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Abstract

GPU-accelerated quantum chemistry programs can dramatically reduce the time required
for electronic structure calculations, yet most existing implementations either retrofit GPU
kernels onto legacy CPU codebases or optimize individual kernels without addressing
workflow-level integration overhead. We present GANSU (GPU Accelerated Numerical
Simulation Utility), an open-source quantum chemistry framework written entirely in
CUDA/C++ that integrates GPU-accelerated kernels for electron repulsion integrals, Fock
matrix construction, and post-Hartree–Fock (post-HF) methods into a unified, GPU-resident
execution pipeline. The key design principle is to eliminate host–device data transfers
between computational stages by keeping all intermediate data, including density matrices,
integral buffers, and Fock matrix replicas, on the GPU throughout the self-consistent field
(SCF) iteration, combined with runtime-selectable integral strategies (stored ERI, resolution-
of-the-identity, and Direct-SCF) that adapt to system size and available memory. On an
NVIDIA H200 GPU, GANSU achieves end-to-end speedups of up to 52× over PySCF for
SCF, 45× for MP2 on molecules with up to 470 basis functions, and 44× for FCI, while
outperforming GPU4PySCF by up to 34× for FCI, across a range of molecular systems with
up to 650 basis functions. The framework further provides analytical energy gradients and
geometry optimization with nine algorithms, all operating within the same GPU-resident
data flow. These results demonstrate that workflow-aware kernel integration, not just
kernel-level optimization, is essential for realizing the full potential of GPU acceleration in
scientific computing. GANSU is publicly available under the BSD-3-Clause license.

Keywords: GPU acceleration; quantum chemistry; Hartree–Fock; CUDA; resolution of
identity; post-Hartree–Fock

1. Introduction
The rapid growth of high-performance computing (HPC) systems has fundamentally

changed the way large-scale scientific simulations are designed and executed. In partic-
ular, modern GPU accelerators provide massive thread-level parallelism, high memory
bandwidth, and specialized hardware units, which together enable large performance
gains for data-parallel workloads. Achieving such performance, however, requires not
only optimized computational kernels but also the careful coordination of kernel execution,
memory usage, and data movement at the application level.

Electronic structure calculations in computational quantum chemistry present a rep-
resentative example of such challenges. Hartree–Fock (HF) and related self-consistent
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field (SCF) methods consist of multiple computational stages, including electron repul-
sion integral (ERI) evaluation, Fock matrix construction, and iterative diagonalization and
convergence control [1]. While each stage exhibits a high degree of parallelism, overall
performance is determined by how efficiently these components are orchestrated within
the SCF workflow. Consequently, HF calculations provide an ideal testbed for studying
end-to-end GPU acceleration in complex scientific applications.

In recent years, machine learning surrogate models have emerged as a powerful ap-
proach for accelerating molecular property prediction in fields such as materials science
and drug discovery [2,3]. Training such models requires large-scale datasets of quantum
chemical energies, forces, and other electronic properties for diverse molecular configu-
rations. Because the cost of generating these datasets is dominated by the underlying ab
initio calculations, the throughput of the quantum chemistry engine directly limits the scale
and diversity of the training data. High-performance GPU-accelerated frameworks are
therefore essential not only for individual calculations but also as data generation engines
for AI-driven molecular design pipelines.

A significant body of prior work has demonstrated that individual quantum chemistry
kernels can be efficiently accelerated on GPUs. Examples include GPU implementations of
ERI evaluation based on the Head–Gordon–Pople (HGP) algorithm [4] and the McMurchie–
Davidson (MD) method [5,6], three-center ERI evaluation for resolution-of-the-identity
(RI) approximations [7], dynamic Schwarz screening of negligible integrals [8], Boys func-
tion computation [9,10], one-electron integral evaluation including nuclear attraction inte-
grals [11,12], and Fock matrix construction with efficient reduction strategies [13]. These
kernel-level optimizations have achieved impressive speedups and constitute an essential
foundation for GPU-accelerated quantum chemistry. However, optimizing isolated kernels
is only a first step; practical performance depends critically on how these kernels are
integrated into a complete application workflow.

In realistic SCF calculations, kernel orchestration introduces additional challenges,
such as synchronization overheads, intermediate data storage, memory reuse, and load
imbalance across different stages of the computation. Inefficient coordination can easily
negate the benefits of highly optimized kernels, particularly on modern GPUs where
memory hierarchy and execution concurrency play a dominant role. Despite this, relatively
few studies have examined in detail the impact of kernel integration and workflow-level
design on the overall performance of GPU-accelerated quantum chemistry codes.

In a series of previous studies, we developed multiple GPU-optimized computational
kernels relevant to HF and post-HF calculations. For two-electron repulsion integrals,
we implemented GPU-accelerated kernels based on the HGP algorithm with warp-based
thread assignment [4] and the MD method with multiple CUDA mapping strategies [5,6].
We also developed dynamic Schwarz screening techniques that exploit asynchronous
CUDA block scheduling to eliminate negligible integral contributions [8], and efficient
three-center ERI kernels for RI-based formulations [7]. For the Boys function, a fundamental
numerical primitive required by all integral algorithms, we proposed a bulk evaluation
method using a gridded Taylor expansion with GPU-optimized lookup tables [9,10]. For
one-electron integrals, we developed a hybrid Obara–Saika/McMurchie–Davidson ap-
proach with CUDA stream-based concurrent execution [11,12]. For Fock matrix construc-
tion, we introduced a distributed atomic reduction (DAR) method based on replicated
Fock matrices to mitigate memory contention [13]. We also extended our GPU acceleration
efforts to post-HF methods, including Møller–Plesset perturbation theory at the MP2 and
MP3 levels [14], RI-based restricted MP2 (RI-RMP2) [15], and full configuration interaction
(FCI) [16]. These works focused primarily on kernel-level performance and demonstrated
speedups ranging from 3.75× (Fock matrix DAR) to 4500× (ERI evaluation) through careful
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parallelization and algorithmic reformulation. Building on these results, the next logical
step from an HPC standpoint is to integrate these kernels into a unified software framework
and to evaluate their collective performance within a full SCF workflow.

We present GANSU, an integrated GPU-native quantum chemistry framework de-
signed from the outset with HPC considerations in mind. Rather than introducing new
quantum chemical methods, our contribution lies in the systematic integration and orches-
tration of the aforementioned GPU-accelerated kernels within an end-to-end SCF execution
model. GANSU adopts a GPU-first design philosophy, explicit control over memory al-
location and reuse, and modular kernel interfaces, enabling the flexible composition of
computational components while minimizing integration overhead. The entire framework
is implemented in CUDA [17,18] and C++ from scratch, without reliance on legacy For-
tran codebases, and is publicly available as open-source software under the BSD-3-Clause
license [19].

The main contributions of this work are as follows:

• We design and implement GANSU, an open-source GPU-native quantum chem-
istry framework that integrates multiple independently developed kernels into a
unified SCF workflow with explicit memory management and minimal host–device
data transfer.

• We demonstrate end-to-end SCF performance of up to 52× faster than PySCF (CPU)
and competitive with GPU4PySCF, scaling from small molecules (25 basis functions)
to cholesterol (650 basis functions) on an NVIDIA H200 GPU.

• We integrate post-HF methods (MP2, MP3, RI-RMP2, FCI) into the same GPU-resident
data flow, achieving end-to-end speedups of up to 45× over PySCF for MP2 and 44×
for FCI, and up to 34× over GPU4PySCF for FCI.

• We provide GPU-accelerated analytical energy gradients and geometry optimization
with nine optimizer algorithms, enabling potential energy surface exploration entirely
on the GPU.

• We analyze the performance breakdown of the SCF workflow, quantifying how ERI
evaluation, Fock matrix construction, and other components scale with system size,
providing insights into GPU application design beyond quantum chemistry.

The remainder of this paper is organized as follows. Section 2 reviews related quantum
chemistry software and positions GANSU in context. Section 3 describes the overall
architecture and design principles of the GANSU framework. Section 4 provides a brief
overview of Hartree–Fock theory. Section 5 outlines the implemented computational
kernels from a parallel computing perspective. Section 6 focuses on the integration of
these kernels into an end-to-end SCF workflow. Section 7 describes the post-Hartree–Fock
capabilities of GANSU. Section 8 presents the analytical energy gradient implementation
and geometry optimization. Section 9 presents performance evaluations at both the kernel
and application levels. Finally, Section 10 concludes the paper and discusses directions for
future work.

2. Related Work
A number of quantum chemistry software packages are widely used in the community,

and several have incorporated GPU acceleration to varying degrees. In this section, we
review representative packages and clarify how GANSU differs from existing approaches.

2.1. CPU-Based Quantum Chemistry Packages

Gaussian [20] is one of the most widely used commercial quantum chemistry pack-
ages, supporting a broad range of electronic structure methods. Gaussian 16 includes
limited GPU support for certain DFT calculations, but its core architecture remains CPU-
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oriented. GAMESS [21] is a well-established open-source package that has introduced
GPU-accelerated Fock matrix construction through the LibCChem library [22,23], though
its overall framework is built around legacy Fortran code. NWChem [24] provides mas-
sively parallel CPU execution with limited GPU offloading through the Tensor Contraction
Engine. Psi4 [25] is an open-source package emphasizing modularity and interoperability,
primarily CPU-based with limited GPU support through external plugins. Q-Chem [26] is
a commercial package offering GPU acceleration via the BrianQC plugin [27], which uses
compiler-based code generation to accelerate two-electron integral evaluation.

PySCF [28,29] is a Python-based open-source framework that has gained widespread
adoption due to its modularity and ease of extension. While PySCF itself is CPU-based,
the GPU4PySCF extension [30] provides NVIDIA GPU acceleration for DFT and HF cal-
culations using the Rys quadrature algorithm [31] for integral evaluation. GPU4PySCF
achieves significant speedups for density-fitted DFT calculations and supports analytical
gradients on GPUs.

2.2. GPU-Accelerated Quantum Chemistry Packages

TeraChem [32] is a pioneering GPU-native quantum chemistry package developed by
Ufimtsev and Martinez [33,34]. It was designed from the ground up for GPU execution and
supports HF, DFT, TDDFT, CASSCF, and ab initio molecular dynamics. TeraChem demon-
strated the viability of GPU-first quantum chemistry and remains one of the most mature
GPU-native codes available. However, it is a proprietary commercial package, and its inte-
gral evaluation kernels are based on algorithms optimized for earlier GPU architectures.

