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Abstract: Robot manipulators have played an enormous role in the industry during the twenty-first
century. Due to the advances in materials science, lightweight manipulators have emerged with low
energy consumption and positive economic aspect regardless of their complex mechanical model
and control techniques problems. This paper presents a dynamic model of a single link flexible robot
manipulator with a payload at its free end based on the Euler-Bernoulli beam theory with a complete
second-order deformation field that generates a complete second-order elastic rotation matrix. The
beam experiences an axial stretching, horizontal and vertical deflections, and a torsional deformation
ignoring the shear due to bending, warping due to torsion, and viscous air friction. The deformation
and its derivatives are assumed to be small. The application of the extended Hamilton principle while
taking into account the viscoelastic internal damping based on the Kelvin—Voigt model expressed
by the Rayleigh dissipation function yields both the boundary conditions and the coupled partial
differential equations of motion that can be decoupled when the manipulator rotates with a constant
angular velocity. Equations of motion solutions are still under research, as it is required to study
the behavior of flexible manipulators and develop novel ways and methods for controlling their

complex movements.

Keywords: flexible manipulator; Euler-Bernoulli beam; Viscoelasticity; Kelvin-Voigt model; Rayleigh
dissipation function; extended Hamilton principle; partial differential equations

1. Introduction

The focus of robotics research in the last decade has been on building lightweight ma-
nipulators due to their low energy consumption despite their complex mechanical models
and control systems. Lightweight manipulators are considered flexible manipulators that
suffer from flexural effects, which leads to growing interest toward modeling and control
architecture of such systems. In general, the research is restricted to single-link flexible
manipulator [1] due to the intricacy of serial link flexible manipulators. In the literature, the
single link is usually modeled by one deformation parameter [2], and the kinematics of the
Euler-Bernoulli beam is usually approached by the assumed traditional deformation field
that cannot allow having an orthogonal elastic rotation matrix to the second-order. For this
article, the deformations and their partial derivatives are assumed to be small. The kine-
matic model described in Section 2.1 is based on the complete second-order deformation
field [3]. Section 2.2 presents the dynamics model that includes the kinetic energy and po-
tential energy of the system that is composed of gravitational and strain potential energies
due to gravity and elasticity. Section 2.3 takes into account the Rayleigh dissipation function
due to motor friction and the viscoelastic internal damping based on the Kelvin—Voigt
model. Section 2.4 gives the motion equations using the extended Hamilton principle that
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yields four partial differential equations satisfied by the deformation variables and seven
boundary conditions. Lastly, Section 3 deals with the decoupling of partial differential
equations in a particular case which allows small simplifications of the equations.

2. Mechanical Modeling

The system consists of a base subjected to an applied torque T}, by a motor, a flexible
link modeled as an Euler—Bernoulli beam with a circular cross-section with radius R and
length L, and a payload with mass m,, and inertia matrix I, at the free end of the link. The
beam is subjected to an axial stretching u(x, t), a horizontal deflection v(x, t), a vertical
deflection w(x, t) and a torsional deformation ¢(x, t), as shown in (Figure 1a,b) where the
axis Z; is perpendicular to the ground. The beam deformations and their partial derivatives
are assumed to be small, and shear due to bending, warping due to torsion, and air viscous
friction are neglected. To simplify the notation, u(x,t), v(x, t), w(x,t), ¢(x, t),% (L), %()

are denoted by 1, v, w, ¢, () and (.)’ respectively.

nA Y] A

(a) Front view (b) Top view
Figure 1. Flexible beam with payload.

2.1. Kinematics

Let Ry be an inertial frame with origin Op, R a frame attached to the motor with
origin O; that coincides with Oy, and R, a frame attached to the cross-section of mass
dm whose axes are parallel to those of R before deformation and whose origin Oy, is
the center of the cross-section that is at a distance x from O; along the neutral axis of the
link before deformation. The rotation matrix of R relative to R [4] is °R; = R 7,6 which
means the frame R; rotates by an angle 6 of about Z.

The position of Oy, relative to R expressed in R after deformation [3] expressed by:

—_ 1 X
10104 = [x+u =5 [ (07 +w?)ds,0u]f M)
JO
The rotation matrix of R, relative to R after deformation [3] is:
1— %(0/2 + w/Z) —o + u'v' — w/¢ —w + u'w' + v/¢

1R, = o —u'v 1— %(v’z +¢?) —¢p— %v’w’ 2)

w —u'w (P _ %v/w/ 1— %(wlz + 4)2)
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1
1@:[L+w—f

'R is verified to be orthogonal to the second-order of Taylor expansion in the deformation
variables. Let P be a point of the cross-section with (, y, z) its coordinates relative to R before
deformation. The position of P relative to R expressed in R after deformation [4] is

— o p
1@ =1 Olodm =+ 1Rdm dmodm

where d"’m =1[0,y,2z)" and OW’ = OR; 1@.

