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Abstract

This work investigates the influence of center positioning in Radial Basis Function (RBF)
collocation methods for solving two-dimensional structural problems. The study enforces
equilibrium using the indefinite equations approach and evaluates different center distri-
butions to assess their impact on solution accuracy and stability. The numerical results are
compared against Finite Element Method (FEM) solutions to determine the effectiveness of
the tested approaches. The findings provide insights into optimal node placement strategies,
improving the reliability and applicability of RBF collocation methods in structural analysis.

Keywords: meshless methods; RBF; Kansa method; center distribution; collocation
methods

1. Introduction
Since the earliest stages of scientific inquiry, mathematicians, engineers, and scientists

have sought methods to model and understand the physical world. As models have
grown in complexity, purely analytical solutions have often proven either too approximate
or entirely insufficient. To address this, increasingly sophisticated strategies have been
developed to enable accurate and reliable problem-solving.

In structural and mechanical engineering, the adoption of numerical approaches has
been particularly significant since the mid-twentieth century, when the Finite Element
Method (FEM) became a standard tool for structural analysis [1], while the Finite Volume
Method (FVM) was established in the field of fluid dynamics [2]. Today, the use of numerical
simulations based on FEM is ubiquitous in both research and industrial practice, to the
extent that it is often taken for granted. This widespread reliance stems from the robustness,
scalability, and adaptability of FEM, which has consistently demonstrated its effectiveness
across a wide range of engineering applications.

Nonetheless, FEM also presents limitations in certain scenarios. Challenges arise in
problems involving discontinuities [3], strongly coupled multiscale effects, or situations
where multiple levels of detail are mutually interdependent [4]. Laminated composites
provide a paradigmatic example: reliable predictions of stress at the fiber–matrix interface
can only be achieved by simulations that extend down to the smallest scale, leading to pro-
hibitive computational demands [5,6]. A key difficulty in such cases lies in the dependence
of FEM on computational mesh. The meshing process itself may be resource-intensive,
while the mesh can become an obstacle in problems involving evolving discontinuities,
such as crack propagation, where remeshing is often required. Similar complications occur
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in multiphysics problems with large deformations or mutual interactions, where adaptive
meshing strategies may significantly increase computational cost [7].

Meshless or meshfree methods have emerged as an attractive alternative to mitigate
these issues. By relying solely on nodes or points in the computational domain, they avoid
strict dependence on mesh generation [8]. Although the origins of meshless methods can be
traced back to the 1970s—most notably to Lucy’s pioneering work in astrophysics [9]—the
body of research devoted to these approaches remains relatively modest. Nevertheless,
they have been applied across a wide spectrum of scientific and engineering fields and
continue to offer promising avenues for addressing problems where traditional FEM-based
techniques face fundamental challenges [10]. Several meshfree methods are available in
the literature, spanning from Smoothed Particle Hydrodynamics (HPS) [11] to weak-form
Galerkin meshfree methods [12]. An important class of meshfree methods is represented
by collocation [13]. Through the selection of appropriate collocation or discretization
points, meshless collocation methods transform differential and engineering problems
into algebraic equations that can be solved more efficiently. In this context, Radial Basis
Functions (RBF) led to very successful results [14].

In general, Radial Basis Function (RBF) collocation methods can be broadly divided
into two categories: boundary-type and domain-type approaches. The Kansa method [15],
which forms the basis of the present study, belongs to the latter class. Although this method
has demonstrated remarkable performance in several numerical applications [16], much of
the reported progress in the literature has been guided primarily by intuition rather than
by rigorous theoretical foundations. Furthermore, RBF-based methods still face significant
challenges, including the high computational cost associated with solving the resulting
systems and the severe ill-conditioning of the interpolation matrix, which can compromise
both stability and accuracy [17].