QUICK [35,36] is an open-source GPU-accelerated package supporting HF and DFT
calculations on both NVIDIA (CUDA) and AMD (HIP) GPUs, with multi-GPU capabilities.
It focuses primarily on DFT and QM/MM calculations and integrates with the AMBER
molecular dynamics package. FermiONs++ [37] employs a hybrid CPU/GPU integral
engine with support for linear-scaling methods, targeting both NVIDIA and AMD GPUs
via OpenCL.

Early work on GPU-accelerated molecular integrals includes the recurrence relation-
based approach of Miao and Merz [38] and the GPU cluster implementation by Asad-
chev et al. [22] within GAMESS. These works demonstrated the potential of GPUs for
integral evaluation but focused primarily on specific kernels rather than end-to-end
framework integration.

2.3. Positioning of GANSU

GANSU differs from the existing packages in several key aspects. First, unlike pack-
ages that retrofit GPU acceleration onto existing CPU-oriented codebases (e.g., Gaussian,
GAMESS, NWChem, and PySCF/GPU4PySCF), GANSU is implemented entirely in CUDA
and C++ from scratch, with a GPU-first design philosophy that avoids legacy constraints.
This approach enables fine-grained control over memory management, kernel orchestration,
and data flow that is difficult to achieve in retrofitted architectures.

Second, while TeraChem shares the GPU-native design philosophy, it is a commer-
cial closed-source package. GANSU is released under the BSD-3-Clause open-source
license [19], enabling community access, modification, and extension. GANSU also incorpo-
rates multiple ERI algorithms (HGP [4], MD [5], and Rys quadrature [31]), allowing flexible
algorithm selection depending on the molecular system and basis set characteristics. In
contrast, most existing packages rely on a single ERI algorithm.

Third, GANSU provides a comprehensive set of GPU-accelerated kernels that spans the
entire HF workflow, from Boys function evaluation [10] through one-electron integrals [12],
two-electron integrals [4,5,7], integral screening [8], and Fock matrix construction [13], as
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well as post-HF methods including MP2, MP3 [14], RI-RMP2 [15], and FCI [16]. Each kernel
has been independently developed, benchmarked, and published, and the present work
focuses on their integration into a unified workflow.

Fourth, from an HPC perspective, GANSU emphasizes the study of kernel integration
overhead and workflow-level optimization, which has received relatively little attention in
the literature compared to individual kernel optimization. By treating kernel orchestration,
memory reuse, and data locality as first-class design concerns, GANSU provides both
a practical quantum chemistry tool and a platform for investigating GPU application
design principles.

3. Overview of the GANSU Framework
This section provides an overview of the GANSU framework, focusing on its design

philosophy, software architecture, and execution model from a high-performance comput-
ing perspective. GANSU is designed as a GPU-native quantum chemistry framework that
integrates multiple optimized computational kernels into a unified self-consistent field
(SCF) workflow.

3.1. Design Philosophy

The design of GANSU is guided by three core principles: GPU-first execution, explicit
resource management, and modular kernel integration. First, GANSU adopts a GPU-first
execution model in which the most computationally intensive components of Hartree–
Fock calculations are executed on GPUs by default. Rather than treating the GPU as an
accelerator invoked selectively, GANSU is designed such that GPU execution is the primary
mode, and CPU resources are used mainly for control logic and lightweight tasks.

Second, GANSU emphasizes explicit control over memory allocation, data layout, and
memory reuse. On modern GPU architectures, memory hierarchy and data movement
play a critical role in overall performance. To minimize unnecessary data transfers and
allocation overheads, GANSU manages intermediate data structures explicitly and reuses
GPU-resident buffers across multiple stages of the SCF iteration whenever possible. This
design choice is particularly important for integrating multiple kernels that operate on
shared data structures, such as density matrices and intermediate integral buffers.

Third, GANSU is built around modular kernel integration. Individual computational
kernels, including electron repulsion integral evaluation [4,5], Boys function computa-
tion [10], one-electron integrals [11,12], and Fock matrix construction [13], are implemented
as independent modules with well-defined interfaces. This modularity allows different ker-
nel implementations or algorithms to be combined flexibly while maintaining a consistent
execution model. This approach facilitates kernel orchestration and makes it possible to
measure integration overheads directly.

3.2. Strategy-Based Software Design

A key architectural feature of GANSU is the systematic use of the Strategy design
pattern [39] to achieve runtime flexibility without sacrificing performance. In quantum
chemistry applications, the choice of computational algorithm depends on multiple factors,
including the electronic structure of the molecule, the size of the system, and the available
GPU memory. By encapsulating each algorithmic variant behind a common abstract
interface and selecting the concrete implementation at runtime, GANSU enables the flexible
composition of computational strategies while preserving a clean separation of concerns.

GANSU applies the Strategy pattern to four independent axes of algorithmic variation:
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3.2.1. Hartree–Fock Variant Strategy

The abstract base class HF defines pure virtual methods for the core SCF operations,
including Fock matrix construction, density matrix computation, energy evaluation, and
convergence checking. Three concrete strategies, RHF, UHF, and ROHF, implement these meth-
ods according to the specific mathematical formulations of restricted, unrestricted, and re-
stricted open-shell Hartree–Fock theory, respectively. This design ensures that the SCF con-
trol layer can operate uniformly on any HF variant through a single polymorphic interface.

3.2.2. ERI Computation Strategy

The abstract base class ERI defines the interface for electron repulsion integral evalua-
tion, including methods for precomputation, Fock matrix construction, and post-HF energy
computation. Four concrete strategies are provided:

• ERI_Stored: Precomputes and stores all ERIs in GPU memory for small molecules;
• ERI_RI: Employs the resolution-of-the-identity approximation with three-center

integrals;
• ERI_Direct: Recomputes ERIs on-the-fly with Schwarz screening for large systems;
• ERI_RI_Direct: Combines the RI approximation with direct integral computation.

Each ERI strategy is further specialized for the HF variant (e.g., ERI_Stored_RHF and
ERI_RI_UHF), forming a two-dimensional strategy matrix that for the allows independent
selection of the HF method and the integral computation approach.

3.2.3. Convergence Acceleration Strategy

The SCF convergence procedure is encapsulated in a separate strategy hierarchy with
two concrete implementations: constant or optimized damping and DIIS (direct inversion
in the iterative subspace) [40,41]. Each HF variant maintains its own convergence strategy
object, selected at runtime based on user configuration.

3.2.4. Initial Guess Strategy

The generation of the initial density matrix is handled by a dedicated strategy hierar-
chy supporting four methods: core Hamiltonian diagonalization, generalized Wolfsberg–
Helmholtz (GWH) approximation, density matrix input from a previous calculation, and
the superposition of atomic densities (SAD). This separation allows new initial guess
methods to be added without modifying the SCF workflow.

3.2.5. Geometry Optimization Strategy

For gradient-based geometry optimization (Section 8), the abstract base class
GeometryOptimizer defines the interface for search direction computation and Hessian
updates, with nine concrete strategies: three quasi-Newton methods (BFGS, DFP, and SR1),
four conjugate gradient variants (Fletcher–Reeves, Polak–Ribière, Hestenes–Stiefel, and
Dai–Yuan), steepest descent, and GDIIS (geometry DIIS) [42]. A factory method selects the
optimizer at the runtime.

All strategy objects are managed through std::unique_ptr smart pointers and in-
stantiated by a HFBuilder factory class based on input parameters. This design ensures
deterministic resource management and enables clean runtime composition of independent
algorithmic choices. By treating computational method selection as a first-class design
concern, GANSU achieves a level of configurability comparable to established quantum
chemistry packages while maintaining a lean, GPU-optimized codebase.
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3.3. Software Architecture

Figure 1 illustrates the layered architecture of the GANSU framework. The layers are
organized from low-level numerical primitives at the bottom to high-level analysis and
output at the top, reflecting the data dependency structure: each layer consumes the results
produced by the layers below it.

Primitives Boys Function Fock Matrix (DAR) Schwarz Screening

Kernels ERI (HGP) ERI (MD) 3c-ERI (RI) 1e Integrals

▲

SCF SCF Control (DIIS / Damping) ERI Strategy (Stored / RI / Direct)

▲

Post-HF MP2 / MP3 RI-RMP2 FCI Gradient / Opt.

▲

Analysis Population Analysis    Bond Order Analysis    Molden Output

▲

Figure 1. Architecture of the GANSU framework. Layers from bottom to top: numerical primitives,
integral kernels, SCF control and ERI strategy selection, post-HF methods and gradient/optimization,
and analysis/output.

The integral kernel layer includes GPU implementations of four-center ERIs via the
HGP [4], MD [5], and Rys quadrature [31] algorithms, three-center ERIs for RI approxima-
tions [7], one-electron integrals including overlap, kinetic energy, and nuclear attraction
integrals [11,12], and Schwarz-based integral screening [8]. These kernels constitute the
dominant computational workload and are designed to exploit fine-grained parallelism
on GPUs.

The numerical primitive layer provides supporting components such as Boys function
evaluation [10] and the reduction operations required for Fock matrix construction [13].
These primitives are shared across multiple higher-level kernels and are optimized for
bulk execution on GPUs. By centralizing such primitives, GANSU avoids redundant
implementations and enables consistent performance optimization across the framework.

The SCF control layer coordinates the execution of computational kernels within
each SCF iteration. This layer is responsible for invoking kernel execution, managing
data dependencies, and controlling convergence procedures such as damping and direct
inversion in the iterative subspace (DIIS). While the control logic itself is executed on the
CPU, it is designed to minimize synchronization points and to maximize the amount of
work performed on the GPU between host–device interactions.

The post-HF module layer provides GPU-accelerated implementations of electron
correlation methods, including conventional MP2 and MP3 [14], RI-RMP2 [15], and full
configuration interaction [16]. These modules consume the molecular orbital coefficients, or-
bital energies, and integral data produced by the SCF workflow, and are designed to operate
entirely within the GPU-resident data flow established by the preceding HF calculation.

Finally, the analysis and output layer handles post-processing tasks such as popu-
lation analysis and data export. These components are intentionally separated from the
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performance-critical path of the SCF workflow, ensuring that additional analysis does not
interfere with the main computational kernels.

3.4. Execution Model and Data Flow

The execution model of GANSU follows an iterative SCF workflow in which multiple
GPU kernels are executed repeatedly until convergence is achieved. Within a single SCF it-
eration, integral evaluation, Fock matrix construction, and matrix operations are performed
in a coordinated manner. Intermediate data, such as density matrices and integral buffers,
are retained on the GPU across kernel invocations to reduce data movement overhead.

