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Abstract

The present paper investigates the dynamic behavior of an unbalanced rotor mounted in
a balancing machine. Differential equations of motion are derived without linearization
using Lagrange equations of the second kind to determine the nonlinear nature of the
system. This study proposes a method for using differential equations in balancing to
determine important parameters, such as the coordinates of the center of mass and the
products of inertia of the rotor. An analysis of the interactions between the periodicities of
the individual terms in the differential equations is carried out in order to eliminate terms
with difficult-to-determine moments of inertia.
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1. Introduction
The assumption of purely linear mechanical systems can be reasonably questioned

at the outset of any serious engineering analysis. Most mechanical systems are nonlinear,
with the most common types of nonlinearity in mechanical engineering being geometrical
nonlinearities, physical nonlinearities, structural or designed nonlinearities, unilateral
constraints and friction-induced nonlinearity [1]. For example, in papers [2,3], the authors
consider a linearized model, assuming from the outset that the rotation angles are small.
A similar model is discussed in [4], but the equations are nonlinear, as the nonlinearity in
the system is caused by contact interactions involving friction and impacts (rub–impact).
There are numerous papers on rotor dynamics that account for geometric nonlinearity.
Some examples can be found in [5,6]. In [5], a nonlinear model of a rotor consisting of a
flexible shaft and an unbalanced rigid disc is considered. In [6], the rotor is rigid, and the
point masses are additionally included. In both studies, the differential equations of motion
are nonlinear, as their derivation is approached from the most general case of rigid body
motion and Euler angles are used. In paper [7], the nonlinear dynamics and bifurcation
behavior of a rotor supported by sliding bearings are investigated, where nonlinearity
originates from the hydrodynamic forces in the bearings. There are numerous publications
on nonlinear mechanical systems involving rotors modeled using the finite element method.
Examples can be found in references [8–10]. Detailed information on linear and nonlinear
rotor dynamics can be found in [11]. The book describes both the vibrations of elastic rotors
with rigid disks and the vibrations of continuous rotors. Interesting models of vibrating
systems that include rotors can be observed in problems concerning balancing. The literary
source [12] pertains to this topic. The paper [13] presents a review of rotor balancing
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methods, including traditional approaches such as the influence coefficient method and
modal balancing, discussing their advantages and disadvantages. It also covers new
methods and current research trends in the field.

In most studies related to rotor balancing, the models consist of a balanced, symmetric
basic rotor with attached point masses. This paper will not consider such a model exactly
but will consider a rotor whose mass center does not lie on the axis of rotation and on
which the products of inertia are not equal to zero. This paper does not cover balancing
methods and principles. Instead, it focuses on a study aimed at establishing a method for
determining the position of the rotor’s center of mass and the values of the products of
inertia through the use of nonlinear differential equations of motion.

2. Dynamic Model and Differential Equations of Motion
The mechanical system (Figure 1a) consists of an unbalanced rotor (1), two pedestals

(2 and 3) and four beams (4, 5, 6 and 7). The beams are assumed to be massless and elastic.
They are connected to a rigid base (8). The rotor drive is not modeled, and for the purposes
of this study, it is assumed that the driving and resisting torque are equal, resulting in
rotation at a constant angular velocity, ω3, around the z′ axis. Further details of the model
can be found in Figure 1 or in [14]. Unlike in [14], in the present work, the differential
equations of motion are derived using a different method and without linearization.

 
(a) (b) 

 
 

(c) (d) 

Figure 1. A dynamic model. (a) Mechanical system; (b) rotor; (c) coordinate axes in the horizontal
plane; (d) coordinate axes in the vertical plane.

The choice of coordinate systems (Figure 1b–d) is very important for formulating
the differential equations of motion. To analyze the motion, one fixed (inertial reference
frame Oxyz) and three moving coordinate systems are used, two of which are rigidly
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attached to the rotor. The coordinate systems attached to the rotor are O′x′y′z′ and Cξηζ.
Point C is the center of mass of the rotor. Axes ξ, η and ζ are parallel to axes x′, y′ and z′,
respectively. Coordinate system O′x1y1z1 moves in such a way that the vertical x1 axis
always remains parallel to the vertical x axis. The z′ and z1 axes coincide. Bodies 2 and 3
move translationally along the y coordinate axis, and therefore, the coordinates of points A
and B along this axis are essential for describing their motion (Figure 2).