In this work, we investigate the impact of RBF collocation center placement on the solu-
tion of two-dimensional structural problems. Within the proposed framework, equilibrium
is enforced in strong form through the governing equations, while boundary conditions
are imposed using the Kansa method. Different strategies for distributing collocation
centers are examined, ranging from regularly spaced Cartesian layouts to quasi-random
arrangements. Particular attention is devoted to local refinement of the RBF center dis-
tribution in regions characterized by pronounced stress gradients. Furthermore, a novel
strategy is introduced to generate meshless quasi-random point distributions with adaptive
refinement near stress concentrations, thereby enhancing the accuracy of the numerical
solution without incurring excessive computational cost.

We demonstrate that an appropriate distribution of RBF centers within the domain can
achieve a solution quality comparable to that obtained with a much denser discretization,
while significantly reducing the associated computational cost.

2. RBF Interpolation
The Kansa method relies on Radial Basis Function (RBF) interpolation. Since their

introduction, RBFs have been widely employed as a powerful tool for interpolating scat-
tered data in n-dimensional spaces [18], owing to their ability to reconstruct a continuous
analytical function from values known only at a discrete set of source points [19], while
exactly satisfying the prescribed constraints.

The accuracy and performance of the interpolation depend on both the selection of
the interpolation scheme and the specific type of basis function adopted. These basis
functions are typically defined in an n-dimensional space and are formulated as functions
of distance—commonly expressed through the Euclidean norm between pairs of points [20].
By prescribing displacements at a set of known locations, the corresponding values at addi-
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tional points can be recovered, which in turn enables mesh deformation while preserving
the overall grid topology [21,22]. In general, the interpolation function can be expressed as
a basis function s(x) of the form:

s(x) =
N

∑
i=1

γiϕ(∥x − xi∥) (1)

where ϕ(∥x − xi∥) denotes the Radial Basis Function evaluated at the Euclidean norm, and
γi represents a weighting coefficient ensuring that s(x) satisfies the prescribed boundary
values gi at the corresponding RBF centers. Enforcing this condition leads to the solution
of the RBF problem through a linear system of the form:

Mγ = g. (2)

Equation (1) can be extended by introducing an additional polynomial term, which
enables the exact reproduction of functions belonging to the same polynomial class. This
enhancement ensures accuracy not only at the source points but also within the interpo-
lated domain.

The interpolation behavior between prescribed centers, as previously noted, is pri-
marily governed by the choice of the kernel. Radial Basis Function kernels can be broadly
classified into two categories: globally supported and compactly supported, depending on
whether the function attains nonzero values throughout the domain or vanishes outside a
finite support. Representative examples of RBF kernels are reported in Table 1.

Table 1. Common RBF Kernels.

RBF ϕ(r) RBF ϕ(r)

Spline type (Rn) rn, n odd Inverse multiquadratic
(IMQ)

1√
1+r2

Thin plate spline rnlog(r), n even Inverse quadratic (IQ) 1
1+r2

Multiquadratic
(MQ)

√
1 + r2 Generalized

multiquadric (GMQ)
(
ε2r2 + R2)q

RBFs have been used in the past across various engineering domains, from the simu-
lation of shape memory polymer-based structures [23] to strain field retrieval for Digital
Image Correlation methods [24] and flexible circuit boards [25], shaping optimization using
traditional [26] or evolutive approaches [27].

3. Kansa Method
Given the limitations of mesh-based methods previously discussed, particularly the

complexity and computational cost associated with mesh generation, considerable research
efforts over the past decades have focused on developing meshless alternatives. While
many of these approaches rely on Moving Least Squares (MLS) formulations, collocation
methods based on RBF have proven capable of solving Partial Differential Equations (PDE)
in a genuinely meshless manner. These methods are characterized by their conceptual
simplicity and straightforward implementation, both of which stem from the underlying
RBF interpolation.

Following the pioneering work of Kansa [15,28], several variants of RBF collocation
methods have been proposed, including the Hermite collocation method (HCM) [29], the
modified Kansa method (MKM) [30], and the method of particular solutions (MPS) [31],
each differing primarily in whether a boundary- or domain-based approach is adopted. In
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the present work, the standard Kansa method is employed to solve the PDEs of equilibrium
in strong form and to enforce boundary conditions in terms of stresses.

