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Abstract

The steady increase in nonlinear loads in modern electric power systems leads to distortion
of electrical signal waveforms and, consequently, to deterioration of power quality. The
presence of higher harmonics in the network adversely affects electrical equipment, espe-
cially capacitor banks. The classical harmonic analysis method based on the discrete Fourier
transform has a number of drawbacks; therefore, the authors propose a new approach
to analyzing voltage and current waveforms using cubic spline interpolation, which has
not previously been applied as an independent method for analyzing electrical signals.
The paper examines in detail the application of harmonic analysis and spline interpolation
methods for standard equivalent circuits of loads: with a resistive-inductive load and with
a connected capacitor bank. Computer simulation using Multisim software revealed that
spline interpolation not only achieves accuracy comparable to that of harmonic analysis but
also outperforms it when analyzing supply voltage waveforms at the connection point and
current waveforms flowing through the capacitor bank, including when interharmonics
are present in the network. Thus, the approach presented in the paper, based on the use of
spline interpolation, can be recommended for application in the design, calculation, and
reliability assessment of power supply systems, as well as in power quality monitoring
and metering.

Keywords: power quality; harmonic analysis; discrete Fourier transform; spline interpolation;
capacitor banks

1. Introduction

A characteristic feature of modern electric power systems is the increasing share
of nonlinear loads, caused by the widespread adoption of power electronics, variable-
frequency drives, renewable energy sources, and other electrical equipment [1-3]. As
a result, the instantaneous voltage and current waveforms become distorted; thus, the
voltage and current waveforms are non-sinusoidal [4-6]. Such distortions lead to adverse
consequences, including damage to cable insulation, overheating of electric motors, and
incorrect tripping of circuit breakers [7]. Distortions of voltage and current waveforms are
particularly dangerous for capacitors—they cause damage to the dielectric and may even
lead to a capacitor explosion [8]. In this regard, power quality monitoring is becoming
one of the key tasks for power supply utilities, necessary for increasing the reliability and
energy efficiency of power supply [9-11]; power quality monitoring is especially promising
for industrial enterprises [12-14], and in particular for the mining sector [15].
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Power quality and, in particular, the degree of voltage non-sinusoidality are gov-
erned by various documents, which include both Russian standards, namely GOST 32144-
2013 [16], and international standards, such as EN 50160:2022 [17]. The above-mentioned
standards limit only voltage waveform distortions; however, there also exists an interna-
tional standard, IEEE 519-2014 [18], which limits distortions of both voltage and current [19].

The conventional method used in power quality assessment in terms of voltage and
current waveform distortion is harmonic analysis. This method is based on representing a
periodic signal by its Fourier series and computing its spectral components using the dis-
crete Fourier transform (DFT). Harmonic analysis makes it possible to represent a complex
signal as a sum of harmonic components, which, firstly, enables further calculations to find
unknown components, and, secondly, allows the level of distortion to be quantified using
the total harmonic distortion (THD) and the coefficients of individual harmonics [20,21].
Moreover, it is the harmonic analysis method that underlies most known methods for
improving power quality, such as passive and active harmonic filters [22-24] or random
frequency modulation algorithms [25].

However, despite its advantages, the harmonic analysis method also has a number of
limitations that significantly affect the solution of modern problems in the field of power
quality assessment [26]. Firstly, this method assumes strict periodicity of the signal over
a given observation interval. However, in real power systems, such conditions are rare;
non-stationary components often appear in power system signals, for example, during
transient processes, which cannot be described using the DFT [27-29].

Secondly, the harmonic analysis method is not designed to detect and quantify
interharmonics—components with frequencies that are not integer multiples of the funda-
mental frequency [19]. The occurrence of interharmonics can be caused by the presence
of arc steelmaking furnaces, certain frequency converters, and other loads with fluctuat-
ing current consumption in the network [30]. The resulting spectral leakage effect and
insufficient frequency resolution significantly complicate the task of accurately measuring
interharmonics using harmonic analysis [31,32].

To address the above-mentioned drawbacks, various extensions of the DFT have
been proposed. For example, the use of the generalized DFT to improve dynamic perfor-
mance [33], the application of window functions to enhance measurement accuracy [32],
or the use of the Stockwell transform for dealing with non-stationary signals [31]. Also,
for example, in study [34], an identification method based on BP-NN is considered, a
component of which is the DFT. This method makes it possible to accurately determine
resonant frequencies and calculate motor parameters; however, it is not designed to form
an accurate analytical description of the voltage or current waveform.

One of the promising approaches that makes it possible to eliminate the above-
mentioned drawbacks is the use of approximation methods to describe the wave-
form [35,36]. Approximation methods have previously been used by researchers, in
particular, to obtain standard voltage and current waveforms for various processes in
an electric power system [37,38]. In the present study, the use of the spline interpolation
method is proposed. Unlike harmonic analysis, which involves decomposing a signal
into components, spline interpolation analytically describes the shape of a periodic non-
sinusoidal signal by means of piecewise polynomial functions [39,40]. A key advantage
of splines is the smoothness and continuity of the function itself and its first and second
derivatives at the interpolation nodes, which not only ensures high approximation accuracy
with a relatively small number of parameters, but also facilitates the subsequent solution of
differential equations.
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The spline interpolation method finds wide application in various fields of science
and technology. Thus, this method is used in engineering geodesy for the analysis of
acquired data [39,41]. In speech recognition technologies, spline interpolation enables the
determination of emotional coloring [42]. In image processing, cubic and B-splines are
used, enabling scaling, correction, and restoration of images [43].

