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Abstract

In this study, we aim to analyze the dispersion of ultrasonic waves due to second-gradient
contributions and attenuation within the framework of continuum mechanics. To in-
vestigate dispersive behavior and attenuation effects, we consider the influence of both
higher-order gradient terms (second gradients) and Rayleigh-type viscoelastic contribu-
tions. To this end, we employ the extended Rayleigh–Hamilton principle to derive the
governing equations of the problem. Using a wave-form solution, we establish the rela-
tionship between the phase velocity and the material’s constitutive parameters, including
those related to the stiffness of both standard (first-gradient) and second-gradient types, as
well as viscosity. To validate the model, we use data available in the literature to identify
all the material parameters. Based on this identification, we observe that our model pro-
vides a good approximation of the experimentally measured trends of both phase velocity
and attenuation versus frequency. In conclusion, this result not only confirms that our
model can accurately describe both wave dispersion and attenuation in a material, as
observed experimentally, but also highlights the necessity of simultaneously considering
both second-gradient and viscosity parameters for a proper mechanical characterization
of materials.

Keywords: ultrasonic wave dispersion; second-gradient theory; attenuation

1. Introduction
Ultrasonic wave propagation is a powerful technique used in a wide range of fields,

from non-destructive testing (NDT) and material characterization to medical diagnostics.
The study of how ultrasonic waves behave as they travel through materials provides
essential information about the internal structure and mechanical properties of the materials
being tested. In traditional models, wave propagation is typically described using classical
elasticity theory, where the stress–strain relationship of the material depends on the first
derivatives of the displacement field, representing the strain. Although this approach
works well for simple, homogeneous materials, it is insufficient for more complex materials
that possess microstructural heterogeneity or exhibit nonlocal interaction, since these
materials often exhibit nonlocal behavior, meaning that the response at any given point
in the material is influenced not only by the immediate surroundings but also by broader
microstructural features. Second-gradient elasticity theory was developed to address this
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issue by introducing higher-order derivatives of the displacement field, which enables the
model to capture these nonlocal effects and internal length scales within the material.

Since then, this theory has become particularly useful for modeling materials that
exhibit scale-dependent behavior, such as foams, granular materials, and biological tissues.
By incorporating second-gradient terms into the stress–strain relationship, this theory
provides a more accurate description of wave propagation in materials with microstructural
features, where the classical theory would not capture the complex interactions between
the structure of the material and the propagating wave [1,2].

Dispersion refers to the phenomenon in which the speed of a wave depends on its
frequency. In most classical wave propagation theories, the velocity of the wave is constant
and independent of frequency. However, in second-gradient media, the wave velocity is
frequency-dependent. This is because the material’s internal structure, captured, e.g., by
the second-gradient terms, affects the wave’s propagation at different frequencies. This
effect can be especially pronounced in materials where microstructural characteristics, such
as pores, inclusions, or heterogeneity, influence wave propagation [3,4]. In practice, the
dispersion observed in second-gradient media can lead to significant differences in how
waves propagate, especially at higher frequencies. This has important implications for the
design and analysis of materials such as metamaterials, where customizable dispersion
characteristics are often desired to achieve specific effects, such as negative refraction
or slow-wave propagation [5]. Similarly, in biological tissues, where wave dispersion is
influenced by the cellular structure of the tissue, understanding dispersion becomes critical
to improving medical imaging techniques such as ultrasound elastography [6].

Attenuation refers to the loss of energy that occurs when a wave propagates through
a medium. In traditional wave theory, attenuation is typically associated with damping
mechanisms, such as viscoelastic effects or material imperfections. However, in materials
exhibiting second-gradient behavior, attenuation can arise due to the nonlocal interactions
and microstructural features that influence wave propagation. As ultrasonic waves pass
through a material with second-gradient effects, their energy is dissipated in a way that
cannot be fully explained by classical damping models [7,8]. The attenuation in such
materials is also frequency-dependent, with the energy loss being more significant at higher
frequencies. This frequency-dependent attenuation is crucial for understanding wave
behavior in biological tissues, where the microstructural properties of the tissue (such as
cellular arrangements) can cause additional dissipation of wave energy. Similarly, in porous
materials and composites, where waves interact with heterogeneities at multiple scales, the
attenuation behavior provides valuable insight into the material’s internal structure and
mechanical properties [9].

The theoretical framework of second-gradient elasticity, which includes both dis-
persion and attenuation effects, has several important applications. Understanding the
frequency-dependent dispersion and attenuation can enhance the sensitivity and resolu-
tion of ultrasonic testing techniques, allowing for better detection of defects, cracks, or
voids within materials [9]. In medical diagnostics, particularly in ultrasound elastography,
these models can provide a more accurate representation of wave propagation through
biological tissues. Since tissues often exhibit complex internal structures, the ability to
account for nonlocal effects and microstructural interactions improves the precision of
measurements, leading to more reliable assessments of tissue stiffness or elasticity. This has
important implications for early diagnosis and monitoring of conditions such as tumors
or liver fibrosis [6]. Additionally, the study of second-gradient effects in ultrasonic wave
propagation is crucial for the development of metamaterials, engineered materials designed
to have specific wave propagation characteristics. By tailoring the second-gradient parame-
ters, researchers can design materials with bespoke dispersion and attenuation properties,
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opening up new possibilities for applications in sensing, communication, and imaging
technologies [5]. Last but not least, we would like to highlight a recent contribution that
has significantly inspired our work, specifically the thesis by Ronny Hofmann [10]. His
study focuses on laboratory measurements of clastic rocks, ranging from 3 Hz to 500 kHz,
and their application to well log analysis and a time-lapse study in the North Sea. Within
this framework, the measurements reveal substantial dispersion in sandstones due to
the saturation of inhomogeneities and open boundaries (such as pore pressure diffusion),
which in turn affects the material’s compressibility and stiffness.