Let R, be a frame attached to the free end of the link whose origin is O, and obtained
from R4, by replacing x by L (for example v(x,t) at x=L becomes v(L, t), shortened vy).
If the position of the center of mass C of the payload relative to R, expressed in R; is

2078 = [c,0,0]7, then the position of C relative to R, expressed in R is given by:

L 1
/0 (0" + w'?)ds + c(1- E(U’Lz + w’f)),vL +c(v] —u}oh),wp + c(w) — ujwh)]T 3)

—
Since 1@ = 10,0, + 1R, z(ﬁ, and 'R, is deduced from 1R, by replacing x by
L; hence, OO? =0R, 10? . The angular velocity of R, relative to R expressed in R is

00, s0 = [0,0, 0]T . The angular velocity of R, relative to R expressed in R [4] is found
from the following matrix

0 —w; Wy
S= "Ry, 'RE = | w; 0 —wy
Hence,
—
10alm/l = [wx/ wy/wz}T

P
The Taylor expansion of 1Qj,,/; to the second-order in the deformation variables
and after simplification gives:

o1 ; ;
Wy X p+ 5 (' — ') wy &~ + i'w +u'w 40 w; 20 — ' — ' + gu' @)

Hence, the angular velocity of R, relative to R expressed in R is given by:
— = —>
"m0 = Q0+ "Re ' Qs
The gravity vector is represented in R by: g = [0,0, —g]7.

2.2. Dynamics
2.2.1. Kinetic Energy

The kinetic energy T of the system is the sum of kinetic energies: Ty of the base, T; of
the flexible link and T}, of the payload. Where Tp = %I 362, with I is the base inertia about
the Zj axis. The kinetic energy of the link [5] is given by:

_ 1 by B 1 rR VR2—-z2 L 2
T = 2 ///V U(P/O) dm = 2 /z:7R /yzf\/szzz x:0pv<P/0) dxdydz ©)

Since the beam cross-section is circular, y*> 4+ z2 = 12, r € [0,R] and the last triple
integral is written [6] as:
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L 2rdrdyd
- E-/V:O -/7:0 ./xzopv(P/O) rardrydx (6)

where y = rcos(y), z = rsin(vy). Therefore, the kinetic energy of the link linearized to the
second-order and after simplifications is given by:

L 1 1 L
T = ‘D{nRz/ (12 + 0% + w?)dx + 771'R4 / (0" 4w + 2¢%)dx + 62 [ R?L3 + = 7rR4L + nRz/ (u? + v?)dx+
0 0

2
T o4 ” 2 N P S N S 2 5
47rR / w“dx +27R / xudxfzrcR / (L7 — x%)(v"" + w")dx| + 26| R / xodx— (7)
0 0
1 L . L
1 R4/ (—z>’+u’z/+u’z>’—2w’<p)dx+n:R2/ (uv—uv)dx”
0 0

The kinetic energy of the payload [7] is expressed by :

11— — 1
Ty = 5010y 0 + 5myv(C/0)° ®)
L It I5
where [, = | Iy I Ig| and Q) is obtained from Qdm /0 by replacing x by L; hence, the
Is Is I

expression of Tj linearized to the second-order in the deformation variables is given by:
T, = % {Il (4}%(:05(9)2 + wsin(6)? + 24}Lw’Lcos(9)sin(9)) +1 (¢Lszn(9)2 + w/cos(9)* — 2¢Lw’Lcos(9)sin(9))
+1I3 (92 + 0 4+ 20(0] — ) o] —uj o) + (,wa’L)) + 21y ((ch Wi?)cos(0)sin(0) — prw} (2cos(8)* — 1)) +
215( ((4>L + = 1 (U’Lw’L — ojwy))cos(0) — (—wy + ujwy + upwy +vpdr) sin(@)) + ) dprcos(8) + z}’Lw’Lsin(G))
+ 216< ((4’L + - ! (U'LZU/L —vhwy))sin(0) + (—wy + ujwy +upwy +vpdr) cos(G)) + ) Pprsin(0) — z)’Lw’Lcos(G))} + )
;m,, [uL—H)L—l-wL—i—C (0 4+ W) + 2¢c(0,9), + wra}) +92<L2+uL+vL+c (1- +2L [ug — 7/ V2 + w'?)ds+

