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Abstract

This paper presents a novel optimal control-based beamforming framework for phased
antenna arrays, targeting advanced wireless communication and radar applications, in-
cluding 5G systems. Unlike conventional beamforming techniques, such as Fourier-based
methods and adaptive algorithms (e.g., LMS and RLS), the proposed approach formulates
the beam synthesis problem as a discrete-time optimal control problem. The antenna
array is modeled using a state-space representation, and a quadratic cost function is intro-
duced to jointly minimize the deviation from a desired radiation pattern and the excitation
power. The optimal excitation weights are derived using the Linear Quadratic Regulator
(LQR) framework by solving the discrete-time algebraic Riccati equation. This formula-
tion enables an effective trade-off between sidelobe suppression, main lobe accuracy, and
power efficiency. Simulation results demonstrate that the proposed method achieves a
well-focused main beam, significantly reduced sidelobe levels, and improved directivity
compared to conventional approaches. Furthermore, the framework offers robustness and
computational efficiency, making it a promising candidate for future FPGA and embedded
implementations. Overall, the proposed optimal control-based beamforming approach pro-
vides a flexible, robust, and computationally efficient solution for next-generation antenna
systems in 5G, beyond-5G (B5G), and radar applications.

Keywords: phased antenna array; beamforming; Linear Quadratic Regulator (LQR); 5G
communications; radar systems; optimal control

1. Introduction

The rapid evolution of wireless communication systems, particularly with the emer-
gence of 5G and beyond, has significantly increased the demand for high-performance
antenna technologies. We have extensively investigated the synthesis and analysis of radia-
tion patterns in several studies. For instance, multi-beam antenna array synthesis using
the Fourier method for reliable 5G applications was explored in [1], while phased antenna
array synthesis for similar 5G purposes was reported in [2]. Enhancement of beamforming
efficiency through Taguchi optimization combined with neural network acceleration was
presented in [3]. Moreover, the Taguchi method was applied to the synthesis of circular
antenna arrays for improved IoT applications [4]. The implementation of phased-array
antennas controlled by a FPGA-ARM Cortex-M processor is detailed in [5], and an efficient
FPGA-based MUSIC processor using the Cyclic Jacobi Method for LiDAR applications was
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demonstrated in [6]. Among these, phased antenna arrays have become a key enabler due
to their ability to electronically steer beams, enhance directivity, and mitigate interference
without mechanical movement. These capabilities make them highly suitable for applica-
tions such as radar systems, satellite communications, and adaptive wireless networks [7,8].
Conventional beamforming techniques for phased arrays rely on deterministic or adaptive
approaches, such as the Fourier-based synthesis method and adaptive algorithms like Least
Mean Squares (LMS) and Recursive Least Squares (RLS). While these methods are widely
used due to their simplicity and effectiveness, they often suffer from limitations in terms of
sidelobe level (SLL) suppression, convergence speed, and robustness in dynamic environ-
ments. For instance, Fourier-based methods provide fast solutions but lack flexibility in
controlling radiation-pattern characteristics, whereas adaptive techniques, such as LMS,
may exhibit slow convergence and sensitivity to noise conditions [8,9].

To overcome these challenges, several optimization-based approaches have been pro-
posed, including convex optimization, Genetic Algorithms (GAs), and Particle Swarm
Optimization (PSO). These techniques offer improved performance in terms of beam
shaping and sidelobe reduction but often come at the cost of increased computational
complexity, which may limit their deployment in computationally constrained embedded
platforms and real-time phased-array systems [10,11]. In this context, optimal control
theory presents a promising alternative framework for antenna array synthesis. By formu-
lating the beamforming problem as a control problem, it becomes possible to systematically
derive excitation weights that minimize a predefined cost function while satisfying system
constraints. In particular, the Linear Quadratic Regulator (LQR) approach provides an
efficient way to balance multiple objectives, such as sidelobe suppression, beam steering ac-
curacy, and power minimization. Furthermore, the LQR formulation provides a structured
optimization framework with low online computational complexity, making it attractive
for future embedded and FPGA-oriented implementations. Despite its success in control
systems, its application to phased antenna arrays remains relatively underexplored [10].

This paper proposes a novel beamforming approach for phased antenna arrays based
on optimal control theory. The antenna array is modeled using a state-space representation,
and the beam synthesis problem is formulated as an optimization problem with a quadratic
cost function. The proposed method aims to achieve enhanced radiation-pattern perfor-
mance, including reduced sidelobe levels and improved directivity, while maintaining
computational efficiency suitable for real-time implementation. The parameters used in
the comparison table are defined as follows. N denotes the number of antenna elements,
while d represents the inter-element spacing, typically normalized to the wavelength A.
The wave number is given by k = 2. The angle 6 defines the observation direction of the
radiation pattern, and 0 represents the main beam steering direction.

The main contributions of this work are summarized as follows:

* A new formulation of phased-array beamforming as an optimal control problem;

*  The application of the LOR method to derive optimal excitation weights;

* A comparative analysis with conventional methods such as Fourier and LMS;

e Validation through simulations for 5G and radar scenarios, with potential for
FPGA implementation.

Table 1 compares the main antenna array synthesis methods in terms of sidelobe level
(SLL), directivity, convergence speed, advantages, and limitations. Classical methods such
as Fourier, Taylor, and Dolph—Chebyshev are computationally efficient but offer limited
flexibility. Optimization-based approaches achieve lower SLL at the expense of higher
computational complexity, while Al-based methods require extensive training data. The
proposed LQR-based optimal control method provides an excellent trade-off, achieving
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competitive SLL values (—25 to —35 dB), high directivity, and fast convergence, making it
well suited for real-time beamforming applications.

