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Abstract

We propose optimal power allocation for a transmitter that operates with either the ARQ-I
or CC-HARQ protocol in an interference-limited environment where both the desired
and interfering signals experience Rayleigh fading, forming an analytically tractable non-
line-of-sight scenario, to achieve ultra-reliable communication with minimal power. We
formulate the power allocation problem as a minimization of the average retransmit
power under a given target outage probability for both retransmission schemes. Using the
Karush–Kuhn–Tucker method, we derive protocol-specific equations solved numerically for
retransmit powers. Unlike prior interference-limited numerical studies and noise-limited
closed-form results, we derive closed-form analytical solutions for optimal retransmit
power expressions for ARQ-I and CC-HARQ in a Rayleigh–Rayleigh interference-limited
environment for two retransmissions, which act as computationally efficient benchmarks
for real-time ultra-reliable applications and establish a baseline for extending to more
general fading environments. This constitutes the primary contribution of this work. We
show through simulations that the proposed schemes achieve significant power savings
compared to conventional open-loop transmission, particularly in the ultra-reliable region.
Benchmarking against prior Rician–Rayleigh results shows that, as expected, the Rayleigh–
Rayleigh case requires higher power because it lacks the line-of-sight component that
improves reliability, while confirming that CC-HARQ consistently outperforms ARQ-I in
power efficiency.

Keywords: ultra-reliabile communication; Rayleigh fading; power optimization; ARQ-I;
CC-HARQ

1. Introduction
One of the main aspects in mobile communications is to provide a reliable connection

for users. The reliability of a connection is lost by the outages which are caused when the
signal-to-noise ratio (SNR) at the receiver goes below a pre-defined threshold value [1].
The reason for the reduction in SNR below this value is fading. Further, due to the scarcity
of the spectrum, the same frequency band is used in nearby cells. This results in co-
channel interferers in cellular networks [2], which also cause outages. Systems in which
the dominant cause of outages is interferers are called interference-limited systems. In such
systems, outages are caused when the signal-to-interference ratio (SIR) at the receiver goes
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below a pre-defined threshold value, which is called the signal-to-interference protection
ratio (SIPR) [3].

Amidst all these difficulties, 5G introduced several operating modes, including the
Ultra-Reliable and Low-Latency Communication (URLLC) mode [4]. This communication
mode was further enhanced in 6G, and ref. [5] states that it is one of the most challenging
objectives in 6G networks. Typically, for mobile communication systems, URLLC requires
a reliability of more than 99.999% and a latency of less than 10 ms [5,6]. URLLC is mostly
required in reliable-critical and mission-critical applications such as 6G-enabled Internet
of Things [7], where uninterrupted and robust exchange of data between universally
connected devices is of utmost importance [8–10]. Since the electromagnetic energy used in
data transmission is obtained by converting electrical energy, if used with efficient power
allocation, it could reduce the power usage, making the communication system reliable
while being energy-efficient.

While URLLC requires both ultra-high reliability and low latency, these requirements
are closely linked through the allowable number of retransmissions. In this work, we
derive optimal power allocation solutions for a general maximum number of transmissions
M, thereby addressing the ultra-reliability aspect. However, the low-latency requirement
in practical URLLC systems inherently limits the maximum allowable retransmissions.
Prior studies [11–13] indicate that, depending on system parameters and protocols, the
number of retransmissions is typically M ≤ 4 to meet latency constraints. Determining the
maximum feasible number of retransmissions for a given protocol and fading environment
without violating latency requirements is itself a separate system-level design problem.
Therefore, this work focuses on deriving optimal power allocations for retransmissions,
which is the Ultra-Reliable Communication (URC) part of the URLLC, which provides
a fundamental reliability–power tradeoff framework applicable to latency-constrained
URLLC operation.

A simple way to achieve URC is to consider the outage expression for the scenario
and boost the transmit power to reduce the required outage to 0.00001. However, such
open-loop transmission systems have been mentioned in [11,14] as power-inefficient. Thus,
retransmission systems that employ error control methods are used extensively in practice.
Error control methods reduce outages to obtain high reliabilities by combining error detec-
tion with retransmission on request [15]. The two basic categories of error control schemes
are Automatic Repeat Request (ARQ) schemes and Forward Error Correction schemes.
When these two schemes are combined, this is called the Hybrid Automatic Repeat Request
(HARQ) scheme [15,16].

1.1. Motivation

Achieving URC will be one of several goals in next-generation mobile networks [4].
On the other hand, the world is moving towards sustainability and green concepts to
bring about energy-efficient technologies. Thus, systems above 5G have adopted energy
efficiency as one of their evaluation metrics [17].

As mentioned above, a simple and elegant way to achieve URC will be to use a
communication system that uses an open-loop transmission scheme. To put it simply, the
system achieves high reliabilities by increasing the transmit power. However, this method
consumes a lot of power, as mentioned in [14,18,19], which will also be evident in our
simulations. Therefore, this will violate the aforementioned energy-efficient criterion of
next-generation networks.

Earlier work in this area such as [11–14,18,20] has shown that, by using retransmission
schemes, the overall power requirement could be reduced to lower values, thus achieving
higher power savings compared to the open-loop setup. Thus, we utilize communication
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systems that use retransmission schemes that employ error control methods to achieve
high reliabilities. Since both ARQ and HARQ schemes are widely adopted in LTE-related
systems, we assume the error control methods of the retransmission system to either be
Type-I ARQ or Chase Combining HARQ (CC-HARQ). We see that by utilizing our power
allocation schemes for the transmitters, a vast number of communication systems that work
on these two protocols will achieve URC using the minimum amount of power, thereby
adhering to the evaluation metrics for energy efficiency.

1.2. Related Work
1.2.1. ARQ-I

The use of the ARQ-I protocol to enhance system performance for achieving URC is
discussed in [21]. This study introduces a new data transmission approach based on spatial
diversity with ARQ-I to improve transmission reliability. An opportunistic transmission
framework for a secondary user within the interweave model in the finite blocklength
regime is explored in [22]. This framework defines access probabilities and transmission
power to meet target error constraints, thereby ensuring ultra-reliability while minimizing
transmit power. A power allocation strategy aimed at minimizing outage probability is
presented in [23]. This approach also employs the ARQ protocol, even though the number
of retransmissions is capped at two. However, this method does not meet the low outage
probabilities necessary for URC. In [11], closed-form expressions for retransmit powers
are derived for any number of retransmissions by solving a power allocation problem
formulated to minimize the average retransmit power. All these works have considered
the transmitter situated in a Rayleigh faded environment, without interference signals. An
interference-limited ARQ-I system is discussed in [20], where the desired signal is Rician
faded and the interferer signal is Rayleigh faded. This work derives a set of equations
that can be numerically solved to determine the retransmit powers for any number of
ARQ-I retransmissions.

1.2.2. CC-HARQ

An energy-efficient adaptive power allocation strategy for three incremental multiple-
input–multiple-output systems utilizing CC-HARQ is introduced in [24], where the authors
frame the problem as a geometric programming problem aimed at reducing the outage
probability, providing closed-form solutions. However, it does not handle the issue of
minimizing the power consumption. In a similar manner, ref. [25] offers a closed-form
approximation for the outage probability of a system which uses the CC-HARQ proto-
col, again formulating the problem as a geometric programming problem. In the works
of [12,14], the authors derive closed-form solutions to obtain CC-HARQ retransmit power
values to achieve URC regardless of the number of retransmissions. While various meth-
ods have been proposed in the previously mentioned studies to achieve power-efficient
ultra-reliability using the CC-HARQ protocol, they have all assumed Rayleigh fading
environments without accounting for the presence of co-channel interferers. However,
ref. [13] considers an interference-limited system, where the desired signal is Rician faded,
while the interference signal is Rayleigh faded. In this work, the authors derive a set of
equations which can be numerically solved to obtain the retransmit powers for any number
of CC-HARQ retransmissions.

Recent works have explored various advanced techniques to enhance reliability, secu-
rity, and latency performance in next-generation wireless systems. For example, hybrid
active–passive reconfigurable intelligent surfaces (RISs) have been proposed to strengthen
secure transmission by dynamically controlling reflected signals against eavesdropping
and jamming attacks [26]. Learning-based approaches have also gained attention, includ-
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ing lightweight deep neural architectures for efficient temporal modeling [27] and deep
reinforcement learning (DRL) frameworks for URLLC optimization [28]. From a theoretical
perspective, closed-form performance bounds for delay violation probability under seman-
tic communication paradigms have been derived using stochastic network calculus [29],
while edge intelligence architectures leveraging mobile edge computing have been pro-
posed to jointly satisfy reliability and latency requirements in emerging applications such
as the industrial metaverse [30]. These studies highlight the growing emphasis on URLLC
through diverse paradigms, motivating further analytical investigation of power-efficient
retransmission strategies in interference-limited fading environments.

1.3. Unaddressed Issue

While much of the existing literature discussed above on ARQ-I and CC-HARQ pro-
tocols has provided valuable means to achieve URC in wireless networks, most of these
studies have focused on Rayleigh fading environments without considering the presence
of co-channel interference. This simplification overlooks the practical complexities en-
countered in real-world communication systems, where interference from other coexisting
signals plays a significant role in system performance [31].