As described in Section 3.2, GANSU provides multiple ERI computation strategies
that can be selected at runtime according to the system size and available GPU memory.
The ERI_Stored strategy stores the full ERI tensor in GPU memory for small molecules,
avoiding repeated integral evaluation across SCF iterations. The ERI_RI strategy employs
the resolution-of-the-identity approximation [7,43] to reduce both memory requirements
and computational cost. The ERI_Direct strategy recomputes integrals on-the-fly in each
iteration, combined with Schwarz screening [8,44] to eliminate negligible contributions.
The ERI_RI_Direct strategy combines the RI approximation with direct computation for
systems where neither approach alone is optimal.

GANSU exposes parallelism at multiple levels. Fine-grained parallelism is exploited
within individual kernels using GPU threads and thread blocks, while coarse-grained paral-
lelism arises from batching independent tasks such as shell-pair or auxiliary basis process-
ing. Although the current implementation focuses on single-GPU execution, the execution
model is designed to be extensible to multi-GPU and distributed-memory environments.

3.5. Implementation and Availability

GANSU is implemented entirely in CUDA and C++17, with all computational kernels
written from scratch to fully exploit GPU architectures without inheriting constraints from
legacy CPU-oriented codebases. The framework depends on the NVIDIA CUDA Toolkit
(version 12.9 or later), cuBLAS and cuSOLVER for GPU-accelerated linear algebra, and
CMake (version 3.31 or later) for build configuration. It targets GPUs with CUDA Compute
Capability 8.0 or higher.

The integral kernels support angular momentum up to i-orbitals (l = 6), enabling the
use of large basis sets including correlation-consistent and ANO-type basis sets. GANSU
supports Hartree–Fock variants (RHF, UHF, and ROHF) and post-HF methods (MP2,
MP3, RI-RMP2, and FCI), analytical energy gradients for RHF and UHF, and geometry
optimization with nine algorithms (BFGS, DFP, SR1, GDIIS, four conjugate gradient variants,
and steepest descent), as well as population analysis, bond order analysis, and Molden
format output for orbital visualization.

GANSU is publicly available as open-source software under the BSD-3-Clause li-
cense [19]. The repository includes the source code, build instructions, and example
input files.

By explicitly addressing kernel orchestration, memory reuse, and workflow-level
integration, the GANSU framework provides a foundation for the efficient end-to-end GPU
acceleration of Hartree–Fock and post-HF calculations. The following sections describe
the implemented computational kernels and their integration into the SCF workflow in
more detail.

4. Preliminaries
This section provides a brief overview of the basic concepts and terminology of

Hartree–Fock (HF) theory [45,46] required to understand the subsequent discussion. A
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more comprehensive introduction aimed at computer scientists can be found in [1]. The
goal is not to present a detailed theoretical treatment, but to clarify the computational
objects, representations, and variants of HF calculations considered in this work.

4.1. Atomic and Molecular Orbitals

In molecular electronic structure calculations, the electronic wave function is repre-
sented using molecular orbitals (MOs). Each molecular orbital is expressed as a linear
combination of atomic orbitals (AOs), which are typically chosen as Gaussian-type basis
functions [47] in practical calculations. In this representation, atomic orbitals serve as the
fundamental computational units for evaluating integrals, while molecular orbitals are
obtained by solving an eigenvalue problem within the atomic orbital basis.

In practice, most operations in HF calculations are performed in the atomic orbital rep-
resentation. Electron repulsion integrals, one-electron integrals, and Fock matrix elements
are all defined with respect to pairs or quadruples of atomic orbitals. Molecular orbitals are
constructed repeatedly during the self-consistent field (SCF) procedure by diagonalizing
matrices defined in the atomic orbital basis.

4.2. Closed-Shell and Open-Shell Systems

HF calculations can be broadly classified according to the electronic structure of the
system. In closed-shell systems, all occupied molecular orbitals are doubly occupied by
electrons with opposite spins. In open-shell systems, one or more molecular orbitals are
singly occupied, leading to unpaired electrons and spin polarization. Open-shell systems
can be further distinguished by how spin symmetry is treated: in unrestricted treatments,
separate spatial orbitals are used for spin-up and spin-down electrons, allowing complete
flexibility at the cost of spin contamination; in restricted open-shell treatments, doubly
occupied orbitals share a common spatial description while singly occupied orbitals are
treated separately, preserving spin symmetry.

This distinction has important computational consequences. Closed-shell calculations
involve a single density matrix and a single Fock matrix. Unrestricted open-shell calcu-
lations require two independent sets of density and Fock matrices for the alpha and beta
spin components. Restricted open-shell calculations introduce an intermediate level of
complexity, with separate density matrices for closed-shell and open-shell orbital spaces
and a modified Fock operator that couples these spaces. As a result, GANSU provides
three HF variants (RHF, UHF, and ROHF), each implemented as a distinct strategy (see
Section 3.2) to accommodate these different computational requirements.

4.3. Hartree–Fock Variants

Several variants of HF theory are commonly used in practice to handle different types
of electronic structures. In restricted Hartree–Fock (RHF) [48], the same spatial molecular
orbitals are used for both spin-up and spin-down electrons, making RHF suitable for
closed-shell systems. In unrestricted Hartree–Fock (UHF) [49], separate spatial orbitals are
introduced for different spin components, allowing flexible treatment of open-shell systems
at the cost of potential spin contamination.

Restricted open-shell Hartree–Fock (ROHF) provides an alternative formulation for
open-shell systems, in which doubly occupied and singly occupied orbitals are treated
separately while maintaining a common spatial description for paired electrons. Although
ROHF introduces additional complexity in the formulation of the Fock operator, it preserves
spin symmetry and is widely used in quantum chemistry.

In GANSU, RHF, UHF, and ROHF calculations are supported within a unified SCF
framework. While the mathematical expressions for the Fock matrix differ among these
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variants, they share a common computational structure consisting of integral evaluation,
Fock matrix construction, matrix diagonalization, and density matrix update.

4.4. Self-Consistent Field Procedure

HF calculations are carried out using an iterative SCF procedure. Starting from an ini-
tial guess for the electronic density, the Fock matrix is constructed, molecular orbitals are ob-
tained by solving an eigenvalue problem, and a new density matrix is formed. This process
is repeated until self-consistency is achieved according to predefined convergence criteria.

The SCF procedure repeats the same sequence of computational tasks in each iteration.
The dominant cost arises from integral evaluation and Fock matrix construction, both
of which involve large numbers of independent operations and data-intensive tensor
contractions. Efficient execution therefore depends on kernel-level optimization as well as
careful orchestration of these tasks within the iterative workflow.

The subsequent sections describe how these computational structures are mapped
onto GPU-accelerated kernels and integrated into an efficient SCF workflow in GANSU.

5. Implemented Computational Kernels
This section describes the computational kernels implemented in GANSU, with an

emphasis on the mathematical structures underlying Hartree–Fock (HF) calculations, their
implications for GPU parallelization, and the specific optimization strategies developed
in our prior work. Rather than providing detailed theoretical derivations, we introduce
representative equations to clarify the computational patterns targeted by each kernel.

The dominant computational cost in HF calculations is the evaluation and contraction
of electron repulsion integrals. With M basis functions, the number of unique four-center
ERIs scales as O(M4), while Fock matrix construction requires contracting these integrals
with the O(M2) density matrix. Schwarz screening reduces the effective scaling to O(M2)–
O(M3) for spatially extended systems, and the RI approximation replaces the O(M4) four-
center integrals with O(M2Naux) three-center integrals and O(M2Naux) matrix operations,
where Naux is the auxiliary basis size. Matrix diagonalization via cuSOLVER scales as
O(M3) but constitutes a minor fraction of the total time for the system sizes considered
here. Post-HF methods introduce higher scaling: MP2 requires O(o2v2M) for the integral
transformation and O(o2v2) for the energy evaluation, where o and v denote the numbers
of occupied and virtual orbitals, respectively; MP3 scales as O(o3v3) and is reformulated
using DGEMM to exploit vendor-optimized BLAS routines.

Table 1 summarizes the parallelization strategy and key GPU optimization techniques
employed by each kernel.

5.1. Electron Repulsion Integral Kernels

The evaluation of electron repulsion integrals (ERIs) is a central computational task in
HF calculations. An ERI is defined as

(µν|λσ) =
∫∫

ϕµ(r1)ϕν(r1)
1

r12
ϕλ(r2)ϕσ(r2) dr1dr2, (1)

where {ϕµ} denote Gaussian basis functions [47]. Several recurrence-based algorithms
have been developed for efficient ERI evaluation, including the Rys quadrature method [31],
the Obara–Saika (OS) scheme [50], the McMurchie–Davidson (MD) method [51], the Head–
Gordon–Pople (HGP) algorithm [52], and the PRISM algorithm [53]; see [54] for a com-
prehensive review. The four-index structure of ERIs naturally leads to a large number of
independent integral evaluations, making them well suited for massively parallel execution
on GPUs.
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Table 1. Summary of parallelization granularity and GPU optimization techniques for each kernel.

Kernel Parallelization Unit Memory
Optimization Key Technique

ERI (HGP) Shell-pair tile
(warp)

Register
accumulation

Warp-based
assignment [4]

ERI (MD) Shell block/thread Shared memory
(triple-buffer)

Four CUDA
mapping

strategies [5]

ERI (Rys) Shell quartet
(thread)

Register
accumulation

Quadrature-based
evaluation [31]

3c-ERI (RI) Shell-pair tile
(warp)

Register + warp
shuffle

WBA with
column-wise

scan [7]

Schwarz screen Task block Global (atomicMin) Dynamic block
assignment [8]

Boys function Input pair Global (lookup
table)

Gridded Taylor
expansion [10]

1e integrals Shell pair Register (symbolic
expand)

Hybrid OS/MD +
CUDA streams [12]

Fock construction ERI thread Global (replicated
Fock) DAR + TLR * [13]

MP2/MP3 Summand (thread) Register + warp
shuffle

Hierarchical
reduction [14]

RI-RMP2 Occupied slice Global (chunked
BP

ia)
Dynamic chunk +

streams [15]

FCI Determinant string Global
(GPU-resident)

Unified sigma
kernel [16]

* DAR: distributed atomic reduction; TLR: thread-local reduction.

