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Abstract

This paper develops certifiable enhancements to a block-backstepping controller for n-DOF
underactuated mechanical systems in the Spong normal form. Two offline-computable
tests, each reducible to a finite algebraic computation over a prescribed compact domain,
are established: a minimum singular-value margin certifying uniform invertibility of the
decoupling matrix, and a Jacobian Hurwitz condition certifying local exponential stability
of the zero dynamics—the latter derived via an implicit zero-manifold parametrisation. Ro-
bustness overlays are introduced, comprising a bi-power term on the velocity-error channel
and a matched-disturbance observer. Together, they supply an explicit observer transient
budget and a practical entrance bound f,(€) + Tent for ||Z1]|2. No finite-time convergence
of the complete closed-loop state is claimed. The resulting workflow permits offline tuning
and verification prior to deployment. A simulation on a high-fidelity cart-pendulum model
is consistent with those bounds; it is not a substitute for the offline certificates.

Keywords: underactuated mechanical systems; block backstepping; singularity margin;
finite-time entrance; zero dynamics; extended state observer

1. Introduction and Problem Formulation

Underactuated mechanical systems arise across a broad range of engineering platforms,
including cable-suspended aerial manipulators, variable-stiffness series-elastic robots, ship
fin stabilisers, and spacecraft with reaction-wheel attitude control—anywhere the num-
ber of independent actuators is fewer than the degrees of freedom to be regulated [1-5].
The breadth of this system class has been systematically catalogued in several survey treat-
ments [6-8]. Although partial feedback linearisation emerged as a standard approach in
Spong’s framework [2], the inherent actuation deficit impedes system representation in the
standard normal form [9-11]. Consequently, this precludes the straightforward application
of integral backstepping; however, appropriate coordinate transformations can decompose
the dynamics into a cascaded structure [12,13], thereby enabling the use of block backstep-
ping [14]. Block backstepping for underactuated systems [15,16] proceeds by constructing
a diffeomorphism that decomposes the closed-loop into a cascade and a zero-dynamics
subsystem, then stabilising each independently. This structural decomposition provides a
constructive, Lyapunov-based framework [17,18] that systematically circumvents the re-
strictive matching conditions of standard feedback linearisation [19]. An alternative means
of avoiding the recursive differentiation intrinsic to standard backstepping is afforded by
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command-filtered variants [20,21], subsequently extended to adaptive and disturbance-
attenuating formulations [22-24]; these approaches, however, address analytic tractability
rather than the structural actuation deficit that motivates the cascaded block-backstepping
decomposition adopted herein. Data-driven alternatives have likewise been investigated
for this problem class [25,26], typically at the expense of the a priori stability certificates
that the present Lyapunov-based construction is designed to retain.

The nominal block backstepping architecture [15] forms the baseline for an n-DOF
underactuated system with rnp actuated degrees of freedom (1, < n). Defining the column

-
concatenation operator col(vy, ..., vx) = {vlT vﬂ , the configuration is partitioned

into unactuated degrees of freedom g; € R" and actuated degrees of freedom g, € R,
with n1 + np = n. Whilst velocities are denoted p; := §;, the full state vector is defined
as X := col(q1, 1,92, p2) € R?". Pollowing Spong’s partial feedback linearisation ([9],
Equation (4)), the plant dynamics are given by

41 = p1,

=P 1)
p1=f(q,p)+8(q)(u+d(t)),

P2 =u-+ d(t),

where d(t): R>o — R"2 denotes a bounded disturbance. Define (); C R" as the compact
set of mechanically permissible configurations, and let 7 > 0 be a strict velocity bound
derived from physical actuation limits. The compact state-space operating domain is
defined as

Qx = {X e R¥ | g = col(q1,q2) € Qy, [|pll < P},

and is chosen so that 0 € int Q)x. To ensure that the nominal control law is well-defined
and continuous on Qy, the minimal construction regularity f € C!(Qx,R™) and g €
C2(Qy, RM*12) is imposed [27].

Introducing a constant matrix K € R"2*", the first error coordinate is defined as

z1 = qo — K(q1 + p1 — (9)p2)

with the integral state x; := fot z1(t) dt, which is augmented to eliminate the steady-state
offset in z,. Denoting the time derivative ¢(q, p) == ¥/, g—i pi, the virtual control [15] for
the unperturbed plant (i.e., d(¢) = 0; henceforth, the unperturbed plant is referred to as the
nominal plant) is formulated as

(X, x1) = —c1z1 — Ax1 +K(pr + f(q,p) — (a9, p)p2)

for constants ¢, A > 0, which yields the second error coordinate z; = py — a1(X, x1)-
Consequently, the z;-channel dynamics become

Z1 = —C121 — )L)(l + z3.
Differentiating z, along the nominal trajectories yields
2y = c1za — (] — A)z1 — Acixa + ¢(X) + p(X)u.

Omitting the detailed block-strict feedback derivation ([16], Chapter 3), the resulting
nominal control inherently depends on the decoupling matrix : R?* — R"2*"2 and the

lumped nonlinearity ¢: R?" — R™. Define the matrices ,(q, p) = Yiia1 % pipi €
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R™M>"2 Vq = % € RM*™ and V; = a(giq?) € R"M*™_ The definitions of ¥(X) and

¢(X) are as follows:

P(X) =I—-K(g+ (0p,f)g +0p,f —¢ —Vig = V2),
(P(X) = K(f+ (amf)l?l + (athf)pZ + (Bmf)f - gOPZ - vlf)

In the above description, 9, (-) denotes the Jacobian matrix with respect to a generic vector
v. The aforementioned standing regularity hypotheses ensure that ¢ and ¢ are well-defined
and continuous on Q.