Works which have addressed interference-limited environments [13,20] have discussed
systems with the desired signal undergoing Rician fading, while the interfering signal un-
dergoes Rayleigh fading. While fading models such as Rician and Nakagami-m provide a
more general representation of wireless channels, incorporating them into power minimiza-
tion frameworks typically results in highly non-linear formulations that can only be solved
numerically. In contrast, our work focuses on the Rayleigh–Rayleigh fading environment,
which enables the derivation of closed-form analytical solutions for the optimal power
allocation for the case of M = 2. This analytical tractability is particularly valuable for URC,
where fast resource allocation decisions must be made under strict latency constraints.

Our previous work in [18] derived closed-form retransmit power expressions for the
IR-HARQ protocol in a Rayleigh fading channel under a noise-limited setting. In contrast,
the present work considers an interference-limited Rayleigh–Rayleigh environment, where
both the desired signal and the dominant interferer experience Rayleigh fading. Moreover,
while ref. [18] focused exclusively on the IR-HARQ retransmission protocol, this paper
investigates the ARQ-I and CC-HARQ protocols. The outage probability formulation used
here also differs from that in [18], relying on analytical results derived for interference-
limited fading channels. These differences lead to distinct power allocation expressions
and system behaviour, thereby extending the analysis of retransmission-based URC to a
broader interference-limited scenario.

The Rayleigh–Rayleigh fading model represents a fundamental non-line-of-sight
(NLOS) propagation scenario in which both the desired and interfering signals experience
rich scattering without a dominant line-of-sight component. This model is practically
relevant in dense urban, indoor, and obstructed wireless environments. From an analytical
perspective, Rayleigh fading leads to statistically tractable channel gain distributions,
enabling derivation of outage probability expressions and closed-form optimization results.
For this reason, the Rayleigh–Rayleigh model serves as an analytically tractable reference
framework, a worst-case baseline, for developing and validating optimal power allocation
strategies, and provides a foundation for extension to more general fading environments
that include line-of-sight components.

Nonetheless, environments where both the desired and interfering signals experience
Rayleigh fading represent a significant type of interference-limited system [31,32]. This is
because Rayleigh fading is a common phenomenon in communication networks in dense
urban areas, where multipath propagation causes rapid fluctuations in signal strength due to
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scattering. Now, when co-channel interferer signals are present in such areas, in most cases,
they too undergo Rayleigh fading [32]. Although these situations are prevalent, as previously
seen in Section 1.2, such environments where both the desired and interfering signals are
subjected to Rayleigh fading are often overlooked in the existing research on URC.

Thus, in this paper, we address this gap by focusing on achieving power-efficient URC
in communication systems where both the desired signal and interfering signal are subject
to Rayleigh fading. Throughout this paper, we call this a Rayleigh–Rayleigh system. Here,
we restrict ourselves to the single-interferer case, and will address the multi-interferer case
in a future work. While equations for multiple interferers exist in the literature, they are
often extremely complex, making optimization and closed-form analysis intractable. For
this reason, we focus on the scenario with a single dominant interferer, which simplifies the
analysis while still capturing the primary interference effects. Indeed, even in the presence
of many interferers, as shown in prior studies [33,34], a single interferer typically dominates
the interference experienced by the receiver. In practice, this approximation is particularly
valid in networks with power control, sectorization, or strong path loss, and it has been
widely adopted in the literature to allow tractable analysis.

Further, we assume this communication system to be interference-limited, and that
it can communicate using both ARQ-I and CC-HARQ protocols. We take the derived
outage expressions for this communication system for both protocols from the literature,
and modify them as functions of the retransmit power. Then, we develop an optimization
problem for each protocol to find the minimum power required to achieve URC. We solve
the optimization problem using the Karush–Kuhn–Tucker (KKT) method to obtain a set
of equations which can be solved to obtain the minimum retransmit powers needed for a
given protocol to achieve URC for a communication system located in a Rayleigh–Rayleigh
fading environment. Simulations confirm that this approach yields substantial power
savings for both protocols.

In the latter part of this paper, we consider the special case of two retransmissions for
both protocols and formulate the optimization problem following the same procedure as
above. We solve the problems with the KKT method and derive closed-form expressions
for the two retransmit powers of each case. We also derive closed-form expressions for the
normalized power savings with respect to the open-loop power values.

It should also be noted that although Rayleigh fading can be viewed as a special case
of Rician fading when the line-of-sight component approaches zero, the corresponding
optimal power allocation solutions in interference-limited Rician fading environments are
typically obtained through numerical optimization and do not yield closed-form analytical
expressions, as has been shown in the literature. Consequently, the closed-form solutions
derived in this work for the Rayleigh–Rayleigh interference-limited case cannot be obtained
by directly specializing or manipulating existing numerical solutions for more general
fading models. Instead, the Rayleigh–Rayleigh model enables an independent analytical
treatment that provides closed-form insights and computationally efficient benchmarks for
optimal power allocation under interference-limited conditions.

1.4. Contributions

Our contributions in this paper can be summarized as follows:

• We establish a mathematical relationship between the outage probability and the
retransmit power by extending the well-known outage-received power relationship in
the literature, under quasi-static Rayleigh fading conditions.

• We formulate the power allocation task as an optimization problem that minimizes
the average retransmit power of a transmitter operating under ARQ-I or CC-HARQ
protocols, subject to a predefined target outage probability in the ultra-reliable region.
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• We show that the formulated optimization problems for both protocols are non-convex,
implying that the derived retransmit power solutions correspond to local minima
rather than global optima.

• We derive the optimal retransmit power equations for both protocols using the KKT
method, which can be numerically solved to obtain the retransmit power levels
corresponding to the desired reliability target.

• We further derive closed-form analytical expressions for the retransmit powers and
the corresponding normalized power savings for the special case of two maximum
transmissions, providing a computationally efficient reference for real-time ultra-
reliable communication applications.

• We demonstrate through numerical analysis and simulations that the proposed power
allocation schemes achieve significant normalized power savings compared to conven-
tional open-loop transmission systems, while serving as a Rayleigh–Rayleigh baseline
for benchmarking against more general fading environments.

1.5. Paper Outline

The rest of this paper is organized as follows. Section 2 introduces the system model,
which serves as the basis for formulating and solving the optimization problem. Section 3
provides the mathematical formulation of the optimization problem for both the ARQ-I
and CC-HARQ protocols. In Section 4, the solution to the optimization problem is obtained
using the KKT method, resulting in equations that can be numerically solved to determine
the retransmit power values. Section 5 provides the derivation of closed-form expressions
for the retransmit powers and the power savings, for the special case of two retransmissions.
Section 6 gives the simulation results that verify the proposed power allocation schemes,
while showing that significant power savings compared to the open-loop transmission can
be achieved by employing the proposed schemes. Finally, some concluding remarks and
future extensions are given in Section 7.

2. System Model
We consider a single transmitter–receiver pair inside a cell of a mobile cellular network,

which is able to communicate with the Type-I ARQ protocol or CC-HARQ protocol.
The principle of Type-I ARQ is that the transmitter TX sends the entire packet in

each retransmission round, stopping either when the maximum number of retransmission
rounds M is reached or when it receives confirmation that the packet has been successfully
decoded [11]. The receiver RX makes its decision based on the last received packet and
discards any previously received packets. If the retransmission mechanism fails to correct
the error by the end of the M-th retransmission round, the packet is discarded, and an error
is declared.

The CC-HARQ protocol operates by transmitting a scaled version of the initial code-
word in each retransmission round. The RX buffers the received packets and applies
maximal ratio combining to enhance the SNR [14]. In this process, the TX sends a packet
and waits for an acknowledgment from the RX before proceeding with the next trans-
mission. If the packet is not successfully decoded, the RX buffers it and sends a negative
acknowledgment to the TX , requesting a retransmission. The TX continues retransmitting
until either M is reached or successful decoding is confirmed. At the RX, the buffered
packets are combined with the newly received packet to recover the original information.
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Notably, in traditional ARQ protocols, RX makes decoding decisions based solely on the
most recent packet and discards previously received ones [20]. If the retransmission mechanism
fails to correct the error by the M-th round, the packet is dropped, and an error is declared.
We use this information when we formulate the problem in Section 3. Also, in practice, M is
typically set to less than 5 to minimize delays [12], which is considered in our simulations.

As shown in Figure 1, when a signal is transmitted from the TX to the RX , we assume
that the desired signal undergoes Rayleigh fading and is interfered with by a co-channel
interferer signal, which also undergoes Rayleigh fading. Throughout this paper, we refer to
such a scenario as a Rayleigh–Rayleigh system. As mentioned earlier, this work specifically
targets the derivation of closed-form analytical expressions for optimal power allocation,
which provides a tractable analytical baseline for the NLOS case where both desired and
interfering links are Rayleigh faded. This setting serves as a worst-case benchmark against
which more general fading models can later be compared.

Tx
Rx

Co-channel Tx

Desired Signal


(undergoing Rayleigh fading)


Interferer Signal


(undergoing Rayleigh fading)


Figure 1. Considered Rayleigh–Rayleigh interference-limited communication Scenario. Solid arrows
represent the desired signal path, while dashed arrows represent the interfering signal path.