GANSU incorporates multiple GPU-accelerated ERI kernels. The first is based on the
Head–Gordon–Pople (HGP) algorithm [4,52], which evaluates ERIs through vertical and
horizontal recurrence relations (VRR and HRR). In our GPU implementation, the recurrence
relations are fully expanded and simplified symbolically using SymPy to eliminate recursive
function overhead. The parallelization employs a task matrix representation, where rows
and columns correspond to shell set pairs, and the matrix is partitioned into sub-matrices
grouped by orbital angular momentum type to avoid warp divergence. We developed
a warp-based assignment (WBA) method in which each warp of 32 threads processes a
32 × 32 tile of the task matrix, accumulating results in registers and performing warp
shuffle-based reductions before writing to global memory via atomicAdd. This approach
reduced atomicAdd operations by factors of up to 1/810 compared to the conventional
thread-based assignment (TBA), achieving speedups of up to 1905× over sequential CPU
execution [4].

The second ERI kernel is based on the McMurchie–Davidson (MD) method [5,6,51],
which computes ERIs using Hermite Gaussian functions and auxiliary R coefficients evalu-
ated via batch-parallel recurrence relations. We proposed four CUDA mapping strategies:
basis-block mapping (BBM), basis-thread mapping (BTM), shell-block mapping (SBM),
and shell-thread mapping (STM), each offering different trade-offs between intra-block
parallelism and atomicAdd overhead. A triple-buffering technique for shared memory
was developed to store only three consecutive batches of R values during the recurrence
computation, reducing shared memory usage by up to 65% and enabling support for arbi-
trary angular momentum quantum numbers on the GPU. The MD-based kernels achieved
speedups of up to 4500× over naive CPU implementations [5].
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For large-scale calculations, GANSU employs dynamic integral screening based on
the Schwarz inequality [8,44]:

|(µν|λσ)| ≤
√
(µν|µν) ·

√
(λσ|λσ). (2)

Our GPU implementation performs screening at two granularity levels: the task-
level screening of entire shell quartets and fine-grained primitive integral-level screening
within non-skipped tasks. Shell pairs are sorted in descending order by their Schwarz
upper bounds, so that significant integrals cluster in the upper-left region of the task
matrix and negligible integrals cluster in the lower-right. A dynamic block assignment
strategy exploits asynchronous CUDA block scheduling to propagate skip boundaries
via atomicMin operations, eliminating more than 99.9% of upper-bound evaluations for
skippable tasks. This approach achieved up to 18× speedup over non-screening ERI
computation and up to a 35.5% reduction in computation time compared to static task
screening [8].

GANSU also incorporates three-center ERI kernels for the resolution-of-the-identity
(RI) approximation [7,43]. In the RI formulation, four-center ERIs are approximated as

(µν|λσ) ≈ ∑
PQ

(µν|P)(P|Q)−1(Q|λσ), (3)

which reduces the computational complexity by replacing four-center integrals with three-
center integrals and matrix operations. The three-center ERI kernels adapt the warp-based
reduction techniques from the four-center case, with three specialized strategies: WBA,
WBA with row-wise scan (WBA-RS), and WBA with column-wise scan (WBA-CS). The
WBA-CS method achieved up to 2.76× speedup over TBA with up to a 96% reduction in
atomicAdd operations, and outperformed GPU4PySCF by up to 4.99× [7].

In addition to the HGP and MD kernels, GANSU implements ERI evaluation based
on the Rys quadrature method [31]. While the HGP and MD algorithms are efficient for
low-angular momentum shells, their intermediate array sizes grow rapidly with angular
momentum quantum number, making them impractical for d-type and higher shells. The
Rys quadrature method avoids this combinatorial growth by expressing each ERI as a
weighted sum over a small number of quadrature points, with the number of points deter-
mined by the total angular momentum of the shell quartet. GANSU uses the Rys quadrature
kernel for shell quartets involving d or higher angular momentum functions, while the
HGP and MD kernels handle lower angular momentum cases where their recurrence-based
approaches are more efficient.

5.2. Boys Function Evaluation

The evaluation of ERIs relies on the repeated computation of the Boys function,

Fn(T) =
∫ 1

0
t2ne−Tt2

dt, (4)

which appears as a fundamental numerical primitive in all Gaussian integral algo-
rithms [47], including the HGP, MD, and Obara–Saika methods [1]. In practical HF calcula-
tions, a large number of Boys function values with different parameters must be evaluated.

In GANSU, Boys function evaluation is implemented as a device function called inline
within ERI kernels, based on the algorithms developed in [9,10]. The kernel employs four
numerical methods: origin Taylor expansion, gridded Taylor expansion, recurrence relations,
and the semi-infinite interval approximation. It selects the optimal method for each input
pair (n, T) based on precomputed accuracy boundaries. The gridded Taylor expansion
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method, introduced in [10], expands the Boys function around evenly-spaced grid points
using precomputed lookup tables stored in GPU global memory. With a grid interval of
d = 2−3, this method requires fewer than ten expansion terms (compared to 10–40 for the
origin Taylor expansion), yielding a compact 65.5 KB lookup table covering 0 ≤ n ≤ 24
and 0 ≤ T ≤ 32.

The original work [10] implemented Boys function evaluation as a standalone
bulk kernel with input sorting to avoid warp divergence, achieving a throughput of
17.7 × 109 evaluations per second on an NVIDIA A100 GPU. In GANSU, the same numeri-
cal algorithms are instead embedded as device functions within the ERI kernels, eliminating
the overhead of a separate kernel launch and enabling the compiler to optimize register
usage across integral recurrence and Boys function evaluation. The function supports both
single evaluation (computing Fn(T) alone) and incremental evaluation (computing all values
F0(T), F1(T), . . . , Fn(T)), the latter being directly required by recursive integral algorithms.
All the computed values satisfy an absolute error bound of 10−14.

5.3. One-Electron Integrals

One-electron integrals, including overlap integrals, kinetic energy integrals, and nu-
clear attraction integrals, are required for constructing the core Hamiltonian matrix Hµν in
each SCF iteration. The nuclear attraction integrals are defined by

(µ|Vnuc|ν) = ∑
A

∫
ϕµ(r)

−ZA
|r − RA|

ϕν(r) dr, (5)

where ZA and RA denote the charge and position of nucleus A.
GANSU implements GPU-accelerated kernels for all one-electron integrals using a

hybrid Obara–Saika (OS) [50] and McMurchie–Davidson (MD) [51] approach [11,12]. For
each combination of orbital angular momenta, the faster of the two recurrence methods is
selected based on empirical benchmarks. The recurrence relations for both methods are
fully expanded symbolically using SymPy, eliminating the recursive function overhead
and achieving speedups of up to 385× over unexpanded GPU implementations [11]. Shell
pairs are sorted by angular momentum type, and separate CUDA kernels are launched for
each shell-type combination. Multiple CUDA streams are used to execute these kernels
concurrently, providing up to 2.2× additional speedup through overlapping kernel execu-
tion [12]. The hybrid approach with CUDA stream multiplexing achieved overall speedups
of up to 1635× over sequential CPU execution for nuclear attraction integrals and up to
132.6× over GPU4PySCF for the full set of one-electron integrals [11,12].

5.4. Fock Matrix Construction

The Fock matrix is constructed by contracting ERIs with the density matrix. For
closed-shell systems, the Fock matrix elements are given by

Fµν = Hµν + ∑
λσ

Pλσ

[
(µν|λσ)− 1

2
(µλ|νσ)

]
, (6)

where Hµν denotes the core Hamiltonian matrix and Pλσ is the density matrix.
This expression highlights that Fock matrix construction is dominated by large-scale

reduction operations: the O(M4) ERI contributions must be accumulated into an O(M2)

Fock matrix, creating severe memory contention when multiple GPU threads simultane-
ously update overlapping matrix elements via atomicAdd operations. To address this
bottleneck, GANSU employs a distributed atomic reduction (DAR) method [13] based on
replicated Fock matrices. Instead of directing all atomic updates to a single Fock matrix,
GANSU allocates NFock replicas in GPU global memory, and each thread writes to a replica
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determined by k = t mod NFock, where t is the thread index. The final Fock matrix is
obtained by summing all the replicas. This approach distributes atomic operations across
distinct memory addresses, reducing contention without reducing the total number of
operations. The DAR method achieved up to 3.75× speedup for mid-size molecules, with
profiling showing up to 84.8% reduction in stalled warp cycles and up to 2.82× improve-
ment in L2 cache throughput [13]. The method is compatible with existing thread-local
reduction (TLR) techniques, and the hybrid DAR+TLR approach provides up to 1.98×
additional speedup.

The full eight-fold symmetry of ERIs is exploited using the standard six-update
equation per unique ERI, and primitive shells are sorted by Schwarz upper bounds to
minimize warp divergence. Dedicated CUDA kernels are generated for each ERI sub-matrix
type (e.g., [ss|ss], [sp|sp], and [pp|pp]) to ensure uniform workloads within warps.

6. SCF Workflow Integration
This section describes how the computational kernels introduced in Section 5 are

integrated into an end-to-end self-consistent field (SCF) workflow in GANSU. By explicitly
relating the mathematical structure of the SCF procedure to the execution model on GPUs,
we clarify how kernel orchestration and memory reuse are achieved at the application level.

6.1. SCF Iteration Structure

Hartree–Fock calculations are based on a nonlinear eigenvalue problem that is solved
iteratively. In each SCF iteration, the Fock matrix F is constructed from the current density
matrix P, and the Roothaan–Hall equation [48,55],

FC = SCε, (7)

is solved to obtain updated molecular orbital coefficients C and orbital energies ε. Here, S
denotes the overlap matrix.

The density matrix is then updated according to

Pµν = 2
occ

∑
i

CµiCνi, (8)

for closed-shell systems, and the procedure is repeated until the convergence of the total
energy or density matrix is achieved.

This iterative structure means that the same sequence of operations, namely integral
evaluation, Fock matrix construction, matrix diagonalization, and density update, is ex-
ecuted repeatedly. Efficient SCF execution therefore requires minimizing the overheads
associated with kernel invocation, data movement, and memory allocation across iterations.

6.2. Kernel Orchestration Within an SCF Iteration

In GANSU, a single SCF iteration is realized as an ordered sequence of GPU kernel
executions coordinated by the SCF control layer. Electron repulsion integral kernels, Boys
function evaluation, and Fock matrix construction kernels are invoked in a tightly coupled
manner to maximize data locality and reduce the synchronization overhead.

