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Abstract

With regard to space telescopes, the processing of large optical mirrors has always been
a highlight in the field of optical processing. These mirrors are typically made of hard and
brittle materials such as quartz glass, microcrystalline glass, and silicon carbide. These
materials have long been considered challenging to work with due to their processing
efficiency and propensity for damage. This study proposes a trochoid model considering
the actual motion trajectory of the cup wheel with discrete consolidated abrasive grains.
Through the establishment of a process parameter–mathematical model to establish the
multi-grain coupled motion trajectory, the uniformity of the trajectory is optimized to
increase the material removal rate and reduce the surface damage caused by abrasive
interference. The results show that the process parameter optimization using this model
can effectively reduce the surface roughness of quartz glass grinding. The surface and
sub-surface damage caused by grinding stress are significantly reduced, and the edge
fracture area of quartz glass is decreased. The large contact area at the end face of the
cup-grinding wheel enables a larger grinding depth while ensuring that cracks do not
extend to the sub-surface, improving the overall surface integrity of the mirror.

Keywords: grinding; trochoidal trajectory; cup wheel; quartz glass; surface quality; material
removal

1. Introduction
With the rapid development of space telescopes and large-scale optical systems, the

demand for high-quality large-aperture optical mirrors has increased significantly [1,2].
Quartz glass, microcrystalline glass, and silicon carbide are widely used in space optical
components due to their excellent thermal stability, low thermal expansion coefficient,
and high stiffness [3,4]. However, these materials are typically hard and brittle, making
them extremely difficult to process efficiently while maintaining high surface integrity [5,6].
Grinding remains a critical process in the manufacturing chain of optical mirrors, especially
in the generation of surface shape and the removal of subsurface damage caused by
previous processes [7,8]. Conventional grinding methods often suffer from low material
removal rates, non-uniform abrasive trajectories, and severe surface or subsurface damage,
which restrict their application in high-precision optical manufacturing [9].

Cup wheel grinding has attracted increasing attention due to its large end-face contact
area and strong material removal capability [10,11]. It is widely applied due to its high
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stiffness, strong material removal capability, and suitability for processing complex surfaces.
Numerous studies have examined the grinding force and thermal behavior in cup wheel
grinding, recognizing their decisive roles in process stability, surface integrity, and tool
wear [12]. Grinding force arises from the combined effects of friction, plowing, and chip
formation at the abrasive–workpiece interface, and its evolution has been modeled through
empirical, energy-based, and micro-mechanical approaches over several decades [13,14].
Owing to the distinct geometry of cup wheels, the grinding kinematics differ fundamentally
from those of conventional parallel wheels, leading to radial variations in tangential speed,
grain penetration depth, and undeformed chip thickness across the end face [15,16]. Mean-
while, research on the heat generated during cup-shaped grinding wheel grinding was
proposed and established using discrete abrasive particles as the modeling method [17,18].
However, the motion trajectory of abrasive grains on the cup wheel is complex and strongly
influenced by process parameters. Abrasive interference and non-uniform trajectories can
lead to surface scratches, crack propagation, and edge chipping, particularly when grinding
quartz glass [19,20].

In this study, a trochoidal trajectory model is proposed by considering the actual
motion of discrete consolidated abrasive grains on a cup grinding wheel. A process
parameter–mathematical model is established to describe the multi-grain coupled motion
trajectory. By optimizing the trajectory uniformity, the material removal rate is improved
while surface damage is effectively reduced. Experimental verification is conducted using
an optical curve-grinding machine to evaluate the effectiveness of the proposed model in
improving the surface quality of quartz glass.