Despite the application of spline interpolation in various fields, in the electric power
engineering domain, this method is hardly ever used in its pure form, often serving as
a supplement to already existing methods, such as the DFT. For instance, in [44], spline
interpolation is used to extract the fundamental harmonic and further evaluate signal
waveform distortion. In [45], the discrete Taylor—Fourier transform and O-splines are
used for the analysis of fluctuating signals with varying frequency. Moreover, spline
interpolation can be employed in signal preprocessing in order to simplify the subsequent
application of the DFT [46,47].

In this paper, the authors propose a comparative analysis of two different approaches
to describing periodic non-sinusoidal voltage and current signals: harmonic analysis, cho-
sen due to its widespread use in industry and the availability of a regulatory framework,
and spline interpolation, which has not previously been used as an independent method.
The aim of the work is to quantitatively assess the accuracy of these methods when solving
standard electric power engineering problems. Section 2 describes the theoretical foun-
dations and research methodology, Section 3 presents the results of computer simulation
of various electrical signals, Section 4 assesses the prospects of the spline interpolation
method compared to harmonic analysis, and Section 5 presents the main conclusions of
the study.

2. Materials and Methods

In the present study, a comparison was made between the harmonic analysis method
and the spline interpolation method, which were used to analyze the waveform of periodic
non-sinusoidal electrical signals, including the analysis of voltage and current waveforms
at a given connection point.

The authors of the paper propose the application of the spline interpolation method,
which enables the analysis of the waveform of periodic non-sinusoidal electrical signals by
means of interpolating piecewise polynomial functions without sinusoidal decomposition
of the signal.

The paper examines the use of piecewise polynomial functions of degree three, or
cubic splines. A cubic spline consists of cubic segments. Each segment is defined on the
interval between interpolation nodes and represents a polynomial of the third degree:

felt) = ag + by (= teoq) + - (F— teq) + i (= ter)°, 1)

where f(t) is the value of the function on the k-th segment at a given time f; ay, by, ¢k, and
dy are the polynomial coefficients on the considered k-th segment; ¢;_1 is the time value at
the beginning of the k-th segment.

At t = t;_1, function (1) takes the following form:

felti1) = ap+ b (o1 —b1) F el — ) Fde (o1 — 1) =a, ()

that is, the value of the considered function at the interpolation node is equal to its value at
the beginning of the segment and equals the constant term ay.

The segments are joined at the interpolation nodes, ensuring the smoothness and
continuity of the function, its first and second derivatives. For this purpose, at the inter-
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polation nodes, the values of adjacent polynomials and their first and second derivatives
must be equal:
felt) = frea (k)
fl(t) = fra! (k) - (3)
¢ () = fila ()

Another condition for using spline interpolation is a specified distance between adja-
cent interpolation nodes. This distance is called the spline segment length and is denoted
as h:

h =t —t_q. (4)

By substituting (1) and (3) into (2), a system of linear equations with unknown coeffi-
cients by, ¢, and dy, is obtained:

ag + bg-h + e h? + di-h® = ag
b +2-cp-h + 3'dk-h2 = bryq . 5)
2-cp + 6-di-h = 2'Ck+1 — ¢+ 3-di-h = Ch+1

In the present study, it is assumed that, given the periodic nature of the signals under
consideration, f,(ty) = fui1(tz) = f1(to), where t, is the time value at the end of the
considered segment. Here, the observation interval ending at ¢, may either equal the
period of the fundamental frequency of the electrical signal or be an integer multiple of it,
which makes it possible to analyze signals over longer time intervals and to take temporal
variations into account, unlike the harmonic analysis method.

Thus, a system of 3n equations with 3n unknowns is formed, where 7 is the number
of segments over the considered time interval. The system of equations is solved using
matrix inversion. The obtained set of coefficients by, c;, and dy, together with the previously
determined coefficients 4y, forms a set of cubic segments of the spline (1), which analytically
describe the considered time interval of the electrical signal.

To verify the effectiveness of the spline interpolation method and to perform a com-
parative analysis of the two above-mentioned methods, computer simulation of a simple
electric power system with two types of connected load, linear and nonlinear, was carried
out using NI Multisim 14.2 (Multisim Education Edition, application version 14.2.0, build
14.20.49240, database version 14.1.a). The nonlinear load is external to the consumer under
consideration and is represented by a three-phase Larionov rectifier with a connected
resistive load and an inductive impedance required for current smoothing, represented by
a coil with an inductance of 0.1 mH. The connection of the nonlinear load contributes to
the appearance of harmonic components of the supply voltage at the point of common cou-
pling of the linear load. The type of linear load depends on the simulation scheme. Within
Scheme A, the linear load is represented by a simple equivalent circuit of a power trans-
mission line and parallel-connected resistive-inductive and resistive consumers (Figure 1).
Within Scheme B, a capacitor bank (CB) is connected at the point of common coupling
of the existing linear consumer, represented by non-ideal capacitors connected in a star
configuration (Figure 2).

The source voltage parameters and the line resistance Ry;,,, and inductance L;;,,, are
specified and remain unchanged. The simulation is carried out at a line voltage of 6.3 kV.
The linear load parameters are specified separately for each scheme.