Mathematically, the dominant operation within each iteration is the contraction

F(k)
µν = Hµν + ∑

λσ

P(k−1)
λσ

[
(µν|λσ)− 1

2
(µλ|νσ)

]
, (9)

where the superscript (k) denotes the SCF iteration index. In the Direct-SCF formula-
tion [56], GANSU streams batches of ERIs through GPU kernels and accumulates their
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contributions directly into GPU-resident Fock matrix replicas [13], with Schwarz screen-
ing [8] applied to eliminate negligible batches before computation. In the in-memory
formulation, the precomputed ERI tensor is contracted with the updated density matrix
using GPU-accelerated matrix operations.

By retaining both the density matrix and intermediate Fock matrix data on the GPU
across kernel invocations, GANSU avoids repeated host–device data transfers. This de-
sign is particularly important because the contraction in Equation (9) involves large-scale
reductions that are sensitive to memory bandwidth and synchronization costs.

6.3. Density Matrix Mixing and Convergence Control

To accelerate convergence of the SCF procedure, GANSU employs standard density
matrix mixing techniques such as damping and direct inversion in the iterative subspace
(DIIS) [40,41]. In the DIIS approach, error vectors are defined as

e(k) = F(k)P(k)S − SP(k)F(k), (10)

and an improved Fock matrix is constructed as a linear combination of previous
Fock matrices,

FDIIS = ∑
i

ciF(i), (11)

where the coefficients {ci} are obtained by solving a small auxiliary linear system.
Although the DIIS coefficient computation itself is inexpensive and performed on

the CPU, the resulting mixed Fock matrix is stored on the GPU and reused directly in
subsequent kernel executions. As a result, GANSU keeps the computationally intensive
parts of the SCF iteration on the GPU while limiting CPU–GPU interactions to lightweight
control tasks.

6.4. Matrix Diagonalization and Data Locality

Solving the Roothaan–Hall equation requires diagonalization of the Fock matrix in
an orthonormal basis. In GANSU, the generalized eigenvalue problem in Equation (7) is
transformed using the overlap matrix,

F′ = XTFX, (12)

where X satisfies
XTSX = I. (13)

The transformed Fock matrix F′ is diagonalized to obtain updated molecular orbitals.
Matrix operations involved in this step are delegated to GPU-accelerated linear algebra
libraries (cuBLAS and cuSOLVER), allowing diagonalization and matrix transformations to
be executed efficiently while keeping data resident on the GPU.

6.5. Workflow-Level Integration and Performance Implications

The performance advantage of GANSU over CPU-based implementations and naïve
GPU ports arises from three complementary design principles that together eliminate the
most common sources of overhead in GPU-accelerated scientific workflows.

6.5.1. Elimination of Redundant Data Movement

In a typical SCF iteration, the density matrix P, Fock matrix F, integral buffers, and
molecular orbital coefficients C are all consumed or produced by successive kernels. A
naïve implementation would transfer these matrices between the host and device at each
kernel boundary. GANSU instead allocates all intermediate data on the GPU at the start of
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the calculation and retains them across all SCF iterations, restricting CPU–GPU transfers to
lightweight scalar quantities (energies and convergence flags). This design converts what
would otherwise be a memory bandwidth-limited pipeline into a compute-limited one for
small and medium systems.

6.5.2. Adaptive Bottleneck Mitigation

The dominant performance bottleneck shifts with system size. For small molecules
(M < 200), ERI evaluation is compute-bound with high arithmetic intensity from recur-
rence relations, and the GPU achieves high FLOP utilization. As M grows, Fock matrix
construction becomes memory-bound: the O(M4) integral contributions must be reduced
into an O(M2) matrix through scattered atomic updates that saturate memory bandwidth
rather than compute units. The DAR method [13] addresses this transition by distributing
atomic updates across NFock-replicated Fock matrices, reducing memory contention by a
factor proportional to NFock and improving the L2 cache throughput by up to 2.82×. For
systems exceeding stored-ERI capacity, the RI approximation reduces the dominant cost
from O(M4) to O(M2Naux) three-center integrals followed by dense matrix operations that
map efficiently to cuBLAS DGEMM.

6.5.3. Minimization of Kernel Launch and Synchronization Overhead

Recurrence relations in ERI and one-electron integral kernels are fully expanded sym-
bolically at code generation time, eliminating recursive function calls and enabling the
compiler to allocate all intermediates in registers. Shell pairs are sorted by angular momen-
tum type so that threads within each warp follow identical control flow, avoiding warp
divergence. Multiple independent kernels (e.g., overlap, kinetic, and nuclear attraction gra-
dient kernels) are launched in separate CUDA streams for concurrent execution. Together,
these choices minimize the fraction of GPU time spent on non-computational work: the
“Other” category in the performance breakdown (Section 9) accounts for less than 8% of
total SCF time across all tested molecules.

7. Post-Hartree–Fock Methods
While Hartree–Fock theory provides a mean-field description of electronic structure,

the accurate treatment of electron correlation requires post-HF methods. GANSU provides
GPU-accelerated implementations of Møller–Plesset perturbation theory [57] at the second
and third orders and full configuration interaction, integrated within the same GPU-resident
data flow as the SCF workflow.

7.1. MP2 and MP3 Correlation Energy

The second-order Møller–Plesset (MP2) correlation energy for a closed-shell system is
given by

E(2) =
occ

∑
i<j

virt

∑
a<b

(ia|jb)[2(ia|jb)− (ib|ja)]
εi + ε j − εa − εb

, (14)

where i, j index occupied and a, b index virtual molecular orbitals, and ε are orbital energies.
The four-index integrals (ia|jb) are obtained by transforming the AO-basis ERIs to the
MO basis.

GANSU implements the MP2 energy evaluation using a hierarchical three-level reduc-
tion scheme [14]. Each GPU thread evaluates one summand in registers; warp shuffle
instructions aggregate partial sums within warps of 32 threads; atomicAdd to shared
memory aggregates within CUDA blocks; and a single atomicAdd per block updates the
global accumulator. With 1024 threads per block, this approach minimizes global memory
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atomic operations and achieved speedups of up to 255.5× over PySCF and 71.1× over
GPU4PySCF [14].

The third-order Møller–Plesset (MP3) correlation energy consists of three terms (4h2p,
2h4p, and 3h3p), each involving six-fold summations with O(M6) cost. GANSU reformu-
lates all three terms into unified four-fold summations by factoring out the inner double
summations as four matrix multiplications, which are evaluated using cuBLAS DGEMM [14].
This DGEMM-based reformulation delegates the most expensive O(M6) contractions to
vendor-optimized routines, while the remaining four-fold summation is handled by a
custom CUDA kernel with the same hierarchical reduction scheme as MP2. The MP3
implementation achieved speedups of up to 96.2× over PySCF [14].

7.2. RI-RMP2 Correlation Energy

For systems where the full four-center MO integral tensor exceeds available GPU
memory, GANSU provides an RI-based restricted MP2 (RI-RMP2) implementation [15].
The RI approximation introduces an intermediate tensor BP

ia constructed from three-center
integrals and the auxiliary basis metric, reducing memory requirements from O(M4)

to O(M3).
The four-center MO integrals are reconstructed from the intermediate tensor via

cuBLAS DGEMM:
(ia|jb) ≈ ∑

P
BP

iaBP
jb. (15)

To further control memory usage, the occupied index i is sliced into chunks of length k,
dynamically determined at runtime to maximize utilization of available GPU memory [15].
The correlation energy formula is decomposed into four terms with mutually exclusive
index ranges, each computed by a separate CUDA kernel launched in different CUDA
streams for concurrent execution. The RI-RMP2 implementation achieved speedups of up
to 165.2× over PySCF and 4.04× over GPU4PySCF [15].

7.3. Full Configuration Interaction

For exact ground-state energy calculations within a given basis set, GANSU provides
a fully GPU-accelerated full configuration interaction (FCI) implementation based on the
Knowles–Handy algorithm [16,58]. The core operation is the sigma vector formation
σ = Hc within the Davidson iterative eigensolver [59], where H is the full CI Hamiltonian
matrix and c is the trial vector.

Unlike prior GPU implementations that accelerated only the sigma formation while
leaving the Davidson procedure on the CPU, GANSU performs the entire Davidson eigen-
solver on the GPU, including orthogonalization, subspace diagonalization, and residual
computation [16]. The sigma formation kernel uses unified thread assignment for both
alpha- and beta-string contributions, eliminating excessive kernel launches and atomicAdd
operations present in earlier implementations. All large vectors and matrices are allocated
directly in GPU memory, with CPU–GPU transfers limited to the small ERI tensor before
the Davidson loop. This fully GPU-resident approach achieved speedups of up to 35.4×
over PySCF and 15.9× over GPU4PySCF [16], and was recognized with an Outstanding
Paper Award.

8. Analytical Energy Gradients and Geometry Optimization
Beyond single-point energy calculations, GANSU provides GPU-accelerated analytical

energy gradients and gradient-based geometry optimization. These capabilities allow users
to locate equilibrium structures and stationary points on potential energy surfaces entirely
within the GPU-resident workflow.
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8.1. Analytical Energy Gradients

The total HF energy gradient with respect to nuclear coordinate RAx of atom A can be
decomposed as

∂E
∂RAx

=
∂Vnn

∂RAx
+ ∑

µν

Pµν
∂Hµν

∂RAx
+

1
2 ∑

µνλσ

PµνPλσ
∂(µν|λσ)

∂RAx
− ∑

µν

Wµν
∂Sµν

∂RAx
, (16)

where Vnn is the nuclear repulsion energy, Hµν is the core Hamiltonian, Sµν is the overlap
matrix, Pµν is the density matrix, and Wµν = 2 ∑k CµkCνkεk is the energy-weighted density
matrix. The four terms correspond to the nuclear repulsion gradient, the one-electron
integral gradients (kinetic energy and nuclear attraction), the two-electron integral gradient,
and the overlap gradient weighted by W, respectively.

GANSU evaluates all four contributions analytically on the GPU. Dedicated CUDA
kernels are provided for each component:

• The overlap gradient ∂Sµν/∂RAx;
• The kinetic energy gradient ∂Tµν/∂RAx;
• The nuclear attraction gradient ∂Vµν/∂RAx, which requires differentiated Boys functions;
• The two-electron integral gradient ∂(µν|λσ)/∂RAx, computed in a single pass over all

shell quartets with eight-fold symmetry;
• The nuclear repulsion gradient, evaluated via direct Coulomb force computation.