Consider a mobile cellular network with a TX–RX pair, where the desired signal
undergoes Rayleigh fading with a co-channel interferer signal undergoing Rayleigh
fading. The desired signal is indicated by solid arrows and the interferer signal is
indicated by dashed arrows.

Further, we assume that the system is interference-limited, making the effect of ad-
ditive white Gaussian noise negligible. To maintain analytical tractability and enable the
derivation of closed-form power allocations, we model interference as a single Rayleigh
faded interferer. This assumption is well established in interference-limited analyses, since
in practice, the outage probability is often dominated by the strongest interferer, for in-
stance, the nearest concurrently transmitting user or a spatially proximate cell. Moreover,
under realistic propagation with high path-loss exponents or directional antennas, the
aggregate interference effectively reduces to the contribution of a single dominant source.
Thus, the single-interferer model not only yields insightful closed-form solutions for power
optimization but also provides a conservative benchmark for interference-limited scenarios
in URC systems.

Furthermore, we consider that the system employs orthogonal frequency division
multiple access, meaning all users share the same bandwidth.
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3. Problem Formulation
Let the number of antennas in the TX be nt, the powers associated with the transmitter

antennas be Pt1, Pt2, . . . , Ptnt and the channel gains associated with them be g1, g2, . . . , gnt .
Then, the relationship between the retransmit powers and the received power PR can be
expressed as

[
g1 g2 . . . gnt

]


Pt1

Pt2
...

Ptnt

 = PR. (1)

Our work focuses on achieving power-efficient URC by minimizing retransmit power
in a Rayleigh–Rayleigh fading environment for TX transmitting packets using the ARQ-I or
CC-HARQ protocols. However, in this study, we specifically focus on minimizing the total
retransmit power PT of the transmission antenna, expressed as the sum Pt1 + Pt2 + . . .+ Ptnt

in the transmission vector of Equation (1). As a result, the gain vector in the same equation
reduces to a single element.

3.1. Outage Probability Expression

To find a means to minimize the total retransmit power PT of the TX, it is essential
to establish a relationship between the transmit power and the outage probability. An
expression for the outage probability of a cellular mobile radio system, where both the
desired signal within a given cell and the interfering signal from a co-channel experience
Rayleigh fading, can be derived from the existing literature. For this derivation, we
utilize an outage probability expression for a Rayleigh faded desired signal with a Rician
faded interferer that was introduced in [35]. This same expression was later derived
in [36] by applying several assumptions to a more general result. This outage probability
expression Pout−Ray/Ri is given by

Pout−Ray/Ri = 1 − b
R + b

exp
(
− cR

R + b

)
, (2)

where,
c = I/s, (3)

and
b = σ/s. (4)

In these expressions, R denotes the SIPR of the system, I denotes the dominant
component of the interferer signal power, s denotes the scattered component of the interferer
signal power, and σ denotes the scattered component of the desired signal power. These
signal powers according to the derivations are at the RX . Since we consider the interferer
signal to be Rayleigh faded, we set I = 0. This makes c = 0, which makes the exponential
part disappear from the equation. Thus, we obtain Pout, the outage probability expression
for a Rayleigh–Rayleigh environment as,

Pout =
R

R + b
. (5)

However, since our goal is to achieve ultra-reliability by minimizing the total re-
transmit power of the transmitter PT , we should convert the expression of the outage
probability in (5), which is represented as a function of the received power, to a function of
the retransmit power.
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We adopt a quasi-static fading model, which assumes the channel remains constant
over each short-packet transmission. This assumption is widely used in URLLC stud-
ies [11,37], as the coherence time of the channel is typically larger than the duration of a
single packet. Quasi-static fading allows tractable derivation of the transmit–receive power
relationship while accurately approximating the dominant channel effects for URLLC
transmissions. We take the channel gain to be g, and due to the quasi-static fading
model, σ = gPT . This makes

b =
gPT

s
, (6)

and, hence, the expression for Pout in (5) can be modified to

Pout =
w

w + PT
(7)

where,

w =
Rs
g

. (8)

3.2. Adaptive Power Allocation Scheme
3.2.1. Average Total Retransmit Power Pavg

The TX under consideration employs ARQ-I and CC-HARQ protocols, which involve
multiple retransmission rounds, to successfully deliver a single packet. Consequently,
when constructing the optimization problem, we formulate it as the minimization of the
average total retransmit power Pavg. A conventional approach to power allocation is to
distribute equal power across each retransmission round, resulting in an average total
retransmit power of Pbudget/M for the m-th retransmission round, where Pbudget represents
the total power budget and M denotes the maximum number of retransmission rounds
and 1 ≤ m ≤ M. Although this method is straightforward, works such as [19,24] have
demonstrated that this uniform power allocation is highly inefficient when the outage
probability is very low. Due to this, we can consider this method to be inefficient for URC,
which naturally uses very low outage probabilities. To address this inefficiency and achieve
power savings, we propose an adaptive power allocation scheme that assigns different
power levels to each retransmission round based on system conditions, as follows.

Consider a TX designed to communicate using ARQ-I or CC-HARQ protocols. Let
the maximum number of ARQ rounds employed by the TX be M. Here, M is defined
as the total number of transmission attempts, including the initial transmission, so that
M − 1 corresponds to the number of retransmissions. The retransmit power of the m-th
ARQ round is (PT)m where 1 ≤ m ≤ M. Then, the average total retransmit power Pavg of
a TX which utilizes an ARQ protocol would be

Pavg =
M

∑
m=1

(PT)mPout,m−1, (9)

where Pout,m is the probability of the RX being unable to decode a packet after m ARQ
rounds. This expression was used without proof in [11,20], and in this work, we provide a
proof for this expression in Appendix A.

The average retransmit power, which is given by Equation (9), reflects the expected
power consumption over all possible transmission attempts, accounting for the probabilis-
tic nature of retransmissions. Specifically, each retransmission occurs only if the previous
transmission fails, and, therefore, contributes to the average power in proportion to its
probability of occurrence. As a result, the average power is expressed as the sum of the
transmit powers at each transmission attempt weighted by the probability that the corre-
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sponding transmission occurs. This formulation captures the expected power expenditure
required to achieve the target reliability under the ARQ-I protocol.

Further, since HARQ schemes are fundamentally built upon ARQ schemes by incorporat-
ing additional mechanisms to enhance reliability and efficiency, they retain the core principles
of ARQ. As a result, the above expression remains valid even for transmitters operating with
HARQ protocols, and, hence, it is used in works such as [12–14]. Thus, we will also use the
same expression in (9) for the Pavg of a TX working on the CC-HARQ protocol.

3.2.2. Probability of Losing a Packet After m ARQ-I Rounds

In order to apply the expression in (9), it is essential to know Pout,m, which is the
probability of the RX being unable to decode a packet after m ARQ rounds. According to
the principle of the ARQ-I protocol, Pout,m is given by

Pout,m =
m

∏
k=1

(Pout)k, (10)

where (Pout)m is the outage probability associated with the m-th ARQ round, which, with
the aid of (7), is given by

(Pout)m =
w

w + (PT)m
. (11)

Then, from Expression (9), the average total retransmit power Pavg can be written as

Pavg =
M

∑
m=1

Pm

m−1

∏
k=1

w
w + Pk

, (12)

where (PT)m is denoted as Pm for simplicity of notation, and the probability of the RX being
unable to decode a packet before the packet is transmitted is unity, Pout,0 = 1.

3.2.3. Probability of Losing a Packet After m CC-HARQ Rounds

The application of (9) to find Pavg is challenging in this case, as we need to find a
suitable Pout,m which reflects the key features of CC-HARQ.

A corresponding Pout,m can be found in Equation (07) of [24]; however, this expression
is highly complex to work with. Due to this, its authors derived an approximation for
this expression in Appendix B of [24] using the standard Gauss–Legendre approximation,
employing a Legendre polynomial of a specific order and selecting an appropriate value
for that order. This derived expression is

Pout,m =
1

m!

m

∏
k=1

(Pout)k, (13)

with an approximation error smaller than 10−6. Due to this accepted level of accuracy,
we adopt this expression for calculating Pavg for CC-HARQ. Now, with this and (11), the
expression for Pavg in (9) for CC-HARQ turns out to be

Pavg =
M

∑
m=1

Pm
1

(m − 1)!

m−1

∏
k=1

w
w + Pk

. (14)

Here too, (PT)m is denoted as Pm for simplicity of notation and the probability of
the RX being unable to decode a packet before the packet is transmitted is unity, Pout,0 = 1.
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3.3. Optimization Problems

The aim of this work is to minimize the average total retransmit power Pavg of the TX .
To achieve this aim, we formulate it as an optimization problem for each protocol, consid-
ering each as a minimization of the Pavg corresponding to each protocol. The constraints
for the problem are the non-negativity of the retransmit powers and the packet drop prob-
ability Pout,M being equal to a pre-defined target outage probability ξ. The packet drop
probability represents the probability of the RX being unable to decode a packet despite ex-
hausting all M transmission attempts [11]. Even though the second constraint could also be
rigorously written as an inequality Pout,M ≤ ξ, it is well-established in power minimization
problems, given in works such as [11,12], that the optimal solution occurs at the boundary
of the feasible set. This boundary is reached when the constraint is tightly binding, i.e., as
an equality. Pout,M < ξ would imply being more reliable than required, which spends more
power than necessary, which the minimization naturally avoids. Further, in the simulations
in Section 6, we set the values for ξ within the URC region and present the results.