The parameters of the Larionov rectifier load on the direct current (DC) side (the
resistance of the nonlinear load R;), which are necessary for varying the degree of supply
voltage distortion, are presented in Table 1. The power of the nonlinear load directly affects
the total harmonic distortion THDy.

https://doi.org/10.3390/eng7100567


https://doi.org/10.3390/eng7100567

Eng 2026, 7, 567 5o0f 23

R; R;
L1 L1
1< <
1 1 L L,
™~ ™~
L1 L1
< <
Rn LVI
— Y — R, R,
[ % [ ] £,
L, L
[ )
- -

Figure 1. Equivalent circuit of the electric power system (Scheme A) [compiled by the authors].
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Figure 2. Equivalent circuit of the electric power system with a CB (Scheme B) [compiled by the
authors].

Table 1. Rectifier load parameters [compiled by the authors].

No. 1 2 3 4 5 6 7 8 9 10
Ry, O 50 45 40 35 30 25 22 19 16 13

In the computer simulation for Scheme A (Figure 1), the following parameters pre-
sented in Table 2 were used. These parameters correspond to the load of various workshops
of a metallurgical plant and make it possible to evaluate how various load power parame-
ters affect the analysis accuracy.

Table 2. Parameters of equivalent circuit A [compiled by the authors].

Scheme No. L1, mH Rl, Q Lz, mH Rz, Q R3, Q
1 0.150 0.072 42.813 17.296 39.690
2 0.260 0.126 32.076 13.450 132.300
3 0.260 0.126 320.761 134.502 496.125

In the computer simulation for Scheme B, the parameters of one of the equivalent
circuits of Scheme A and the parameters of the CB presented in Table 3 were used.
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Table 3. Parameters of equivalent circuit B [compiled by the authors].
Scheme No. Scheme A No. CB Mode Cy4, mF Ry, MQ)
1 1 Compensation 0.088 113.354
2 1 Overcompensation 0.120 83.127
3 1 Undercompensation 0.056 178.128
4 3 Undercompensation 0.002 6234.491

In the simulation of Scheme A, the following data were obtained from one of
the phases:

1. Phase voltage of the network at the connection point, u(#);

2. Line current flowing through R; and Ly, i1(¢);

3. Current of the resistive-inductive load flowing through R; and Ly, ix(f);
4. Current of the resistive load flowing through R3, i3(t).

The instantaneous values of the current flowing through the resistors were obtained by
recording the voltage waveform across the resistor and subsequently applying Ohm’s law.

In the simulation of Scheme B, the following data were obtained from one of
the phases:

1. Phase voltage of the network at the connection point, u(t);
2. Capacitor current flowing through C4, is(t).

The instantaneous values of the current flowing through the capacitor were obtained
by recording the voltage waveform across an auxiliary resistor connected in series and
having a low resistance (1 u(2), and subsequently applying Ohm'’s law.

The obtained sets of instantaneous voltage and current values are represented as
discrete time series with a signal sampling period specified during the simulation.

To analyze periodic non-sinusoidal electrical signals, it is necessary to analytically
describe the available discrete time series, for which purpose the methods of harmonic
analysis and spline interpolation are applied. In the present study, the instantaneous
values of the phase voltage at the connection point are described; then, by solving differ-
ential equations, analytical descriptions of the considered instantaneous current values
are obtained.

To derive the differential equations, the single-line equivalent circuits presented in
Figure 3 were used.

Ug{f}

(b)

Figure 3. (a) Single-line equivalent circuits for Scheme A; (b) Single-line equivalent circuits for
Scheme B [compiled by the authors].
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The system of differential equations for Scheme A:

uo(t) = iy (#)-Ry + Ly- 220 4 i) (1).Ry 4 L, 4211)
uo(t) = i1 (£)Ry +L1 B0 Lis(t)Ry - ©6)
i(t) = ix(t) + is(t)

The system of differential equations for Scheme B:

{uo< >( - C( ) :ﬁm %

The analytical descriptions of the instantaneous value of the supply voltage at the
connection point, obtained using harmonic analysis and spline interpolation, are substituted
into the systems of differential equations.

The solution of differential equations when using the harmonic analysis method is
based on the symbolic method. The values of amplitudes and initial phases for each
frequency that is an integer multiple of the fundamental frequency, up to the 50th order,
obtained by means of the Fourier analysis built into the Multisim software, are used to
form the complex amplitudes of each harmonic. The conversion into analytical form is
carried out using Euler’s formula as follows:

A= A" & Asin(wt+ ). 8)

Differential Equations (6) and (7), transformed for solution by the symbolic method
taking into account the component equations, are as follows:
System of equations for Scheme A:

Umo = Im1-Ry + I~ (ef%le) + Imp-Ra + 1m2'(€j%'WL2)
Upmo = Im1-Ry + I (ej%'le) + Im3-R3 : )
Iml = Im2 + Im3

System of equations for Scheme B:

UmO = UmC4 = UmR4
‘ (10)

Iy = 1 un}.%_,
1 . 7)
wCy

= umc4 wCy- €] 3

The solution of differential equations when using the spline interpolation method is
carried out by means of the operational method. In order to obtain a particular solution of
the equations, the following condition is taken into account:

fi(t) = fna(t), (11)

where N is the total number of spline segments over the considered interval.

In order for this limitation not to affect the accuracy of the results in the presence
of interharmonics in the network, it is necessary to extend the length of the considered
interval when solving differential equations, and then discard the extreme values, as will
be shown below.
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The original cubic spline (1) is transformed into its Laplace image by means of the
Laplace transform for solution by the operational method. The transformation process is
presented in Appendix A.