Table 2 summarizes the mathematical models and performance of representative an-
tenna array synthesis methods. Convex optimization techniques provide the lowest SLL but
require significant computational resources. Classical analytical methods are simple and
efficient, whereas metaheuristic and deep learning approaches improve adaptability at the
cost of increased training or optimization time. The proposed LOR method combines a com-
pact state-space formulation with Riccati-based optimal control, achieving competitive SLL
performance (—25 to —35 dB), fast convergence, and reduced computational complexity,
demonstrating its effectiveness for practical phased-array beamforming systems.

Table 1. Extended comparison of antenna array synthesis methods.

Methods Principle SLL Dir. Conv. Advantages Limitations Ref.
MVDR Min var. —-35 V. High Med Interf. rej. Needs cowv. [7]
LMS Error min. —18 Med Slow Adaptive Noise sens. [9]
RLS Rec. LS —22 High Fast Fast conv. High cost [9]
Convex Opt.  Constr. —40 V. High Med Optimal sol.  High res. [10]
Deep Learn.  Data-dr. -30 High Fast Real-time Training need [11]
Fourier Inv. Fourier —13 Med Fast Simple Poor SLL ctrl. [12]
Dolph-Cheb. Chebyshev —30 High Fast Optimal SLL  Fixed beam [13]
Taylor Dist. shaping —25 High Fast Flexible SLL.  Complex design  [14]
GA Evol. —28 High Slow Global opt. High time [15]
PSO Swarm —26 High Med Robust Local minima [16]
Reinf. Learn.  Trial-err. —-32 High Med Adaptive Training cost [17]
Opt. Ctrl LOR —25-35 High Fast Low SLL Model req. This work

Note: Bold text highlights the proposed optimal control (LQR)-based beamforming method introduced in
this work.

The array response is described by the array factor AF (6), while AF,orm (6) denotes
its normalized form. The excitation coefficients of the array are represented by w,, and the
optimal weight vector is denoted by wopt.

In the context of optimal control, A and B are the state-space matrices, Q and R are the
weighting matrices used in the LQR formulation, P is the solution of the Riccati equation,
and K is the optimal feedback gain.

For adaptive beamforming methods, R(-) denotes the covariance matrix. Finally,
SLL refers to the sidelobe level, while Dir. and Conv. indicate the directivity level and
convergence behavior of each method, respectively. The comparative analysis of antenna
array synthesis methods highlights significant differences in terms of the sidelobe level
(SLL), computational complexity, and adaptability.

Although optimal control techniques and LQR-based beamforming strategies have
been previously investigated in the literature, the novelty of the present work lies in
the development of a unified optimization framework that explicitly bridges regularized
least-squares beam synthesis and optimal control theory within a common mathematical
formulation. Unlike existing studies that primarily focus on the derivation of a LQR
controller for antenna arrays, the proposed approach establishes a direct relationship
between static beam pattern optimization and dynamic state-space control.

More specifically, the sampled radiation pattern is modeled as the system state, while
the antenna excitation coefficients are treated as control variables. This formulation enables
a physically meaningful interpretation of beam synthesis as a tracking-control problem.
Furthermore, the quadratic cost function used in the LQR design is shown to naturally incor-
porate both the beam pattern matching objective and the excitation-energy regularization
term commonly employed in least-squares optimization.
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Table 2. Comprehensive comparison of antenna array synthesis methods with mathematical models
and performance results.

Methods SLL (dB) Model/Formula Key Feature Ref.
MVDR -35 = a}j‘fﬂla Interference nulling [7]

Capon Beamformer —38 min wHR Rw High resolution [7]

LMS —18 Wiy = Wi + Jex Adaptive [9]

RLS —22 Recursive LS update Fast convergence [9]

Convex Optimization —40 min ||w||2 Global optimum [10]
SOCP Design —42 Second-order cone constraints Robust synthesis [10]
Fourier —13 AF = Y, wyelknsin? Spectral synthesis [12]
Woodward-Lawson —20 AF(0) sampling interpolation ~ Pattern shaping [12]
Dolph-Cheb. -30 AF = Tn(x) Min SLL [13]
Taylor —25-35 AF =Y a,elknsin® Controlled taper [14]
GA —28 Fitness optimization Global search [15]
PSO —26 Swarm velocity update Fast search [16]
Reinforcement Learning —32 Q(s,a) optimization Adaptive policy [17]
Binomial Array —18 Wy = (I;Z ) No sidelobes [18]
Bayliss Distribution —28 Modified aperture weighting ~ Monopulse arrays ~ [18]
Sparse CS -35 min ||w]|; Sparse arrays [19]
Compressive Beamforming -37 y = ®&x Few sensors [20]
Differential Evolution —32 Mutation + crossover Robust opt. [21]
Firefly Algorithm =30 [oce " Global opt. [22]
Ant Colony Optimization —27 Probabilistic path search Distributed search ~ [23]
Deep Learning Beamforming —30 w = fyp(x) Data-driven [24]

Transformer Beamforming

LOR (This Work)

-32 softmax(QKT)V Long dependency [25]
—25-35 w=—Kx, K= P’lBTQ Optimal control This work

Note: Bold text highlights the proposed LOR-based beamforming method and its corresponding performance
results. Vector and matrix variables are consistently represented in bold throughout the manuscript.

Another distinguishing feature of the proposed work is the integration of beam steer-
ing, sidelobe suppression, power-efficiency optimization, and computational-efficiency
considerations within a single framework suitable for real-time FPGA-oriented implemen-
tations. The proposed formulation therefore provides a unified and practical solution for
phased-array beamforming in modern 5G and radar systems.

Classical deterministic methods such as Fourier-based synthesis, Binomial arrays,
and Taylor distribution provide simple analytical formulations but exhibit limited flexibility.
Their SLL performance typically ranges from —13 dB to —35 dB. Among them, the Dolph-
Chebyshev and Taylor distributions offer improved sidelobe control due to their optimized
amplitude tapering functions.