Enforcing the exponentially stable closed-loop cascade

Zp = —Z1 — 22,
with ¢; > 0, yields the backstepping law for the nominal plant (i.e., (2) with d(t) = 0):

upp = —p(X) "1 (Crz1 + Caza — Ac1x1 + P(X)) )

where C; :=1— C% +A, Cyi=c1+oo.

Under the structural assumptions established in [15], this law exponentially stabilises
the nominal cascade in (z,22, x1). However, it lacks a priori certification guaranteeing
the uniform invertibility of (X) over a prescribed compact operating set, leaves the
internal zero dynamics unverified, and fails to quantify robustness against persistent
matched disturbances.

Building upon this framework, this work provides three key contributions that resolve
the open issues identified previously:

e A singularity-margin certificate for the invertibility of (X) on Qx, computed offline
with an explicit ||(X)~!||, bound [28-30].

*  Ana priori Hurwitz condition on the zero-manifold Jacobian, derived via the implicit
function theorem to certify local exponential stability [31,32].

¢ Composite robustness overlays comprising an Extended State Observer (ESO) [33-37]
that yields the ultimate bound lim sup ||d(t)||> < 2d;/w, and a complete transient bud-

t—o0
get Esup, and a bi-power term [38] that enforces the practical entrance time ¢, (&) + Tent

for ||Z1||2. No finite-time convergence of the complete state is asserted.

2. Offline Certificates

This section separates analytical sufficient conditions from their computational ver-
ification. In particular, the nonsingularity of the decoupling matrix and stability of the
zero dynamics are properties to be tested, rather than properties imposed in the operating-
domain assumptions. A successful verification supplies a certificate for the specified model
and domain; an inconclusive computation does not establish either stability or instability.

2.1. Operating Domain and Transformation Time Scale

Assumption 1 (Domain and regularity). The compact operating domain Qx contains the origin
in its interior. The functions f and g are defined on an open neighbourhood of the operating domain,
with f € Ct and ¢ € C2. In a neighbourhood of the equilibrium, f € C? and ¢ € C3. The nominal
plant has an equilibrium at the origin, so that f(0,0) = 0. No nonsingularity assumption on ¢ is
included here.
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For the numerical implementation, introduce a time scale T;, > 0 and use

z1 = q2 — K(q1 + Typ1 — Tu8(q) p2), (3a)

X1 =121, (3b)

so(X) = p1+ Tof(q9.p) — To8(q, P)P2, (3c)

ap = —c1z1 — Axq + Kso(X), (3d)

Zp = pr — . (3e)

The transformation in Section 1 is recovered by setting T;, = 1. All occurrences of z1, z, a1,
¢ and 1 below refer to the same selected value of Tj,.
The matched-disturbance structure in (1) gives the exact cancellation

z1 = p2 — Ksg(X) = —c1z1 — Ax1 + z2.

Using the derivative notation introduced in Section 1, define

AX) = f + Ty ((9g, /)p1 + 0g, f)p2 + (Opy /) f — GoP2 — Vi), (4a)
B(X) =g+ Ty((9p, f)g +9p.f = & = Vig = V2), (4b)
$(X) = —KA(X), (4c)
(X) = I - KB(X). (4d)
Consequently,

2= p(X) + (X)(u + ).

These identities are also used to check consistency between the analytical model and its
numerical implementation.

2.2. Verified Decoupling-Matrix Bounds

Let {B]«};\Ijl be a finite collection of closed boxes covering ()x. On each box, construct
an interval enclosure
¥(Bj) C [¥]; = M;+[-R;, R},

where R; is componentwise nonnegative. The enclosure must include all state dependence

and every uncertain parameter included in the claim. For a numerical certificate, elementary

functions and matrix operations must be evaluated using verified outward rounding.
Suppose that verified bounds

si<omin(Mj),  |RjllF <7
are available. Define
gi=58;—1j, gzlggirma]

An ordinary floating-point singular-value calculation without a verified error bound is not
sufficient for evaluating s -

Proposition 1 (Computable uniform decoupling certificate). Under Assumption 1, if the
verified box enclosures satisfy ¢ > 0, then (X)) is nonsingular throughout Qx and

0, = min oin(P(X)) 20 >0, [Pp(X) <o
XeOQy
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Proof. For X € Bj, write )(X) = M; + E;(X). Componentwise enclosure gives | E;(X) |2 <
| E;(X)|lF < 7;. The singular-value perturbation inequality yields

Fmin(P(X)) 2 Omin(M;) — [|Ej(X)]|2 = g;.

Taking the minimum over the covering boxes proves the result. [

For scalar decoupling functions, the calculation simplifies. If {(B;) C @j’ EJ] and this

interval does not contain zero, then
o; = min{|y | [}

An upper bound needed in the robustness analysis is obtained from the same enclosures:

¥ = sup [[p(X) ]2
XeQy

The offline procedure is as follows:

Specify the operating domain, parameter set and controller transformation;
Construct verified interval enclosures on an initial box partition;

Accept boxes having a strictly positive lower bound;

Bisect unresolved boxes and repeat;

SO IR S

Report either a positive global lower bound or an inconclusive result at the prescribed
computational limit.

Dense sampling may be reported as a diagnostic, but is not used in place of the verified
covering calculation. No claim is made that an arbitrary nonlinear verification problem
necessarily terminates after a prescribed finite number of subdivisions.

2.3. Constructive Zero-Dynamics Test
Set
i =col(qi,p1), ¢ = col(ga p2),
and define

Co(1,¢) = col(z1(1,8),22(1,¢,0)).