2,
p3

6d;

—tk-1p _*
e +
}74

.e_tkflp +

b
. L; e tk1p, (12)

Py
Differential Equations (6) and (7), transformed for solution by the operational method,

are as follows:
System of equations for Scheme A:

Umo(p) = Im1(p)-Re + Im1-pL1 —i1(0)-L1 + Ima(p)-Ra + Imz-pLa — i2(0) L
Umo(p) = Lm1(p)-R1 + Ly1-pL1 — i1(0)-L1 + Luz(p)-R3 . (13)
Im1(p) = Ln2(p) + Im3(p)

System of equations for Scheme B:

Umno(p) = Umca(p) = Umra(p)

u u . 14
{um@(p) = Lua(p) s + 190 S Ly (p) = (Unca(p) - 292) ey @Y

The obtained particular solution of the differential equation represents a set of co-
efficients describing the calculated currents for each cubic segment of the spline over a
given interval.

The comparison of the methods is primarily carried out by means of an integral
deviation assessment, namely, by calculating the integral of absolute error (IAE) in discrete
form [48], according to the following formula:

N-1
IAE = leo le(t;)|At, (15)

where [ is the index number of a point, N is the number of points on the considered
interval of the function, e(t;) is the difference between the original simulation waveform
and the value obtained using one of the methods for analytical description, and At is the
sampling period.

The IAE is reduced to a dimensionless form to ensure correct comparison of different
signals. The normalized integral of absolute error (NIAE) is obtained by dividing the IAE
by the area under the curve of the absolute value of the original signal (voltage or current):

NIAE = AE (16)

N-1
ZI:O |x(tl>|At
where x(t;) is the original instantaneous voltage or current value at time f;.

3. Results

As a result of computer simulation, instantaneous voltage values were obtained,
presented as time series with a sampling period of 12.5 pus. Based on Ohm’s law and the
instantaneous voltage values across the resistors, the instantaneous values of the currents
flowing in the branches were calculated. The obtained voltage and current time series
are considered to be the original instantaneous values. In the subsequent analysis, a time
interval of 0.4 s was considered, i.e., comprising two periods of the fundamental frequency.

Since the previously mentioned international standards regulate the analysis of non-
sinusoidal voltages up to the 50th harmonic, the waveform analysis will be limited to this
number of harmonics. This is due to the intended further use of the research results for
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industrial consumers, in whose case power quality monitoring instruments are most often
designed for analysis up to the 50th harmonic. Using the built-in Fourier analysis tool, sets
of amplitude and initial phase values for harmonics from the 1st to the 50th, as well as the
value of the DC component of the phase voltage and the value of THDyj, were obtained. By
solving differential Equations (9) and (10), depending on the scheme under consideration,
sets of instantaneous current values were obtained. In this paper, the instantaneous line
current values for Scheme A and the instantaneous capacitor current values for Scheme B
are considered.

The obtained sets were transformed into harmonics of the corresponding frequencies,
which were then summed to obtain the reconstructed instantaneous voltage and current
values, which are hereinafter considered as obtained by the harmonic analysis method.

The choice of the spline segment length is made taking into account the Nyquist—
Shannon theorem [49]. The minimum required signal sampling period for the analysis of
the 50th harmonic is 0.2 ms.

Consequently, a set of instantaneous phase voltage values with a sampling period
of 0.2 ms is guaranteed to be obtained, and this set of values is used as interpolation
nodes. A set of coefficients for cubic splines that analytically describe the instantaneous
voltage value was obtained. The obtained analytical descriptions were substituted into
differential Equations (13) and (14); in the course of solving the equations, sets of coefficients
corresponding to the splines of the instantaneous capacitor current value were obtained.
Hereinafter, the instantaneous voltage and current values are considered to be obtained by
spline interpolation.

To assess the accuracy and perform a comparative analysis of the methods, the absolute
deviation of the discrete values obtained by harmonic analysis and spline interpolation is
calculated relative to the original values:

eun(ty) = u(ty) —up(ty), (17)

eus(tl) = u(tl) — us(tl), (18)

where u(#;) is the original instantaneous voltage value at time ¢;, V; u,(#;) is the instanta-
neous voltage value obtained by harmonic analysis, V; u;(#;) is the instantaneous voltage
value obtained by spline interpolation, V; e,;,(#;) is the absolute deviation of the instan-
taneous voltage value obtained by harmonic analysis at time t;, V; e,s(f;) is the absolute
deviation of the instantaneous voltage value obtained by spline interpolation at time ¢;, V;

ein(ty) = i(t) —in(t), (19)

eis(t) = i(t) —is(ty), (20)

where i(t;) is the original instantaneous current value at time ¢;, A; i, (#;) is the instantaneous
current value obtained by harmonic analysis, A; is(#;) is the instantaneous current value
obtained by spline interpolation, A; e;,(t;) is the absolute deviation of the instantaneous
current value obtained by harmonic analysis at time #;, A; e;s(¢;) is the absolute deviation
of the instantaneous current value obtained by spline interpolation at time f;, A.

By substituting the obtained absolute deviation values into (15) and (16) for each set
of values of each scheme, the NIAE was calculated. The results are grouped according to
the schemes; when visualizing the obtained results, the THDy values, which depend on
the rectifier load, and the NIAE values are plotted on the graphs.
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The results of calculating the instantaneous values of the phase voltage at the connec-
tion point and the instantaneous values of the line current for Schemes A1-A3 are presented
in Figures 4 and 5. In addition, the calculation results for these and other schemes are
presented in tabular form in Appendix B.