The one-electron derivative integrals are computed via the recursive differentiation of
the McMurchie–Davidson expansion coefficients [51], with all recurrence relations fully
expanded symbolically to eliminate function call overhead. The two-electron integral
gradient is evaluated using the Rys quadrature method [31] for all angular momentum
types, since nuclear coordinate differentiation increases the effective angular momentum
by one, making the MD intermediate arrays impractically large. Multiple CUDA streams
are used to overlap the execution of independent gradient kernels, and the partial gradient
arrays are accumulated on the GPU using cuBLAS vector operations. Translational invari-
ance (∂E/∂RB = −∂E/∂RA for a two-center integral) is exploited to reduce the number of
derivative evaluations.

The gradient computation follows the same Strategy pattern as the energy calcu-
lation: the base class HF declares a pure virtual method compute_Energy_Gradient(),
and both RHF and UHF provide concrete implementations. The UHF gradient kernel ac-
cepts separate alpha and beta density matrices and computes the corresponding exchange
contributions independently.

8.2. Geometry Optimization Performance

Using the analytical gradients, GANSU performs geometry optimization through
a dedicated optimizer hierarchy that again follows the Strategy design pattern [39]. An
abstract base class GeometryOptimizer defines the interface for search direction computa-
tion, step acceptance, and convergence checking, and a factory method selects the concrete
optimizer at runtime based on user input.

Nine optimization algorithms are currently implemented:

• Quasi-Newton methods: BFGS (Broyden–Fletcher–Goldfarb–Shanno), DFP (Davidon–
Fletcher–Powell), and SR1 (symmetric rank-1 update). These methods build an ap-
proximate inverse Hessian from successive gradient differences using rank-one or
rank-two updates [60].

• Conjugate gradient methods: Fletcher–Reeves [61], Polak–Ribière [62], Hestenes–
Stiefel [63], and Dai–Yuan [64] variants, each differing in the formula for the conjugate
direction parameter β.
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• Steepest descent: A baseline first-order method using the negative gradient as the
search direction.

• GDIIS (geometry DIIS) [42]: A hybrid method that combines the BFGS Hessian update
with DIIS extrapolation over a history of recent geometries and gradients, avoiding
the need for a line search.

Line search is used for the quasi-Newton and conjugate gradient methods to determine
the step length along the computed search direction. The GDIIS method instead determines
the step from the DIIS subspace directly.

At each optimization step, GANSU performs a full SCF calculation at the current
geometry, evaluates the analytical gradient, updates the nuclear coordinates according to
the chosen optimizer, and repeats until convergence. Because both the SCF energy and the
gradient are computed on the GPU, the optimization loop incurs minimal CPU–GPU data
transfer beyond the updated nuclear coordinates and convergence status.

9. Performance Evaluation
This section presents a performance evaluation of the GANSU framework from both

kernel-level and workflow-level perspectives. The objective is to quantify the performance
of individual GPU-accelerated kernels as well as the end-to-end efficiency of the integrated
self-consistent field (SCF) workflow.

9.1. Experimental Setup

All benchmarks were performed on a system equipped with an NVIDIA H200 GPU
(141 GB HBM3e) and two Intel Xeon Platinum 8592+ CPUs (64 cores each; 128 cores total),
with 2 TB of system DDR5 DRAM. GANSU uses the GPU as the sole computational device
and does not employ CPU parallelism; the CPUs are used only for single-threaded SCF
control logic. Double-precision arithmetic was employed throughout all calculations.

For comparison, we selected two reference implementations: PySCF [28,29] (version 2.11,
CPU-based, and utilizing all 128 cores via multithreaded linear algebra) and GPU4PySCF [30]
(version 1.5.2; GPU-accelerated on the same H200 GPU). All three implementations use
identical molecular geometries, the same basis sets, and converge to the same SCF energy
threshold (10−9 Hartree). For small and medium molecules, GANSU employs stored ERI,
precomputing all integrals once and retaining them in GPU memory. For larger molecules
that exceed stored-ERI memory capacity, GANSU uses the resolution-of-the-identity (RI)
approximation; PySCF and GPU4PySCF use density fitting (DF-HF) for these molecules
to ensure a fair comparison at the same level of integral approximation. The timings
reported below are end-to-end wall-clock times from a user perspective, encompassing
both integral computation and SCF convergence. Table 2 lists the molecular systems
selected for evaluation, which range from small validation cases (H2O; 25 basis functions)
to cholesterol (650 basis functions).

9.2. Kernel-Level Performance

Table 3 summarizes the performance of individual computational kernels implemented
in GANSU, as reported in our prior publications. These results confirm that each kernel
achieves large speedups while maintaining numerical accuracy sufficient for quantum
chemical calculations.

The ERI evaluation kernels benefit from massive thread-level parallelism and the
warp-based reduction strategies that minimize atomicAdd contention. The Boys function,
evaluated inline within ERI kernels, achieves high throughput through the gridded Taylor
expansion method. The one-electron integral kernels demonstrate the effectiveness of
the hybrid OS/MD approach with CUDA stream-based concurrent execution. The Fock
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matrix construction kernel shows that distributed atomic reduction effectively mitigates
memory contention in the accumulation step. The integration of these kernels into GANSU
preserves their individually optimized performance characteristics.

Table 2. Molecular systems used for benchmarking.

Molecule Atoms Basis Set M ERI
(GANSU)

Water (H2O) 3 cc-pVDZ 25 Stored
Methane (CH4) 5 cc-pVDZ 35 Stored
Ethanol (C2H6O) 9 6-31G* 57 Stored
Benzene (C6H6) 12 6-31G* 102 Stored
Pentane (C5H12) 17 cc-pVDZ 135 Stored
Naphthalene (C10H8) 18 6-31G* 166 Stored
Decane (C10H22) 32 6-31G* 194 Stored
Anthracene (C14H10) 24 cc-pVDZ 260 Stored
Fullerene (C60) 60 STO-3G 300 Stored

Taxol (C47H51NO14) 113 STO-3G 361 RI
Dodecahedrane (C20H20) 40 cc-pVDZ 400 RI
Sirolimus (C51H79NO13) 144 STO-3G 404 RI
Morphine (C17H19NO3) 40 cc-pVDZ 410 RI
Penicillin G (C16H18N2O4S) 42 cc-pVDZ 434 RI
C90 (C90) 90 STO-3G 450 RI
Oleic acid (C18H34O2) 54 cc-pVDZ 470 RI
Cyclosporine (C62H111N11O12) 196 STO-3G 536 RI
Folic acid (C19H19N7O6) 51 cc-pVDZ 575 RI
Cholesterol (C27H46O) 74 cc-pVDZ 650 RI

Table 3. Summary of kernel-level performance results from prior publications. Speedups are
representative peak values.

Kernel Peak Speedup Reference

ERI (HGP, WBA) 1905× vs. seq. CPU [4]
ERI (MD, STM) 4500× vs. seq. CPU [5]
ERI screening 18× vs. no screening [8]
Three-center RI-ERI 4.99× vs. GPU4PySCF [7]
Boys function 21.7× vs. 72-core CPU [10]
Nuclear attraction 1635× vs. seq. CPU [11]
One-electron integrals 132.6× vs. GPU4PySCF [12]
Fock matrix (DAR) 3.75× vs. baseline GPU [13]

9.3. End-to-End SCF Performance

Table 4 compares the total wall-clock time for RHF/SCF convergence. The upper
portion of the table shows molecules computed with stored ERI, while the lower portion
shows larger molecules computed with RI approximation.

For small molecules (H2O, CH4, and M < 50), all three implementations complete in
about 1 s or less; at this scale, kernel launch latency and initialization overhead dominate
over actual computation, and no meaningful speedup distinction can be drawn. As the
system size increases and the O(M4) ERI cost becomes dominant, the advantage of GANSU
becomes pronounced. For stored-ERI molecules (M ≤ 300), GANSU achieves speedups
of up to 13× over PySCF (benzene) and 1–8× over GPU4PySCF. For molecules computed
with RI approximation (M = 361–650), GANSU achieves speedups of 11–52× over PySCF,
with the largest speedup for sirolimus (52×). Compared to GPU4PySCF, GANSU is 1–3×
faster for STO-3G RI molecules, where the RI integral cost dominates. For the largest cc-
pVDZ molecules (folic acid and cholesterol), GPU4PySCF achieves comparable or slightly
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faster performance than GANSU, as its highly optimized three-center integral engine
compensates for the higher formal cost at these system sizes.

Table 4. End-to-end RHF/SCF wall-clock time (seconds).

Molecule M GANSU PySCF GPU4PySCF

Stored ERI
Water (H2O) 25 0.17 0.26 1.36
Methane (CH4) 35 0.17 0.89 0.59
Ethanol (C2H6O) 57 0.17 1.19 0.72
Benzene (C6H6) 102 0.20 2.64 1.14
Pentane (C5H12) 135 0.26 2.97 1.51
Naphthalene (C10H8) 166 0.36 3.54 1.75
Decane (C10H22) 194 0.43 3.54 1.88
Anthracene (C14H10) 260 1.26 4.34 3.77
Fullerene (C60) 300 2.69 7.71 3.11
RI approximation
Taxol (C47H51NO14) 361 1.01 50.45 2.83
Dodecahedrane (C20H20) 400 0.86 9.57 0.87
Sirolimus (C51H79NO13) 404 1.27 65.86 3.31
Morphine (C17H19NO3) 410 1.02 15.89 1.25
Penicillin G (C16H18N2O4S) 434 1.26 16.08 1.34
C90 (C90) 450 1.90 85.97 4.22
Oleic acid (C18H34O2) 470 1.15 16.84 1.20
Cyclosporine (C62H111N11O12) 536 2.58 130.13 5.62
Folic acid (C19H19N7O6) 575 2.62 34.44 2.00
Cholesterol (C27H46O) 650 3.17 35.26 1.95

Table 5 presents the gradient computation times. The GANSU timings include both
SCF convergence and gradient evaluation.

Table 5. Analytical gradient computation time (seconds), including SCF convergence.

Molecule M GANSU PySCF GPU4PySCF

Water (H2O) 25 0.17 0.58 1.58
Benzene (C6H6) 102 0.21 6.30 1.45
Naphthalene (C10H8) 166 0.36 10.17 2.65
Decane (C10H22) 194 0.43 9.33 2.10
Anthracene (C14H10) 260 1.17 13.34 4.75

The gradient timings follow the same trend as the SCF results. For benzene, GANSU
completes the gradient in 0.21 s compared to 6.30 s for PySCF (30×) and 1.45 s for
GPU4PySCF (6.9×). For anthracene (M = 260), GANSU achieves 11.4× over PySCF
and 4.1× over GPU4PySCF.