Furthermore, attenuation is directly related to the rate of change of the modulus. This
concept is summarized in Figure 1 [10], which illustrates that as the parameter µ (defined
in Hofmann’s thesis [10] as a distribution parameter that gives the range over which
a relaxation mechanism operates) changes, i.e., from 0.8 to 0.2, the dispersion of phase
velocities is higher as in Figure 1a, and the attenuation peaks in Figure 1b become more
pronounced. Figure 1c summarizes the content presented in Figure 1a,b, which are taken
from Hofmann’s thesis, and then illustrates how the phase velocity varies as a function of
frequency ω and how this variation is closely associated with attenuation behavior, both
influenced by the parameter µ. The blue curve represents the frequency-dependent phase
velocity vp1, which exhibits dispersion—meaning that the phase velocity increases with
frequency. This increase is particularly evident around the frequency where attenuation
reaches its maximum. The black curve shows the attenuation trend, which peaks at a
specific frequency marked by the vertical dashed magenta line. At this point, the energy
loss within the material is at its highest due to internal viscosity. The green line indicates
the reference phase velocity vl at low frequencies, representing the asymptotic limit as
frequency approaches zero. Conversely, the red line corresponds to the high-frequency limit
vh, where dispersion effects diminish and the phase velocity stabilizes. Overall, the figure
highlights that the most significant change in phase velocity occurs near the frequency
where attenuation peaks.

Since no continuous model currently exists that can capture the aforementioned
effect, the aim of this research is to provide a model that, starting from the Rayleigh–
Hamilton principle and considering both the material’s internal viscosity and second-
gradient parameters, can simulate the aforementioned dispersive and dissipative effects.

Besides the Introduction, the paper is organized into the following sections:

• Section 2 outlines the construction of the governing equations based on the Hamilton–
Rayleigh principle, considering both internal viscosity and second-gradient parame-
ters of the material. Starting from the dispersion equation and using the wave-form
solution, we derive the wave number and then the phase velocity and the quality
factor for the evaluation of attenuation phenomena. Once the methodology and model
have been finalized, we search for materials and experimental data from the literature
to validate the model.

• Section 3 focuses on the validation of the above model. Three case studies from the
literature (one involving natural materials and two involving artificial materials) are
examined. The purpose is to compare experimental data with the numerical simulation
results derived from the model. Results and comments on the above-mentioned com-
parison are also discussed in this section. Moreover, we have introduced a numerical
simulation to evaluate general aspects of the wave’s behavior, from the perspectives
of both dispersion and attenuation.

• Finally, Section 4 offers our conclusions and reflections on future developments, and it
reports all the contributions.

A list of abbreviations used in the manuscript and all the references adopted for this
study are presented at the end of the article. Furthermore, at the end of the publication, we



CivilEng 2025, 6, 37 4 of 21

have added an Appendix A to revisit and further elaborate on topics addressed during the
modeling phase.

Figure 1. The influence of a certain parameter µ, as defined in Hofmann’s thesis [10], on phase
velocity (a) and attenuation (b). The variation of phase velocity as a function of frequency is shown
in (c), where a significant change occurs near the attenuation peak.

2. Modeling and Methods
2.1. Scope and Strategy

We are searching for a model that can reproduce the variation of phase velocity and
attenuation with wave frequency for a given material, as shown in Figure 1c, which is
our benchmark. In this context, we will consider the Rayleigh–Hamilton principle, using
second-gradient and viscous parameters to describe the displacement involved in the
energies represented in the principle. The Partial Differential Equation (PDE) obtained will
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be solved using a wave-form solution to derive the dispersion equation that includes phase
velocity and attenuation.

2.2. Variational Derivation of Governing Equations (PDE and BCs)

We begin by recalling the extended Rayleigh–Hamilton principle, which postulates
that the variation of the Action, δA, is connected to the Rayleigh function R:

δA =
∫ t1

t0

{∫ L

0

(
δK − δWint

)
dx + δWext

}
dt =

∫ t1

t0

(
δR
δu̇′ δu′ +

δR
δu̇′′ δu′′

)
dt, (1)

where the three energy functions K, the kinetic energy density, W, the potential energy
density, Wint, the internal energy per unit volume, and Wext, the external energy function,
are defined as

K =
∫ L

0

(
1
2

ρu̇2 +
1
2

ηu̇′2
)

dx, (2)

Wint =
∫ L

0

(
1
2

k1u′2 +
1
2

k2u′′2
)

dx, (3)

Wext =
[
Fext

0 u + Bext
0 u′]

x=0 +
[
Fext

L u + Bext
L u′]

x=L +
∫ L

0
(bnu + bdu′) dx, (4)

and the Rayleigh function is equal to

R =
∫ L

0

(
1
2

c1u̇′2 +
1
2

c2u̇′′2
)

dx (5)

We recall that k1 and k2 are the standard elastic modulus for a linear one-dimensional
elastic body and the non-standard strain-gradient modulus, respectively. Given the dis-
placement u, its derivatives with respect to time are denoted by u̇, with respect to space by
u′ (first derivative) or u′′ (second derivative). ρ and η are the mass density (mass per unit
length) and the micro-inertia of the one-dimensional body, respectively. bn and bd are the
external distributed (per unit length) forces and double forces, respectively. Fext

0 (or Fext
L )

and Bext
0 (or Bext

L ) are the concentrated forces and double forces evaluated at the extrema
x = 0 (or x = L) of the one-dimensional body, respectively.