In the Kansa formulation, any differential operator can be applied directly to the
chosen RBF kernel, provided that the basis function is sufficiently smooth to allow the
required differentiability and that it can accurately reproduce the expected physical behav-
ior. This leads to a system analogous to Equation (2), in which a new distance matrix M is
introduced and differentiated as needed according to the governing PDE. The system is
solved by enforcing the prescribed values of the PDEs and of the boundary conditions at
the collocation points. The resulting RBF weights can then be used to recover the target
fields by applying the appropriately differentiated kernel during the interpolation stage.

Although this approach is elegant, powerful, and straightforward, it is not without
drawbacks. The method often results in non-symmetric system matrices, exhibits ill-
conditioning for large-scale problems, and may suffer from reduced interpolation quality
near boundaries. These limitations have motivated this work and remain an active area of
research within the scientific community [14].

Kansa Method for Structural Problems

In this work, as discussed briefly, we solve the structural problem by enforcing the
equilibrium in strong form:

∇·σ + b = 0. (3)

Since in all the demonstrations shown here, body forces b were absent, Equation (3)
for the problem on the plane turns into

∂σx
∂x +

∂τxy
∂y = 0

∂τxy
∂x +

∂σy
∂y = 0

(4)

According to the Kansa approach and solving the problem by considering the Gener-
alized multiquadric RBF kernel

(
ε2r2 + R2)q interpolating the displacements, the strain

components in case of small deformations can be directly obtained by differentiating the
kernel itself. εx, εy and γxy can be indeed written as:

εx =
∂u
∂x

, εy =
∂v
∂y

, γxy =
∂u
∂y

+
∂v
∂x

. (5)

As a demonstration, if the plain undifferentiated multiquadric kernel represents the
displacements, εx can be computed by differentiating the kernel along the x direction:

∂φ(r)
∂x

= q
(

ε2r2 + R2
)q−1

2ε2(x − xi) (6)

For the case of plane stress evaluated in this work, stresses and deformations are
linked using the flexibility or compliance matrix in the form:

εx

εy

γxy

 =


1

Ex
− νxy

Ex
0

− νyx
Ey

1
Ey

0

0 0 1
Gxy




σx

σy

τxy

. (7)

Several strategies can be adopted to improve the accuracy and robustness of solutions
obtained through RBF collocation. One possibility is to modify the choice of the RBF kernel,
and so of its differentiated form, as shown in Equation (6), which directly influences both the
quality of the approximation and the condition number of the distance matrix M. Previous
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studies have shown that the multiquadric kernel represents a particularly effective choice
compared to alternative formulations, especially when differentiation is required, due to its
favorable mathematical properties [5]. In addition, when kernels depend on free parameters,
these can be tuned and optimized to enhance performance in both interpolation [32] and
collocation contexts [33]. Another avenue for improvement involves the use of advanced
numerical techniques to solve the collocation system. Several approaches have been
proposed to alleviate the severe ill-conditioning typically associated with Kansa-type
problems and to reduce the computational burden caused by dense matrices. Methods
such as the Partition of Unity Method (PUM) decompose the global problem into a set
of local problems, thereby converting dense systems into sparse ones. Other approaches
facilitate stabilization through preconditioners or factorization techniques.

In this work, we aim to demonstrate that, in analogy with what is achieved for
interpolation [34], an appropriate placement of RBF collocation centers can significantly
enhance the quality of the numerical solution. Surprisingly, this approach is scarcely
explored in the literature.

4. Validation of the Method
To demonstrate the proposed approach, two 2D problems were tackled using the

Kansa method and compared to a FEM solution.
The two benchmark cases considered in this study are illustrated in Figure 1. In both

configurations, a plate under plane stress conditions is fully constrained at the left edge
and subjected to a prescribed tensile load at the right edge, where vertical displacements
are also restrained. All remaining boundaries are left traction-free, including the central
hole in case (b).

 

(a) (b) 

Figure 1. Test cases to demonstrate the approach and boundary conditions for the Kansa problem:
(a) solid plate; (b) holed plate.