2. Cup Wheel Grinding Trochoidal Trajectory Model
During cup wheel grinding, abrasive grains on the end face of the wheel participate

simultaneously in rotational and translational motions. The relative motion between the
abrasive grains and the workpiece surface forms a complex trochoidal trajectory, which
plays a decisive role in material removal behavior and surface formation. Assuming the
grinding wheel rotates at an angular velocity ω and the workpiece feeds at a constant linear
speed v, the trajectory of a single abrasive grain on the cup wheel end face can be described
as a trochoidal curve. The radius r of the base circle can be expressed as follows:

r =
vw

ω
=

vw

2πn
. (1)

The trajectory of a single abrasive grain under this motion can be expressed analytically
by the trochoid equation: {

x = ±rθr + R sin θr

y = R(1 − cos θr)
, (2)

where θr is the angular position of the abrasive grain on the base circle during its rotational
motion. The radial distance R between an abrasive grain and the wheel center defines the
rolling radius of the moving circle. By considering the discrete distribution of abrasive
grains and their actual engagement conditions, the trochoidal trajectory model reflects the
realistic grinding process more accurately than conventional simplified kinematic models.

In cup wheel grinding, the relative motion between abrasive grains and the workpiece
surface is primarily governed by the grinding feed speed and the rotational speed of the
grinding wheel. When grinding depth and abrasive distribution are fixed, the trajectory
characteristics of abrasive grains are dominated by the coupling between the wheel rotation
and the linear feed motion. To quantitatively describe this relationship, the ratio between
the workpiece feed speed v f and the circumferential speed of the grinding wheel vs is
defined as a dimensionless parameter Q2 = v f /vs.
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Under this definition, Q2 directly determines the shape, spacing, and overlap char-
acteristics of the trochoidal trajectories generated by individual abrasive grains on the
workpiece surface. As shown in Figure 1a, when Q2 decreases, the trajectories become
denser and the overlap between adjacent abrasive paths increases, leading to a higher
number of effective cutting engagements per unit area. As a result, the material removal
load shared by a single abrasive particle is reduced, which decreases the maximum cutting
depth of a single abrasive grain. In contrast, a larger Q2 produces a sparser trajectory
distribution with fewer effective abrasive interactions, so each abrasive grain undertakes
a higher removal load and thus exhibits a larger maximum cutting depth.

 

Figure 1. The trajectory distribution of single abrasive particles and multiple abrasive particles on the
workpiece surface under different process parameters Q2.

From a multi-grain perspective, Q2 controls the trajectory uniformity of the abrasive
population on the end face of the cup wheel. As shown in Figure 1b, an excessively small
Q2 leads to redundant cutting paths and inefficient utilization of abrasive grains, while
an excessively large Q2 causes sparse trajectory coverage, increasing the risk of surface
waviness and localized damage. Therefore, an intermediate range of Q2 exists in which
the trochoidal trajectories of multiple abrasive grains are uniformly distributed, achieving
a balance between material removal efficiency and surface quality. By regulating Q2, the
coupled motion behavior of multiple grains can be effectively controlled without altering
wheel structure or abrasive characteristics, providing a straightforward and physically
meaningful parameter for trajectory optimization in cup wheel grinding.
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3. Experimental Setup and Methodology
As shown in Figure 2, the experiments were conducted on an optical curve-grinding

machine equipped with a cup wheel spindle system. Optical-grade quartz glass specimens
were selected as the workpiece material. The workpiece material used was fused quartz
glass (SiO2-based quartz glass). The typical material properties of fused quartz glass
are summarized in Table 1. The specimens were machined into rectangular plates with
dimensions of 200 mm × 200 mm × 10 mm. A vitrified-bond cup grinding wheel with
uniformly distributed abrasive grains on the end face was employed. Careful alignment
and calibration were performed during wheel installation to minimize end-face runout and
angular misalignment.

 
Figure 2. Grinding experimental equipment and tool.

Table 1. Typical material properties of fused quartz glass.

Property Symbol Typical Value Unit

Density P 2200 kg·m−3

Young’s modulus E 72–74 GPa
Poisson’s ratio N 0.16–0.17 –

Vickers hardness HV 9–10 GPa
Fracture toughness KIC 0.7–0.8 MPa·m1/2

Based on the previously established trajectory model, different combinations of work-
piece feed speed and wheel rotational speed were applied to generate a range of values for
the dimensionless parameter Q2. During the experiments, grinding depth, coolant condi-
tions, and abrasive specifications were kept constant in order to isolate the effects of feed
speed and wheel speed on abrasive grain trajectories and surface formation mechanisms.
For each parameter set, stable grinding was performed, and the process was stopped after
an identical grinding length for subsequent surface characterization.