With these considerations, the optimization problem for ARQ-I can be formulated as

Minimize
Pm

M

∑
m=1

Pm

m−1

∏
k=1

w
w + Pk

Subject to Pm ⩾ 0 ; 1 ≤ m ≤ M
M

∏
m=1

w
w + Pm

= ξ.

(15)

Similarly, the optimization problem for CC-HARQ is

Minimize
Pm

M

∑
m=1

Pm
1

(m − 1)!

m−1

∏
k=1

w
w + Pk

Subject to Pm ⩾ 0 ; 1 ≤ m ≤ M

1
M!

M

∏
m=1

w
w + Pm

= ξ.

(16)

For both cases, the optimization variables are Pm for m = 1, 2, . . . , M.

3.4. Non-Convexity of the Problems

Before solving the problem, we first determine whether the optimization problem is
convex. To do this, we use the Hessian matrix method [38]. We show the non-convexity
proof explicitly for the special case of M = 2 for both the protocols. However, the underly-
ing structure of the average power objective function and outage probability constraints
remains fundamentally similar for larger numbers of retransmissions, i.e., for a general M.
In particular, the objective function involves products and nested non-linear functions of
the retransmit powers, which lead to indefinite Hessian matrices and non-convex behavior.
Extending the proof to the general M-retransmissions follows the same procedure but
results in increasingly complex expressions due to the higher-dimensional Hessian matrix.

Therefore, the M = 2 case, which we prove in Appendix B, serves as a representative
demonstration of the inherent non-convexity of the optimization problem, and the same
non-convex characteristics extend to the general case. The results confirm that the optimiza-
tion problem is non-convex for ARQ-I and CC-HARQ [39]. Additionally, we observe that
the equality constraints in (15) and (16) are non-affine. Given these conditions, we propose
a method to obtain a local optimum solution [38,39].
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4. Sub-Optimal Solution via KKT Method
4.1. For ARQ-I

Here, we make use of the Karush–Kuhn–Tucker (KKT) conditions to obtain a local
minimum for the optimization problem presented in (15). For this purpose, first, we write
its Lagrangian function as

L(Pm, µm, λ) =
M

∑
m=1

Pm

m−1

∏
k=1

w
w + Pk

+
M

∑
m=1

µmPm + λ

(
M

∏
m=1

w
w + Pm

− ξ

)
. (17)

The KKT conditions for the optimization problem in (15) can be expressed as

C1 → ∇L = 0 (18)

C2 → Pm ⩾ 0 (19)

C3 →
M

∏
m=1

w
w + Pm

− ξ = 0 (20)

C4 → µm ⩾ 0 (21)

C5 → µmPm = 0. (22)

Since in each ARQ round, some amount of power should be present to transmit the
signals, Pm > 0 for m = 1, 2, . . . , M. Therefore, from (22), we get µm = 0 for m = 1, 2, . . . , M.
Hence, the Lagrangian function in (17) simplifies to

L(Pm, λ) =
M

∑
m=1

Pm

m−1

∏
k=1

w
w + Pk

+ λ

(
M

∏
m=1

w
w + Pm

− ξ

)
. (23)

Applying the stationary condition in (18) with respect to Pm for (23) and simplifying,
we can deduce that[

m−1

∏
j=1

w
w + Pj

− 1
w + Pm

M−m

∑
j=1

Pj+m

j+m−1

∏
l=1

w
w + Pl

]
− λ

1
w + Pm

M

∏
j=1

w
w + Pj

= 0. (24)

Now, this is for 1 ≤ m ≤ M. Therefore, by substituting m = M, M − 1, M − 2, . . . , 3, 2, 1,
we get

(w + PM)2 = λw, (25)

(w + PM−1)
2 = wPM +

λw2

(w + PM)
, (26)

(w + PM−2)
2 = wPM−1 +

w2PM

(w + PM−1)
+

λw3

(w + PM)(w + PM−1)
, (27)

and likewise. Now, we can simplify in the following manner using w + Pm > 0.

(w + PM−1)
2 = wPM +

λw2

(w + PM)

= wPM + λw
w

(w + PM)

= wPM + (w + PM)2 w
(w + PM)

= wPM + w(w + PM)

= w(w + 2PM).

(28)
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Repeating this, we obtain

w + PM =
√

λw, (29)

w + PM−1 =
√

w(w + 2PM), (30)

w + PM−2 =
√

w(w + 2PM−1), (31)

and likewise. These relations can be identified to have the general relation w + Pm =√
w(w + 2Pm+1). Again, we do a similar substitution as above.

w + PM−1 =
√

w(w + 2PM)

=

√
w(w + 2(

√
λw − w))

=

√
w(2

√
λw − w))

w + PM−1 =

√
2w

√
λw − w2

PM−1 =

√
2w

√
λw − w2 − w.

(32)

By repeating this, we obtain

PM =
√

λw − w, (33)

PM−1 =

√
2w

√
λw − w2 − w, (34)

PM−2 =

√
2w
√

2w
√

λw − w2 − w2 − w, (35)

and so on. Therefore, by considering the pattern, Pm can be obtained as

Pm

= PM−(M−m)

=

√
2w . . .

√
2w
√

2w
√

λw − w2 − w2 . . . − w2 − w.

(36)

Note that there are M − m number of square roots nested to
√

λw. Since we can
write (20) as

M

∏
m=1

(w + Pm) =
wM

ξ
. (37)

from (36) and (37), we get

M

∏
m=1

√
2w . . .

√
2w
√

2w
√

λw − w2 − w2 . . . − w2 =
wM

ξ
, (38)

from which we can find λ numerically, and by substituting this answer into (36), we can
find Pm ∀m = 1, 2, . . . , M.

4.2. For CC-HARQ

Here too, we make use of the KKT conditions as above, and we focus on the optimiza-
tion problem presented in (16). Also note that the simplifications are similar to those of
ARQ-I. The Lagrangian function for this scenario is
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L
(

Pm, µm, λ′) = M

∑
m=1

Pm
1

(m − 1)!

m−1

∏
k=1

w
w + Pk

+
M

∑
m=1

µmPm + λ′
(

1
M!

M

∏
m=1

w
w + Pm

− ξ

)
, (39)

and the KKT conditions are
C1 → ∇L = 0 (40)

C2 → Pm ⩾ 0 (41)

C3 → 1
M!

M

∏
m=1

w
w + Pm

− ξ = 0 (42)

C4 → µm ⩾ 0 (43)

C5 → µmPm = 0. (44)

Applying the same logic as in Section 4.1, we simplify the Lagrangian function in (39) to

L
(

Pm, λ′) = M

∑
m=1

Pm
1

(m − 1)!

m−1

∏
k=1

w
w + Pk

+

(
λ′

M!

M

∏
m=1

w
w + Pm

− ξ

)
. (45)

Applying the stationary condition in (40) with respect to Pm for (45) and simplifying gives

1
(m − 1)!

m−1

∏
j=1

w
w + Pj

− 1
w + Pm

[
M−m

∑
j=1

Pj+m
1

(j + m − 1)!

j+m−1

∏
l=1

w
w + Pl

]
− λ′

M!
1

w + Pm

M

∏
j=1

w
w + Pj

= 0.

(46)

By substituting m = M, M − 1, M − 2, . . . , 3, 2, 1, we get

(w + PM)2 =
λ′w
M

, (47)

(w + PM−1)
2 =

wPM
M − 1

+
λ′w2

M(M − 1)(w + PM)
, (48)

(w + PM−2)
2 =

wPM−1

M − 2
+

w2PM

(w + PM−1)
+

λ′w3

(M − 1)(M − 2)(w + PM)(w + PM−1)
, (49)

and likewise. Substituting each result from the previous step into the next step consider-
ing w + Pm > 0 gives

w + PM =

√
λ′w
M

, (50)

w + PM−1 =

√
w

M − 1
(w + 2PM), (51)

w + PM−2 =

√
w

M − 2
(w + 2PM−1), (52)

and likewise. These relations can be recognized as following the general form w + Pm =√
w
m (w + 2Pm+1). By further substituting the results from the previous steps, we obtain
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PM =

√
λ′w
M

− w, (53)

PM−1 =

√√√√ w
M − 1

(
2

√
λ′w
M

− w

)
− w, (54)

PM−2 =

√√√√√ w
M − 2

2

√√√√ w
M − 1

(
2

√
λ′w
M

− w

)
− w

− w, (55)

and so on. Thus, by observing the pattern, we can express Pm as

Pm

= PM−(M−m)

=

√√√√√w
m

. . .

2

√√√√ w
M − 1

(
2

√
λ′w
M

− w

)
− w

 . . . − w − w.