Meanwhile, in the Rayleigh function, two internal viscosities are present: c1, related to
the first gradient field, and c2, related to the second-gradient field.

Replacing (2), (3), (4), and (5) in the left side of Equation (1) and integrating by parts,
for every admissible variation of the displacement field, the variation of the Action, δA,
can be reduced to

δA =
∫ t1

t0

{∫ L

0

[
δu
(
−ρü + k1u′′ + ηü′′ − k2u(4) + bn − b′d

)]
dx
}

−
∫ t1

t0

δu(x = 0)
[
−ηü′(x = 0)− k1u′(x = 0) + k2u′′′(x = 0) + bd

]
dt

+
∫ t1

t0

δu(x = L)
[
−ηü′(x = L)− k1u′(x = L) + k2u′′′(x = L) + bd

]
dt

−
∫ t1

t0

δu′(x = 0)
[
−k2u′′(x = 0)

]
dt

+
∫ t1

t0

δu′(x = L)
[
−k2u′′(x = L)

]
dt. (6)

The variation of the Rayleigh function is

∫ t1

t0

(
δR
δu̇′ δu′ +

δR
δu̇′′ δu′′

)
dt =

∫ t

0

∫ L

0

(
c1u̇′δu′ + c2u̇′′δu′′)dx dt, (7)
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which, after integrating by parts in space and time, becomes

∫ t1

t0

(
δR
δu̇′ δu′ +

δR
δu̇′′ δu′′

)
dt =

∫ t1

t0

[
c1u̇′δu

]L

0
dt −

∫ t1

t0

∫ L

0
c1u̇′′δu dx dt

+
∫ t1

t0

[
c2u̇′′δu′

]L

0
dt −

∫ t1

t0

[
c2u̇′′′δu

]L

0
dt

+
∫ t1

t0

∫ L

0
c2u̇(4)δu dx dt. (8)

Then, inserting Equations (8) and (6) into (1) and rearranging, we obtain

δA =
∫ t1

t0

{∫ L

0

[
δu
(
−ρü + k1u′′ + ηü′′ − k2u(4) + bn − b′d + c1u̇′′ − c2u̇(4)

)]
dx
}

dt

−
∫ t1

t0

δu(x = 0)
[
−ηü′(x = 0)− k1u′(x = 0) + k2u′′′(x = 0) + bd

−c1u̇′(x = 0) + c2u̇′′′(x = 0)
]
dt

+
∫ t1

t0

δu(x = L)
[
−ηü′(x = L)− k1u′(x = L) + k2u′′′(x = L) + bd

−c1u̇′(x = L) + c2u̇′′′(x = L)
]
dt

−
∫ t1

t0

δu′(x = 0)
[
−k2u′′(x = 0)− c2u̇′′(x = 0)

]
dt

+
∫ t1

t0

δu′(x = L)
[
−k2u′′(x = L)− c2u̇′′(x = L)

]
dt = 0. (9)

where, since the displacement u(x, t) is assumed to be prescribed both at t = t0 and at t = t1,
we have that δu(x, t = t0) = δu(x, t = t1) = 0. Equation (9) must hold for every admissible
variation δu of the displacement field u. Therefore, the last four terms of Equation (9) must
be null. On one hand, if the displacement u or the displacement gradient u′ are prescribed
at the boundary (i.e., the left-hand sides of the following equations are satisfied), then their
variation is null, as well as the corresponding terms in Equation (9). On the other hand, if
these kinematic conditions are not prescribed, then the right-hand sides of the following
equations must be satisfied to make the same terms of Equation (9) null:

u(0, t) = u0(t) (10)

or − ηü′(x = 0, t)− k1u′(x = 0, t) + k2u′′′(x = 0, t) + bd

− c1u̇′(x = 0, t) + c2u̇′′′(x = 0, t) = Fext
0 ,

u(L, t) = uL(t) (11)

or − ηü′(x = L, t)− k1u′(x = L, t) + k2u′′′(x = L, t) + bd

− c1u̇′(x = L, t) + c2u̇′′′(x = L, t) = −Fext
L ,

u′(0, t) = b0(t) or − k2u′′(x = 0, t)− c2u̇′′(x = 0, t) = Bext
0 (t), (12)

u′(L, t) = bL(t) or − k2u′′(x = L, t)− c2u̇′′(x = L, t) = −Bext
L (t). (13)
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for every instant of time, e.g., ∀t ∈ R. Finally, the first line of Equation (9) must also
be zero for every admissible variation δu of the displacement field. Thus, because of its
arbitrariness, it follows that

−ρü + k1u′′ + ηü′′ − k2u(4) − b′d + bn + c1u̇′′ − c2u̇(4) = 0, ∀x ∈ [0, L], ∀t ∈ R. (14)

2.3. Wave-Form Solution

Equation (14) is the Partial Differential Equation (PDE) governing the evolution of the
displacement field u(x, t) for the investigated model, which will be solved in the following
two subsections. In particular, we look for a wave-form solution to (14), and we assume the
body length L to be sufficiently large so that the boundary conditions (BCs) (10)–(13) do
not influence the solution.