As depicted in Figure 1, where the analytical boundary conditions and the PDEs solved
via the Kansa method are also reported, the strong-form equilibrium equations are enforced
within the interior domain, while a prescribed load in terms of pressure/stress is applied at
the right boundary, together with constraints on the vertical displacement component v.
At the left boundary, both displacement components u and v are fixed, whereas all other
edges are specified as stress-free, including the boundary of the central hole in test case
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(b). According to the Kansa method, it is important to also explicitly include in the RBF
collocation problem the traction-free boundaries.

For both cases, a Young modulus of 1000 MPa and 0.4 Poisson was employed. Hori-
zontal and vertical dimensions of the plates are 10 mm and 5 mm. For case (b), the hole has
a radius of 0.4 mm.

Two strategies for the distribution of collocation centers were examined in both test
cases. The first consists of a uniform arrangement, analogous to that obtained through
mapped meshing. The second employs a similar layout but introduces a higher density
of centers in the vicinity of the boundaries. In this latter approach, the spacing of centers
along the edges, and consequently across the surface, is controlled by a bias parameter.

This parameter, as shown in Figure 2, specifies the ratio between the distance of one
point to its predecessor and the distance to its successor, thereby governing the degree of
clustering near the boundaries. Figure 3 presents the displacement fields u and v for the
solid plate obtained using 3000 uniformly distributed collocation points, while Figure 4
reports the corresponding results for the plate with a central hole.

  
(a) (b) 

  
(c) (d) 

Figure 2. Effect of bias parameter on the distribution of centers. RBF centers for the case of 3000 points
with varying ratios: (a) ratio = 1; (b) ratio = 1.1; (c) ratio = 1.2; (d) ratio = 1.3.

A comparison of the stress component σx against a high-fidelity FEM reference solution
is shown in Figure 5. For the solid plate, the agreement is very good, with a maximum
error of 2.3%. In contrast, for the perforated plate, the discrepancies are considerably larger,
reaching a maximum error of 34% with respect to the FEM reference.

Several combinations of bias values and numbers of collocation centers were investi-
gated, and for each configuration the maximum error relative to the FEM reference solution
was computed. The results are summarized in the plots of Figure 6.

As expected, increasing the number of centers—thereby reducing their average
spacing—leads to a reduction in error with respect to the FEM benchmark. At the same
time, introducing a bias factor greater than unity which increases the density of centers
near the boundaries results in a significant improvement in accuracy. This effect is par-
ticularly pronounced for the perforated plate: the maximum error decreases from 34%
with a uniform distribution (bias = 1) to 2.8% with bias = 1.4, while keeping the total
number of centers unchanged. These results demonstrate that biasing not only reduces the
error for a fixed discretization but also enables comparable accuracy to be achieved with a
substantially smaller number of centers.
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Although these results are encouraging and clearly demonstrate that increasing the
density of collocation points near the boundaries improves the accuracy of the solution,
such distribution strategies cannot be considered fully meshless, since they inherently de-
pend on the geometry of the boundaries themself. One of the key advantages of the Kansa
collocation method lies in its genuinely meshless nature, but the use of biased point distri-
butions partly undermines this feature, reintroducing a dependence on boundary geometry.

Figure 3. Displacements for the solid plate with 3000 uniform collocation points.

Figure 4. Cont.
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https://doi.org/10.3390/engproc2026131037


Eng. Proc. 2026, 131, 37 8 of 12

Figure 4. Displacements for the solid plate with 3000 uniform collocation points. On the upper image,
the baseline geometry is superimposed on the deformed geometry.

  

Figure 5. Comparison of results using 3000 uniform collocation points with regard to the FEM golden
standard. Left: solid plate; right: plate with central hole.

Figure 6. Maximum error with respect to FEM golden standard for solid plate (left) and plate with
hole (right).