At the equilibrium, calculate

e

e
]Y]_ WOI

]g—fd

Assumption 2 (Successful local zero-manifold test). The equilibrium satisfies C(0,0) = 0.
The explicitly constructed matrix J¢ is nonsingular, as established either analytically or by a verified
positive lower bound

Umin(](',‘) >0, > 0.
By the implicit function theorem, the constraints locally define ¢ = «(77), where

(0)=0,  Di(0) = —J: ']y

Define

and

H(1,&) = col(p1, f(q,p) + g(q)uo(X)).
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The zero-dynamics Jacobian is therefore constructed directly as
Az = Hy(0) — Hz(0)] ']y (5)

Thus, no explicit nonlinear solution for  is required.

A numerical implementation shall report Jz, its nonsingularity measure, Az and
the eigenvalues of Az. For a verified floating-point Hurwitz test, one may construct
Pz = P] > 0and verify

ALPz +PzAz <.

For a scalar second-order zero-dynamics model, exact coefficient Sign conditions may be
used instead.

Lemma 1 (Invariant augmented zero manifold). Suppose the decoupling and zero-manifold
tests succeed. The local invariant augmented zero manifold is

Mo = {(X,x1) : Co(17,¢) = 0, x1 = 0}
On this manifold, uy, = ug and 1y = H(n,1(1)).

Proof. On z; = zp = 0, the identity Z; = —A)7 shows that invariance requires x; = 0.
Conversely, under uy, the three derivatives X1, Z; and Z; vanish on z; = z, = x1 = 0.
The remaining dynamics are precisely the stated internal dynamics. [

2.4. Explicit Error-Subsystem Stability Test

Lemma 2 (Nominal error dynamics). For cq,cz,A > 0, the nominal augmented error dynamics

zy = (Ap®In)zy,  zy = col(x1,21,22),

with
0 1 0
AE = |-=A —C1 1 ,
0 -1 —C2

are exponentially stable.
Proof. The characteristic polynomial of A is
pe(s) = + (c1+ c2)s> + (12 + A + 1)s + Acy.
All coefficients are positive. The remaining cubic Routh-Hurwitz inequality is
(c1+c2)(c1ca+A+1) > Acy.
Its left-hand side minus its right-hand side equals
c16a(c1+¢2) +Aci +c1+cp > 0.

Hence, Ag is Hurwitz. The Kronecker product repeats its eigenvalues 7, times, establishing
the result. O

Theorem 1 (Nominal local exponential stability). Suppose the decoupling certificate and As-

sumption 2 hold, and the matrix A z constructed in (5) is Hurwitz. Then, the nominal augmented
equilibrium (X, x1) = (0,0) is locally exponentially stable.
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Proof. The map
®<XIX1) = COI(’?IXerl/Z2)

has a nonsingular Jacobian at the origin because ] is nonsingular. In these local coordinates,
the nominal closed-loop linearisation is block triangular, with diagonal blocks Az and
Ag ® I;,. Both blocks are Hurwitz. The nominal vector field is C! near the equilibrium, so
Lyapunov’s indirect method establishes local exponential stability. [

2.5. Explicit Cart-Inverted-Pendulum Specialisation
For the benchmark implementation, let g = 6 denote the pendulum angle measured

from the upright position, and let g = x denote cart displacement. The point-mass
cart-pendulum model is

(M +m)& 4 ml cos 06 — mlsin@ 6% + byx = F+F, (6)
ml cos 0 & + ml*G — mgl sin 6 + byd = 0. 7)

The equilibrium 6 = 0 is upright; this convention is used consistently in the controller
and simulations.
Letv =%, p =20,
g bg cos 6

=T 7 0=

After nominal partial feedback linearisation,

¥=u+d, O=xsin0—yp+g.(0)(u+d).

Here, d has units of acceleration. A physical force disturbance F; corresponds, for the exact

model, to
Ey

M + msin” 0
A derivative bound on F; therefore does not by itself equal a derivative bound on 4.
For scalar K = k, the decoupling function becomes

p=1—k[(1—Tyy)gc — Tp8-(6) (p + gcv) .

Suppose

~ T
< _
|9]_9<2

Define

1—Tyy)(1—6%/2) T,0 0
Ly = L= T /2) Ty 51 2).
I l l
The inequalities cos§ > 1 — §?/2 and |sin 6| < 8 give, fork < 0 and Lg > 0,
[l > |k|Lp —1
whenever |k|Lg > 1. This conservative analytical lower bound can be supplemented by a

sharper verified interval partition.
At the upright equilibrium, put G = —1// and

Dk =1- Gk(l — Th’)/)
For the ordering ¢ = (x,v),

1 kT, G
]ng ’

, det Jr = 1.
1 14 c1kT,G ¢ ]é
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The zero-dynamics Jacobian is

0 1
Az = | x  GkTyk — v
Dy Dy

For v > 0 and T,y < 1, the strict sufficient and the necessary coefficient conditions for this
matrix to be Hurwitz are

Dy <0, GkTyx — v > 0.

Equivalently,

l vl
k ing ————, — = /.
<mind - )
These explicit conditions make the zero-dynamics test independently reproducible.
The numerical gain search maximises a normalised minimum of the decoupling and
zero-dynamics margins over a declared finite candidate set. Its output is described as the
best candidate on that set, not as a globally optimal gain.