Equation (14) can be solved by considering no external distributed actions (bn = 0 and
bd = 0), in the form of the following plane wave solution for the displacement field:

u(x, t) = Re
(

u0ei(ωt−kω x)
)

, (15)

where u0 is the complex wave amplitude, ω is the frequency of the wave expressed in rad/s,
kω is the complex wave number, i is the imaginary unit, and Re is the real part operator.
Calculating the derivatives of (15) and inserting them into (14), it results in

(k2 + ic2ω)k4
ω + (k1 + ic1ω − ηω2)k2

ω − ρω2 = 0, (16)

where the arbitrariness of the complex wave amplitude u0 has been considered. Equation (16)
is a fourth-degree algebraic equation in terms of kω and therefore admits four complex
solutions for kω. However, in (16), kω appears only with even powers (k2

ω or k4
ω). Thus, if

kω = k̂ω is a solution of (16), then kω = −k̂ω is also a solution. As a consequence, two of
these solutions correspond to right-hand propagating waves, while the other two are equal
in magnitude and opposite in sign. The reason is the isotropy of the domain. In the
formulae, two independent solutions are

kω1,2 =

√
−(k1 + ic1ω − ηω2)±

√
(k1 + ic1ω − ηω2)2 + 4(k2 + ic2ω)(ρω2)

2(k2 + ic2ω)
. (17)

Remembering the correlation between frequency ω, wave number kω, and phase
velocity vp [11], we obtain an expression for the two phase velocities:

vp1,2 = Re

(
ω

kω1,2

)
=

= Re

(√
2(k2 + ic2ω)ω2

−(k1 + ic1ω − ηω2)±
√
(k1 + ic1ω − ηω2)2 + 4(k2 + ic2ω)(ρω2)

)
. (18)

Similarly, starting from the wave number kω, it is possible to determine the two
corresponding quality factors Q1 and Q2 [10] as the inverse of the damping ratio ζ, which
characterizes the rate of energy loss in the system, expressed as a function of the real and
imaginary parts of the wave number:

ζ1,2 =
1

Q1,2
= −

Im(kω1,2)

Re(kω1,2)
. (19)

The quality factors can also be understood as the ratio between stored and dissi-
pated energy [10]. The quality factor has two definitions in the literature, which yield
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approximately the same value when Q ≫ 1, as is the case for seismic waves. These def-
initions are given in terms of twice the strain energy and the total energy, respectively,
both time-averaged over a cycle [12]. In conclusion, Equations (18) and (19) serve as the
reference for our model, linking phase velocity and attenuation to the frequency of the wave
propagating through the material. Figure 2 presents the results of our theoretical model,
based on the constitutive framework and equations introduced in this manuscript (notably
Equations (18) and (19)). In summary, Figure 1 is qualitative and illustrative, derived from
Hofmann’s experimental work, whereas Figure 2 is quantitative, based on our theoretical
development, and directly supports the validation of the proposed model.

Figure 2. Phase velocity vp (m/s) and damping ratio as functions of the frequency ω (rad/s) according
to Equations (18) and (19) for a given material with constitutive parameters shown in Table 1. The
characteristic frequency at which the attenuation peak occurs is 3.2 rad/s. The two asymptotes
defined by Equations (20) and (21) are also shown.
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Table 1. Table of constitutive parameters for different figures.

Reference Figure nr.

Constitutive Parameters

k1 k2 ρ η c1 c2[
kg m−1 s−2] [

kg m s−2] [
kg m−3] [

kg m−1] [
kg m−1 s−1] [

kg m s−1]
benchmark 1 2 1 0.5 1 0.1 1 1 × 10−3

benchmark 2 3 1 0.5 1 0.1 3 1 × 10−3

sandstone 4 7.7 × 109 0.1 × 106 2650 0.04 100 5 × 10−3

cement paste 5 11.3 × 109 1.8 × 106 1500 0.253 23.8 × 103 1 × 10−3

concrete 6 37.3 × 109 33.5 × 106 2450 1.4 300 × 103 1 × 10−3

3. Validation: Results and Discussion
3.1. Introduction

As already highlighted in the Introduction of this manuscript, we want to validate this
model with data available for common construction materials in the literature [13,14]. Such
literature has been selected because, among many available articles, both phase velocity and
attenuation measurements have been made for the same material at the same frequencies.

In detail, we investigate a sandstone sample [13], a cement paste sample [14], and
finally a concrete sample [14]. For each material, we have developed a case study; then,
the validation is obtained by superimposing the theoretical predictions (obtained from
numerical simulations) with the experimental data.

First, we propose a numerical simulation that allows us to make general considerations
about the dispersive behavior of the wave, characteristic of our model. Second, we validate
the model using the materials presented above, comparing the available experimental data
with the numerical simulation. The material constitutive parameters used in this section
are presented in Table 1.

Figures 2 and 3 refer to the numerical simulation toward the benchmark (Figure 1),
while Figures 4–6 refer to the case studies.

3.2. Numerical Simulation Toward the Benchmark

Figure 2 presents a graphical representation of the two phase velocities (18) and their
respective attenuations (19) computed using the material parameters listed in Table 1.
When c1 and c2 are set to zero, vp2 becomes zero, while vp1 asymptotically approaches the
low-frequency velocity vl and the high-frequency velocity vh, defined as follows:

lim
ω→0

lim
c1→0

lim
c2→0

vp1,2 = vl =

√
k1

ρ
, (20)

lim
ω→∞

lim
c1→0

lim
c2→0

vp1,2 = vh =

√
k2

η
, (21)

For c1 and c2 different from zero, Figure 2 shows that the wave with phase velocity vp2

exhibits significantly higher attenuation than the wave with phase velocity vp1, rendering
it experimentally unmeasurable. Moreover, the transition of velocity from low- to high-
frequency regimes occurs at a characteristic frequency for both waves, corresponding to the
attenuation peak. For certain values of the viscosities c1 and c2, as illustrated in Figure 3, a
jump in the phase velocities vp1 and vp2 is observed at the frequency where the attenuation
curves of both signals share a common peak. Nevertheless, the phase velocity measurable
by ultrasonic instruments will always correspond to the wave with lower attenuation,
namely vp1 in the numerical example considered.
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Figure 3. Phase velocity vp (m/s) and damping ratio as functions of the frequency ω (rad/s)
according to Equation (18), subfigure (a), and (19), subfigure (b), for a given material with constitutive
parameters as shown in Table 1. The point at which the velocity jump occurs corresponds to the
common peak—respectively, maximum and minimum—of the two wave signals. The two asymptotes
defined in Equations (20) and (21) are also represented in subfigure (a).