In contrast, advanced optimal beamforming techniques, such as MVDR and Capon
beamformers, significantly enhance interference suppression, achieving SLL values down
to —35 dB and —38 dB, respectively. These methods rely on covariance matrix inversion
and quadratic optimization, which improve performance but increase computational cost.

Convex optimization and second-order cone programming (SOCP) methods provide
globally optimal solutions with SLL values reaching approximately —40 to —42 dB. However,
these approaches require high computational resources and precise problem formulation.

Adaptive algorithms, such as LMS and RLS, offer real-time beamforming capabili-
ties. While LMS suffers from lower SLL performance (around —18 dB) and sensitivity
to noise, RLS improves convergence speed and achieves better suppression levels (ap-
proximately —22 dB). Metaheuristic optimization techniques, including Particle Swarm
Optimization (PSO), Genetic Algorithms (GAs), Differential Evolution (DE), the Firefly
Algorithm, and Ant Colony Optimization (ACO), provide flexible global search capabilities.
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These methods typically achieve SLL values between —26 dB and —32 dB. However, they
may suffer from increased computational cost and possible convergence to local minima.

More recent approaches based on machine learning and artificial intelligence, such
as deep learning, Transformer-based models, and Reinforcement Learning, demonstrate
promising performance with SLL values around —30 to —32 dB. These methods enable
data-driven and adaptive beamforming strategies, although they require extensive training
data and computational resources. Sparse and compressive sensing approaches further
improve antenna efficiency by reducing the number of active elements while maintain-
ing competitive SLL performance (approximately —35 to —37 dB). These techniques are
particularly attractive for large-scale and cost-efficient array systems.

Recent advances in phased-array beamforming have increasingly focused on
optimization- and control-based methodologies to improve radiation-pattern synthesis,
sidelobe suppression, and adaptive beam steering. Among adaptive beamforming tech-
niques, LMS, RLS, MVDR, and Capon beamformers remain widely adopted due to their
ability to mitigate interference and adapt to dynamic environments. However, these meth-
ods often suffer from convergence limitations, sensitivity to noise, or high computational
complexity in large-scale antenna systems.

Convex optimization approaches, including quadratic programming and second-order
cone programming (SOCP), have demonstrated excellent beamforming performance and
strong sidelobe suppression capabilities. Nevertheless, their computational requirements
may limit their applicability in real-time embedded implementations, particularly for
FPGA-based phased-array systems.

More recently, optimal control theory has emerged as a promising framework for an-
tenna array synthesis. By representing the beamforming process within a state-space model,
control-theoretic approaches enable the systematic optimization of excitation weights while
simultaneously considering beam steering accuracy, power consumption, and system
stability. In particular, Linear Quadratic Regulator (LQR)-based formulations provide a
mathematically rigorous and computationally efficient solution for balancing radiation-
pattern fidelity and excitation energy.

Motivated by these developments, this work focuses on the application of optimal
control theory to phased-array beamforming and provides a comparative analysis with
robust adaptive and convex optimization-based methods. The proposed framework aims
to combine the performance advantages of advanced optimization techniques with the
computational efficiency required for real-time 5G and radar applications.

Finally, the proposed Linear Quadratic Regulator (LQR) approach combines optimal
control theory with beamforming design. It achieves SLL values between —25 and —35 dB
while ensuring system stability through the Riccati equation formulation. Compared to
heuristic methods, the LQR approach provides a structured and stable framework with
lower computational complexity than convex optimization methods. Overall, the evolution
of antenna array synthesis techniques shows a clear transition from classical analytical
methods to advanced optimization, machine learning, and optimal control strategies,
reflecting the increasing demand for adaptive and high-performance beamforming systems.
Unlike existing beamforming approaches that employ optimization algorithms directly
on the antenna weights, the proposed method introduces a control-theoretic formulation,
where the radiation-pattern synthesis problem is represented in a state-space framework
and solved using a LOR tracking strategy. The integration of feedback and feedforward
control terms enables simultaneous beam steering, sidelobe suppression, and excitation
power minimization while preserving computational efficiency suitable for FPGA-based
real-time implementations.
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2. Optimal Control Formulation for Phased Antenna Arrays

The proposed method implements an optimal Linear Quadratic Regulator (LQR)-
based beamforming strategy for linear phased antenna arrays. The process starts by
initializing the array state vector, representing the sampled array factor over the desired
angular range. Subsequently, the discrete-time algebraic Riccati equation (DARE) is solved
to obtain the optimal state cost matrix, which enables the computation of the optimal
feedback gain. This gain is used to adjust the antenna weights in order to minimize
deviations from the desired beam pattern.

In addition, a feedforward term is introduced to ensure accurate tracking of the desired
radiation pattern independently of the initial state. The combination of feedback and
feedforward contributions yields the optimal antenna excitation weights. The array factor
is then evaluated over the angular domain and normalized to provide a clear representation
of the resulting beam pattern.

The final output consists of the optimal antenna weights and the normalized array
factor, which can be used for beam pattern visualization, sidelobe level (SLL) evaluation,
and directivity analysis. Overall, the proposed LQR-based approach enables precise beam
steering, reduced sidelobe levels, and efficient power utilization, making it suitable for
real-time applications, such as 5G communication systems and radar.

Algorithm 1 summarizes the proposed LQR-based optimal beamforming procedure,
including the computation of the Riccati matrix, optimal gain matrix, feedforward control
term, and normalized array factor.

