling strategy adopted in this study demonstrates
that a simplified yet mechanically realistic representation of the masonry wall significantly
improves the reliability of inverse ballistic analyses. The combination of geometric ide-
alization, elastic homogenization, and FELA-based limit characterization offers a robust
framework for reconstructing projectile typology from residual impact evidence. In particu-
lar, the derived homogenized limit domain can be used to evaluate plastic dissipation at the
projectile impact and perform the energy balance, as already described in a previous paper
on the same argument for isotropic masonry models [36]. Such an approach strengthens
the mechanical credibility of archaeological interpretations and enhances the quantitative
assessment of ancient warfare technologies.
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