3.3. Validation with Data from Literature

Since experimental attenuation measurements available in the literature are generally
expressed as the loss of signal amplitude between one end and the other of the sample
along its length L and are measured in (dB/m), it is useful to introduce an attenuation
coefficient α, according to the following formulation [13]:

α = −20
x

· log(
ux

u0
), (22)

where u0 and ux denote the complex wave amplitudes at the source location and at a generic
position x, respectively, along the propagation direction through the medium. Inserting
(15) into (22), using the Euler properties and considering the real and imaginary parts of
the wave number, we obtain

α = −20ikω ≈ 20Im(kω), (23)
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where in the wave number we can omit the real part since, due to the fact that we use
maximum values of amplitude in (23), the cosine of the wave number, corresponding to
its real part, assumes values that are certainly lower than those related to the imaginary
part. Once the material stiffness parameters, microstructure, micro-inertias, and density
are set, the next step is to evaluate how variations in the internal viscosity of the material
influence the combination of parameters that best approximate the experimental data for
phase velocity and attenuation.

3.3.1. First Case of Study: Sandstone

The sediment specimen was prepared in a 100 mm × 100 mm × 50 mm container
immersed in water to optimize velocity dispersion and minimize ultrasonic pulse atten-
uation [13]. The experiment took place in a 650 mm × 750 mm × 1500 mm water bath,
using two matched pairs of broadband transducers with center frequencies of 0.5 MHz and
1.0 MHz [13]. The transducers were aligned coaxially with a 150 mm separation, mounted
on a stable frame to ensure accurate wave amplitude measurements and prevent pressure
variations on the probes [13].

In this case study, we already know the bulk modulus of the material and its density, so
the phase velocity for the low-frequency regime is immediately obtained by Equation (20).
The values of microstructure and micro-inertia can be derived by calculating the charac-
teristic length of the material, taking into account that the velocity in the high-frequency
regime is lower than that in the low-frequency regime according to experimental data.

In Figure 4, we present the overlap between numerical simulation, using the constitu-
tive parameters of Table 1, and experimental data for phase velocity and wave attenuation
in the tested material. In the frequency range of investigation, no attenuation peak is ob-
served. The monotonic trend observed in both phase velocity (decreasing) and attenuation
(increasing) is successfully captured by the numerical simulation, confirming the model’s
accuracy in describing wave propagation behavior.

Table 2 summarizes the theoretical and experimental ultrasonic wave velocities mea-
sured in the sandstone sample at frequencies ranging from 300 kHz to 1000 kHz. To evaluate
the accuracy of the theoretical model, the Root Mean Square Error (RMSE) between the
theoretical and experimental velocities was calculated. The RMSE value of approximately
19.82 m/s corresponds to 1.21% relative to the average theoretical velocity, indicating very
good agreement between theoretical predictions and experimental results.

Table 2. Ultrasonic wave velocities and attenuation for sandstone sample: comparison between
theoretical (Theo.) and experimental (Exp.) values.

ω (kHz) Theo. vp (m/s) Exp. vp (m/s) Theo. α Exp. α

300 1665.03 1680 0.1338 0.38
400 1647.69 1670 0.2928 0.40
500 1633.53 1660 0.5291 0.42
600 1622.66 1650 0.8417 0.59
700 1614.49 1638 1.2273 0.80
800 1608.36 1625 1.6828 1.20
900 1603.73 1610 2.2061 2.10
1000 1600.18 1590 2.7954 3.05

3.3.2. Second Case of Study: Cement Paste

The specimens tested were cubic with 150 mm edges. The experimental setup uses a
simple through-transmission ultrasonic configuration, employing a wave-form generator
board and two broadband transducers with frequencies between 100 kHz and 1 MHz, along
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with a data acquisition system [14]. We consider the data for a sample with water/cement
ratio = 0.375 [14].

In Figure 5, we compare experimental data with the numerical simulation of the
model. The phase velocity suddenly decreases around 200 kHz, tending towards the
high-frequency regime velocity. In the attenuation plot, an increasing trend is observed,
although a resonance peak appears at 100 kHz in the experimental data, probably due to
effects not captured by the model such as internal micro-fractures with fluid inclusions or
measurement errors.

Table 3 summarizes the theoretical and experimental ultrasonic wave velocities mea-
sured in the cement paste sample for frequencies ranging from 10 kHz to 1000 kHz. As
also observed in the sandstone case, discrepancies between experimental and theoreti-
cal results increase slightly at higher frequencies. These discrepancies may arise from
frequency-dependent attenuation mechanisms and effects of second-gradient parameters
(e.g., micro-inertia), which become significant at high frequencies when the wavelength
approaches the size of the microstructure. To evaluate the accuracy of the theoretical model,
the Root Mean Square Error (RMSE) between the theoretical and experimental velocities
was calculated. The RMSE value of approximately 19.10 m/s corresponds to 0.71% relative
to the average theoretical velocity, indicating very good agreement between theoretical
predictions and experimental results.

Table 3. Ultrasonic wave velocities and attenuation for cement paste (w/c = 0.375): comparison
between theoretical (Theo.) and experimental (Exp.) values.