(56)

Here too, there are M − m number of square roots nested to
√

λ′w. Thus, using (42),
we obtain

M

∏
m=1

(w + Pm) =
wM

ξ M!
. (57)

Therefore, from (56) and (57), we get

M

∏
m=1

√√√√√w
m

. . .

2

√√√√ w
M − 1

(
2

√
λ′w
M

− w

)
− w

 . . . − w =
wM

ξ M!
. (58)

From this, we can determine λ′ numerically. Substituting this value into (56), we
obtain Pm ∀m = 1, 2, . . . , M.

5. The Special Case of M = 2
As discussed earlier, obtaining closed-form solutions for general M retransmissions

is not feasible. Therefore, we focus on the specific case of M = 2 and derive closed-
form solutions for this scenario. While λ for ARQ-I can be determined using (38) and P1

and P2 can be found using (36), with a similar approach applicable to CC-HARQ using (58)
and (56), we instead follow the steps in the general problem formulation. This approach
provides a structured method for obtaining a closed-form expression for the particular case
of M = 2. We begin with ARQ-I and then proceed to CC-HARQ.

5.1. For ARQ-I
5.1.1. Problem Formulation

We start by writing the simplified objective function for M = 2 as

L = P1 + P2

(
w

w + P1

)
+ λ

(
w

w + P1
· w

w + P2
− ξ

)
, (59)

and obtaining the stationary conditions ∂L
∂P1

= ∂L
∂P2

= 0. Then, we obtain λ from ∂L
∂P2

= 0

as λ = (w+P2)
2

w . Plugging this value into the λ in ∂L
∂P1

= 0 and simplifying, we obtain

P2 =
2wP1 + P1

2

2w
. (60)

https://doi.org/10.3390/telecom7050109

https://doi.org/10.3390/telecom7050109


Telecom 2026, 7, 109 16 of 33

Substituting this value of P2 into (20), we get

P3
1 + 3wP2

1 + 4w2P1 − 2w3
(

1 − ξ

ξ

)
= 0. (61)

5.1.2. Solving Using the General Cubic Solutions

Since this is a cubic equation, we utilize the general cubic formula for solving cubic
equations to obtain the solution for Equation (61). According to [40], the general solution
to the cubic equation a3x3 + a2x2 + a1x + a0 = 0 is given by

xk = − 1
3a3

(
a2 + ζkC +

∆0

ζkC

)
; k ∈ {0, 1, 2} (62a)

ζ =
−1 +

√
3i

2
; ζ2 =

−1 −
√

3i
2

(62b)

C =
3

√
∆1 ±

√
∆1

2 − 4∆0
3

2
(62c)

∆0 = a2
2 − 3a3a1 (62d)

∆1 = a2
3 − 9a3a2a1 + 27a3

2a0 (62e)

We start by solving for P1; therefore, by comparing (61) with the general cubic equation,
we find the coefficients to be a3 = 1, a2 = 3w, a1 = 4w2 and a0 = −2w3

(
1−ξ

ξ

)
. Subsequently,

it follows from the above equations that ∆0 = −3w2 and ∆1 = −27w3
(

2+ξ
ξ

)
. Thus, we

calculate C to be

C = − 3w
3
√

2

(2 + ξ

ξ

)
∓

√(
2 + ξ

ξ

)2
+

4
27

 1
3

. (63)

5.1.3. Selecting an Appropriate C

As per the rules for the selection of C, the selection could be done arbitrarily between
the positive square root and the negative square root, given that the result is not indeter-
minate. Thus, we see that we can freely choose either square root. To proceed further, we
select the positive square root and express C as

C = −3wχ (64)

where,

χ =

(2 + ξ

2ξ

)
+

1
2

√(
2 + ξ

ξ

)2
+

4
27

 1
3

. (65)

5.1.4. Solutions to P1 and P2

According to (62a), there are three solutions to (61) as (P1)0, (P1)1 and (P1)2. Therefore,
by substituting k = 0 and simplifying, we get (P1)0 = wA, where

A = χ − 1 − 1
3χ

. (66)
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Now, when considering k = 1, 2, we get (P1)1 and (P1)2, which can be identified as
complex numbers with non-zero imaginary parts when observed (62a). Since P1 ∈ ℜ, we
can discard these two solutions; thus, the only candidate for P1 would be (P1)0.

Further, since P1 > 0, we need to check whether (P1)0 is positive or not. For this
purpose, we assume (P1)0 to be positive; hence,

(P1)0

⇒ wA > 0

⇒ A > 0; ∵ w =
Rs
g

> 0

⇒ χ − 1 − 1
3χ

> 0

⇒ 3χ2 − 3χ − 1 > 0; ∵ χ > 0

⇒
(

χ − 3 −
√

21
6

)(
χ − 3 +

√
21

6

)
> 0

⇒ χ <
3 −

√
21

6

⋃ 3 +
√

21
6

< χ.

(67)

According to this, χ should be in the above range for (P1)0 to be positive. However,
we know that since 0 ≤ ξ ≤ 1, the range of χ can be found by inspecting (65); accordingly

the lower and upper bounds of χ are 3

√
3
2 + 1

2

√
9 + 4

27 and ∞, respectively. By computing

the numerical values, we can show that 3+
√

21
6 < 3

√
3
2 + 1

2

√
9 + 4

27 ; hence, we see that the

range of χ is in the required range. We can conclude that (P1)0 > 0, and, thus, P1 = (P1)0,
which gives

P1 = wA. (68)

Now, by substituting this value of P1 into (60), we get

P2 =
wA

2
(A + 2). (69)

It is also evident from the above that since w > 0 and A > 0, P2 > 0.
The derived Equation (61) yields three mathematical roots, two of which are com-

plex roots and one a real root. However, since retransmit powers represent physical
quantities, only real and non-negative solutions are feasible. Complex roots do not
correspond to physically realizable retransmit powers, and negative roots are not mean-
ingful in this context. Among the feasible real-valued roots, the selected solutions are
the ones that satisfy the outage probability constraint and minimize the average re-
transmit power, thereby fulfilling the optimality conditions of the original constrained
optimization problem.

We can also prove that P2 > P1. The proof is given in Appendix C.

5.1.5. Normalized Power Saving

The target outage probability is ξ; the required transmit power for an open-loop
communication system can be obtained from (7) as

P =
w
ξ
(1 − ξ). (70)
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With respect to the open-loop setup

To quantify the efficiency improvement of the proposed retransmission schemes over
conventional open-loop transmission, we define normalized power saving with respect
to the open-loop setup Sm for each transmission round m. If we succeeded in the first
transmission round itself, then we define the normalized power saving S1 as

S1 =
P − P1

P
= 1 − Aξ

1 − ξ
, (71)

and if we succeeded in the second transmission round, we define the power saving S2 as

S2 =
P − (P1 + P2)

P
= 1 − A(A + 4)ξ

2(1 − ξ)
. (72)

Here, P denotes the open-loop transmit power, and P1, P2 are the allocated transmit
powers in the respective rounds. A higher Sm indicates a larger reduction in total transmit
power relative to open-loop transmission and, thus, a greater power efficiency.

We observe that both S1 and S2 are functions of A and ξ only. Further, since A is a
function of χ according to (66) and χ is a function of ξ according to (65), it turns out that S1

and S2 are functions of ξ only. Therefore, it follows that the power savings do not change
with the signal-to-interference protection ratio R, the scattered signal power of the interferer
signal s, or the channel gain g.

With respect to Equal power allocation

For benchmarking purposes, we also consider a simple equal power allocation strategy
for the M = 2 case, where the total open-loop power is equally divided between the two
attempts. Under equal power allocation, the transmit powers remain fixed and independent
of retransmission statistics.

Using the same outage probability framework as developed in the previous subsec-
tion, the normalized average power saving under EPA can be derived analytically. The
corresponding expressions for the expected transmit power and normalized saving can be
written and simplified as

S1−equal =
P − P1

P
=

P − P
2

P
=

1
2

, (73)

S2−equal =
P − (P1 + P2)

P
=

P − ( P
2 + P

2 )

P
= 0, (74)

where S1−equal and S2−equal are the normalized power savings at the first and second
retransmissions when used equal power allocation.

Under equal power allocation, if transmission succeeds in the first attempt, only half
of the total open-loop power is consumed, resulting in a 50% power saving. However, if a
second transmission is required, the total consumed power equals the open-loop bench-
mark, yielding zero power saving. This behaviour is consistent with expectations, since
equal allocation distributes power uniformly without adapting to retransmission outcomes.

5.1.6. Average Power Saving

Average power saving Savg is given by

Savg =
P − (P1 + ϵ1P2)

P
. (75)
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Therefore, the average power savings of using equal power allocation Savg−equal and
adaptive power allocation Savg−adaptive, respectively are,

Savg−equal =
P − ( P

2 + ϵ1
P
2 )

P
= 1 − 1

2
(1 + ϵ1). (76)

Savg−adaptive =
P −

[
wA + ϵ1

wA
2 (A + 2)

]
P

= 1 − wA
2 + ϵ1(A + 2)

2P
. (77)

Now, if we check the value of average power saving when ϵ1 → 0, we can see that for
the equal power scheme, it goes to 0.5, and in the adaptive power scheme, it goes to 1. Thus,
the maximum possible saving under equal power allocation is 50%, and for adaptive power
allocation, there is a near 100% saving potential theoretically. Therefore, we can surely say
that the optimal scheme saves power more compared to the equal power scheme.