  
(a) (b) 

Figure 2. (a) Pedestal 2; (b) Pedestal 3.

The relations between the unit vectors of the coordinate systems are

→
e x1 =

1
0
0


xyz

,
→
e y1 =

 0
cos θ

sin θ


xyz

,
→
e z1 =

 0
− sin θ

cos θ


xyz

→
e x =

 cos φ

− sin φ

0


x′y′z′

,
→
e y =

cos θ sin φ

cos θ cos φ

− sin θ


x′y′z′

,
→
e z =

sin φ sin θ

sin θ cos φ

cos θ


x′y′z′

(1)

→
e ξ =

→
e x′ =

 cos φ

sin φ cos θ

sin φ sin θ


xyz

,
→
e η =

→
e y′ =

 − sin φ

cos φ cos θ

cos φ sin θ


xyz

,
→
e ζ =

→
e z′ =

 0
− sin θ

cos θ


xyz

Lagrange equations of the second kind are used to determine the differential equations
of motion. They are

d
dt

∂L
∂

.
qj

− ∂L
∂qj

= Qj (2)

where

• qj is the j-th generalized coordinate;
• L = T − V is the Lagrangian function;
• T is the kinetic energy of the mechanical system;
• V is the potential energy;
• Qj is the generalized force corresponding to the j-th generalized coordinate.

The mechanical system has two degrees of freedom and generalized coordinates are
chosen, q1 = yO′ and q2 = θ.

The following kinematic relations are required to determine kinetic energy T:
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→
r C =

 x′Ccosφ − y′Csinφ

yO′ + x′Csinφcosθ + y′Ccosφcosθ

x′Csinφsinθ + y′Ccosφsinθ


xyz

,
→
r A =

 0
yO′ + lA sin θ

−lA cos θ


xyz

,
→
r B =

 0
yO′ − lB sin θ

lB cos θ


xyz

(3)

where

• O′A = lA, O′B = lB are distances;
• x′C, y′C are coordinates of the rotor center of mass.

From the above equations, the velocity of the rotor’s center of mass, C, and the
velocities of points A and B can be easily determined. For points A and B, it is valid that

yA = yO′ + lA sin θ ⇒ .
yA =

.
yO′ + lA

.
θ cos θ

yB = yO′ − lB sin θ ⇒ .
yB =

.
yO′ − lB

.
θ cos θ

(4)

The angular velocity vector is determined by

→
ω =

.
θ
→
e x1 +

→
ω3 =

.
θ
→
e x1 + ω3

→
e z′ (5)

The kinetic energy of the mechanical system is determined by

T = T1 + T2 + T3 =

(
1
2

m1v2
C +

1
2

Iξ ω2
ξ +

1
2

Iηω2
η +

1
2

Iζ ω2
ζ − Iξηωξ ωη − Iξζωξ ωζ − Iηζ ωηωζ

)
+

1
2

m2v2
2 +

1
2

m3v2
3 (6)

After certain transformations using the relationships from Equations (3)–(5), it follows that

T = 1
2 m1

( .
y2

O′ + 2x′C
.
yO′ω3 cos φ cos θ − 2x′C

.
yO′

.
θ sin φ sin θ − 2y′C

.
yO′ω3 sin φ cos θ − 2y′C

.
yO′

.
θ cos φ sin θ

)
+

+ 1
2 Ix′

.
θ

2
cos2 φ + 1

2 Iy′
.
θ

2
sin2 φ + 1

2 Iz′ω
2
3 + Ix′y′

.
θ

2
sin φ cos φ − Ix′z′ω3

.
θ cos φ + Iy′z′ω3

.
θ sin φ+

+ 1
2 m2

( .
yO′ + lA

.
θ cos θ

)2
+ 1

2 m3

( .
yO′ − lB

.
θ cos θ

)2
(7)

This transformation is very important because the coordinates of the center of mass