ω (kHz) Theo. vp (m/s) Exp. vp (m/s) Theo. α Exp. α

10 2749.97 2740 0.00076 0.18
100 2738.17 2700 0.06341 0.73
200 2694.98 2664 0.17002 0.27
400 2659.52 2661 0.28302 0.31
600 2658.95 2659 0.32307 0.25
800 2661.11 2658 0.34370 0.29
1000 2662.75 2668 0.35856 0.33

3.3.3. Third Case of Study: Concrete

As for the cement paste, the specimens tested were cubic of 150 mm edge, and the
experimental setup was the same as the previous case of study [14]. Several different
compositions of concrete were manufactured in the functions of water to cement ratio and of
aggregate to cement ratio for a total of 24 specimens [14]. We consider the data for a sample
with water/cement ratio = 0.375 [14]. Also, in this case the model confirms the monotonic
trend of the experimental data [14] (see Figure 6). Table 4 summarizes the theoretical and
experimental ultrasonic wave velocities measured in the concrete sample at frequencies
ranging from 10 kHz to 800 kHz. The comparison reveals a close match for both velocity
and attenuation across all frequencies, except for a slight overestimation in the theoretical
model around 200–400 kHz. This could be attributed to heterogeneities and multiple
scattering in the coarse aggregate matrix. To evaluate the accuracy of the theoretical model,
the Root Mean Square Error (RMSE) between the theoretical and experimental velocities
was calculated. The RMSE value of approximately 251.07 m/s corresponds to 5.75% relative
to the average theoretical velocity, indicating a reasonably good agreement between the
theoretical predictions and experimental results.
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Table 4. Ultrasonic wave velocities and attenuation for concrete sample (a/c = 3, w/c = 0.375):
comparison between theoretical (Theo.) and experimental (Exp.) values.

ω (kHz) Theo. vp (m/s) Exp. vp (m/s) Theo. α Exp. α

10 3907.19 3879 0.002038 0.03
100 4145.15 4605 0.114637 0.17
200 4240.98 4743 0.242419 0.19
400 4498.14 4780 0.348456 0.33
600 4656.95 4789 0.387680 0.38
800 4741.50 4697 0.406327 0.42

Figure 4. Phase velocity vp (m/s) and attenuation coefficient α (dB/cm) as functions of the frequency
ω (krad/s) according to Equation (18), subfigure (a), and (23), subfigure (b), for a sedimentary rock
with constitutive parameters as shown in Table 1. Red points represent the experimental data from
the literature [13] for phase velocity (subfigure (a)) and attenuation (subfigure (b)).
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Figure 5. Phase velocity vp (m/s) and attenuation coefficient α (dB/cm) as functions of frequency ω

(krad/s), according to Equation (18), subfigure (a), and (23), subfigure (b), for a cement paste sample
with constitutive parameters listed in Table 1. Red points represent the experimental data from the
literature [14] for phase velocity (subfigure (a)) and attenuation (subfigure (b)).

Figure 6. Cont.
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Figure 6. Phase velocity vp (m/s) and attenuation coefficient α (dB/cm) as functions of frequency
ω (krad/s), according to Equation (18), subfigure (a), and (23), subfigure (b), for a concrete sample
with constitutive parameters listed in Table 1. Red points represent the experimental data from the
literature [14] for phase velocity (subfigure (a)) and attenuation (subfigure (b)).

4. Conclusions
The limitations of classical methods for the dynamic identification of material constitu-

tive parameters, as well as the need for simple and reliable models capable of interpreting
both dissipation and dispersion phenomena in wave propagation, are well-known is-
sues [11]. Wave dispersion in materials under dynamic conditions has been extensively
investigated in recent scientific literature [15–29]. Additionally, the effects of wave dissi-
pation, starting from the wave amplitude value, have been the subject of many reference
studies for this work [30–40]. Once the wave propagation has been reconstructed in terms
of both dispersion and attenuation, excluding singular points such as cavities or localized
heterogeneities, we know the variations of the phase velocity and wave amplitudes across
the entire frequency spectrum and can also characterize them in classical terms [11,14,41,42].
With this study we have formulated and validated a theoretical model that allows us to
characterize, for a given material, both the dispersion and attenuation of the ultrasonic
wave propagating through it, as well as all the key constitutive parameters associated with
ultrasonic propagation (mechanical stiffness, microstructure, internal viscosity). The model
has been constructed by applying the principle of Hamilton–Rayleigh [43,44], and, for
the sake of simplicity, a one-dimensional model and only the longitudinal elastic modu-
lus have been considered, whereas in the future a more in-depth investigation can also
take into account 2D/3D effects and therefore all the relevant elastic parameters. On this
regard, it is important to underline that multidimensional modeling requires numerical
methods such as the Finite Element Method (FEM) to tackle the added complexity due to
three-dimensional wave propagation and potential nonlinearities in material behavior or
boundary conditions. This approach is essential for accurately representing the effect of
transducers acting over areas on the material surface, generating spherical harmonic waves.
Nevertheless, the one-dimensional model presented here, despite its simplifications, repro-
duces experimental data with satisfactory accuracy, confirming its validity as a preliminary
tool before addressing more complex multidimensional models in future research. Building
on this foundation, the key findings of the research are summarized as follows, illustrating
the model’s effectiveness in capturing ultrasonic wave propagation phenomena:

• Wave Dispersion: The analytical expression for the phase velocity (Equation (18))
reveals a frequency-dependent behavior with two distinct propagating modes. As
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frequency increases, the phase velocity transitions between two asymptotic regimes,
consistent with experimental observations in complex structured materials.