—O— Al Harmonic analysis == Al Spline interpolation ==& A2 Harmonic analysis
= A2 Spline interpolation === A3 Harmonic analysis === A3 Spline interpolation

16 =
*/
™ i — —
|c A % /
X *
Z 10 o =t / .
08 <& o— <>
<
Z . —-<>§9:"’°/,
e e
2
0
5 6 7 8 9 10 11 12 13 14 15 16 17
THDy, %
Figure 4. NIAE for the instantaneous voltage value of Schemes A1, A2, and A3 [compiled by the
authors].
—O— Al Harmonic analysis == Al Spline interpolation ==& A2 Harmonic analysis
= A2 Spline interpolation === A3 Harmonic analysis ==fll= A3 Spline interpolation
10

/
/
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NIAE, p.u. x 107
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"4
e/
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S = N W s W
!

()]
(o)}
~
[e'e}
O

THD,, %

Figure 5. NIAE for the instantaneous current value of Schemes Al, A2, and A3 [compiled by the
authors].

The results of calculating the instantaneous values of the phase voltage at the connec-
tion point and the instantaneous values of the capacitor current for Schemes B1-B3 are
presented in Figures 6 and 7.
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—O—B1 Harmonic analysis =—f#—BI1 Spline interpolation =& B2 Harmonic analysis
== B2 Spline interpolation ==G==B3 Harmonic analysis ==ll=B3 Spline interpolation
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Figure 6. NIAE for the instantaneous voltage value of Schemes B1, B2, and B3 [compiled by the

authors].

—O—B1 Harmonic analysis =—#l=B1 Spline interpolation =& B2 Harmonic analysis
== B2 Spline interpolation ==G==B3 Harmonic analysis ==ll=B3 Spline interpolation
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Figure 7. NIAE for the instantaneous current value of Schemes B1, B2, and B3 [compiled by the

authors].

Scheme B4, which represents the connection of a low-power capacitor bank to Scheme
A3, where the linear load is significantly lower in power compared to the other Scheme A
variants, is considered separately. Furthermore, to confirm the possibility of using spline
interpolation in the presence of interharmonics, a voltage source with an amplitude equal
to 3% of the fundamental frequency amplitude and a frequency of 67 Hz was connected to
Scheme B4, which is typical of interharmonics generated by arc furnaces. This scheme is
designated as Scheme B5; the calculated NIAE values for both schemes are presented in
Figures 8 and 9.
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=—O—B4 Harmonic analysis

=O==B5 Harmonic analysis
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Figure 8. NIAE for the instantaneous voltage value of Schemes B4 and B5 [compiled by the authors].
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Figure 9. NIAE for the instantaneous capacitor current value of Schemes B4 and B5 [compiled by the
authors].

4. Discussion

Thus, the hypothesis that the spline interpolation method can be applied for the
analytical description of voltage and current waveforms has been confirmed. When using
the spline interpolation method, it is possible to solve the main problems of electric power
engineering, in particular, finding unknown currents in the network; moreover, as can be
seen from the presented graphs, the deviation of instantaneous current values occurs within
the same order of magnitude for both approaches. Thus, the spline interpolation method
can be used instead of harmonic analysis in cases where accurate analytical description
is required. The possibility of using the spline interpolation method in the presence of
interharmonics in the network has also been confirmed.

https://doi.org/10.3390/eng7100567


https://doi.org/10.3390/eng7100567

Eng 2026, 7, 567 13 of 23

Moreover, the NIAE for the supply voltage at the point of connection when using
the spline interpolation method always takes smaller values than when using harmonic
analysis; that is, for measured, rather than calculated, values, the spline interpolation
method is more accurate.

Attention should also be paid to the results of Schemes B1-B3, namely, to the NIAE for
the instantaneous capacitor current values (Figure 7). It can be observed that the waveform
of the capacitor current obtained by spline interpolation is more accurate than that obtained
by harmonic analysis. This is particularly important in view of the special danger of
harmonic distortion for capacitors, as mentioned earlier.

In this regard, special attention should be paid to Scheme B4, since the NIAE values
for the supply voltage waveforms take much larger values than in other cases. This is due
to the waveform shape: the frequency of the distortion in the grid exceeds the frequency of
the adopted 50th harmonic (in the case of harmonic analysis), and the sampling interval
used for the grid distortion is shorter than the adopted spline segment length. For clarity,
Figure 10 shows the voltage waveforms for Scheme A3 and for Scheme B4, which represents
Scheme A3 with a low-power CB connected to it, at a DC-side resistance of 30 ().

6 6

1 ] ; 0 1 T 1 T T 1 T T ]

\:' 1)(15 20 \F 30 (35 40 g > 5 53043540
=
E
2

5 10 415 20 5
‘W 1

Time, ms Time, ms

(a) (b)

(S

Instantaneous voltage, kV

Figure 10. (a) Instantaneous voltage waveform at the connection point at a DC-side resistance of 30 Q
for Scheme A3; (b) Instantaneous voltage waveform at the connection point at a DC-side resistance of
30 Q) for Scheme B4 [compiled by the authors].

Let us consider separately the voltage waveform for Scheme B5 at a DC-side resistance
of 30 Q). For greater clarity, Figure 11 shows the signal over 0.1 s, as the effect of the
interharmonic on the waveform is more clearly visible in this case. However, all calculations
were performed in the same way as for the other schemes, over an interval of 0.4 s, to
ensure comparability of values.