Algorithm 1: LQR-based optimal beamforming
Inputs: N, d, 6y, A,B,Q, R, x;,0
Outputs: Wopt, AFom(6)

Step 1:
xo =0 1)
Step 2:
P = AHpA — AHPB(R + B"PB)"'BHPA +Q 2)
Step 3:
K = (R+ BHPB)~1B"pA (3)
Step 4:
uss = (BR7IB)'BAR x4 €Y
Step 5:
Wopt = —Kxg + Ugs )
Step 6:
N-1 ) .
AF(Q) _ Z wne]nkdsm(f)) (6)
n=0
Step 7:
AF(6)
AFpopm(0) = ————~ 7
norm (0) = o TAF@)] @

2.1. Results and Discussion

The performance of the proposed LQR-based beamforming approach is evaluated
for a uniform linear array composed of N = 16 elements with an inter-element spacing of
d = 0.5A. The operating wavelength is normalized to A = 1, resulting in a wave number
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of k = 27t/ A. The radiation pattern is computed over an angular range of § € [—90°,90°],
with the main beam steered toward 60, = 20°.

As shown in Figure 1, the resulting radiation pattern exhibits a well-defined main lobe
accurately directed at 20°, confirming the effectiveness of the proposed method in beam
steering. Moreover, a significant reduction in sidelobe levels is observed compared to the
conventional Fourier-based approach, demonstrating the ability of the LQR framework to
optimize the radiation pattern.

The amplitude and phase distributions of the optimal excitation weights reveal a non-
uniform structure, which enhances the flexibility of the array in controlling sidelobes and
improving directivity. This behavior contrasts with classical uniform excitation methods,
highlighting the advantage of the optimal control formulation.

Furthermore, the comparison with the Fourier method indicates that the proposed
approach achieves lower sidelobe levels while maintaining a similar beamwidth, which is
essential for interference suppression in practical communication and radar systems.

Overall, these results validate that the LQR-based beamforming technique provides
an efficient and flexible solution for phased antenna array synthesis, with reduced sidelobe
levels, accurate beam steering at 20°, and suitability for real-time implementation.

LQR Beamforming Performance

(a) LQR Radiation Pattern (b) Amplitude of Weights
0 ﬂ 119990000000 0000E
2= -20
e =
= 205
3 -40
-60 . 0
-100 -50 0 50 100 0 5 10 15
Angle (deg) Element Index
(c) : Phase of Weights (d) - Comparison
—LOR
S 2 T T —-= —-Fourier
2l T Y P o-20
i h l& b=
@ =
a5 40
)
-4 . - -60 : L :
0 5 10 15 -100 -50 0 50 100
Element Index Angle (deg)

Figure 1. Performance evaluation of the proposed LQR-based beamforming method: (a) radiation
pattern, (b) amplitude of optimal weights, (c) phase of optimal weights, and (d) comparison with the
Fourier-based approach.

2.2. Phased Antenna Array Model

Consider a linear phased antenna array with N elements, uniformly spaced by d. The
array factor (AF) at an angle 0 is expressed as [12,13]:

N-1 ) .
AF(G) _ Z wne]nkdsm9, (8)

n=0

where w;, € C are the complex excitation weights, and k = 271/ A is the wave number.
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To apply optimal control theory, the antenna array is modeled using a state-space
representation [26]:
Xgy1 = Axg + Buy, )

where x; € CM is the state vector representing sampled array factor values along de-
sired angles, 1, € CV is the control input vector corresponding to antenna excitations,
and A € CM*M B ¢ CM*N describe the array dynamics, including mutual coupling and
geometry [27,28].

For the proposed control formulation, the state vector x; € CM is defined as the
sampled array factor evaluated at M observation angles. The control vector u; € CN
corresponds to the complex excitation weights applied to the N antenna elements. The input
matrix B is derived from the steering matrix of the antenna array:

ejkOd sinf; ... ejk(N—l)dsinf)l

B= : : e CMxN, (10)

pikOdsindy ., ejk(Nfl)dsinGM

where M denotes the number of sampled observation angles and N denotes the number
of antenna elements. Since beam synthesis is formulated as a tracking problem, the state-
transition matrix is selected as

A=y, (11)

where I is the M x M identity matrix, representing a static radiation-pattern evolution.
Consequently, the state-space model becomes

Xk41 = Xk + Buy, (12)

which establishes a direct physical connection between the control model and the phased-
array radiation pattern.

In this formulation, the state vector represents the sampled radiation pattern, while
the control input directly corresponds to the antenna excitation coefficients. Therefore,
the matrix B provides a physical mapping between the antenna array excitations and the
resulting radiation pattern samples, ensuring consistency between the optimal control
framework and the underlying phased-array beamforming problem.

2.3. Quadratic Cost Function

The control objective is to minimize the deviation from a desired beam pattern x,
while penalizing excessive excitation power [26,29]:
- H H
J = Y[ (o= %) Qe — xa) + uf Rug, (13)
k=0

where Q > 0 weights pattern errors (beam fidelity and sidelobe suppression), and R > 0
penalizes control effort. (-)H denotes the conjugate transpose.

2.4. Optimal Control Law

The optimal control input minimizing | is given by a state feedback law [26,27]:
up = —Kxp + usf, (14)
where the feedback gain K is obtained from the discrete-time algebraic Riccati equation

(DARE):
P = AHpA — AHPB(R+ B"PB)~'BHPA 4 Q, (15)
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and
K = (R + BHPB)~'BHPA. (16)
The feedforward term u s ensures tracking of the desired pattern:
ugp = (BYR™'B)'BHR 1, (17)

2.5. Performance Metrics and Discussion

Using this optimal control framework, the phased antenna array can achieve:

*  Main lobe steering with high directivity [11];

e  Sidelobe level reduction (SLL) [9];

e  Efficient power utilization [10];

*  Real-time adaptability for 5G and radar scenarios [28].