5.2. For CC-HARQ
5.2.1. Problem Formulation

Similarly, as above, we start by writing the simplified objective function for M = 2 as

L = P1 + P2

(
w

w + P1

)
+ λ′

(
1
2

w
w + P1

· w
w + P2

− ξ

)
. (78)

Then, we obtain λ′ from the stationary condition ∂L
∂P2

= 0 as λ′ = (w+P2)
2

w , and using

this value with the stationary condition ∂L
∂P1

= 0 results in

P2 =
w2 + 4wP1 + 2P1

2

2w
. (79)

Substituting this value of P2 into the equality constraint, we get

2P3
1 + 6wP2

1 + 7w2P1 − w3
(

1 − 3ξ

ξ

)
= 0. (80)

5.2.2. Solving Using the General Cubic Solutions

We obtain the solution for (80) using the general cubic formula. Here too, we find the
solution for P1, and then afterwards find the solution for P2.

We start by solving for P1; therefore, by comparing (80) with the general cubic equation,
we find the coefficients to be a3 = 2, a2 = 6w, a1 = 7w2 and a0 = −w3

(
1−3ξ

ξ

)
. Subsequently,

it follows from the above equations that ∆0 = −6w2 and ∆1 = −108w3
(

1+2ξ
ξ

)
. Thus, we

calculate C to be

C =
−6w

3
√

4

(1 + 2ξ

ξ

)
∓

√(
1 + 2ξ

ξ

)2
+

2
27

 1
3

. (81)

5.2.3. Selecting an Appropriate C

As mentioned earlier, since we can freely choose either square root, to proceed further,
we select the positive square root and express C as

C = −6wχ′ (82)
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where

χ′ =

(1 + 2ξ

4ξ

)
+

1
4

√(
1 + 2ξ

ξ

)2
+

2
27

 1
3

. (83)

5.2.4. Solutions to P1 and P2

According to (62a), there are three solutions to (61) as (P1)0, (P1)1 and (P1)2. Therefore,
by substituting k = 0 and simplifying, we get (P1)0 = wA′, where

A′ = χ′ − 1 − 1
6χ′ . (84)

Now, when considering k = 1, 2, we get (P1)1 and (P1)2, which can be identified as
complex numbers with non-zero imaginary parts when observed (62a). Since P1 ∈ ℜ, we
can discard these two solutions; thus, the only candidate for P1 would be (P1)0. Further,
since P1 > 0, we need to check whether (P1)0 is positive or not. For this purpose, we
assume (P1)0 to be positive; hence,

(P1)0

⇒ wA′ > 0

⇒ A′ > 0; ∵ w =
Rs
g

> 0

⇒ χ′ − 1 − 1
6χ′ > 0

⇒ 6χ′2 − 6χ′ − 1 > 0; ∵ χ′ > 0

⇒
(

χ′ − 3 −
√

15
6

)(
χ′ − 3 +

√
15

6

)
> 0

⇒ χ′ <
3 −

√
15

6

⋃ 3 +
√

15
6

< χ′.

(85)

According to this, χ′ should be in the above range for (P1)0 to be positive. However,
we know that since 0 ≤ ξ ≤ 1, the range of χ′ can be found by inspecting (83); accordingly,

the lower and upper bounds of χ′ are 3

√
3
4 + 1

4

√
9 + 2

27 and ∞, respectively. A simple

arithmetic proof can be given to show that 3

√
3
4 + 1

4

√
9 + 2

27 = 3+
√

15
6 . The proof is given in

Appendix D. We see that the range of χ′ is in the required range. Therefore, we conclude
that (P1)0 > 0, and, thus, P1 = (P1)0. From this and by substituting the result for P1

into (79), we get the following.
P1 = wA′. (86)

P2 =
w
2

(
1 + 4A′ + 2A′2

)
. (87)

It is also evident from the above that since w > 0 and A > 0, P2 > 0. We can also
prove that P2 > P1. The proof is given in Appendix E.

5.2.5. Normalized Power Saving

With respect to the open-loop setup

The required transmit power for an open-loop communication system is given in (70).
If we succeeded in the first retransmission itself, then the normalized power saving S′

1 with
respect to the open-loop setup can be expressed as
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S′
1 =

P − P1

P
= 1 − A′ξ

1 − ξ
, (88)

and if we succeeded in the second retransmission, then

S′
2 =

P − (P1 + P2)

P
= 1 −

(
1 + 6A′ + 2A′2)ξ

2(1 − ξ)
. (89)

Here too, we observe that both S′
1 and S′

2 are functions of ξ only from the same logic in
Section 5.1.5. Therefore, it follows that in CC-HARQ too, the power savings do not change
with R, s or g.

With respect to equal power allocation

The expressions derived for this scenario will be the same as that derived earlier for
the ARQ-I scheme which are (73) and (74).

5.2.6. Average Power Saving

This can be calculated for the equal power and adaptive power scenarios using (75)
as was shown in Section 5.1.6. It can be observed that the average power saving for equal
power allocation S′

avg−equal is the same as (76). For the adaptive power allocation,

S′
avg−adaptive =

P −
[
wA′ + ϵ1

w
2 (1 + 4A′ + 2A′2)

]
P

. (90)

Here too, we see that when ϵ1 → 0, the saving from the adaptive power scheme goes
to 1. Thus, we can observe a near 100% saving potential theoretically for this protocol too.
Therefore, here too, the optimal scheme saves power more compared to the 50% equal
power scheme.

6. Simulations and Analysis of Results
In this section, we present simulation results to evaluate the performance of the

proposed adaptive power allocation scheme in a system where both the desired and
interfering signals experience Rayleigh fading. Specifically, we compare the retransmission
power levels obtained by our adaptive scheme with those obtained from the conventional
open-loop power transmission (OLP) approach.

To carry out this task, we begin by generating the channel gain g, which appears
in (8) and is embedded in the term w that recurs in many of the derived expressions. For
numerical evaluation, channel gain g values were generated using uniformly distributed
random samples over the interval [0, 1] to ensure unbiased sampling across the entire
range of possible normalized channel conditions. These samples are used purely as nu-
merical inputs to evaluate the derived analytical expressions and do not represent the
statistical fading model itself. The underlying channel fading model assumed through-
out the analysis remains Rayleigh fading, for which the channel power gain follows an
exponential distribution.

Next, we numerically solve (38), which was derived as part of the power allocation
scheme for ARQ-I, to determine the value of λ. This value is then substituted into (36) to
obtain the retransmission power levels required to ensure ultra-reliable communication in
a Rayleigh–Rayleigh fading environment. Similarly, the power allocation for the retrans-
mission stages in the CC-HARQ scheme is obtained by solving Equations (58) and (56).
The values of λ and λ′ are selected such that all computed retransmission powers are
non-negative, ensuring the physical feasibility of the solution. However, the closed-form
formulae derived in Section 5 were used for the cases involving only two retransmissions
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i.e., M = 2. Further, the time complexity of the implemented program is constant, i.e., O(1),
as it operates on a fixed set of input parameters [41].

Moreover, the retransmission power values obtained from this computation can be
pre-calculated and stored, since the underlying calculations are not required to be per-
formed in real time. This pre-computation approach is feasible because the optimal re-
transmission power depends only on slowly varying statistical channel parameters, such
as fading distribution and interference characteristics. Therefore, the computed values
can be stored in lookup tables and used during operation without requiring real-time
numerical computation. This approach ensures low implementation complexity while
maintaining accurate retransmission power estimation, provided that the channel statistics
are appropriately characterized. Additionally, to ensure statistical reliability, the results
averaged over 100,000 independent channel realizations.

6.1. Variation of Retransmit Power Values for M = 2, 3, 4

Figures 2 and 3 show the variation of retransmission powers Pm with respect to
the target outage probability ξ for different maximum numbers of retransmissions,
i.e., M = 2, 3 and 4, while keeping R fixed at 10. Numerical results indicate that in-
creasing M leads to a reduction in the total power required to meet the outage constraint,
i.e., P1 + P2 > P1 + P2 + P3 > P1 + P2 + P3 + P4.

Figure 2. Retransmit power vs. target outage probability for ARQ-I when M = 2, 3, 4.

This figure shows the retransmit powers Pm required to achieve a given target outage
probability when the number of retransmission rounds M is increased. The TX uses the
ARQ-I protocol in a Rayleigh–Rayleigh fading environment. s and R are fixed at 0.3 and
10, respectively. The results are averaged over 100,000 independent channel gain samples
drawn from a uniform distribution over [0, 1].
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Figure 3. Retransmit power vs. target outage probability for CC-HARQ when M = 2, 3, 4.

This figure shows the retransmit powers Pm required to achieve a given target outage
probability when the number of retransmission rounds M is increased. The TX uses the
CC-HARQ protocol in a Rayleigh–Rayleigh fading environment. s and R are fixed at 0.3
and 10, respectively. The results are averaged over 100,000 independent channel gain
samples drawn from a uniform distribution over [0, 1].