If attention is paid to Figure 9, it can be seen that the NIAE value for the capacitor
current obtained by harmonic analysis exceeds the NIAE of spline interpolation by almost
a factor of two, although the order of values remains within the same order of magnitude.
A comparison is made between the actual waveform of the current curves reconstructed
after harmonic analysis and spline interpolation and the original waveform. The original
current waveform was obtained by applying Ohm’s law to the simulated voltage signal
across the auxiliary resistor. Figure 12 shows the capacitor current waveforms over two
periods (40 ms) for Scheme B4 at a DC-side resistance of 30 (). Figure 13 similarly shows the
current waveforms for Scheme B5 at a DC-side resistance of 30 (). To obtain the capacitor
currents in the presence of interharmonics, the differential equations were solved taking
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into account (11) over a longer interval, and then the extreme values distorted due to the
inaccuracy of the periodicity condition were discarded.

6

N ~ 1 i

-6

Instantaneous voltage, kV
=
=
(=
[§]
S
(98]
()
=~
S
()]
o
o)
()
| %)
()
00
S

Time, ms

Figure 11. Instantaneous voltage waveform at the connection point at a DC-side resistance of 30 ()
for Scheme B5 [compiled by the authors].

Original Harmonic analysis ~ — Spline interpolation

40

30

I II | ll |
0 l- hl hl. ) P l. | hln

W

Instantaneous current, A

Time, ms —

Figure 12. Instantaneous capacitor current waveform at a DC-side resistance of 30 () for Scheme B4
[compiled by the authors].

Original ~—— Harmonic analysis ~ — Spline interpolation
40

30

20

Instantaneous current, A

Time, ms —

Figure 13. Instantaneous capacitor current waveform at a DC-side resistance of 30 () for Scheme B5
[compiled by the authors].
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As can be seen, the current waveforms obtained by harmonic analysis and by spline
interpolation differ significantly from the original current waveform. Special attention
should be paid to the peak values reached by the instantaneous current, since CBs are
sensitive to the exceedance of allowable current values. Figures 14 and 15 show the graphs

of the magnitudes of the maximum current values through the capacitor for Schemes B4
and B5.

—O—Original  =—O=—Harmonic analysis = Spline interpolation

60
<
T 50 0
£ o—
g "
- 40
=
2 o2
g 0 R *‘ /
g / — ’
- ' —oT— 1 ’
g <>————<>——ﬁ>—‘
710
2

0 T T

9 10 11 12 13 14 15 16 17 18 19 20 21 22
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Figure 14. Maximum absolute value of the instantaneous capacitor current for Scheme B4 [compiled
by the authors].
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Figure 15. Maximum absolute value of the instantaneous capacitor current for Scheme B5 [compiled
by the authors].

Thus, for Schemes B4 and B5, the values obtained by harmonic analysis are approxi-
mately 2.32 times smaller than the original maximum instantaneous current values. The
values obtained using spline interpolation are on average 1.40 times smaller than the origi-
nal values for Scheme B4, and 1.14 times smaller than the original values for Scheme B5.

For Schemes B4 and B5, in addition to calculating NIAE, when comparing different
methods, the values of root mean square error (RMSE), maximum error, and mean relative
error are also compared. The calculation results are presented in Tables 4 and 5.
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Table 4. Values of RMSE, maximum error, and mean relative error for the capacitor current for
Scheme B4 [compiled by the authors].

RMSE for RMS!E for Max. Error for Max. EI:I'OI‘ for Mean Relative Mean Relative
No. THD:". % Harmonic Spline Harmonic Spline Error for Error for
U, . . . .
Analysis, A Interpolation, Analysis, A Interpolation, Harmon_lc Spllne.
! A ! A Analysis Interpolation
1 9.94 5.74 3.52 17.14 15.40 4.58 244
2 10.57 6.03 3.16 18.01 10.33 5.46 2.44
3 11.23 6.35 3.33 19.00 10.58 3.45 2.79
4 12.07 6.74 4.32 20.22 18.71 347 2.89
5 13.19 7.24 4.16 21.79 17.01 4.08 2.88
6 14.74 791 4.71 23.86 19.89 3.27 2.27
7 16.04 8.39 5.13 25.73 22.81 3.71 2.59
8 17.49 8.96 4.85 27.69 15.33 4.49 3.25
9 19.17 9.64 5.96 29.94 26.83 3.69 1.89
10 21.64 10.36 7.12 33.30 29.78 5.04 3.09
Table 5. Values of RMSE, maximum error, and mean relative error for the capacitor current for
Scheme B5 [compiled by the authors].
RMSE for RMS!E for Max. Error for Max. El:ror for Mean Relative Mean Relative
No. TI{DU, Harmonic Spllne‘ Harmonic Spllne' Error fo.r Err01.' for
%o Analysis, A Interpolation, Analysis, A Interpolation, Harmonic Spline
! A ! A Analysis Interpolation
1 9.94 6.08 3.25 24.72 16.34 4.18 2.55
2 10.57 6.46 3.59 26.06 16.90 3.34 2.69
3 11.23 6.80 3.59 27.44 17.68 3.02 2.33
4 12.07 7.22 3.71 29.02 18.06 2.44 1.88
5 13.19 7.73 4.36 31.05 21.39 2.50 2.04
6 14.74 8.44 4.35 33.80 21.43 6.42 2.55
7 16.04 8.95 5.01 36.07 24.48 3.23 2.59
8 17.49 9.54 5.08 39.02 24.94 3.24 2.30
9 19.17 10.31 5.78 41.98 27.18 3.36 2.52
10 21.64 11.16 5.88 45.42 28.16 3.61 2.37

Therefore, spline interpolation enables more accurate determination of peak current
values, which is important for the selection and performance assessment of CBs.