2
g (oL +CUIL)>:|

1 L .
c(1- SR+ w’f))} +2c(up +opvy) — C/O (v + w'z)ds) + 29((L +¢) (vr + c(op —upop —upoh)) + ug (op + cop)—

2.2.2. Potential Energy

The potential energy V of the system is the sum of potential energies:Vp of the base,
V; of the flexible link and V), of the payload. The potential energy Vg of the base which is
its gravitational potential energy equals a constant Cp because its mass center is fixed in
the inertial frame Ry whose origin level is taken as reference Vg = Cp.The potential energy
of the link is the sum of its gravitational potential energy and its strain energy:

Vi= Vgravit + Vstr (10)

Veravit 18 the gravitational potential energy of the link [7] that equals:

Veravit = —/r 0/ /x » g(ﬁprdrd'ydx —pgnRz/ wdx (11)
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Vistr is the strain energy of the link [8] and it is the sum of strain energies due to
different strains:
Vstr = Vi + Vo + Vo + ch (12)

The expressions of different strain energies [9] are:

L 1 1 L 1 1 L
V, = 1 Eu?dv = 1nRzE u%dx V, =2 Ev"?ydV = ZaR*E | vPdx V== Ew'?z2dV = —nR*E | w"dx
2 v 2 0 2 1% Y 8 0 2J)))v 8 Jo
Vo= [[] cretav = 1nR‘*G/L ¢dx
] % 4 0

where E and G are the young modulus and the shear modulus of the beam material respec-
tively. The potential energy of the payload is its gravitational potential energy that equals:

V, = —mp?(ﬁ = mpg (wL +c(w) — u’Lw’L)) (13)

2.3. Rayleigh Dissipation Function

Rayleigh dissipation function Z expresses the energy dissipated due to motor friction
and internal damping effect of each deformation (1, v, w, ¢), the dissipation is based on the
Kelvin—-Voigt model [10], and can be expressed [11] as follows:

R = Rot + B + Roo + B + Ry (14)

where

. L . L - L
By = & ole,dv = aR2Cy Wdx By = ode,dV = lnR‘le xRy = 0 éudV = 1711<4cz W' dx
u v

2 v 2 x=0 2 v 8 =0 2 v 8 =0

Lrrf a. 1 4 LY ' 1, »
@B, — _ - 9 - =
Ty =5 ///V wipdV = L TRICo /X:0¢ Ax ot = 5bud

Since

//|:

leul= |“/| ’ ‘75 = Cxéy, |es|= |y ‘T’COS('Y)UN‘ ’ ‘Tg = Cyéy,

//|: //|

lew|= |zw rsin(y)w"| , o = Czéw, [vg|= [r¢’| and T:; = Co'¥y-

2.4. Motion Equations

The extended Hamilton principle [12] is used to get motion equations and bound-
ary conditions: 0 = fttlz((ST — 8V + Tyot 60 + 87)dt where 4 is the variation of work
done by the dissipative forces, its expression is derived from Rayleigh dissipation func-
tion as follows: If the expression of Rayleigh dissipation function is given by: #Z =
% Iff c?¢dV, then the expression of work variation 6 done by dissipative forces is:
6 = — [[[, 0% 6edV . Hence, using the fact that the beam is clamped at the joint i.e.,
u(0,t) =v(0,t) =w(0,t) = ¢(0,t) =0,7/(0,t) = w'(0,t) =0

The dynamic equation associated with 6 is given by:
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Toot = by + %IB@)' — {Il (cos((?)sin((%‘)(u‘J’L2 — ¢?) + prav] (2cos(8)* — 1)) +5 <cos(9)sin(9)(4}% — W) — L) (2cos(6)? — 1))
+1y (((,b% — W) (2cos(0)* — 1) + 44}Lw’Lcos(9)sin(6)> +0[(¢ + %(U’Lw’L —opw}))(—Issin(0) + Iscos(0))+
(=} + uywy + upwy 4+ vy ¢r)(—Iscos(0) — Iesin(0))] + 0} [¢r ( — Issin(0) + Iecos(0)) + wy (Iscos(6) + Iesin(0))] —
% (13 (0 + 0 —upop —upop + grwy) + (¢r + %(U'Lw’L —opwy))(Iscos(0) + Igsin(0))+
L
(=} +ujw) +ulw) + vy dr)(—Issin(8) + Iscos(0)) + mp{é (L2 +u + 02 +c*(1—wp) +2L[ug — % /0 (0" + w'?)ds+ (15)