(x′C, y′C) and the products of inertia
(

Ix′z′ , Iy′z′
)

with respect to the coordinate system

O′x′y′z′ are important for the analysis.
The gravitational potential energy, Vg, of the three bodies in this idealized model has

no effect on the differential equations, so it will be ignored in the following analysis. To
determine the elastic potential energy, Ve, of the beams (four in number), the equation for

strain energy Ui =
l∫

0

M2dxb
EI

(due only to the bending moment) and Castigliano’s second

theorem ∆j =
∂Ui
∂Pj

are used [15]. For this transformation, it is assumed that the pedestals
move translationally, and the cross-sections of the beams at their connections with the
pedestals do not rotate. The deformed shape of the beams with the pedestals is shown in
Figure 2. After certain transformations, the potential energy of the four elastic beams is

Ve = 2
(

6EI
l3

)
y2

A + 2
(

6EI
l3

)
y2

B =
12EI

l3 (yO′ + lA sin θ)2 +
12EI

l3 (yO′ − lB sin θ) (8)

where

• l is beam length;
• E is Young’s modulus [16];
• I is moments of inertia of the beam cross-sections.
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The generalized forces are determined from

Qj = − ∂R
∂

.
qj

(9)

where the dissipation function is

R(v) =
1
2

[
2β

.
y2

A + 2β
.
y2

B

]
= β

( .
yO′ + lA

.
θcosθ

)2
+ β

( .
yO′ − lB

.
θcosθ

)2
(10)

In the last equation, β is the coefficient of linear (viscous) resistance.
After substituting Equations (7)–(9) into (2), the differential equations of motion are

..
yO′

(
1 + m2

m1
+ m3

m1

)
+

..
θ
(

m2
m1

lA − m3
m1

lB

)
cos θ −

..
θ(x′C sin φ + y′C cos φ) sin θ − 2

.
θω3(x′C cos φ − y′C sin φ) sin θ−

−
.
θ

2
(x′C sin φ + y′C cos φ) cos θ +

.
θ

2(m3
m1

lB − m2
m1

lA

)
sin θ − ω2

3(x′C sin φ + y′C cos φ) cos θ+

+ 2c
m1

.
yO′ + c

m1

.
θ(lA − lB) cos θ + 2k

m1
yO′ + k

m1
(lA − lB) sin θ = 0,

(11)

..
θ
(

m2l2
A cos2 θ + m3l2

B cos2 θ + Ix′ cos2 φ + Iy′ sin2 φ + 2Ix′y′ sin φ cos φ
)
+

..
yO′ [m2lA − m3lB] cos θ−

− ..
yO′m1

(
x′C sin φ + y′C cos φ

)
sin θ + 2

.
θω3

[(
Iy′ − Ix′

)
sin φ cos φ + Ix′y′

(
cos2 φ − sin2 φ

)]
−

.
θ

2(
m2l2

A + m3l2
B
)

sin θ cos θ+

+c(lA − lB)
.
yO′ cos θ + c

.
θ
(
l2
A + l2

B
)

cos2 θ + k(lA − lB)yO′ cos θ + k
(
l2
A + l2

B
)

sin θ cos θ = −
(

Ix′z′ sin φ + Iy′z′ cos φ
)

ω2
3

(12)

where φ = ω3t, c = 2β and k = 24EI
l3 .

3. Numerical Solution
Values of the parameters are given in Table 1.

Table 1. Values of the parameters.

Parameter Value

m1 1.445 kg
Ix′ 0.0017839818747 kg·m2

Iy′ 0.0017842635736 kg·m2

Ix′y′ 2.4396 × 10−7 kg·m2

Iy′z′ −6.0812 × 10−7 kg·m2

Ix′z′ −1.0533 × 10−6 kg·m2

x′C 1.28 × 10−5 m
y′C 7.4 × 10−6 m
k 4270.7 N/m
c 0.2 N·s/m

m2 0.145 kg
m3 0.145 kg
lA 0.0999682 m
lB 0.1000318 m
ω3 150 rad/s

By numerically solving the differential equations, the frequencies at which the vi-
bration amplitudes reach their maximum values can be identified, corresponding to the
system’s natural frequencies. The approximate values are ωn1≈ 69.94 rad/s and ωn2 ≈
131.62 s−1. For this reason, the angular velocity of the rotor is chosen to be ω3 = 150 rad/s.