2.6. Computational Verification of Robust Containment

The nominal stability result is local. It does not establish the robust forward invariance
of a prescribed operating domain.
A practical candidate is

Vix,) = x;ran, Xz = col(X, x1),

where P = PT > 0 is obtained from a Lyapunov equation for the nominal augmented
linearisation. This construction alone does not establish that V' is a Lyapunov function for
the nonlinear composite controller.
Let
Qu(c) = {xa: V(xq) <c},

and choose a uniform observer-error budget Enax. With G as defined in Assumption 3,
define

£(xa) = YV (x) T [From (%) + G (@) (X) 0| + Emax [9(0)TVV (x0) - ®)

The last term is the exact support function of the Euclidean observer-error ball.
A successful robust-containment verification consists of the following:

Verified positive definiteness of P;

Verified containment of the projection of ), (c) in int Qx;

A verified strictly negative upper bound for £ on V = ¢;

Compatibility of Emax with the complete observer transient bound, including the
prescribed initial errors;

5. Verification that the requested physical actuator input remains strictly within its
limits throughout the set, or explicit inclusion of the saturation discrepancy in the
boundary test.

L

The boundary calculation can be implemented by interval branch-and-bound: discard
boxes not intersecting V = ¢, accept boxes with a negative upper bound, and subdivide the
remaining boxes. State-dependent residual bounds are computed over the whole sublevel
set, not only along simulated trajectories.

This procedure verifies an inward-pointing condition for the actual composite vector
field. If it succeeds, the sublevel set is a robust invariant set for the stated disturbance
and observer-error budgets. If it is inconclusive, the nominal local stability certificate may
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still hold, but the robust invariance claim must remain unverified. A phase portrait, a
decreasing sampled quadratic function, or a Monte Carlo success rate is not a substitute for
this test.

3. Composite Robust Control Architecture

The composite controller combines the nominal block-backstepping law with a
matched-disturbance observer and a bi-power nonlinear term. The observer estimate
and the control input must be expressed in the same partially linearised input coordinates.
For the cart-pendulum benchmark, these coordinates have acceleration units, whereas the
physical actuator input has force units.

The analytical statements below concern the exact matched model and exact state
feedback unless measurement noise, actuator saturation or parameter uncertainty is ex-
plicitly included. Simulations with additional uncertainties are reported separately as
robustness experiments.

3.1. Extended State Observer and Complete Transient Bound

Let the measured actuated velocity be

pam =pa2+n,  |n(t)|2 <7
The observer is
ﬁz = Ug + dA‘i‘ ZWO(PZm - ﬁz), )
dA: wg(PZm - ﬁZ)/ Wo > 0/ (10)

where 1, is the known input actually applied in the partially linearised coordinates. In the
unsaturated case, 1, = u. When a physical actuator is saturated, the observer must use the
corresponding applied input, not the unsaturated request.

Define

epzpz—ﬁz, (j:d—lj,
where py = u, + d. Suppose d is absolutely continuous and
ld(#)]l> < dy

almost everywhere.

Proposition 2 (Observer transient and ultimate bounds). Forall t > 0,

4(t)]a < e [(1 -+ wot) [d0)]]a + wFtllep (0)]]2]

dq _ 2w
Pl _ (2 wot 07 11
+wo[ (2+ wot)e '] + = (11)
In particular,
- ~ w 2dy 2w, _
sup [[d(t)[l2 < 14(0) |2 + = llep (0|2 + = + =271 =: Esup, (12)
>0 e Wo e
5 2d; 2
limsup ||d(t)]]2 < A 2oq K. (13)
t—c0 Wo €

Proof. The observer-error dynamics are
d |ep —2w,l I [ep 0f ; 2w, I
20 = 4 d—
dt[d] [—w%] OHd iy w2l |"
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The disturbance-error initial-condition response is
gt [(1 + wot)d(0) — wgte,,(o)} .
The impulse response from d to d is
ha(t) = (1+ wot)e™ ",

whose integral over [0, t] is

2 — (24 w,t)e~wot
Wo '

The impulse response from 7 to d is
I (t) = —wj (1 = wot)e™ ",

and
2w,

| o)1 = =22,
0

e

The triangle inequality gives (11). The uniform estimate follows from (1 + w,t)e™“°f <1
and w?2te~“°! < w,/e. Taking the upper limit establishes the ultimate bound. [

The noise-free result in Lemma 4 is recovered by setting 77 = 0. The uniform budget,
rather than the ultimate bound alone, must be used in the robust-containment test:

Esup < Emax-

For an unknown initial disturbance, a known upper bound on ||d(0)||, must be supplied.
For any ¢ > 0, an explicit sufficient observer transient time is

) — 2 max {0, 1Og<2<||d“<o>||z +wo||€p(0)||2)> } ”

Wo €

with ¢, = 0 when both initial errors vanish. This guarantees

[d(t)]l2 < Ew+e — t>to(e).

This follows from (1 +s)e™® < 2¢75/2 and se™5 < 2¢~5/2 fors > 0.
For bandwidth selection, one may minimise the explicitly declared surrogate

7o\ 2 —N\ 2
1= () ()’

When dq, 7 > 0, its unconstrained minimiser is

o ed_] Wy 1/4
wopr =\ 5\ w, )

The selected bandwidth is its projection onto the prescribed admissible interval. This is
optimality for the stated surrogate, not a global closed-loop performance claim.

3.2. Bi-Power Nonlinear Term

For p > 0, define the componentwise signed power

sigf (v) = col(|v;|f sign(v;)).

https://doi.org/10.3390/eng7100551


https://doi.org/10.3390/eng7100551

Eng 2026, 7, 551

11 of 22

The nonlinear term is
v = —asigt(z1) — azsigﬁ(zl) — bysigh(z1) — bzsigﬁ(zl), (15)

where
ay,a2,b1,bp >0, 0<D(<1<‘B.