• Wave Attenuation: Attenuation is described through the damping ratio ζ (Equation (19)),
derived from the real and imaginary parts of the complex wave number. This pa-
rameter quantifies energy dissipation and reflects the influence of both first- and
second-gradient viscosity.

• Characteristic Frequency: The model predicts a characteristic frequency at which
attenuation peaks. This defines a transition zone between low-frequency (non-
dispersive) and high-frequency (asymptotic) behavior.

• Agreement with Literature: The model qualitatively reproduces trends in phase ve-
locity and attenuation observed experimentally, notably those reported in Hofmann’s
work (Figure 1), supporting the validity of the constitutive assumptions.

• Role of Higher-Order Effects: The inclusion of higher-order elastic (k2) and viscous
(c2) terms introduces additional length and time scales, enhancing the model’s ability
to capture the mechanical response of architectured or microstructured materials.
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Abbreviations
The following abbreviations are used in this manuscript:

Symbol Mean
A(u) Action functional
K Kinetic energy density
Wint Potential energy density
Wext External energy
x Position in the reference configuration
t Time
t0, t1 Two instants of time
L Length of the 1D model in the reference configuration
u(x, t) Displacement field
k1 Standard material elastic modulus
k2 Non-standard strain gradient material elastic modulus
ρ Mass density
η Micro-inertia
Fext

y Concentrated forces applied at x = y
Bext

y Concentrated double forces applied at x = y
δ Variation operator
bn Distributed forces
bd Distributed double forces
u0 Complex wave amplitude
kw Wave number
k̂w Wave number for right-hand-direction propagative wave



CivilEng 2025, 6, 37 17 of 21

ω Wave frequency
i Imaginary unit
Re Real operator
Im Imaginary operator
vp Plane wave velocity phase
vl Low-frequency-regime velocity
vh High-frequency-regime velocity
c1 Internal material viscosity related to first-gradient field
c2 Internal material viscosity related to second-gradient field
R Rayleigh function
Q Quality factor
ζ Damping ratio
α Attenuation coefficient
RMSE Root Mean Square Error

Appendix A. Supplementary Information
For a clearer understanding of the proposed model, this appendix elaborates on

several aspects that are not fully detailed in the main text. In particular, we provide deeper
insight into the physical interpretation and identification of the constitutive parameters
introduced in Equations (1)–(5), and we include additional derivation steps related to
Equations (6)–(9), which are essential for extrapolating the boundary conditions and the
Partial Differential Equation (14). The following sections are organized as follows: the first
focuses on the concept of micro-inertia, the second on the standard and non-standard stiffness
moduli, and the third presents complementary steps and explanations for the derivation of
Equations (6)–(9).

Appendix A.1. Micro-Inertia

The concept of micro-inertia is intrinsically linked to the microstructure of the material.
To illustrate this, consider a one-dimensional setting. Let a beam of length L be given,
and suppose that at a material point X, the microstructure is represented by a small line
segment of length l. The kinetic energy per unit length associated with this microstructure
is given by

K(X) =
∫ l

0

1
2

(
∂u
∂t

)2
dx, (A1)

where x is the local coordinate along the microstructure. If the microstructure is rigid, the
displacement u is constant along x, i.e.,

u(x) = u(X), (A2)

which allows the integrand to be factored out:

K =
1
2

(
∂u
∂t

)2 ∫ l

0
dx =

1
2

M
(

∂u
∂t

)2
, with M =

∫ l

0
dx. (A3)

Here, M represents the mass per unit length associated with the translational mo-
tion—commonly referred to as macro-inertia. If, on the other hand, the microstructure is
deformable, then the displacement u varies along x. A Taylor expansion of u about the
point X yields

u(x) = u(X) + u′(X)(x − X) + · · · . (A4)
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Truncating this expansion at first order (as performed for kinetic energy in our formu-
lation) and substituting into the expression for K(X) gives

K =
∫ l

0

1
2

(
∂u
∂t

)2
dx =

1
2

M
(

∂u
∂t

)2
+

1
2

I
(

∂u′

∂t

)2

, (A5)

where

I =
∫ l

0
(x − X)2dx. (A6)

Appendix A.2. Constitutive Moduli k1 and k2

The parameter I quantifies the inertia related to the deformation of the microstruc-
ture and is thus referred to as the micro-inertia. Since the precise geometry of the mi-
crostructure is typically unknown, I is treated as a constitutive parameter, similar to M.
In summary, M (macro-inertia) corresponds to rigid-body translation, while I (micro-
inertia) accounts for internal microstructural deformation. The parameters k1 and k2

represent stiffness moduli at different scales. Specifically, k1 denotes the standard elastic
modulus of a one-dimensional linear elastic body and can be interpreted via the classical
Saint-Venant identification:

k1 = EA, (A7)

where E is the Young’s modulus and A is the cross-sectional area. This is why k1 is referred
to as the standard stiffness. A similar reasoning based on the Taylor series expansion leads to
the interpretation of k2 as a non-standard stiffness, related to the higher-order (strain-gradient)
behavior of the microstructure. Just like the micro-inertia, k2 is a constitutive parameter
that captures additional stiffness contributions arising from the material’s internal structure
and must be determined through appropriate experimental procedures.