5. Conclusions

The authors conducted a comparative analysis of the harmonic analysis method, which
is the most widely used method in industry, and the spline interpolation method, which
has not previously been used as an independent method for analyzing the waveform of an
electrical signal.

The conducted study shows that the spline interpolation method is a viable method
for the analysis of periodic non-sinusoidal voltages and currents. The obtained results
show that, similarly to the harmonic analysis method, it is possible to derive analytical
descriptions of voltage and current waveforms using spline interpolation. Moreover,
an additional advantage of spline interpolation is the ability to derive a more accurate
analytical description of signals containing interharmonics, in contrast to the classical DFT.

The use of cubic splines made it possible to achieve high waveform reproduction
accuracy, comparable to or even surpassing the accuracy of harmonic analysis. In particular,
the accuracy of spline interpolation in reproducing the waveform of the original supply
voltage at the connection point exceeds the accuracy of harmonic analysis. It should be
noted that, in this paper, harmonic analysis was limited to the 50th harmonic, which, as
mentioned above, is dictated by international standards. However, where power quality
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monitoring instruments allow a larger number of harmonics to be analyzed, one can both
increase the number of harmonics and proportionally reduce the spline segment length,
thereby improving the accuracy of both methods.

An important advantage of spline interpolation is also its higher accuracy in reproduc-
ing the waveform of the current flowing through the capacitor compared with harmonic
analysis in cases where, in accordance with the Nyquist-Shannon sampling theorem, the
spline segment length corresponds to the sampling period required for the analysis of
harmonics of a given order. Thus, the method can contribute to a more accurate assessment
of peak current values and, as a consequence, to a more accurate assessment of the risk of
capacitor-bank failure.

Thus, in the present study, it has been demonstrated that spline interpolation is a
viable method for analyzing voltage and current waveforms in the network. This method
has the potential for implementation in power quality monitoring and metering systems
and in the field of electrical equipment diagnostics. Further research will be aimed at
developing specific algorithms for applying the spline interpolation method in these fields,
as well as at developing an approach to the selection of filter-compensating devices using
spline interpolation in the metallurgical industry.
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IEEE Institute of Electrical and Electronics Engineers
DFT Discrete Fourier Transform

THD  Total Harmonic Distortion

CB Capacitor Bank
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IAE Integral of Absolute Error

NIAE  Normalized Integral of Absolute Error
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Appendix A

Original function:

felt) = ag + by (t = teq) + o (t— 1)+ die (= tr) . (A1)
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A tabular Laplace transform is used:
n!
F(t") = T’ (A2)
0! aj
A — A —77 = —, (A3)
p0+1 p
1! by
byt > bp——= = —, (A4)
pIHT T 2
2! 2c
2 k
Cp-t™ — Cx- = —, (A5)
p2H T 8
3! 6dy
dk-t3 = dp— = —, (A6)
p3+1 p4
Since the formula uses t — t;_ it is necessary to apply the delay theorem:
F(f(t = to1) n(t — teo1)) = F(p)-e 71, (A7)
be(t—t B p=tiap A8
ke(t— k—1)—>p'€ , (A8)
b )2 = 2t A9
C- (t — te—1) %F'e , (A9)
6dr
di-(t—tq)® — ka.e t1p (A10)
Thus, the Laplace transform of the original function (Al) is given by the following
formula: 5 ) 6d
Ak k_,—t Ck—t kot
Fe( ):—+f~e k=1P 4 ZE o= h-1P 4 28 o k1P (A11)
SN P’ Pt
Appendix B

Table A1. NIAE for the instantaneous voltage or current value of Scheme Al [compiled by the
authors].

NIAE of Voltage, NIAEsoi.Voltage, NIAE of Current, NIAESOfl.C urrent,
No. THDy, % Harmonic Analysis, I pune Harmonic Analysis, prne
pu. X103 nterp;llé:)tl_(;n, p-u. pu. X103 Interp;llehtl_(;n, p-u.
1 5.93 427 3.55 1.61 1.96
2 6.41 4.38 3.87 1.65 1.98
3 6.99 4.66 3.49 1.76 1.58
4 7.70 5.18 3.87 1.97 1.94
5 8.60 5.81 4.54 221 2.20
6 9.79 6.23 4.96 2.37 2.86
7 10.71 6.34 5.58 242 3.14
8 11.86 6.72 5.43 2.57 2.56
9 13.33 7.68 6.48 2.96 3.79
10 15.31 8.32 6.20 3.23 3.42
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Table A2. NIAE for the instantaneous voltage or current value of Scheme A2 [compiled by the