The LQR-based design also allows the inclusion of practical constraints, such as
maximum excitation amplitude or beamwidth limitations, by appropriately tuning Q and
R. This makes the approach suitable for FPGA or DSP implementations in dynamic wireless
environments [9,12,27,29].

2.6. Proposed Optimal Control-Based Beamforming Architecture

Figure 2 illustrates the proposed framework for optimal control-based beamforming
applied to phased antenna arrays in 5G communication and radar systems.

5G Communication

Radar Systems

Optimal Control-Based
\ O Beamforming

el
xk+1 —Axk + Buk

¥

- High Throughput 3

- Target Tracking

1
- Low Latency ‘ { ‘ + Object Detection
State-Space Model LQR Controller ‘ Beam Pattern
—
0 & X B ,‘] Optimal . L(.)W SLL
0 2177 Xk =BukJ S Weights %S « High
0 0 ML x Directivity
Xy+1 = AX, + Bu,

Figure 2. Optimal control-based beamforming architecture for phased antenna arrays in 5G and
radar applications.

The system integrates two main application domains. On the left side, 5G commu-
nication systems require high throughput and low latency, while on the right side, radar
systems focus on target tracking and object detection. Both applications rely on advanced
beamforming techniques to improve performance.

At the core of the system, the phased antenna array is modeled using a state-space
representation given by:

Xkr1 = Axg + Buy, (18)

where x; represents the system state and uj denotes the control input corresponding to the
antenna excitation weights.

An optimal control strategy based on the Linear Quadratic Regulator (LQR) is em-
ployed to compute the optimal weights. The controller minimizes a quadratic cost function
in order to achieve a trade-off between sidelobe level reduction and beam steering accuracy.
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The resulting beam pattern exhibits improved characteristics, including low sidelobe
values (SLL) and high directivity. Furthermore, the architecture is suitable for real-time
processing and offers enhanced overall system performance.

The beamforming module computes optimal weights that shape the radiation pattern,
enabling the antenna array to focus energy in the desired direction. This results in a
well-defined main lobe directed toward the target while suppressing sidelobes.

The antenna array with N elements ensures high spatial resolution and improved
directivity. The radiated signal interacts with the target, and the reflected echo is captured
by the receiver.

Finally, the received signal is processed to extract relevant parameters, such as the
target angle, range, and characteristics, demonstrating the effectiveness of the proposed
radar system.

Figure 3 compares five methods for synthesizing a 16-element linear antenna array
with an element spacing of 0.5A and a main lobe steered to 30°. The methods considered
are Fourier, Chebyshev, LMS, RLS, and LQR (optimal control). Each curve depicts the
normalized array factor (AF) as a function of angle 6. The Fourier method, using uniform
weights, produces a well-directed main lobe but relatively high sidelobes. The Chebyshev
window controls the sidelobe levels to a specified value (here, —30 dB) at the expense of
a slightly wider main lobe. The adaptive LMS and RLS methods iteratively reduce the
error between the desired and current array patterns, providing a compromise between
sidelobe suppression and directivity. Finally, the LQR approach, based on optimal control
of the weights, generally provides the best trade-off between minimizing sidelobes and
maximizing directivity. This comparison visually illustrates the effectiveness of each
method in controlling the radiation pattern and concentrating energy in the main lobe.

Comparison of Antenna Array Synthesis Methods

Fourier
Chebyshev
LMS

RLS

-10F — | QR

AAV z

=35

Normalized AF (dB)
o \
o

40 . .
400 80 60 -40 20 O 20 40 60 80 100

6 (deg)

Figure 3. Comparison of synthesis methods for a 16-element linear antenna array: Fourier, Chebyshev,
LMS, RLS, and LQR. The figure shows the normalized radiation patterns and the distribution
of sidelobes.

Figure 4 shows the heatmap of the beamforming response for multiple steering angles.
The results demonstrate that the proposed method maintains consistent beam steering
performance across different angles, highlighting its robustness and adaptability.

Overall, the obtained results confirm that the LQR-based beamforming technique
provides enhanced directivity, reduced sidelobe levels, and improved robustness compared
to conventional methods, making it suitable for advanced wireless communication systems.
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LQR Beamforming Heatmap
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Figure 4. Beamforming heatmap.

3. Unified Beamforming Optimization Framework
3.1. Relationship Between Regularized Least-Squares and LQR Formulations

It is important to emphasize that the regularized least-squares formulation and
the proposed LQR-based beamforming approach are not independent optimization
methods. Rather, they represent two complementary formulations of the same beam
synthesis problem.

The expressed regularized least-squares optimization seeks to minimize the discrep-
ancy between the synthesized radiation pattern and the desired pattern while simultane-
ously limiting the excitation energy through a regularization term. This formulation can be
written as

J(w) = | Aw — x4l3+ Allw]3, (19)

where the first term represents the beam pattern matching error and the second term
penalizes excessive excitation amplitudes.

The proposed optimal control framework extends this static optimization problem into
a dynamic state-space formulation. In the LOR approach, the radiation-pattern samples are
represented by the state vector, whereas the antenna excitation coefficients are treated as
control inputs. The associated quadratic cost function

o]

J=) [(xk —x)"Qx — xg) + ”llch”k] (20)
=0

naturally incorporates the same objectives as the regularized least-squares formulation.
Specifically, the matrix Q weights the radiation-pattern error, while the matrix R penalizes
the excitation power, playing a role analogous to the regularization parameter A.
Consequently, the LQR-based beamforming strategy can be interpreted as a control-
theoretic generalization of regularized least-squares optimization. This unified formulation
not only preserves the beam synthesis objective but also provides additional advantages in
terms of stability, robustness, and real-time adaptability, which are particularly desirable
for advanced phased-array systems used in 5G communications and radar applications.
Consider a uniform linear array (ULA) consisting of N identical antenna ele-
ments, equally spaced by a distance d. The array is assumed to operate in the
far-field region, where the incident and radiated waves can be modeled as planar
waves. Let w = [wp,wy,...,wn_1]T € CN denote the complex excitation (am-
plitude and phase) vector applied to the antenna elements. The results presented
in Table 3 provide a comprehensive quantitative comparison of several beamform-
ing techniques in terms of sidelobe suppression, beamwidth, directivity, null control,
and computational efficiency. Overall, it is clearly observed that classical methods,
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such as Fourier, exhibit very low computational cost but poor sidelobe suppression
(PSLL = —13.2 dB) and limited directivity. Chebyshev improves sidelobe performance
(=30 dB) but at the expense of beam broadening (HPBW = 9.5°).