1 L
c(1 = 5(F +wf))] +2¢(ur +vr0}) - C/o (v + w’z)ds) + (L+¢) (01 + c(0), — 0] —ulo})) +ug (o + o)) —

. / P[0 (51 03, 1 4 z/Lz 2 14/{/2 z/L _
uL(vL+ch)})}+2{at(29{3nR L -|—47'[R L+ R A (u"+v )dx+47'(R v dx +2nR A xudx
L
17TR2/ (Lz—xz)(vlz—l—w’Z)dx])—l—
0
0 2 L 1 4 L / 1.0 Iy /i 2 L
2—( R / xz’;dx—an / (=0 +u'v" +u'v" —2w'¢p)dx + R / (uz';—uv)dx)}
0 0 0

*  The equation satisfied by u:

0:

NI

( — 27TR%1i + 27tR?6%u + 27tR?6%x 4 TR? (400 + 260) — an49z/’> + R2Cxu” + mR?Eu" (16)

*  The equation satisfied by v:

1 . . . . .. 1 .
0= g < —2mR*% + EnR‘liJ’” + 2tR?*6%0 — TR?**(2xv' + (x? — L?)v") — R? (4611 + 26u + 2x6) — 27TR49u”)
(17)
1 1 .
_ 171'R4Cy?)”” _ Zﬂ_,R4Ev//// + mp92(L + C)ZJ”
*  The equation satisfied by w:
0=L( —27R% + rrtw” — Larserw” - R20%(2xw’ + (x* — L2)w") — nR*¢§’ | — 1nR4cZw”” + mpf* (L +c)w”
2 2 2 4 4 (18)
_ %NR‘le”” _ pgTL’RZ
*  The equation satisfied by ¢:
. .. . 1 . 1
0= g ( — tRY$ — R4 (B’ + 9w’)> + E7r1<4c:<qu” + EnR‘*ng” (19)

%  Since the free end of the beam is at x = L, the following quantities dup, (Su’L, vy, (50’L,
dwy, dw}, and é¢y, are arbitrary, therefore the final equations of boundary conditions are:

0= —mR* Cxul} + gnRév’L — TR%*Eu} — % {m,, (uL —0(vy + cv’L)ﬂ +my[0%(ur, + L+ c) + 6(or, + co})] (20)

0= 7% — I36v] + wh ( — I50sin(0) + Iebcos(6)) — mpbe(L + c)v’L} — 13607 — Is6w}sin(0) + Igbcos(0)w; — mybe(L + c)oy, 1)

+ mygea],
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0= 1nR‘*C v”’—an4v +an49( 1)+%7TR4EU”’ a[mp(vL+cz>’L+é(L+c+uL)>}+

Lot
(22)
my, (92(0L + cvh) — bup — 6% (L + c)v’L)
1 4 -1 1 4 1 J -/ ) / 1, / : ..
0= _ZTCR Cyv] — ZHR Ev} — 3 Llop+0(1—up) )+ — EGchos(G) + ¢prcos(0) + wysin(0) |+
1. . . . .
I6< — Eew’Lsin(G) + ¢psin(6) — w’Lcos(G)) + my (czz'zi +cop +6c(L+c)(1—up) + 96%)} — Lou; + (23)

Is <;9w’Lcos(6) - 9¢Lsin(9)> +Is (;éw’Lsin(G) + 9¢Lcos(6)> +my (92( Lev) + cop) — Bc(L + )i} chL>

1 1 . .
0= ZL?TR‘LCZw’L” + [L”R4EwlL// —1mpg — BnR4w’ + ZﬂR462w’ + gnR46¢L — mp (g, + cw}) — mpb*(L+c)w)  (24)

0= *jI”RAlCZw,L/ - inR‘le’L’ —mpge(l—up) — % {Il (sin(G)Zw’L + cos(8)sin (0 )([)L) +1 (Cos(e)zw’L — cos(0)sin(6 )¢L>

14( — 21} cos(8)sin(8) — ¢ (2cos(8)* — 1)) +1I5 <%9v’Lcos(9) + sin(0) (0], — O(u} — 1))) +
(25)
Is (%év'Lsin(B) + cos(0) (— o7 + 6(uy — 1))) +my <c2u'/L + ch)} + L0y + I ( - %Gz}’Lcos(O) - éu’Lsin(G)) +
Is ( - %éz}’LSin(G) + éu’Lcos(G)> —mpf%c(L+ c)w]
0= —%TL’R4C¢¢L 17TR464>L J [11 (cos(@)zd)L + cos(9)sin(9)u'/L> +1 (sin(9)2¢L - cos(@)sin(Q)u‘/L) +
(26)