authors].
NIAE of Voltage, NIAEsoi.Voltage, NIAE of Current, NIAESOfl.C urrent,
No. THDy, % Harmonic Analysis, I pine Harmonic Analysis, pine
pu. X103 nterpgllé;)tl_(;n, p-u. pu. X103 Interp;lla(;i(;n, p-u.
1 6.14 7.00 5.34 0.83 2.81
2 6.62 7.29 6.82 0.86 3.16
3 7.20 7.79 6.13 0.92 2.36
4 7.92 8.49 6.33 1.00 241
5 8.82 9.30 7.05 1.10 2.92
6 10.02 9.96 7.87 1.20 3.66
7 10.95 10.34 8.21 1.24 4.62
8 12.10 11.03 8.90 1.33 2.84
9 13.59 12.38 9.69 1.50 5.81
10 15.58 13.59 9.97 1.65 4.34
Table A3. NIAE for the instantaneous voltage or current value of Scheme A3 [compiled by the
authors].
NIAE of Voltage, NIAESoi.Voltage, NIAE of Current, NIAESOfl.C urrent,
No THDvy, % Harmonic Analysis, I prne Harmonic Analysis, prne
p.u. X10-3 nterpslle:)tl_osnf p-u. p.. X103 Interp:()llaotl_osn, p-u
1 6.57 8.33 7.28 2.99 3.58
2 7.08 8.69 6.71 3.12 2.98
3 7.70 9.39 8.47 3.25 6.11
4 8.46 10.13 8.15 3.35 4.09
5 9.42 10.97 8.65 3.56 4.49
6 10.69 11.62 10.14 3.92 5.55
7 11.67 12.22 10.48 4.26 5.30
8 12.89 13.38 12.04 4.68 8.44
9 14.46 14.76 12.25 5.03 6.77
10 16.56 15.89 13.01 5.43 6.86
Table A4. NIAE for the instantaneous voltage or current value of Scheme Bl [compiled by the
authors].
NIAE of Voltage, NIAESoii}lletage, NIAE of Current, NIAEsofli(r?l:rrent,
No THDy, % Harmonic Analysis, I p . Harmonic Analysis, P .
p.. X103 nterp;lle:)tl_(;n, p-u. p.. X103 Interp;lle:)tl_(;’n, p.u.
1 12.32 0.38 0.26 23.20 18.21
2 13.38 0.35 0.26 20.56 16.99
3 14.61 0.24 0.24 15.43 14.64
4 15.99 0.28 0.22 16.19 13.63
5 17.48 0.22 0.22 13.76 13.18
6 18.98 0.36 0.28 19.06 16.28
7 19.84 0.40 0.33 22.76 19.14
8 20.68 0.60 0.44 30.98 23.87
9 21.50 0.67 0.56 36.53 30.48
10 22.34 0.88 0.73 46.76 35.94
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Table A5. NIAE for the instantaneous voltage or current value of Scheme B2 [compiled by the

authors].
NIAE of Voltage, NIAEsoi.Voltage, NIAE of Current, NIAESOfl.C urrent,
No. THDy, % Harmonic Analysis, I pine Harmonic Analysis, pine
. X103 nterpolation, p.u. . X103 Interpolation, p.u.
P x10-3 P x10-3
1 14.61 0.34 0.21 19.71 14.27
2 15.62 0.28 0.24 16.73 14.50
3 16.64 0.29 0.24 16.99 15.25
4 17.64 0.33 0.19 18.65 13.80
5 18.60 0.33 0.30 19.25 17.67
6 19.51 0.47 0.33 25.46 19.12
7 20.05 0.48 0.40 26.84 21.77
8 20.59 0.57 0.47 31.50 26.33
9 21.15 0.74 0.55 39.16 30.44
10 21.76 0.82 0.69 44.17 36.90
Table A6. NIAE for the instantaneous voltage or current value of Scheme B3 [compiled by the
authors].
NIAE of Voltage, NIAESoi.Voltage, NIAE of Current, NIAESOfl.C urrent,
No THDy, % Harmonic Analysis, I p 1r.1e Harmonic Analysis, P 1r.1e
p.t. X103 nterpolation, p.u. p.. X103 Interpolation, p.u.
X10—3 % 10—3
1 9.91 0.61 0.33 39.70 26.09
2 10.82 0.63 0.51 41.10 32.30
3 11.91 0.69 0.52 43.89 34.56
4 13.26 0.77 0.56 47.55 36.53
5 14.97 0.80 0.61 47.70 36.68
6 17.26 0.70 0.53 40.59 30.87
7 19.05 0.59 0.53 35.83 31.55
8 21.32 0.48 0.50 29.11 28.11
9 22.77 0.79 0.68 44.02 37.44
10 23.61 0.92 0.85 52.63 46.30
Table A7. NIAE for the instantaneous voltage or current value of Scheme B4 [compiled by the
authors].
NIAE of Voltage, NIAE of Voltage, NIAE of Current, NIAE of Current,
No THDy, % Harmonic Analysis, Spline Harmonic Analysis, Spline
p-u. Interpolation, p.u. p-u. Interpolation, p.u.
1 9.9 0.031 0.027 1.000 0.525
2 10.6 0.032 0.026 1.006 0.501
3 11.2 0.034 0.028 1.014 0.510
4 12.1 0.037 0.032 1.021 0.540
5 13.2 0.039 0.033 1.028 0.530
6 14.7 0.043 0.037 1.035 0.559
7 16.0 0.046 0.037 1.050 0.541
8 17.5 0.049 0.038 1.065 0.534
9 19.2 0.054 0.042 1.070 0.544
10 21.6 0.058 0.047 1.098 0.599
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Table A8. NIAE for the instantaneous voltage or current value of Scheme B5 [compiled by the
authors].

NIAE of Voltage, NIAE of Voltage, NIAE of Current, NIAE of Current,

No. THDy, % Harmonic Analysis, Spline Harmonic Analysis, Spline
p-u. Interpolation, p.u. p-u. Interpolation, p.u.
1 9.9 0.066 0.026 1.003 0.501
2 10.6 0.185 0.054 1.979 1.011
3 11.2 0.191 0.054 1.998 0.974
4 12.1 0.200 0.058 2.018 1.001
5 13.2 0.210 0.065 2.033 1.056
6 14.7 0.224 0.066 2.034 0.987
7 16.0 0.232 0.072 2.077 1.048
8 17.5 0.242 0.073 2.097 1.010
9 19.2 0.260 0.081 2.108 1.052
10 21.6 0.272 0.083 2.163 1.042
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