Table 3. Quantitative performance comparison of beamforming methods.

Method PSLL HPBW Dir. Null Time Iter.
Fourier —-13.2 74 12.1 -20 0.3 1
Chebyshev —30.0 9.5 115 -35 0.5 1
LMS —18.4 7.8 12.6 —24 11.8 250
RLS —22.7 7.6 12.9 -28 18.2 60
PSO —27.8 7.3 13.5 -33 220 100
GA —28.5 7.2 134 —34 310 150
Convex Opt. —40.2 7.0 14.1 —45 85 15
Proposed LOR —33.6 7.1 13.8 —41 3.8 1

Adaptive algorithms, such as LMS and RLS, offer improved performance compared to
Fourier, but they suffer from significantly higher computational cost and iterative conver-
gence requirements. Metaheuristic methods (PSO and GA) achieve better sidelobe suppres-
sion and directivity; however, they introduce extremely high computational complexity
(220 ms and 310 ms respectively), making them less suitable for real-time applications.
Convex optimization provides the best overall sidelobe suppression (—40.2 dB) and highest
directivity (14.1 dBi) but still requires relatively high computational time (85 ms) and mul-
tiple iterations. In contrast, the proposed LQR-based method achieves a strong trade-off
between performance and complexity. It provides significantly improved sidelobe suppres-
sion (—33.6 dB) and high directivity (13.8 dBi) while maintaining very low computational
cost (3.8 ms) and instantaneous convergence (one iteration). This demonstrates that the
proposed approach is highly suitable for real-time beamforming applications, where both
performance and computational efficiency are critical.

The array factor (AF), which characterizes the radiation pattern of the array, is given

by [12,13]:
N-—1 ) .
AF(G) _ z wne]nkdsm(e), (21)
n=0

where k = 27" is the wave number, A is the wavelength, and 0 is the observation angle.
For practical implementation, the angular domain is discretized into M sampling
points {601,65,...,0x}. The array response can then be written in vector form as:

AF = Aw, (22)
where A € CM*N is the steering matrix defined as:
Apn = ej(n—l)kdsin(em). (23)

Let x; € CM denote the desired radiation pattern (e.g., a narrow main lobe with
suppressed sidelobes). The beamforming problem can then be formulated as a constrained
optimization problem:

min [|Aw — x4]13. (24)

However, this formulation alone may lead to large excitation amplitudes and poor
robustness. Therefore, a regularized least-squares formulation is considered:

min J(w) = ||Aw — x4]13 + Allw] 13, (25)
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where A > 0 is a regularization parameter that controls the trade-off between pattern
accuracy and excitation energy [10].

The first term enforces the matching between the synthesized and desired beam pat-
tern, while the second term penalizes excessive power in the antenna elements, improving
efficiency and reducing hardware stress.

This optimization problem is equivalent to a Tikhonov regularization problem and
admits a closed-form solution given by:

wopt = (ATA + A1) TAFx,. (26)

From an optimal control perspective, the beamforming problem can be interpreted as
a tracking-control problem, where the state vector corresponds to the sampled radiation
pattern, and the control input corresponds to the excitation weights. The cost function
can be rewritten in a quadratic form similar to the Linear Quadratic Regulator (LQR)
framework [26-28].

Moreover, by appropriately designing the matrices Q and R, it is possible to control
key performance metrics, such as:

e  Main lobe direction and beamwidth;

e  Sidelobe level (SLL);

*  Power efficiency of the antenna array;

*  Robustness against noise and model uncertainties.

This makes the proposed formulation highly suitable for modern wireless communi-
cation systems, including massive MIMO and adaptive radar applications.

Figure 5 shows the normalized array factor in dB. A well-defined and sharp main
lobe is observed in the desired direction, indicating effective beam steering. The reduced
sidelobe levels demonstrate the efficiency of the optimization process. The use of N = 16
antenna elements results in a narrower beamwidth and improved directivity.

Figure 6 presents the radiation pattern in polar coordinates. This representation
highlights the angular distribution of the radiated power. The main lobe is clearly directed
toward the target angle, while radiation in undesired directions is significantly attenuated,
confirming effective interference suppression.

2D Radiation Pattern

Y
(=}
T

Gain (dB)
A
o

=40 -

50

50 . . . , . . . . .
-100 -80 60 40 -20 0 20 40 60 80 100
Angle (degrees)

Figure 5. Normalized array factor (in dB), illustrating the radiation pattern and the direction of the
main lobe.

The spatial distribution of the gain shows that the radiated energy is strongly focused
toward the desired direction while remaining significantly attenuated in all other directions.
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3D Radiation Pattern (dB)
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Figure 6. Radiation pattern in polar coordinates, showing the spatial distribution of the radiated energy.

Figure 7 illustrates the magnitude of the optimal weights. The non-uniform amplitude
distribution (amplitude tapering) contributes to sidelobe reduction and enhances the overall
radiation performance of the antenna array.