We use the term bi-power because both sublinear and superlinear signed powers are present.
No assertion that the complete augmented closed loop is homogeneous or finite-time stable
follows merely from this choice.

Under the exact matched model,

21 = —C121 — )\X1 + 27

is evaluated algebraically. It does not require the numerical differentiation of a noisy an-

gle signal.

3.3. Composite Law and Saturation Discrepancy

The requested virtual input is

e = upy, + P(X) v —d. (16)

Let
Oy = Ug — U

denote the discrepancy between the applied and requested virtual inputs. For an unsatu-
rated, exact actuator, 6, = 0.

Lemma 3 (Exact channel decomposition). Under the exact matched model and exact state
feedback,
21 =v+r1y, (17)

where
ra = W(X)(d + 64) — C1z1 — Cazp + Acix1- (18)

For 6, = 0, writer = r,.

Proof. The transformation gives Z; = ¢ + (1, + d). Substitute u, = up, + ¢~ v —d + J,
and the definition of up,. O

Consequently, actuator saturation is not a plotting operation: if it is applied physically,
YJ, is an additional term in the transformed dynamics. There are two valid certification
options:
1. Verify that saturation is inactive throughout the certified set, including the allowed
observer states;
2. Include a verified bound on ¢, in both the invariance and residual calculations.

Using the applied input in the observer avoids attributing known clipping to the unknown
disturbance, but does not restore the cancellation lost in the controller.
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3.4. Practical Velocity-Error Entrance

Suppose robust containment has been verified and define

z; = sup ||zil|2, X1 =sup [xil2.
o%

a

Let m = ny, and suppose ||d,|2 < &y on the certified set. For t > t,(¢), a valid residual

bound is

e = P(Eco + €+ 8y) + |C1]21 + |C2|22 + Ac1 fa-
Furthermore,

Isig(z1)ll2 < m1=7228,  sigh(z1)]|2 < 2.

Thus, the aggregate perturbation
¢ = —arsig"(21) — azsigl (z1) + 14

satisfies

lllz < aym=2/22% 4 228 47 =: .

Proposition 3 (Practical fixed-time entrance of the velocity channel). Let s = ||z || and

Fort > to(e) and s > sy,
Dts < —bz—ls"‘ — bym(1=P)/2gP,

The set s < s, is forward invariant while the perturbation bound holds. Its entrance time, measured
from t,(€), is bounded independently of s(t,) by
Zsl—tx Sg_'B

Tent < ¢
S h-a)  bmOPRE_1)

(19)

for any selected reference speed s > 0. For normalised coordinates with s; = 1, this becomes

2 m(ﬁfl)/z

Tent < + .
ent ba(B—1)

“h(1-a)

Proof. Fors > 0,
Dts < —bys* — bym(1 P/ 25 4 Pe-

The two signed-power estimates follow from the finite-dimensional norm inequalities.
For s > s,, ¢ < bys* /2. The vector field points inward at a positive boundary s = s,.

An upper bound on the entrance time is obtained by extending the comparison integral
to (0,0) and splitting it at sc. On (0, s.), retain the sublinear term; on (s, c0), retain the
superlinear term. Integrating the two resulting powers yields (19). The zero-residual case

follows from the same comparison argument with s, =0. O

The total guaranteed time is
trotal < fo (8) + Tent.

This is an entrance guarantee for the transformed velocity error, conditional on robust
containment and the stated bounds. It is not a finite-time convergence guarantee for
(X, x1, P2, d), nor a claim that the physical angle and cart displacement settle within the
same time.
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The introduction of ¢ > 0 is essential when only an ultimate observer bound is
available: a limsup bound does not imply finite-time entry into the same closed bound
without slack.

3.5. Implementation and Validation Protocol
The numerical study distinguishes the following:

Exact-model nominal regulation;

Exact matched-disturbance observer validation;

Deterministic disturbance, measurement-noise and parameter-mismatch experiments;
Multiple-initial-condition entrance experiments;

SUE IR S

Seeded Monte Carlo comparisons.

All compared controllers receive the same initial physical state and the same prescribed
disturbance and measurement-noise histories. The baseline differs only by the removal of
the observer compensation and nonlinear overlay; it is not artificially disadvantaged by a
different velocity measurement architecture.

Physical states, requested and applied actuator inputs, saturation duration, observer
error, operating-domain exits, and decoupling margins are recorded without artificial
amplitude scaling or time-dependent display decay. Failed runs are retained and identified.

The observer bound is compared with simulation only in experiments satisfying its
assumptions. Residual maxima computed from finite trajectories are labelled empirical
finite-horizon quantities, not verified global bounds. A successful interval verification and
a successful simulation are reported as distinct outcomes.

The complete architecture is depicted in Figure 1.

UMS Plant Dynamics

{ Error Transformation . i .

] 21 Nominal Control Y Uy q1=p1

L |z =0 — K +p1—8@)p2) — (X)L (=21 — cyzy — 1 G2 =p2

i a1 (X, 1) L et . S | pr=Fa.p) +8(@)u +4)

Bi-Power
Nonlinear Term
() Plant states (g, p) +(X) (21, 21)
(] Cascade states (z1, 22, x1)

) Bi-power Nonlinear Term v
() Observer states (py, d)

}

Full State Feedback X(g, p)

21

Figure 1. Composite backstepping architecture.