For this reason, we also explored an alternative strategy based on Poisson disk sam-
pling, which generates a pseudo-random distribution of points within the domain. A
purely random placement of centers is not a viable option, as it typically results in poor
stability and accuracy: the system matrix may become ill-conditioned due to clustering,
while gaps in the distribution can lead to irregular domain coverage. In the Poisson disk
sampling approach, candidate points are generated randomly but are accepted only if their
distance from previously placed points exceeds a prescribed threshold ρ. This procedure
ensures both randomness and uniform spacing. The concept is illustrated in Figure 7,

https://doi.org/10.3390/engproc2026131037
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where 3000 points are distributed using this pseudo-random technique for different thresh-
old values.

   
(a) (b) (c) 

Figure 7. Poisson disk sampling distribution on the plate domain changing the ρ threshold:
(a) ρ = 0.05; (b) ρ = 0.075; (c) ρ = 0.09.

To combine the advantages of pseudo-random distributions with the variable density
of collocation centers—previously shown to yield beneficial effects—we developed a fully
meshless strategy for adaptive RBF center seeding. In this approach, multiple values of the
threshold parameter ρ are prescribed across the domain and interpolated into a continuous
RBF field, which defines the boundary conditions for the collocation point generation
problem. The pseudo-random distribution algorithm then evaluates each candidate point i,
accepting it only if its distance from existing points exceeds the locally defined threshold ρi.
As a result, the point distribution becomes naturally denser in regions where ρ is smaller
and sparser where ρ assumes larger values.

Figure 8 illustrates this concept for the case of the perforated plate. In the meshless
configuration shown in (a), the threshold parameter is prescribed with smaller values in
the vicinity of the central hole and larger values in regions farther from the boundaries.
This yields the threshold field depicted in (b), which in turn generates the collocation point
distribution presented in (c) using 3000 points.

  
(a) (b) (c) 

Figure 8. Variable pseudo-random distribution of collocation points. (a) Setup of the collocation point
generation problem; (b) RBF field of ρ; (c) resulting center distribution using the proposed approach.

Figure 9 compares the σx field obtained with the proposed center distribution using
3000 collocation points using the Kansa method (a) against a high-fidelity FEM reference
solution with 385,000 nodes (b). The agreement is particularly good in the vicinity of the
hole, where the collocation density is higher. In terms of both maximum and mean errors,
the results are comparable to those achieved with the same number of collocation points
using a biased distribution, as illustrated in Figure 10.

Although mean and maximum errors are comparable to those obtained with biased
distributions, they are achieved here through a fully meshless approach. This formulation
can be extended without effort to more complex geometries or three-dimensional domains
for which the construction of a biased distribution would be considerably challenging.
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(a) (b) 

Figure 9. (a) σx computed using the proposed method employing 3000 centers and (b) FEM result.
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Figure 10. Mean and maximum error of the proposed approach compared to those obtained using
the biased distribution.

5. Conclusions
In this work, we investigate strategies for improving the accuracy and efficiency of

meshless collocation methods based on Radial Basis Functions (RBFs), with particular
emphasis on the Kansa method applied to two-dimensional structural problems. Our
analysis confirms that the spatial distribution of collocation centers plays a critical role in
the quality of the solution.

Initially, biased center distributions were shown to provide significant improvements
in accuracy by locally refining the point density near boundaries and stress concentrations.
However, such approaches compromise the inherently meshless nature of the method, as
the distribution of centers becomes strongly dependent on boundary geometry.

To address this limitation, we proposed and tested a fully meshless strategy based on
Poisson disk sampling. By introducing a variable distance threshold interpolated into a
continuous RBF field, this method enables adaptive pseudo-random point seeding. The
resulting distributions achieve local refinement where needed, while preserving the global
meshless character of the formulation.

Numerical results demonstrate that this approach yields accuracy comparable to
biased distributions while maintaining full scalability to complex geometries and three-
dimensional domains where bias-based techniques would be difficult to implement.

Overall, the proposed methodology highlights the potential of adaptive pseudo-
random distributions to enhance the robustness and flexibility of RBF collocation schemes.
Future research will focus on extending this framework to more complex problems and on
automating the meshless center distribution according to an evolutive approach.
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