Figure 8 depicts the phase distribution of the optimal weights. The progressive phase
shift across the antenna elements ensures constructive interference in the desired direction,
which is essential for accurate beam steering and the formation of a strong main beam.

Beamforming Heatmap
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Figure 7. Magnitude of the optimal beamforming weights applied to the antenna array elements.
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Figure 8. Phase distribution of the optimal weights used for beam steering.

Figure 9 compares the proposed beamforming technique with the conventional
method. The proposed approach achieves lower sidelobe levels and improved beam
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focusing, demonstrating superior performance in terms of radiation control and interfer-
ence mitigation.

Figure 10 shows the beamforming heatmap over a range of steering angles. The results
indicate that the proposed method maintains a consistent and stable beam response across
multiple directions, highlighting its robustness and adaptability.

Figure 11 presents the three-dimensional radiation pattern of the antenna array. This
figure provides a complete spatial visualization of the radiated energy, confirming high
directivity and efficient energy concentration in the desired direction. The results vali-
date the effectiveness of the proposed beamforming strategy for advanced wireless and
radar applications.

Beamforming Comparison
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Figure 9. Beamforming results comparison.
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Figure 10. Beamforming heatmap showing the array response over multiple steering angles.
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Figure 11. Three-dimensional radiation pattern (in dB), illustrating the spatial radiation characteristics

of the antenna array.
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3.2. Robustness Analysis Under Practical Operating Conditions

To evaluate the robustness of the proposed LQR-based beamforming framework, addi-
tional simulations were performed under several practical operating conditions commonly
encountered in wireless communication and radar systems.

3.2.1. Noise Contamination

Additive white Gaussian noise (AWGN) was introduced into the received signals
with signal-to-noise ratios (SNRs) ranging from 0 dB to 30 dB. The proposed beamforming
method maintained stable beam steering performance and acceptable sidelobe suppression
even at low SNR values. The quadratic optimization framework contributes to reducing
the sensitivity of the solution to measurement noise.

3.2.2. Interference Sources

The presence of one or more interfering sources located at different angular positions
was considered. Simulation results showed that the proposed controller preserved the
main beam orientation toward the desired target while limiting the influence of interfering
signals on the radiation pattern.

3.2.3. Steering-Angle Mismatch

To assess sensitivity to pointing errors, steering-angle mismatches of +2°, +5°,
and +£10° were introduced. Although slight degradation in directivity was observed
for large mismatches, the proposed approach maintained acceptable beamforming perfor-
mance and stable operation.

3.2.4. Array Perturbations and Mutual Coupling Effects

Practical antenna arrays may exhibit manufacturing tolerances, element-position
errors, and mutual coupling effects. To emulate these conditions, random perturbations
were introduced in the excitation amplitudes and element positions. The resulting radiation
patterns demonstrated only moderate performance degradation, confirming the robustness
of the proposed control framework against model uncertainties.

3.2.5. Imperfect Channel Conditions

Channel estimation errors and fading effects were modeled by introducing random
perturbations in the steering matrix. The proposed beamforming strategy remained stable
and preserved satisfactory sidelobe suppression and beam steering capabilities, demon-
strating its suitability for realistic wireless environments.

Overall, the obtained results indicate that the proposed LQR-based beamforming
framework exhibits good robustness against noise, interference, steering errors, array
perturbations, and imperfect channel conditions, making it a promising candidate for
practical phased-array implementations.

Table 4 summarizes the robustness performance of the proposed LQR-based beam-
forming framework under several practical operating conditions. The results indicate
that the method maintains stable beamforming characteristics despite the presence of
noise, interference, steering-angle mismatches, mutual coupling effects, and channel esti-
mation errors.

Under moderate noise conditions (SNR = 20 dB), only a marginal degradation is
observed, with the PSLL remaining below —32 dB and the directivity exceeding 13.5 dBi.
Even in more challenging environments (SNR = 10 dB), the beamforming performance
remains satisfactory. The presence of external interference and steering-angle mismatches
introduces only moderate reductions in directivity and sidelobe suppression.

https://doi.org/10.3390/ telecom?7040088


https://doi.org/10.3390/telecom7040088

Telecom 2026, 7, 88

17 of 21

Table 4. Robustness evaluation of the proposed LQR-based beamforming method under practical
conditions.

Scenario PSLL (dB) HPBW (°) Directivity (dBi) Performance Loss (%)
Ideal Conditions —33.6 7.1 13.8 0.0
AWGN (SNR = 20 dB) —32.8 7.2 13.5 2.2
AWGN (SNR = 10 dB) —-315 74 13.1 5.1
Interference Source at 40° —30.9 7.5 13.0 5.8
Steering Error (+5°) -31.2 74 129 6.5
Element Perturbation (5%) —30.5 7.6 12.8 7.2
Mutual Coupling Effect —30.1 7.7 12.7 7.8
Channel Estimation Error (10%) —29.8 7.8 12.6 8.7

Furthermore, array perturbations, mutual coupling effects, and channel estimation
errors lead to limited performance degradation, with the overall loss remaining below
10%. These results demonstrate that the proposed optimal control framework exhibits
strong robustness against practical uncertainties while preserving acceptable beam steering
accuracy, sidelobe suppression, and radiation efficiency. Such characteristics make the
method particularly suitable for real-time phased-array applications in 5G communication
systems, radar platforms, and future massive MIMO architectures.

3.3. Computational Complexity Analysis

The computational complexity of the proposed beamforming framework can be di-
vided into two stages: an offline optimization stage and an online beamforming stage.

During the offline stage, the optimal feedback gain is obtained by solving the discrete-
time algebraic Riccati equation (DARE). For a state-space model of dimension M, the com-
plexity of standard Riccati solvers is approximately O(M3). Since this computation is
performed only once for a given antenna array configuration, it does not affect real-
time operation.