6.2. Variation of Retransmit Powers When the SIPR Is Varied

To show this, we make use of the special case of M = 2 retransmissions. Figures 4 and 5
show the variation of retransmit powers Pm with the target outage probability ξ for M = 2.
Figure 4 corresponds to a TX operating under the ARQ-I protocol, while Figure 5 corre-
sponds to a TX operating under the CC-HARQ protocol. In both figures, the retransmit
powers obtained using our proposed power allocation schemes are plotted alongside
the OLP values, in order to highlight the potential power savings. The simulations are
conducted for three different values of the signal-to-interference protection ratio, namely
R = 5, 10, and 15. We observe that the retransmit power levels increase with increasing
values of R.

This figure shows the retransmit powers Pm required to achieve a given target outage
probability. The TX uses the ARQ-I protocol in a Rayleigh–Rayleigh fading environment.
s is fixed at 0.3, while R takes values 5, 10, and 15. The results are averaged over 100,000
independent channel gain samples drawn from a uniform distribution over [0, 1].
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Figure 4. Retransmit power vs. target outage probability for different SIPR values for ARQ-I when
M = 2.

Figure 5. Retransmit power vs. target outage probability for different SIPR values for CC-HARQ
when M = 2.

This figure shows the retransmit powers Pm required to achieve a given target outage
probability. The TX uses the CC-HARQ protocol in a Rayleigh–Rayleigh fading environ-
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ment. s is fixed at 0.3, while R takes values 5, 10, and 15. The results are averaged over
100,000 independent channel gain samples drawn from a uniform distribution over [0, 1].

Although the exact quantitative rate at which retransmission power increases with
SIPR cannot be expressed in simple closed form due to the non-linear outage probability
formulation, the graphical results clearly demonstrate a monotonic increase in retransmis-
sion power with increasing R. Additionally, the figures confirm that allowing a greater
number of retransmissions reduces the total transmit power required to satisfy the outage
constraint. This reduction occurs because additional retransmission opportunities provide
diversity gain, enabling the reliability target to be achieved more efficiently with lower
overall power expenditure.

6.3. Normalized Power Savings of the Proposed Schemes with Respect to the OLP Values

Figure 6 shows the normalized power savings achieved when using the proposed
power allocation scheme over the open-loop setup for both ARQ-I and CC-HARQ protocols
for the case of two retransmissions. The plots are based on Expressions (71), (72), (88)
and (89). We observe that very high power savings with respect to the open-loop setup
can be obtained by using the proposed power allocation scheme. Further, we observe
that the CC-HARQ scheme outperforms ARQ-I in terms of power savings. The graph is
plotted only as normalized power savings vs. outage probability ξ, since the power saving
expressions are independent of the signal-to-interference protection ratio R, scattered signal
power of the interferer signal s, and channel gain g.

Figure 6. Normalized power savings vs. target outage probability for M = 2.

This figure shows the savings S1, S2 achieved by the ARQ-I protocol and S′
1, S′

2
achieved by the CC-HARQ protocol under a Rayleigh–Rayleigh fading environment. The
power savings are independent of s, R, and g.

The superiority of the proposed adaptive power allocation scheme over the conventional
open-loop power (OLP) approach is demonstrated both analytically and through simulation.
For the case of M = 2, closed-form expressions for the normalized power savings relative
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to the OLP scheme have been derived, providing direct analytical insight into the achievable
power reduction. These expressions explicitly quantify the power saving as a function of the
target outage probability and system parameters. As shown in Figure 6, the analytical and
simulation results consistently confirm that the proposed scheme achieves significant power
savings compared to the OLP approach. This advantage becomes more pronounced in the ultra-
reliable region with stringent outage probability requirements, highlighting the effectiveness of
adaptive power allocation in interference-limited Rayleigh fading environments.

6.4. System Throughput

The throughput η characterizes the rate of successful message delivery over the
communication channel. We proceed to find the throughput of the system by defining η as

η =
K
n
(1 − Pout(PT)) (91)

where K is the information payload in nats and n is the number of channel users. Thus,
η can be obtained in nats per channel use (npcu) [23]. However, due to the degradation
in spectral efficiency after each retransmission round, Ref. [11] proposes a modification to
the throughput expression given in (91) to account for an arbitrary number of retransmis-
sions M. Accordingly, the throughput η, without neglecting the feedback delay in channel
users D, can be expressed as

η =
K
(

1 − ∏M
m=1 Pout(Pm)

)
∑M

m=1 mn ∏m−1
k=1 Pout(Pk) + D ∑M−1

m=1 m ∏m−1
k=1 Pout(Pk)

. (92)

We plot the graph shown in Figure 7 using (92), neglecting D and assuming M
was carefully chosen to avoid any delays. It is evident from this plot that the overall
throughput η decreases as the number of retransmissions M increases.

Figure 7. Throughput vs. outage probability.
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The throughput η for a system communicating using ARQ-I and CC-HARQ protocols
in a Rayleigh–Rayleigh fading environment, along with the outage probabilities, is plotted.
K = n = 1 and D = 0. Power values are taken when R = 10 and s = 0.3. The graph has
plots for M = 2, 3, and 4, for both protocols, along with open-loop throughput, which
is M = 1.

6.5. Analysis of the Simulated Results

Figures 2 and 3 show that an increase in M leads to a reduction in the total power
required to meet the targeted outage. However, when more retransmission rounds are
allowed, each packet may undergo multiple transmission attempts before being successfully
decoded, meaning each packet occupies the channel for several time slots, leading to higher
end-to-end latency. At a sufficiently large M, the latency associated with it may grow
beyond acceptable limits, particularly in delay-sensitive applications; thus, we cannot
indefinitely increase M.

Figures 4 and 5 show that the retransmission power levels increase with increasing
values of SIPR denoted by R. Since R is not the actual SIR experienced at the receiver,
but rather the minimum SIR threshold that must be exceeded to avoid outage, a larger R
corresponds to a more stringent reliability requirement. As R increases, the TX must allocate
higher retransmit powers to achieve the same outage target, which also explains why, in
Figures 4 and 5, the curves with R = 15 exhibit a worse outage performance than those
with R = 10 or R = 5 with the same power budget. In other words, a higher SIPR threshold
makes the system more demanding and, hence, degrades performance unless compensated
by larger transmit power.

Further, Figures 2 and 4 correspond to the ARQ-I protocol, while Figures 3 and 5
correspond to the CC-HARQ protocol. When comparing the retransmit power values of
ARQ-I and CC-HARQ, it can be seen that the retransmit power requirements for CC-HARQ
are consistently lower than those for ARQ-I. This outcome is expected, as HARQ schemes
were developed as improvements to the conventional ARQ protocols. Nevertheless, this
distinction serves as an implicit validation of the simulation results and the consistency of
the power allocation scheme across both retransmission protocols.

Careful observation of Figures 2–5 further reveals a consistent increase in the retrans-
mission power values across successive transmission rounds, i.e., P1 < P2 < P3 . . . < PM.
We prove this result for the specific case of M = 2 in Appendices C and E. This observation
aligns well with theoretical intuition. Since the objective is to meet a predefined target
outage probability ξ while spending the minimum average total power, the initial transmis-
sion is allocated a lower power. If successful, this results in significant power savings. In
the event of failure, subsequent retransmissions are conducted with incrementally higher
power levels, ensuring that reliability is progressively reinforced up to the maximum num-
ber of attempts M. It is also the case that optimization does not guarantee a monotonic
decrease in the first transmission power P1 as M increases. Instead, the allocation balances
across all transmission rounds to minimize the expected average total power. Thus, while
the trend P1 < P2 < . . . < PM holds for a fixed M, comparing P1 across different M values
does not follow the same ordering. What improves consistently with increasing M is the
overall outage performance and reduction in average transmit power, not necessarily each
individual power level.

Figure 6 shows that the CC-HARQ scheme outperforms the ARQ-I scheme in terms of
power savings. This result also agrees with intuition, since HARQ schemes were introduced
as improved versions of the ARQ schemes.

Figure 7 shows that the overall throughput η decreases as the number of retransmis-
sions M increases. This observation is consistent with the theoretical understanding of
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throughput, which quantifies the rate of successful message delivery over time. Although
Figures 2 and 3 show that increasing M leads to a reduction in the total power required to
meet a given outage probability, as explained above, it comes at the cost of increased delay.
The reason is that when M is higher, many packets may require several rounds before
being successfully transmitted; therefore, each packet occupies the channel for several time
slots. This results in a lesser number of new packets being transmitted within a fixed time
interval, thereby lowering the effective throughput.

For benchmarking, we compare our results with prior works [13,20] that studied the
Rician–Rayleigh fading environment. As expected, when evaluated at the same target
outage probability, both the ARQ-I scheme in [20] and the CC-HARQ scheme in [13] yield
lower average retransmit power values compared to our present Rayleigh–Rayleigh case.
This performance gap is mainly due to the Rician fading link, which possesses a line-of-sight
path which reduces the severity of fading fluctuations compared to pure Rayleigh channels.
As a result, packet reception reliability improves, which, in turn, lowers the retransmission
requirement and thereby reduces the average transmit power. Between the two benchmark
schemes, CC-HARQ always requires less retransmit power than ARQ-I. This relative power
saving is consistent across both the Rician–Rayleigh case studied in [13] and our present
Rayleigh–Rayleigh case, confirming the general power efficiency advantage of CC-HARQ
over ARQ-I.