4. Stability Analysis

Lemma 4 (Observer Estimation Bound). If lld(t)||l2 < dy, the perturbation estimation error

d := d — d satisfies lim sup ||d(t) |2 < %
t—o0 Wo

Proof. Defining iy := pp — pp and d := d — d, (1) and (10) yield the LTI error dynamics
—2wol 1

—w?I 0|

Since all block matrices in A, are scalar multiples of the identity matrix I;;,, each

E = A,E + B,d(t), where E := col(i,d), B, := col(0,I), and A, =

component pair (f ;, d;) obeys identical dynamics; the transfer function from d; to d; is

s+ 2w,

1O G

with impulse response h(t) = (1 + w,t)e “et >0, Vt > 0.
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Since the impulse response is nonnegative (h(t) > 0), the integral form of the tri-
angle inequality and the absolute homogeneity of the Euclidean norm permit the scalar
weight to pass through the norm. Accounting for the unforced initial-condition response,
the complete error norm satisfies

a0l < [[Jo r]er e, + [ e~ Dldolza

Since A, is Hurwitz [36], the transient term exponentially vanishes as t — co. Bound-
ing the remaining convolution integral yields the ultimate limit: limsup [|d(t)[> <

i t—o0
dy [y h(t)dT = %.
Lemma 5 (Finite-time entrance). Let y : R>o — R™ satisfy
§ = —busig" (y) — basigh(y) + (1),
where ||p(t)|2 < @, by, bp >0,and0 < « <1 < B.
Set s == ||y||2, s« = (iflb IX. Then, for almost every t such that s(t) > s, §(t) < —bzis(t)f%.

Consequently, if s(0) > s,, then s(t) < s, for all t > T, where

2(s(0)17% —sl7)

T hi(1-w)

Proof. For s > 0, the map t — |[y(t)]|2 is differentiable almost everywhere, yielding
the time derivative § = s~'yj. By the element-wise definition of the sig® operator,
ylsigh(y) = ||y||zﬂ Since « +1 € (1,2), the standard inclusion property of finite-
dimensional £, norms implies ||y,+1 > ||y]|2 = s. Consequently,
y'sig"(y) = 5",

The Cauchy-Schwarz inequality and the uniform bound on ¢ yield 4" ¢ < [|7|2]/¢|l2 < s¢.
Substituting the dynamics of jj into the expression for s and discarding the nonnegative
term byy "sigh () = by HyHgE > (0 establishes the differential inequality

§ < —bys* + .

Integrating this inequality via the comparison principle [18] yields the stated entrance
time T,. O

Assumption 3 (Robust compact containment). Let x, := col(X, x1) € R21+3% and Viom :
R2m+3m2 s Ry € Cl be a Lyapunov function for the nominal closed-loop system. There exists a
constant ¢ > 0 such that the compact sublevel set ([17], Chapter 4)

Oy = {xa | Vnom(xa) < C}

is strictly contained within the domain of attraction of the nominal equilibrium. Furthermore, there
exists a uniform bound d;up > 0 such that, for all x, € 0Q), and all observer errors satisfying
|2 < dsup, the following strict dissipation inequality holds:

VVnom(xa)Tg(q) (lp(X)ilv(Zl/Zl) + d) < _vvnom(xa)TFnom(xa)/

where From (Xq) is the nominal closed-loop vector field, and the input distribution matrix is defined
as the block column vector
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g(q) = C01(0"1><"2/ g(q)r 0”2><"2/ Iﬂzf 0"2><Vlz)'

Theorem 2 (Conditional robust containment and practical entrance). Suppose the decoupling
and local zero-dynamics tests succeed. Let a compact sublevel set ), have its physical-state projection
contained in int Qx, and suppose the robust boundary test in Section 2.6 has been verified for an
observer-error budget Emax.

Assume that the disturbance and initial observer errors satisfy

Esup < Emax,

where Egyp is given by (12). Assume also that actuator saturation is either excluded on the certified set
or included explicitly in the verified boundary and residual bounds. For noisy state feedback outside
the ESO, the associated controller perturbations must additionally be included in those bounds.

Then, every solution starting in O, remains in O, and admits continuation for all t > 0. For
every € > 0, the transformed velocity error enters the set specified in Proposition 3 no later than
to(€) + Tent. No finite-time convergence of the complete state to the origin is asserted.

Proof. Proposition 2 supplies the required observer-error bound for the entire transient,
not only asymptotically. The verified boundary inequality therefore makes the vector
field strictly inward pointing on d(),. This establishes forward invariance. The bounded
disturbance, bounded physical and integral states, and bounded observer errors preclude a
finite escape of the augmented solution. The residual bounds and the entrance claim follow
from Proposition 3. O

Remark 1 (Explicit residual bound). Let z; = sup ||zill2, X1 = sup |xill2 ¢ =
~ X €0y X €0y
supqy, [[9(X)l|2, and let d be the bound from Lemma 4. Then,

limsup [|r(t)]2 < 1/3d=+ |C1]21 + |Calz2 + Aci 1 =T

t—o0

5. Simulation Results

The numerical study follows the protocol in Section 3. Offline algebraic tests on the de-
clared box Q) are reported first; closed-loop records are reported afterwards. A successful
analytical or interval certificate and a successful simulation are distinct outcomes. Three
implementations share the same plant, the same (), the same Tj, and the same coefficients:
the nominal law in (2) (BB), that law with (10) (BB+ESO), and the composite law in (16)
(BB+ESO+FT).

5.1. Plant, Box and Implemented Coefficients

The plant is a virtual replica of the Digital Pendulum System (Feedback Instruments,
model 33-005-PCI) ([16], Section 4.6). Parameters and the design box

Qx ={X=col(x,0,v,w) : |x]| <%, (0] <0, || <7, |w| <@}

are listed in Table 1. Here, n; = n, = 1 and K = k. As in Section 2.5, the matched
signal d lives in the partially linearised acceleration channel. A physical force F; satisfies
d=F;/(M+m sin? 6) on the exact model, so a bound on E; is not, by itself, a bound on d.