Once the feedback gain matrix K has been computed, the online beamforming process
requires only the evaluation of

up = —Kxp + usf, (27)

which involves matrix-vector multiplications with computational complexity approxi-
mately equal to O(MN), where N denotes the number of antenna elements.

The memory requirement is primarily associated with storing the matrices A, B, P,
and K, leading to an overall memory complexity of approximately O(M?). For typical
phased-array configurations, these requirements remain moderate and compatible with
current FPGA and embedded-system resources.

Compared with iterative optimization methods, such as PSO, GAs, and convex op-
timization approaches, the proposed LQR framework offers significantly lower online
computational complexity because no iterative optimization process is required during
operation. This characteristic makes the method particularly attractive for real-time beam-
forming applications and FPGA-based implementations.

Table 5 presents a comprehensive comparison between the proposed LQR-based beam-
forming framework and several representative classical, optimization-based, and Al-driven
beamforming techniques. The results indicate that convex optimization and MVDR meth-
ods provide the strongest sidelobe suppression capabilities but require substantially higher
computational resources. Sparse beamforming methods also achieve excellent radiation
performance, although iterative optimization procedures increase computational cost.
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Deep learning and Transformer-based beamforming approaches demonstrate compet-
itive performance and low online inference latency. Nevertheless, these methods require
large training datasets, considerable computational resources during the training phase,
and periodic retraining to adapt to changing propagation conditions.

In contrast, the proposed LOR-based framework achieves a balanced trade-off be-
tween radiation-pattern quality, computational efficiency, and implementation complexity.
The method provides sidelobe suppression and directivity levels comparable to modern
Al-based approaches while avoiding the need for offline training. Furthermore, its low
computational burden and explicit state-space formulation make it particularly attractive
for real-time FPGA and embedded phased-array implementations.

Table 5. Extended comparison with recent beamforming approaches.

Method PSLL HPBW Dir. Time Training RT
(dB) ) (dBi) (ms)

Fourier —-13.2 7.4 12.1 0.3 No High
Chebyshev -30.0 9.5 11.5 0.5 No High
LMS —18.4 7.8 12.6 11.8 No Medium
RLS —22.7 7.6 12.9 18.2 No Medium
MVDR/Capon —36.5 6.9 14.2 42 No Medium
Sparse BF —35.2 7.0 14.0 55 No Medium
Convex Opt. —40.2 7.0 14.1 85 No Low
Deep Learning —31.8 7.3 13.7 4.5 Yes High
Transformer BF —33.4 7.1 13.9 6.2 Yes High
Proposed LOR —33.6 71 13.8 3.8 No High

Note: Bold values highlight the proposed LQR beamforming method and its corresponding performance metrics.

To provide a rigorous quantitative assessment of the proposed beamforming frame-
work, several performance metrics have been evaluated, including the Peak Sidelobe
Level (PSLL), Half-Power Beamwidth (HPBW), directivity, gain, Signal-to-Interference-
plus-Noise Ratio (SINR), computational time, and convergence speed. These metrics enable
an objective comparison with conventional and advanced beamforming techniques. The ob-
tained results demonstrate that the proposed LQR-based approach achieves improved
sidelobe suppression and directivity while maintaining low computational complexity and
fast convergence characteristics. The quantitative analysis confirms the suitability of the
proposed framework for practical phased-array applications requiring both high radiation
performance and computational efficiency.

4. Conclusions

This paper proposes a novel optimal control-based beamforming framework for
phased antenna arrays, targeting applications in 5G wireless communications and radar
systems. The beamforming problem was formulated as a discrete-time optimal control
problem using a state-space representation, where a quadratic cost function was introduced
to balance radiation-pattern accuracy and excitation power.

The Linear Quadratic Regulator (LQR) approach was employed to compute the opti-
mal excitation weights by solving the discrete-time algebraic Riccati equation. This method
enables precise control of the radiation pattern while ensuring efficient power utilization
and improved robustness compared to conventional techniques.

Although the proposed LQR-based beamforming framework demonstrates low online
computational complexity and favorable scalability characteristics, no FPGA implemen-
tation has been carried out in the current study. Future work will focus on hardware-
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in-the-loop validation, FPGA prototyping, latency analysis, power-consumption evalu-
ation, and resource-utilization measurements to experimentally assess real-time deploy-
ment capabilities.

The proposed framework exhibits computational characteristics that make it a promis-
ing candidate for future FPGA and embedded implementations. However, a complete
hardware realization and timing validation are beyond the scope of the present work and
will be investigated in future research.

Future work will focus on extending the proposed approach to more complex scenarios,
including planar and massive MIMO antenna arrays, as well as incorporating hardware
constraints and experimental validation in real-world systems.
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Abbreviations

The following abbreviations are used in this manuscript:

AF Array Factor

LOR Linear Quadratic Regulator

DARE  Discrete-Time Algebraic Riccati Equation
LMS Least Mean Squares

RLS Recursive Least Squares

MVDR  Minimum Variance Distortionless Response
PSO Particle Swarm Optimization

GA Genetic Algorithm

SOCP Second-Order Cone Programming
ULA Uniform Linear Array

PSLL Peak Sidelobe Level

HPBW  Half-Power Beam Width

SINR Signal-to-Interference-plus-Noise Ratio

RT Real-Time Capability

AWGN  Additive White Gaussian Noise
Dir. Directivity

Conv. Convergence Behavior

FPGA Field-Programmable Gate Array
DSP Digital Signal Processing
MIMO  Multiple-Input Multiple-Output

SLL Sidelobe Level
SNR Signal-to-Noise Ratio
Al Artificial Intelligence
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ACO Ant Colony Optimization
DE Differential Evolution
5G Fifth Generation Wireless Communication
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