After grinding, the surface roughness of the quartz glass specimens was quantitatively
measured using a surface profilometer to evaluate the influence of different Q2 values
on surface quality. In addition, the ground surface morphology and subsurface damage
characteristics were examined using a super-depth-of-field microscope, with particular
attention given to grinding marks, crack distribution, and material removal features. Fur-
thermore, the edge regions of the specimens were observed under magnification, thereby
assessing the effects of grinding stress and trajectory uniformity on edge integrity.
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4. Results and Discussion
4.1. Trajectory Uniformity Regulated by Q2

The proposed trochoidal trajectory framework indicates that the relative spacing and
overlap of abrasive tracks are primarily controlled by the coupling between workpiece
feed speed vf and wheel circumferential speed vs, represented by the dimensionless ratio
Q2 = vf/vs. In the experiments, varying Q2 produced clearly distinguishable grinding
mark patterns on quartz glass. When Q2 was small (high vs and/or low vf), the scratch
trajectories became densely overlapped. The ground surface exhibited fine, closely packed
grinding marks, suggesting repeated engagement of multiple grains over the same surface
region. As Q2 increased, the spacing between adjacent trochoidal traces widened, and the
track coverage became less redundant. At excessively high Q2, discontinuous coverage
appeared in some regions, characterized by more pronounced individual grooves and
locally non-uniform textures. This confirms that varying Q2 significantly changes the
trajectory coverage characteristics.

Mechanistically, the multi-grain trajectory uniformity can be interpreted as a balance
between two competing effects. A small Q2 enhances the probability that successive
grains pass through the same area, which promotes surface smoothing through repeated
micro-cutting and micro-plowing, but simultaneously increases abrasive interference and
frictional contact. Conversely, a large Q2 reduces interference and encourages more distinct
material removal events per grain track, yet the reduced overlap weakens the averaging
effect on surface topography, making the final surface more sensitive to occasional large
protruding grains or localized wheel wear. Therefore, an intermediate Q2 range exists
where trajectories are sufficiently overlapped to homogenize topography while not so
dense as to cause severe interference, providing the most favorable condition for stable
surface formation.

4.2. Surface Quality Response to Q2 from Overlap Smoothing to Sparse Scratching

As shown in Figure 3, Surface topography measurements show a monotonic depen-
dence on Q2. At relatively small Q2, the roughness decreases compared with conventional
parameter settings, which is consistent with the observed dense and uniform grinding
marks. This reduction can be attributed to the enhanced overlap of trochoidal tracks:
repeated engagement increases the likelihood that surface asperities generated by one grain
are subsequently removed or flattened by following grains, resulting in a “self-averaging”
surface generation process. In addition, denser trajectories distribute the removal load
across more grains per unit area, lowering the effective undeformed chip thickness per
grain and reducing the formation of deep grooves.

Edge integrity is a critical quality metric for optical components because edge chipping
can propagate during subsequent handling or polishing. For hard–brittle materials such as
fused quartz, edge chipping is mainly induced by crack initiation and propagation under
high local stress near the free edge, where the material lacks lateral support. When Q2

is excessively large and the track coverage becomes sparse, some abrasive grains may
intermittently engage the edge region with a relatively large instantaneous penetration
depth, generating local overload events and promoting the formation of lateral/median
cracks that can extend toward the boundary and cause edge breakout. In contrast, when
Q2 is tuned to provide denser and more uniform trajectory overlap, the edge region experi-
ences a more continuous and distributed removal process. This reduces load fluctuations
and stress concentration near the free boundary, thereby suppressing crack growth and
decreasing the occurrence of edge chipping. Therefore, the observed reduction in edge
fracture area under the optimized Q2 condition provides evidence that trajectory-based
regulation improves not only surface topography but also edge failure resistance.
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Figure 3. Surface morphology of the workpiece under different process parameters Q2 at the same
grinding depth: (a) Q2 = 1, (b) Q2 = 0.1, (c) Q2 = 0.01.