In the numerical solution, at the beginning of the simulation, apart from the forced
vibrations, there are also damped free vibrations. They are not the subject of the present
study, and that is why the solution is given in the interval from 80 to 80.5 s. Variations in
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the kinematic quantities yO′ ,
.
yO′ ,

..
yO′ , θ,

.
θ,

..
θ,

.
yA and

.
yB as functions of time t are shown in

Figures 3–5, respectively.

Figure 3. Variation in yO′ ,
.
yO′ and

..
yO′ as a function of time.

Figure 4. Variation in θ,
.
θ and

..
θ as a function of time.

Figure 5. Variation in
.
yA and

.
yB as a function of time.

The numerical solutions show that the dependencies between the amplitudes and the
phases of displacement, velocity, and acceleration—or, respectively, of rotation, angular
velocity, and angular acceleration—are approximately similar to those in a linear system.

https://doi.org/10.3390/engproc2025121005

https://doi.org/10.3390/engproc2025121005


Eng. Proc. 2026, 121, 5 7 of 9

4. Analysis of the Differential Equations of Motion
The differential equations of motion are nonlinear, and their analytical study is com-

plicated. A key aspect of this analysis is the variation in the first and fourth terms of the
second differential equation (Equation (12)). These terms are

K1 =
..
θ
(

m2l2
A cos2 θ + m3l2

B cos2 θ + Ix′ cos2 φ + Iy′ sin2 φ + 2Ix′y′ sin φ cos φ
)

(13)

K2 = 2θ̇ ω3

[(
Iy′ − Ix′

)
sin φ cos φ + Ix′y′

(
cos2 φ − sin2 φ

)]
︸ ︷︷ ︸

K∗
2

(14)

The two terms contain mass moments of inertia Ix′ , Iy′ and products of inertia Ix′y′ ,
which are difficult to determine experimentally. Therefore, certain points in time are sought
at which both terms are minimal or equal to zero. Figure 6 shows the variation in

..
θ and the

term K∗
2 from Equation (14). From the figure, it is evident that at

..
θ = 0 (point X), the term

K∗
2 is also equal to zero. This is important for the subsequent investigations.

Figure 6. Comparison of the quantities
..
θ and K∗

2 .

5. Application of Differential Equations for Rotor Balancing
In balancing, differential equations can be very useful, as they make it possible to deter-

mine the coordinates of the mass center (x′C, y′C) and the products of inertia
(

Ix′z′ , Iy′z′
)

.
For this purpose, the following parameters must be determined experimentally in advance:
m1, m2, m3, lA, lB, c, k, ω3.

Since four unknowns are being sought, it is necessary to add two more equations. In
order to easily relate them to the unknowns x′C, y′C, Ix′z′ and Iy′z′ , a test point mass, mt,
should be added at a known location, and the differential equations of motion should be
formulated once again. Equation (11) and its equivalent with an added test mass, mt, can
be used to determine x′C and y′C. Equation (12) and its equivalent with an added test mass,
mt, can be used to determine Ix′z′ and Iy′z′ .

To determine the rotation angle, φ, and the kinematic quantities from Equations (11)
and (12), it is necessary to perform two measurements (with and without a test mass).
Among the kinematic quantities, it is sufficient to determine

∣∣ .
yO′

∣∣
max and

∣∣∣ .
θ
∣∣∣
max

. This can
be performed by measuring the vibrations at points A and B (Figure 1c) and then using
Equation (4).
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6. Conclusions
This paper presents a detailed analysis of the dynamics of an unbalanced rotor in

a balancing machine. The derived differential equations of motion, determined using
Lagrange equations of the second kind, clearly reflect the nonlinear nature of the system.
Numerical solutions showed that the system’s behavior largely corresponds to that of a
linearly oscillating system.

Based on the derived differential equations, it was established that, for given values of
specific parameters of the mechanical system, supplemented by experimentally measured
vibrations at two points on the rotor (points A and B), the identification of the location of
the mass center and the products of inertia of the rotor can be carried out. The analysis
revealed a regularity in the periodicity of specific terms in the differential equations, which
enables the elimination of some of them—specifically, the terms containing unknown mass
moments of inertia. The obtained results can be used for the development of new methods
for the precision balancing of rotors.
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