I <2cos(6)sin(9)<f>L — @} (2cos(0)* — 1)> + I ((6 + 9] )cos(6) — év’Lsin(G)> +Is ((6 + 0} )sin(0) + évicos(ﬂ)ﬂ

u,v,¢ must also satisfy these conditions: u(x,0) = lim; e u(x,t) = 0, v(x,0) =
lim; 0 v(x, ) = 0,¢(x,0) = lim; 00 p(x, t) = 0and w must satisfy w(x,0) = lim; o w(x, 1)

= w(x) whose expression [13] is given by: @'(x) = tan (x(z'zzb_x)) , since @(0) = 0, then

fo ( (2a-1) )dl, wherea = L—6,b = %, the expression of the foreshortening

6 term due to beam bending [14] is given by: 6§ = fo x)dx, where payload weight F
equals 1m,g, and beam area second moment [ equals: = | f yzdydz = % .

3. Discussion

Considering the reference of angle 6 is zero when the manipulator is at rest (t = 0) and
the angular velocity is constant (§ = Q), then 6 and  are replaced by Ot and Q respectively
in the equations of the previous section. Equation (16) yields 1 = L;(v), taking the time
derivative of Equation (15) and using the last expression yields L, (v) = 0. Equation (17)
yields ¢ = Ls(w) +, taking both time and spatial derivatives of Equation (18) and using
the last expression yields Ly(w) = 0, where c is a constant and L, Ly, L3, L4 are linear
operators. Hence, the motions equations are decoupled but the boundary conditions are
still coupled. The goal of future work is to develop a numerical method for solving previous
partial differential equations with coupled boundary conditions while ensuring the stability
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of the solutions. Once the solutions are found, the mechanical modeling will be generalized
to flexible manipulators with serial links where the payload attached to each link is the rest
of the chain.

4. Conclusions

Modeling the single-link flexible manipulator as an Euler-Bernoulli beam with a pay-
load at its free end subjected to small deformations, and using a rotation matrix orthogonal
to the second-order of Taylor expansion in the deformations variables, the extended Hamil-
ton principle is applied to get both the motion equations and boundary conditions. The
motion partial differential equations are decoupled when the angular velocity is constant.
Once the solutions are available, it will help to study more accurately the movements of
flexible manipulators and to find new techniques for robust control of such systems.
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Nomenclature

Tinot Torque applied by the motor

R Beam cross section radius

L Beam length

mp Payload mass

Ip Payload inertia matrix

u(x, t) Axial stretching

v(x,t) Horizontal deflection

w(x, t) Vertical deflection

¢(x, 1) Torsional deformation

Ro Inertial frame

Ry Motor frame

Rim Cross section frame

Ry Beam free end frame

00,01,041,02 Origins of frames Ro,R1,R;,,, R, respectively

C Payload center of mass

i Vector v expressed in frame R;

O(T/g Rotation vector of frame R; relative to Ry expressed in Ry
90, / Rotation vector of frame Ry, relative to Ry expressed in Ry
1% /1 Rotation vector of frame Ry, relative to Ry expressed in R
Wy, Wy, W 1(Tm/1> coordinates in frame Ry

T,Tg,T;,Tp Kinetic energy of the system,base link,payload
I,1p,13,14,15, I Inertia matrix coefficients

o Beam mass density

0 Rotation angle of frame R relative Ry

V.,V V1,V Potential energy of the system,base,link,payload
Veravit: Vstr link gravitational and strain potential energy

Vi, Vo, Vo, Vp Strain energies due to u, v, w, ¢

Rmot FBu,To, %w,Zp  Rayleigh dissipation function due to motor,u,v,w,¢
E,G Beam young moduls and shear modulus

€y, €0, Ew strains due to u, v, w
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af,l , ag , az’jlj, Tq‘;’ stress due to internal damping caused by u,v,w and
Cx,Cy,Cyz Internal damping coefficient along x1,y1,z1 axis
'y(p,rg Shear strain and shear stress due to torsional damping
¢, F Work done by dissipative forces and payload weight
0, by Foreshortening term,motor viscous friction coefficient
Cop, 1 Torsional deformation coefficient, area second moment
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