9.4. Integral-Direct SCF and Extended Code Comparisons

This subsection adds two comparisons to the preceding results: integral-direct SCF
within GANSU, where four-center ERIs are recomputed every SCF iteration instead of
being precomputed and stored, and the CPU-native package ORCA 6.1.1 [65,66] on the
same 128-core CPU system as the PySCF runs. Table 6 shows the SCF compute times on
a ten-molecule subset. The timings are internal compute times (SCF solve plus integral
evaluation) and do not include process-level startup: GPU context initialization and basis
loading for GANSU, and MPI launcher and basis loading for ORCA. These overheads
are 1–3 s for GANSU and 20–25 s for ORCA on 128 ranks, and would otherwise swamp
small-molecule comparisons; the convention matches Tables 4 and 5.
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Table 6. SCF compute time (seconds, internal timer; startup excluded) extended with integral-direct
SCF (GANSU) and ORCA 6.1.1 comparison. The “GANSU (stored/RI)” column reproduces the
strategy used in Table 4: stored ERI for M ≤ 300 and RI for M > 300. The “GANSU direct” column
reports the integral-direct strategy ERI_Direct (four-center ERIs recomputed every SCF iteration
with Schwarz screening). For M > 300 the recommended strategy is RI; direct is therefore omitted for
these rows. ORCA runs use its default integral-direct SCF on all 128 CPU cores via MPI; the “ORCA
RIJK” column uses the RIJK AutoAux keywords and is reported only for M > 300 where RI-level
comparison is meaningful. ORCA 6.1 supports only spherical Gaussians (5d, 7f), whereas GANSU,
PySCF, and GPU4PySCF use Cartesian (6d, 10f); the M column lists the Cartesian value.

Molecule M GANSU GANSU PySCF GPU4 ORCA ORCA
(Stored/RI) Direct PySCF Direct RIJK

Stored ERI regime (M ≤ 300)
Ethanol 57 0.17 1.07 1.19 0.72 1.29 —
Benzene 102 0.20 1.28 2.64 1.14 1.64 —
Pentane 135 0.26 1.99 2.97 1.51 2.07 —
Naphthalene 166 0.36 4.29 3.54 1.75 2.46 —
Decane 194 0.43 4.22 3.54 1.88 2.49 —
Anthracene 260 1.26 21.7 4.34 3.77 4.91 —
Fullerene 300 2.69 11.9 7.71 3.11 13.3 —
RI regime (M > 300)
Taxol 361 1.01 — 50.45 2.83 9.80 100.7
Morphine 410 1.02 — 15.89 1.25 15.9 33.5
Cholesterol 650 3.17 — 35.26 1.95 35.1 81.8

The ERI_Direct strategy recomputes four-center ERIs with Schwarz screening on
every SCF iteration. This removes the GPU-memory cost of storing the full ERI tensor, but
pays Niter times the integral cost. For the small and medium molecules in Table 6, GANSU
direct takes 1–22 s, which is 4–17× the stored-ERI time (1.07 s vs. 0.17 s for ethanol; 21.7 s
vs. 1.26 s for anthracene). The ratio tracks the number of SCF iterations: the GPU kernel
speedups of Table 3 apply once per run for stored ERI but Niter times for direct. This is why
the paper uses stored ERI for M ≤ 300 and RI for M > 300: integral-direct SCF doesn’t
reveal new GPU speedup, it just pays the ERI cost more often.

The anthracene/fullerene ordering flips between columns. Anthracene (cc-pVDZ;
M = 260) is faster than fullerene (STO-3G; M = 300) in the stored-ERI, PySCF, and ORCA
direct columns, but slower in the GANSU direct and GPU4PySCF columns. The per-
iteration cost is not a pure function of M; it also depends on shell angular momentum (for
direct SCF with explicit ERIs) and on auxiliary-basis size (for density-fitting or RI methods).
A single cartesian (dd|dd) quartet has 64 = 1296 integral components, compared with 1 for
(ss|ss); cc-pVDZ has d shells on every carbon, and STO-3G has none. A direct-SCF code
that recomputes all four-center ERIs every iteration therefore pays much more per iteration
on anthracene/cc-pVDZ than on fullerene/STO-3G, even though STO-3G fullerene has a
larger M. Density-fitting codes see the same effect through the auxiliary basis, which grows
with orbital-basis angular momentum. Stored-ERI and RI strategies (Table 4) amortize
the basis-specific integral cost over all iterations, leaving Fock construction (which scales
with M) to dominate, so the M-ordering reappears. ORCA direct keeps the M-ordering
as well, because COSX [67] evaluates exchange by grid integration instead of (ℓℓ|ℓℓ) ERIs
and thereby flattens the angular-momentum dependence. The reversal is a fingerprint
of algorithms in which basis-specific per-iteration constants dominate; integral caching
erases it.

Compared with ORCA direct on the same 128-core CPU system, GANSU direct is
roughly comparable for M ≤ 135 (1.28 s vs. 1.64 s for benzene at 6-31G*) and slower for
larger molecules (21.7 s vs. 4.9 s for anthracene). The direct-SCF pipeline of ORCA has
been optimized for over a decade: COSX [67] for the exchange contribution, the SHARK
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integral library, density-based screening on top of Schwarz, and multipole expansions
for long-range. The ERI_Direct strategy in GANSU, in contrast, implements only the
baseline formulation (four-center ERIs with Schwarz screening); porting these specialized
techniques to GPUs is a matter for future work.

What matters for the overall claim is that GANSU stored/RI beats ORCA direct (with
COSX and the rest) by 3.9–15.6× and ORCA RIJK with AutoAux by 25.8–99.7× on the same
128-core CPU hardware. For cholesterol (M = 650), GANSU RI at 3.17 s is 11.1× faster than
ORCA direct (35.1 s) and 25.8× faster than ORCA RIJK (81.8 s). All multipliers use internal
compute times, so they reflect computational work rather than process launching. Integral
caching on the GPU therefore wins not only against a plain direct-SCF baseline but also
against a mature CPU-native direct-SCF pipeline: the speedup comes from caching and
reuse, not from per-iteration kernel tuning in the direct regime.

One basis-set detail: ORCA 6.1 supports only spherical Gaussians (5d and 7f), whereas
GANSU, PySCF, and GPU4PySCF use Cartesian (6d and 10f) as in the rest of Section 9.
The basis function count in ORCA is therefore smaller for shells with ℓ ≥ 2 (96 spherical
vs. 102 Cartesian for benzene/6-31G*; 5–15% typical), which is well below the speedups
reported above.

9.5. Post-HF Performance

Table 7 summarizes the kernel-level performance of post-HF methods as reported in
prior publications.

Table 7. Summary of post-HF kernel-level performance. Speedups are representative peak values.

Method vs. PySCF vs. GPU4PySCF Reference

MP2 255.5× 71.1× [14]
MP3 96.2× — [14]
RI-RMP2 165.2× 4.04× [15]
FCI 35.4× 15.9× [16]

Table 8 presents the end-to-end MP2 timings, which include both the SCF convergence
phase and the MP2 correlation calculation.

Table 8. End-to-end MP2 computation time (seconds), including SCF.

Molecule M GANSU PySCF GPU4PySCF

Stored ERI
Water (H2O) 25 0.10 0.51 2.28
Methane (CH4) 35 0.18 0.85 2.36
Benzene (C6H6) 120 0.25 5.00 3.19
Naphthalene (C10H8) 190 0.53 7.51 5.38
Decane (C10H22) 260 0.95 7.06 7.06
Anthracene (C14H10) 260 1.32 12.78 9.44
Fullerene (C60) 300 2.89 20.42 6.77
RI approximation
Taxol (C47H51NO14) 361 1.21 50.81 4.63
Dodecahedrane (C20H20) 400 1.00 11.06 1.73
Sirolimus (C51H79NO13) 404 1.53 69.26 5.56
Morphine (C17H19NO3) 410 1.19 16.75 2.16
Penicillin G (C16H18N2O4S) 434 1.54 17.39 2.52
C90 (C90) 450 2.44 91.47 7.39
Oleic acid (C18H34O2) 470 1.61 18.33 2.38
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The MP2 speedups grow with system size, consistent with the O(o2v2M) scaling of
the integral transformation step, which dominates for larger molecules and maps efficiently
to GPU-parallel execution. For small molecules (H2O and CH4), all three implementations
complete within 2.5 s. For medium molecules (M = 100–300), GANSU is 7–20× faster
than PySCF and 2–13× faster than GPU4PySCF, as the integral transformation begins to
dominate over SCF overhead. For fullerene/STO-3G (M = 300), GANSU is 7.1× faster than
PySCF and 2.3× faster than GPU4PySCF. For RI molecules, GANSU achieves speedups of
up to 45× over PySCF (sirolimus; M = 404) and 3–4× over GPU4PySCF. The cc-pVDZ RI
molecules (dodecahedrane through oleic acid) are also evaluated, with GANSU achieving
11–14× over PySCF and 1.5–1.8× over GPU4PySCF. These end-to-end results complement
the kernel-level benchmarks in Table 7, which report speedups of up to 255× over PySCF
for the MP2 kernel alone.

Table 9 presents the end-to-end FCI timings. Because the FCI determinant space grows
factorially with the number of electrons and orbitals, both the computational cost and
memory usage increase explosively with the system’s size. The FCI benchmarks therefore
use small molecules with minimal basis sets (M ≤ 18), in contrast to the SCF and MP2
evaluations above.

Table 9. End-to-end FCI computation time (seconds), including SCF.

Molecule Basis Set M GANSU PySCF GPU4PySCF

Methane (CH4) STO-3G 9 0.14 1.11 0.76
Water (H2O) 6-31G 13 0.19 5.12 2.90
Ethylene (C2H4) STO-3G 14 0.44 16.71 10.01
Carbon dioxide (CO2) STO-3G 15 0.23 6.99 2.72
Sodium hydroxide (NaOH) STO-3G 15 0.48 21.10 16.47
Ammonia (NH3) 6-31G 15 0.45 17.43 10.50
Sodium chloride (NaCl) STO-3G 18 0.55 17.37 8.51
Calcium oxide (CaO) STO-3G 18 0.94 38.99 27.72

GANSU achieves speedups of 8–44× over PySCF and 5–34× over GPU4PySCF across
all tested molecules. The largest speedup over PySCF is observed for NaOH (44×), while
the largest over GPU4PySCF is also for NaOH (34×). These speedups are substantially
larger than the MP2 results because the FCI Davidson eigensolver in GANSU runs entirely
on the GPU, including subspace operations and residual computation [16], whereas PySCF
and GPU4PySCF perform these steps with higher overhead. All molecules complete in
under 1 s on GANSU, compared to 1–39 s for PySCF and 0.8–28 s for GPU4PySCF.