7. Conclusions and Future Work
In this work, we addressed the problem of achieving power-efficient ultra-reliable

communication (URC) by minimizing the average retransmission power of a transmitter
situated in a Rayleigh–Rayleigh fading environment and operating with either the ARQ-I
or the CC-HARQ protocol. We derived closed-form analytical expressions for the optimal
retransmit power allocation, which provide an explicit and tractable solution framework
rather than relying solely on numerical optimization. Based on these expressions, we de-
veloped a sub-optimal power allocation scheme that assigns retransmit power levels across
each round. Simulation results confirmed that the proposed scheme achieves significant
power savings compared to the conventional open-loop power allocation. Furthermore,
through benchmarking against prior works in Rician–Rayleigh fading environments, we
showed that the Rayleigh–Rayleigh case serves as a conservative worst-case baseline, while
the relative power-efficiency advantage of CC-HARQ over ARQ-I remains consistent across
both fading models.

In addition, it was observed from the simulations that increasing the number of
allowed retransmissions reduces the total power required to meet a given target outage
probability. However, it was also observed through simulations that the throughput
decreases with the number of retransmissions. We explained that the improvement in power
efficiency comes at the cost of reduced throughput, as more retransmissions introduce
additional delay and decrease the effective data rate. Consequently, the maximum number
of retransmissions must be selected to balance the tradeoffs between power consumption,
delay, and throughput in practical system designs.

A direct comparison with the proposed optimal adaptive allocation reveals that equal
power allocation exhibits a fundamental limitation in achievable power savings, especially
in the ultra-reliable regime. Since equal power allocation distributes power uniformly
across retransmissions without accounting for the probabilistic structure of retransmissions,
it cannot fully exploit the potential reduction in average power. In contrast, the proposed
optimal allocation dynamically balances the first and second transmission powers to
minimize expected consumption, resulting in significantly improved power efficiency.
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The proposed optimization framework can be extended to other fading models by in-
corporating the corresponding outage probability expressions into the optimization problem.
However, the analytical tractability and availability of closed-form solutions depend strongly
on the statistical properties of the underlying fading distribution. In particular, fading models
such as Rician or Nakagami introduce additional mathematical complexity that may prevent
closed-form solutions and require numerical optimization. Therefore, while the general opti-
mization methodology is applicable to broader fading environments, the closed-form analytical
results derived in this work are specific to the Rayleigh–Rayleigh interference-limited case and
provide fundamental insights and benchmarks for more general scenarios.

For future work, we intend to extend the analysis beyond the single Rayleigh faded
interferer scenario discussed in this work. Specifically, we aim to find the optimum retransmit
powers when there are multiple Rayleigh interferers. Additionally, we plan to explore other
fading models for the interferer, including Rician, Nakagami, and Weibull distributions, under
both ARQ-I and CC-HARQ protocols. Further, we expect to find suitable convex approximations
which enable the derivation of closed-form expressions for the optimal retransmit powers.
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Appendix A. Derivation of an Expression for the Average Total
Retransmit Power Pavg

For this purpose, let us assume that the outage probability of the m-th ARQ round is
ϵm. Then, the probability of the Receiver RX being unable to decode a packet after m ARQ
rounds, Pout,m, will be

Pout,m =
m

∏
k=1

ϵk. (A1)

Thus, the probability of the Receiver RX being able to decode a packet after m ARQ
rounds, Psuc,m, can be found by

Psuc,m = Pout,m−1 − Pout,m. (A2)

Note that Pout,0 prompted from the above expression gives the probability of the
Receiver RX being unable to decode a packet when no retransmission rounds are initiated,
and this is clearly unity.

Further, let us assume that the retransmit power of the m-th ARQ round is Pm. Then,
the total retransmit power up to m-th ARQ round,

Ptotal,m =
m

∑
k=1

Pk. (A3)

Thus, the average total retransmit power Pavg, can be obtained by

Pavg =
M−1

∑
m=1

[Psuc,m Ptotal,m] + (Pout,M−1 Ptotal,M). (A4)
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Simplifying this expression by using (A2) and changing the order of summation,

Pavg

=
M−1

∑
m=1

m

∑
k=1

(Pout,m−1 − Pout,m)Pk +
M

∑
k=1

Pout,M−1Pk

=
M

∑
k=1

M−1

∑
m=k

(Pout,m−1 − Pout,m)Pk +
M

∑
k=1

PkPout,M−1

=
M

∑
k=1

Pk



Pout,k−1 − Pout,k

+ Pout,k − Pout,k+1

+ Pout,k+1 − Pout,k+2 + Pout,M−1

...

+ Pout,M−2 − Pout,M−1


=

M

∑
k=1

PkPout,k−1.

(A5)

Therefore, the average retransmit power Pavg of a TX that uses the ARQ principle
would be

Pavg =
M

∑
k=1

PmPout,m−1,

which is the expression used in (9).

Appendix B. Proof of Non-Convexity
The objective functions of the optimization problems in (15) and (16) can be written

for the M = 2 case as the following single expression.

P1 + P2

(
w

w + P1

)
, (A6)

This expression is also obtained in (59) and (78).

A second-order Hessian Matrix H for Pavg is in the form H =

 ∂2Pavg

∂P1
2

∂2Pavg
∂P1∂P2

∂2Pavg
∂P2∂P1

∂2Pavg

∂P2
2

 , and

by plugging in the expressions for the partial derivatives, we get

H =

[ 2wP2
(w+P1)

3 − w
(w+P1)

2

− w
(w+P1)

2 0

]
. (A7)

We can observe that this H is real since w = Rs
g > 0 and P1, P2 > 0. It is also

symmetric. In such cases, for the function under consideration to be convex, xT Hx > 0,
where x = [x1 x2]

T ∈ R2 [38]. Thus, we compute xT Hx as

xT Hx

=
[

x1 x2

] 2wP2
(w+P1)

3 − w
(w+P1)

2

− w
(w+P1)

2 0

[x1

x2

]

=
2wP2x1

2

(w + P1)
3 − 2wx1x2

(w + P1)
2

=
2wP2

(w + P1)
3

[(
x1 −

(w + P1)x2

2P2

)2
− (w + P1)

2x2
2

4P2
2

]
.

(A8)

We could observe the following.
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• x1 = x2 = 0 ⇒ xT Mx = 0.
• x1 ̸= 0, x2 = 0 ⇒ xT Mx = 2wP2

(w+P1)
3 x1

2 > 0.

• If chosen x2 such that (w+P1)
2P2

x2 = k and 0 < x1 < k ⇒ xT Mx < 0.

From these, we understand that xT Mx can be positive, negative or zero [39]. Thus, we
conclude that the given objective function is non-convex.

Appendix C. Proving P2 > P1 for ARQ-I
Here, we will prove that P2 will always be greater than P1 for the particular case

of M = 2 for the ARQ-I protocol.
We consider P2 − P1 as follows.

P2 − P1

= wA +
wA2

2
− wA

=
wA2

2

(A9)

Now, from (8), it is evident that w > 0. Also, since χ is in the required range, as shown
in Section 5.1.4, we get A > 0. Therefore, P2 − P1 > 0 ⇒ P2 > P1.

Appendix D. Proving That the Lower Bound of χ′ is in the
Acceptable Range

For (P1)0 to be positive, χ′ should be greater than 3+
√

15
6 . However, since χ′ is a

function of the target outage probability ξ according to (83), χ′ is automatically bound by

the range of ξ. Therefore, 0 ≤ ξ ≤ 1 ⇒ 3

√
3
4 + 1

4

√
9 + 2

27 ≤ χ′ < ∞.

However, 3

√
3
4 + 1

4

√
9 + 2

27 can be simplified as follows.

3

√
3
4
+

1
4

√
9 +

2
27

=
3

√
3
4
+

1
4

√
49 × 5
9 × 3

=
3

√
3
4
+

7
√

15
36

=
3

√
162 + 42

√
15

216

=
3

√
33 + 3 · 32 ·

√
15 + 3 · 3 ·

√
15

2
+
√

15
3

216

=
3

√√√√(
3 +

√
15
)3

63

=
3 +

√
15

6
.

(A10)

Thus, it is evident that 3

√
3
4 + 1

4

√
9 + 2

27 ≤ χ′ < ∞ is the same as 3+
√

15
6 ≤ χ′ < ∞,

which is the required range for the (P1)0 to be positive.
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Appendix E. Proving P2 > P1 for CC-HARQ
Here, we show that P2 will always be greater than P1 for the particular case of M = 2

for the CC-HARQ protocol.
As in Appendix C, we consider P2 − P1.

P2 − P1

=
w
2

(
1 + 4A′ + 2A′2

)
− wA′

=
w
2

(
1 + 2A′ + 2A′2

) (A11)

Now, from (8), it is evident that w > 0. Also, since χ′ is in the required range, as shown in
Section 5.2.4, we get A′ > 0. Therefore, P2 − P1 > 0 ⇒ P2 > P1.
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