Implemented gains appear in Table 2. In particular, w, = 30s~! and (b1, bp) =
(0.879,0.621) ms~2. The cascade pair satisfies c; + c; = 8s~!, whence C; = 1 — C% +A=
—6.838 and Cy = 8. The bi-power term is evaluated on the normalised arguments z1 /zyf
and 21 /syef rather than on zq, 21 directly. Because sigf is homogeneous of degree p, this is
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a rescaling of (15): the tabulated (a;, b;) and the comparison time To.m,1, belong to those
normalised coordinates, which are also the coordinates in which Proposition 3 is applied.

Table 1. Cart-pendulum parameters and design box Qx. Inertias follow Jeom = Jp — m#?. Friction
and the force/rail limits are modelling assumptions of the virtual replica.

Quantity Symbol Value Unit
Cart mass M 2.4 kg
Pendulum mass m 0.23 kg
Pivot to centre of mass l 0.36 m
Pivot inertia Tp 0.039744 kgm?
Centre-of-mass inertia Jcom 0.009936 kg m?
Cart viscous friction by 0.05 Nsm™!
Pivot viscous damping by 0.001 Nmsrad
Gravity 80 9.81 ms~2
Actuator force limit Frnax 15 N

Rail half-travel (safety) — 0.45 m
Cart/angle bounds %, 0 0.25, 0.25 m, rad
Velocity bounds 0, @ 0.50, 1.50 ms~ !, rad s !

Table 2. Implemented controller and offline numbers at the selected k. The pair (c1,¢p) is the
split of ¢; 4+ ¢, = 8 used in the code. The weights (a;,b;) and Tiymula are those of the normalised
bi-power term.

Quantity Symbol Value Unit
Transformation time scale Ty 0.15 s
Transformation gain k —0.910 mrad ™!
Cascade gains c1, €2 3.324, 4.676 s7!
Integral gain A 3.208 s2
Observer bandwidth Wy 30 s7!
Homogeneity exponents a, B 0.6, 14 —
Position FT weights ay, ap 0.20, 0.05 ms~2
Velocity FT weights by, by 0.879, 0.621 ms2
Position/velocity references Zrefs Sref 0.10, 0.30 m, ms~!
Certified decoupling lower bound o 0.652 —
Local zero-dynamics margin Uz 3.254 s7!
Transformation Jacobian lower bound Hmin 0.894 —
Conditional FT comparison time Ttormula 291 s

Integrations use RK4 with dt = 1 ms on a horizon of T = 8s. A step-halving check on
the same vector field, controller and noise functions produced a four-state discrepancy no
larger than 1.5 x 107 in SI units.

The actuator is limited to Fnax = 15N. Lemma 3 holds with é, = 0 only when u, = u..
In the numerical plant, the requested force is clipped, and the observer is fed u, rather than
1. Across the records below, the observed saturation fraction is either zero or of order 103
of the horizon. That sampled fact does not replace the set-wise test in Section 2.6.

5.2. Offline Tests of p and Az

For this plant, ¢ is the scalar from Section 2.5. Figure 2 plots the whole-box analytical
lower bound || > |k|Lgp — 1 against k, together with a dense-angle diagnostic. The
two curves agree on the plotted interval. The diagnostic is not a substitute for the verified
covering argument in Proposition 1; it is reported as a check on the conservative closed-
form bound. Because ¢ is scalar, the calculation is cheap. For larger 7, the same test must
be replaced by the box-covering procedure from Section 2.
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Figure 2. Offline transformation design on Q.
1. .. . .
The marker k = —0.910mrad™ " is the maximiser of a normalised max—min score on a

declared finite grid, not a continuum optimiser. At that value, the design script returns
c=0652, pz=—maxReA;(Az) =3254s"",  Hpn =089,  det]z=1.
1

Thus, Jz is nonsingular and the implemented A z is Hurwitz with spectral abscissa —p z.
The two eigenvalues are the roots of that same implemented 2 x 2 matrix, assembled by (5)
in the coordinates of the numerical model. They are not inferred from the point-mass
specialisation in Section 2.5 unless that specialisation is the model used in code: the virtual
replica uses ],, whereas the displayed point-mass Jacobian uses ml?.

The top-left panel in Figure 2 is a lower bound on |¢|. It does not give =
supxen, ||#(X) |2, which is a separate upper estimate at the selected k. On the recorded
orbits of the next subsections, || remains near 0.89. Residual quantities 7 and  in the sense
of the explicit residual bound and of Proposition 3 further require extrema of (z1, 2, x1)
on a declared (),. Those extrema are not read from a single trajectory, and they are not
claimed here as verified set-wise bounds.

5.3. Observer Envelope and Decoupling Along One Record

Lemma 4 is an ultimate bound. Theorem 2 uses the complete transient budget of
Proposition 2. Figure 3 shows both, for the injected acceleration-channel signal of this
campaign (not the force-rate figure of an earlier draft). The ultimate line in the figure is
2d / w, at the implemented w, = 30s~! and at the rate bound of that same injected d. After
about 0.2 s, the recorded |d| lies below that line; the first samples do not. Forward invariance
of a candidate (), on this record is therefore an observed property of the initialisation, not a
corollary of the limsup alone.

Along the same orbit, |¢| remains near 0.89, above ¢ = 0.652, whilst the state stays
inside ()x. Requested and injected forces are plotted together so that any approach to Fnax
can be seen. On this record the applied force stays inside the limiter after the opening sample.
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Figure 3. Exact-model observer record.