9.6. Geometry Optimization

As described in Section 8, GANSU provides nine optimizer algorithms (BFGS, DFP,
SR1, GDIIS, CG-FR, CG-PR, CG-HS, CG-DY, and steepest descent). While PySCF and
GPU4PySCF support analytical gradient computation (as compared in Table 5), they do not
provide a built-in geometry optimizer; a direct optimization timing comparison is therefore
omitted. In our tests, all small-molecule optimizations (CH4, NH3, and CO2) converge in
under 1 s on the H200 GPU.

9.7. Scaling Behavior

The SCF timings in Table 4 reveal how performance scales with system size. For
stored-ERI molecules (M ≤ 300), the wall-clock time grows from 0.17 s (M = 25) to
2.69 s (M = 300), a 16× increase for a 12× increase in basis size, indicating near-quadratic
effective scaling that is significantly better than the formal O(M4) cost because (1) Schwarz
screening eliminates the vast majority of negligible integrals, and (2) the precomputed
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ERI tensor is reused across all SCF iterations without recomputation. For RI molecules
(M = 361–650), the wall-clock time ranges from 0.86 s to 3.17 s; the RI approximation
reduces the dominant cost to three-center integrals and dense matrix operations [7], both of
which map efficiently to GPU DGEMM and achieve near-peak throughput. PySCF scales
less favorably: its wall-clock time increases from 9.57 s (M = 400) to 130.13 s (M = 536) for
RI molecules, reflecting the higher overhead of CPU-based integral evaluation.

9.8. Numerical Validation

Table 10 compares the converged RHF energies across all three implementations. All
calculations use Cartesian Gaussian basis functions (six components for d shells, ten for
f , etc.) to ensure a consistent basis set definition across programs. The energies agree to
within 10−7–10−8 Hartree for small molecules (H2O, CH4, and anthracene) and to within
10−6 Hartree for fullerene. These residual differences arise from minor variations in integral
evaluation algorithms and convergence procedures, and are well below chemical accuracy
(1.6 × 10−3 Hartree). PySCF and GPU4PySCF produce identical energies to the reported
precision, confirming that GPU acceleration itself does not introduce numerical error.

Table 10. RHF energy comparison (Hartree) for numerical validation.

Molecule GANSU PySCF GPU4PySCF

Water (H2O) −76.0234907 −76.0234908 −76.0234908
Methane (CH4) −40.1985958 −40.1985959 −40.1985959
Benzene (C6H6) −230.7029054 −230.7029055 −230.7029055
Fullerene (C60) −2243.9343511 −2243.9343526 −2243.9343526
Anthracene (C14H10) −536.0409108 −536.0409112 −536.0409112

9.9. Performance Breakdown

Finally, we analyze the distribution of execution time across different components of
the SCF workflow. Figure 2 shows a breakdown of the total SCF wall-clock time into ERI
evaluation, Fock matrix construction, matrix diagonalization, one-electron integrals, and
other overheads for four representative molecules spanning a range of system sizes.

0 20 40 60 80 100
Fraction of SCF time (%)

Water
(M = 25)

Benzene
(M = 102)

Fullerene
(M = 300)

Cholesterol
(M = 650, RI)

ERI evaluation
Fock construction

Diagonalization
One-electron int.

Other

Figure 2. Breakdown of SCF wall-clock time by component, measured on an NVIDIA H200 GPU.
ERI evaluation dominates for small molecules, while Fock matrix construction grows significantly for
larger systems. Cholesterol uses the RI approximation (M = 650).

The breakdown reveals that ERI evaluation dominates the computational cost for
small and medium molecules (89% for H2O and benzene), while Fock matrix construction
becomes increasingly significant for larger systems, reaching 31% for cholesterol (M = 650).
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This shift occurs because ERI evaluation scales as O(M4) (or O(M2Naux) with RI) but is
performed only once in the stored-ERI strategy, whereas Fock matrix construction, which
involves O(M2) reduction with O(M4) atomic updates, must execute in every SCF iteration
and becomes memory bandwidth-limited as the number of concurrent atomic updates
grows with M. Matrix diagonalization remains a minor contributor across all system sizes
because the O(M3) dense eigenvalue problem maps efficiently to cuSOLVER. One-electron
integrals are negligible for larger systems where stored ERI or RI strategies are used, as
they are computed once and their O(M2) cost is dwarfed by the ERI and Fock steps. The
“Other” category, which includes basis orthogonalization, energy evaluation, and density
matrix construction, consistently accounts for less than 8% of the total time, confirming
that kernel orchestration overhead is well controlled.

Overall, these results demonstrate that GANSU accelerates both individual computa-
tional kernels and the end-to-end workflow, confirming the effectiveness of the proposed
integration strategy for GPU-accelerated Hartree–Fock and post-HF calculations.

9.10. Scope and Discussion

Several aspects of the current work merit discussion regarding scope and generalizabil-
ity. All benchmarks were performed on a single NVIDIA H200 GPU with 141 GB HBM3e;
the execution model is designed to be portable across CUDA-capable GPUs, though abso-
lute performance will vary with memory bandwidth and compute capability. The largest
system tested (cholesterol: 650 basis functions for SCF) demonstrates the practical range of
single-GPU execution; multi-GPU and distributed-memory extensions, currently under
development, will enable treatment of larger systems. GANSU uses double-precision
arithmetic throughout to ensure numerical reproducibility; mixed-precision strategies
could further improve throughput and represent a natural extension. For the SCF RI
molecules, both GANSU and GPU4PySCF employ three-center integral approximations
(RI and density fitting, respectively), providing a comparison at a similar level of integral
approximation. The observed speedups of GANSU therefore reflect differences in kernel
implementation and workflow integration rather than a fundamental difference in algorith-
mic cost. For FCI, the comparison is on equal footing and GANSU achieves speedups of up
to 34× over GPU4PySCF.

The 650 basis function upper-bound in Table 4 is a memory-capacity limit of a single
NVIDIA H200 GPU (141 GB HBM3e) under the stored-ERI and RI strategies, not an algo-
rithmic one. With RI, the largest GPU-resident object is the three-center integral tensor of
size O(M2Naux), which for cholesterol/cc-pVDZ takes about 90 GB in double precision.
Three routes extend this limit. First, the ERI_Direct and ERI_RI_Direct strategies recom-
pute integrals and eliminate the storage bound entirely. Second, larger-HBM GPUs scale
the bound with device memory. Third, multi-GPU execution, under active development,
will partition the tensor across devices. The 650-basis number is therefore a single-GPU
stored/RI benchmark point, not a ceiling on applicability.

GANSU is written against the CUDA programming model and the NVIDIA math
libraries (cuBLAS and cuSOLVER). Two paths to other GPU vendors are technically feasible.
The first is direct porting via HIPIFY, which translates CUDA source to HIP for AMD
GPUs and is already used by packages such as QUICK [35,36]. The second is rewriting the
GPU-facing layers against a portable abstraction such as Kokkos, SYCL, or OpenMP target.
The HIPIFY route preserves the existing CUDA kernel tuning and is the natural first step.
Cross-vendor portability is an important direction, but a multi-vendor performance study
is outside the scope of this paper.
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10. Conclusions and Future Work
We presented GANSU, an integrated GPU-accelerated quantum chemistry framework

designed to efficiently execute Hartree–Fock (HF) and post-HF calculations on modern GPU
architectures. Unlike studies that focus on optimizing individual computational kernels
in isolation, this work emphasized the integration and orchestration of multiple GPU-
accelerated kernels, developed over a series of prior studies [4–16], within an end-to-end
execution model.

By explicitly aligning the mathematical structure of HF theory with the execution
characteristics of GPUs, GANSU enables efficient execution of electron repulsion integral
evaluation, Boys function computation, one-electron integrals, and Fock matrix construction
while minimizing data movement and synchronization overhead. The framework further
extends to post-HF methods including MP2, MP3, RI-RMP2, and full CI, as well as analytical
energy gradients and geometry optimization, all operating within a unified GPU-resident
data flow. Performance evaluations demonstrated that the proposed framework preserves
the high efficiency of individual kernels, achieving speedups of up to 4500 times for ERI
evaluation, 21.7 times for Boys function computation over 72-core CPUs, and 132.6 times
for one-electron integrals over GPU4PySCF, and, more importantly, achieves substantial
end-to-end performance improvements: up to 52 times faster than PySCF for SCF, 45 times
for MP2, and 44 times for FCI on an NVIDIA H200 GPU, with FCI speedups of up to
34 times over GPU4PySCF. These results highlight the importance of workflow-aware
design in GPU-accelerated scientific applications.

The primary contribution of this work lies in showing how individually optimized
GPU kernels can be composed into a practical, scalable application. The design principles
adopted in GANSU, namely GPU-first execution, explicit memory management, and
modular kernel integration, may also inform the development of GPU-native frameworks
in other computational domains.

Several directions for future work are currently under development. First, extending
the single-GPU execution model to multi-GPU and distributed-memory environments will
enable simulations of larger molecular systems with improved strong and weak scaling.
Second, excited-state methods such as configuration interaction doubles (CID), algebraic
diagrammatic construction (ADC), and equation-of-motion coupled-cluster (EOM-CC)
have been integrated into the framework as initial GPU-accelerated implementations;
further optimization and validation of these methods for production use is ongoing. Third,
density functional theory (DFT) algorithms, including exchange–correlation functional
evaluation and grid-based numerical integration on GPUs, are under active development.
GANSU is an evolving framework that continues to incorporate diverse quantum chemical
methods and algorithms, with the goal of providing a high-performance GPU-native
environment for a wide range of electronic structure calculations.

Our experience with GANSU confirms that the careful integration of GPU-accelerated
kernels at the workflow level is essential for high performance in complex scientific applica-
tions. The design choices described here may inform the development of GPU-accelerated
frameworks in other computational domains.
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