4.3. Balancing Efficiency and Integrity via Q2

The results collectively indicate that the optimal parameter design is not tied to a single
“best” feed speed or wheel speed independently, but rather to maintaining a favorable ratio
Q2. This is advantageous for process planning because productivity (increasing vf) can be
improved while preserving surface integrity by proportionally increasing vs to keep Q2

within the optimal window. Once an acceptable range of Q2 is identified experimentally for
a given wheel–workpiece combination, productivity can be increased by raising the feed
speed vf while simultaneously increasing the wheel speed vs to maintain Q2 within the
optimal band. In other words, instead of searching for a “best” feed speed or a “best” wheel
speed separately, the process engineer can design parameter sets along lines of constant Q2,
treating Q2 as a constraint that guarantees surface integrity, and using absolute values of vf

and vs mainly to adjust the material removal rate and thermal loading within machine and
cooling limits.

For large-aperture optical mirrors, where both throughput and subsurface integrity
are critical, this constant-Q2 design concept is particularly valuable. It allows the grinding
system to operate closer to its capacity in terms of material removal rate, while the risk of
overcutting, crack propagation, and edge chipping is controlled via the trajectory uniformity
encoded by Q2. In this sense, Q2 serves as a compact, mechanism-based process index that
bridges kinematic conditions, trajectory formation, and damage evolution, and provides
a systematic basis for balancing grinding efficiency against surface and subsurface quality
in cup wheel grinding of brittle optical materials.

5. Conclusions
This study developed a trochoidal trajectory model for cup wheel grinding and demon-

strated that the relative kinematic parameter Q2 = v f /vs governs the fundamental behavior
of abrasive motion and surface formation in quartz glass grinding. The model reveals that
Q2 directly controls the spacing, overlap, and uniformity of multi-grain trajectories, thereby
determining whether the material removal process is dominated by smoothing through
dense, overlapping tracks or by sparse scratching under insufficient trajectory coverage.
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Experimental results show that surface roughness, subsurface crack depth, and edge
chipping all exhibit a strong dependence on Q2. A small Q2 leads to overly dense trajecto-
ries and abrasive interference, whereas a large Q2 induces localized stress peaks and brittle
fracture. An optimal range of Q2 exists where the trajectories are uniformly distributed, re-
sulting in minimized roughness, reduced subsurface damage, and improved edge integrity.
These findings indicate that maintaining a proper Q2 value offers a practical and physically
meaningful strategy for balancing grinding efficiency and surface integrity. Instead of
optimizing feed speed or wheel speed independently, process parameters can be selected
along lines of constant Q2 to achieve both high material removal rates and low-damage
grinding. The proposed trajectory model and the identified Q2-based control principle
provide valuable guidance for high-precision, high-efficiency machining of brittle optical
materials, particularly large-aperture quartz glass optics.

Although the proposed trochoidal trajectory model can effectively describe the kine-
matic distribution and overlap characteristics of discrete abrasive grain trajectories, several
limitations should be noted. First, the model primarily focuses on the geometric–kinematic
behavior of abrasive motion and does not explicitly consider the stochastic variations in
abrasive grain properties, such as grain size distribution, grain shape, protrusion height,
and bond-related constraints, which may influence the actual single-grain cutting depth
and the local material removal behavior. Second, the grinding wheel condition is assumed
to be constant during the process. In practical grinding, wheel wear, grain fracture, pull-out,
and wheel loading can change the effective abrasive density, cutting sharpness, and the
contact state, thereby affecting the surface integrity and potentially altering the trajectory
uniformity over time.

Future studies will extend the proposed trochoidal trajectory model to other typical
hard–brittle optical materials, such as silicon carbide (SiC), sapphire, optical glass, and glass
ceramics, where surface integrity and subsurface damage are also critical. In addition, the
model will incorporate wheel wear evolution and abrasive property randomness into the
trajectory-based model to improve prediction accuracy under long-duration and industrial
grinding conditions.
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