5.4. One Common Stress Comparison

A single Lipschitz disturbance and a common initial condition are applied to all three
laws (Figure 4, Table 3). BB leaves a persistent oscillation. BB+ESO removes most of that
residual. BB+ESO+FT further reduces |z;| after the first second and records the smallest
terminal index and the smallest IAE on this horizon. Settling times are 1.06 s (BB+ESO) and
0.97 s (BB+ESO+FT); BB does not meet the settling test in 8 s. The minimum observed ||
is 0.878.

Table 3. Quantitative comparison. Stress: one common disturbance and initial condition (seed 73).
Monte Carlo: median (minimum, maximum) over 24 shared seeds. BB settling statistics use the
21 records that settle. IAE, in metre-seconds; IAEy in radian-seconds.

Record Maetric BB BB+ESO BB+ESO+FT

Stress Settle [s] — 1.06 0.97
IAE, [ms] 0.105 0.051 0.049
TAE, [rads] 0.055 0.036 0.025
Norm. IAE [s] 0.642 0.350 0.293
RMS force [N] 1.05 1.08 1.08
Min. || 0.879 0.878 0.878
Peak domain ratio 0.505 0.540 0.527
Terminal index 0.086 0.018 0.006

Monte Carlo Completed /success 24/24,21/24 24/24,24/24 24/24,24/24
Settle [s] 5.07 (0.29,7.39) 1.07 (0.27,2.12) 0.87(0.20,2.19)

Norm. IAE [s]
RMS force [N]

0.618 (0.362,1.094
0.877(0.502,1.628

0.295 (0.104, 0.680
0.838 (0.470, 1.653

0.234 (0.074, 0.650
0.848 (0.470, 1.650

N NN’

( ) ( ) (

( ) ( ) (
Min. [y 0.885 (0.863,0.889) 0.885 (0.862,0.888) 0.885 (0.860, 0.889
Peak domain ratio 0.326 (0.118,0.960) 0.336 (0.118,0.987) 0.333 (0.113,0.996

Two caveats belong here. First, the record is not a proof of Theorem 2, and the
figure does not display Tent. The comparison time associated with Proposition 3, after a

https://doi.org/10.3390/eng7100551


https://doi.org/10.3390/eng7100551

Eng 2026, 7, 551

19 of 22

residual radius has been sampled a posteriori in the normalised coordinates of Table 2, is
Ttormula = 2-91s. The last entry of |Z;| into the engineering band on the recorded family
occurs earlier than that mark. Second, total variation of the applied force is larger for
BB+ESO+FT than for BB+ESO (57.5 N against 34.7 N on this record). The bi-power term
buys IAE and terminal error at the price of a more lively actuator.

One common perturbed-plant stress experiment

Normalized physical-state index 005 Primary transformed error

=4
=)
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BB+ESO

o
o

3 BB+ESO+FT 0.04
E 0.4
= 0.03
3 £
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Figure 4. Common perturbed—plant experiment.

5.5. Seeded Monte Carlo

Twenty-four common seeds are reused for the three controllers (Figure 5, Table 3).
Every run completed 8s. Under a strict success test combining settling, terminal index
and box containment, BB succeeds on 21/24 seeds (3 censored non-settling records, not
crashes); BB+ESO and BB+ESO+FT succeed on 24/24. Median settling times fall from 5.07 s
(BB, on those records that settle) to 1.07 s and 0.87 s. Median normalised IAE falls from
0.618 to 0.295 and 0.234. Median RMS force is essentially unchanged (=20.84-0.88 N); total
variation is systematically higher once the bi-power term is active.

The smallest || among all 72 records is 0.860, still above 0. The largest peak domain
ratio is 0.996, so no sampled orbit leaves (). These are counts from a finite seeded study.
They are not hypothesis tests, not empirical probabilities of stability, and not a covering
of Ox. In the language of Section 2.6, they do not replace the interval boundary test in
Assumption 3.

No finite-time convergence of (X, x1, p2,d) to the origin is inferred from any of the
four figures. Additional diagnostics generated on the same campaign (nominal regulation,
phase portraits, a sampled quadratic that is not a containment certificate, a velocity-entrance
family, completion counts, a four-term anatomy of v, and the step-refinement overlay) are
omitted from the main text.
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Seeded Monte Carlo comparison: 24 common trials

NR markers are censoring symbols, not settling times Full-horizon IAE: incomplete runs excluded
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Figure 5. Seeded Monte Carlo on 24 common trials. Settling-time NR markers are censored BB
records, not numerical settling times. IAE and RMS force use completed horizons only (all runs
completed). Minimum observed |¢| includes records up to any safety stop. The overlays improve
settling and IAE; they do not reduce RMS effort.

6. Conclusions

The offline tests decide the invertibility of 1y on Q)x and local exponential stability of
the zero dynamics. Both are properties of a declared model and a declared compact set:
a completed covering with ¢ > 0 gives ¢ > ¢ and a usable inverse bound. A Hurwitz
Jacobian Az is a local statement about the unforced zero dynamics. It is not a robustness
certificate for the perturbed loop.

The overlays address that gap only in the sense made precise by Theorem 2. The ob-
server contributes the ultimate bound 2d; /w, and the transient budget Esup used in the
invariance argument. The bi-power term contributes the entrance time t,(€) + Tent for
|11 |2. Neither overlay is claimed to render the full state (X, x1, p2,d) finite-time stable.
The cart-pendulum records in Section 5 are consistent with those distinctions; they are not
a covering of Assumption 3. The construction remains the block-backstepping law of [15],
with the tests and overlays attached.
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