Appendix A.3. Derivation of Governing Equations: From Extended Rayleigh–Hamilton Principle
to Weak Form of Extended Hamilton’s Principle

In this section, we present the detailed derivation of the governing equations starting
from the variation of the action functional. We apply integration by parts to the kinetic,
internal, external, and dissipation terms to obtain the weak form of the extended Hamilton’s
principle, which leads to the final boundary conditions and governing equations presented
in the main text. We start from the variation of the Action:

δA =
∫ t1

t0

{∫ L

0

(
δK − δWint

)
dx + δWext

}
dt =

∫ t1

t0

(
δR
δu̇′ δu′ +

δR
δu̇′′ δu′′

)
dt, (A8)

where the variations δK, δWint, δWext, and R are computed starting, respectively, from
definitions (2), (3), (4), and (5):

δK = ρu̇δu̇ + ηu̇′δu̇′, (A9)

δWint = k1u′δu′ + k2u′′δu′′, (A10)

δWext =
[
Fext

0 δu + Bext
0 δu′]

x=0 +
[
Fext

L δu + Bext
L δu′]

x=L + bnδu + bdδu′, (A11)

δR = c1u̇′δu′ + c2u̇′′δu′′. (A12)

Integration by parts of the kinetic energy terms yields

∫ t1

t0

(∫ L

0
ρu̇ δu̇ dx

)
dt =

[∫ L

0
ρu̇ δu dx

]t1

t0

−
∫ t1

t0

(∫ L

0
ρü δu dx

)
dt, (A13)
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∫ t1

t0

(∫ L

0
ηu̇′ δu̇′ dx

)
dt =

[∫ L

0
ηu̇′ δu′ dx

]t1

t0

−
∫ t1

t0

(∫ L

0
ηü′ δu′ dx

)
dt

=

[∫ L

0
ηu̇′ δu′ dx

]t1

t0

−
∫ t1

t0

([
ηü′ δu

]L
0 −

∫ L

0
ηü′′ δu dx

)
dt

=

[∫ L

0
ηu̇′ δu′ dx

]t1

t0

−
[∫ t1

t0

ηü′ δu dt
]L

0
+
∫ t1

t0

(∫ L

0
ηü′′ δu dx

)
dt

(A14)

In Equations (A13) and (A14), the boundary integrals with respect to time vanish
because the displacement u(x, t) is prescribed at the initial and final times t0 and t1. This
implies that the variations of the displacement at these temporal boundaries are zero, i.e.,
δu(x, t0) = δu(x, t1) = 0. Consequently, the integrands at the boundary in time vanish,
making these boundary terms equal to zero. Integration by parts of the internal work
terms gives

∫ t1

t0

(∫ L

0
k1u′ δu′ dx

)
dt =

[∫ t1

t0

k1u′ δu dt
]L

0
−
∫ t1

t0

(∫ L

0
k1u′′ δu dx

)
dt (A15)

∫ t1

t0

(∫ L

0
k2u′′ δu′′ dx

)
dt =

[∫ t1

t0

k2u′′ δu′ dt
]L

0
−
∫ t1

t0

(∫ L

0
k2u′′′ δu′ dx

)
dt

=

[∫ t1

t0

k2u′′ δu′ dt
]L

0
−
[∫ t1

t0

k2u′′′ δu dt
]L

0
+
∫ t1

t0

(∫ L

0
k2u(4) δu dx

)
dt

(A16)

Integration by parts of the external distributed double force yields

∫ t1

t0

(∫ L

0
bd δu′ dx

)
dt =

∫ t1

t0

(
[bd δu]L0 −

∫ L

0
b′d δu dx

)
dt

=

[∫ t1

t0

bd δu dt
]L

0
−
∫ t1

t0

(∫ L

0
b′d δu dx

)
dt.

(A17)

Integration by parts of the dissipation terms gives

∫ t1

t0

(∫ L

0
c1u̇′ δu′ dx

)
dt =

∫ t1

t0

([
c1u̇′ δu

]L
0 −

∫ L

0
c1u̇′′ δu dx

)
dt

=

[∫ t1

t0

c1u̇′ δu dx
]L

0
−
∫ t1

t0

(∫ L

0
c1u̇′′ δu dx

)
dt.

(A18)

∫ t1

t0

(∫ L

0
c2u̇′′ δu′′ dx

)
dt =

[∫ t1

t0

c2u̇′′ δu′ dt
]L

0
−
∫ t1

t0

(∫ L

0
c2u̇′′′ δu′ dx

)
dt

=

[∫ t1

t0

c2u̇′′ δu′ dt
]L

0
−
[∫ t1

t0

c2u̇′′′ δu dt
]L

0
+
∫ t1

t0

(∫ L

0
c2u̇(4) δu dx

)
dt

(A19)
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Substitution of all the integrated terms (A13)–(A19) into the variation of the action
(A8) yields

δA =
∫ t1

t0

{ ∫ L

0

[
− ρü δu + ηü′′ δu + k1u′′ δu − k2u(4) δu + bn δu − b′d δu

+ c1u̇′′ δu − c2u̇(4) δu
]
dx

+
[
k1u′ δu

]L
0 +

[
k2u′′ δu′]L

0 −
[
k2u′′′ δu

]L
0

+
[
c1u̇′ δu

]L
0 +

[
c2u̇′′ δu′]L

0 −
[
c2u̇′′′ δu

]L
0

+
[
Fext

0 δu + Bext
0 δu′]

x=0 +
[
Fext

L δu + Bext
L δu′]

x=L

}
dt.

(A20)

Grouping terms by δu and δu′, the variation becomes

δA =
∫ t1

t0

{ ∫ L

0

(
−ρü + ηü′′ + k1u′′ − k2u(4) + bn − b′d + c1u̇′′ − c2u̇(4)

)
δu dx

+
[
(k1u′ − k2u′′′ + c1u̇′ − c2u̇′′′ + Fext) δu + (k2u′′ + c2u̇′′ + Bext) δu′]x=L

x=0

}
dt

(A21)

which coincides with Equation (9).
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