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Abstract: Fingerprinting-based positioning exploiting in two dimensions the spatial side
information on fingerprints from adjacent positions relative to a target position is studied.
The positioning is performed at the positioning device, utilizing as fingerprints the received
signal strengths of downlink radio signals, collected using a two-dimensional sensor array.
The motivation is to minimize the positioning error by transferring the complexity and
cost from the infrastructure to the positioning device. The goal is to learn whether spatial
side information on the fingerprints can minimize the positioning error. We provide
a differentiation between fingerprinting in uplink and downlink, a classification of the
positioning data aggregation domains, concepts, and a related literature review. We present
three pattern-matching methods for estimating the position using spatial side information,
two based on regression, implemented using feedforward neural networks, and one based
on classification of the fractions of the positioning area, implemented using a convolutional
neural network. Fingerprinting with and without spatial side information is benchmarked
using the proposed pattern-matching methods in a system simulator based on Monte
Carlo methods, generating synthetic fingerprints with an indoor radio channel model
and calculating the positioning error. It is observed that for the given assumptions and
the system considered, fingerprinting-based positioning with spatial side information
substantially reduces the positioning error.

Keywords: fingerprinting-based positioning; localization; spatial side information;
machine learning; Monte Carlo system simulations; downlink received signal strength; two-
dimensional sensor array; integrated sensing and communications; large reconfigurable
intelligent surfaces; synthetic image generation

1. Introduction
Positioning systems form the core or a complementary part of other systems. When

combined with radio networks, the integration of communications and sensing opens
new possibilities to enable functions and services in the control and user planes. The
convergence of communications and sensing [1] defines a new paradigm referred to as
Integrated Sensing and Communications (ISAC) [2–4].

Global Navigation Satellite Systems (GNSSs) are used mainly for outdoor positioning,
where there is a Line of Sight (LOS) between a positioning device and the satellites that
form part of the positioning system’s infrastructure. For cases where there is no LOS, for
example, at indoor locations, an alternative positioning system is required.
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General compendiums on the positioning systems, methods, and technologies for
indoor and outdoor use are described in [5–15]. In the context of this work, we will pri-
marily cover indoor positioning systems, although the approach to be described can be
implemented for outdoor use-cases as well. Among the different positioning methods and
technologies for indoor positioning, we will discuss fingerprinting-based positioning. It is
outside of our scope to argue for the benefits and drawbacks of each positioning method and
technology, as these have been widely discussed in the literature. In our view, each position-
ing method and technology has its merits, problems, and an associated cost–performance
or cost–benefit. Here, we focus on enhancing fingerprinting-based positioning.

Fingerprinting-based positioning uses the magnitudes of signals that vary as function
of position, called fingerprints, so that these can be mapped to an approximate position
estimate. Fingerprinting-based positioning can be used (1) as a positioning method alone;
(2) to complement other positioning methods in a so-called hybrid positioning system;
(3) to act as a secondary positioning system to back up a primary positioning system; (4) to
make an assessment or evaluate the trustworthiness of the position reported by a primary
positioning system; or (5) as part of a collaborative positioning system [16].

A common metric of performance used in positioning systems is the positioning error
referred to as the distance error or error distance. In the context of our work, the positioning
error is defined as the Euclidean distance measured from the position reported by a
positioning device to a known ground truth reference position. An ideal positioning system
would be one in which the positioning error is minimized to zero. However, in practice,
the minimization of the positioning error has an associated complexity and cost.

The costs in positioning systems primarily comprise the capital and maintenance
costs of the core infrastructure and positioning devices. In addition, there are costs as-
sociated with the time required to install and configure a positioning system, the data
post-processing time, and the computing time. Some of the costs involved in a positioning
system are discussed in [17]. All of these costs are summarized in some contexts as the
total cost of ownership.

Among different positioning methods, fingerprinting-based positioning is generally
regarded as an economical option. Its low cost can be attributed to different reasons. One
reason is the possibility of relying on signals, or any other distinctive characteristic of
the environment, which can be repurposed as fingerprints for positioning when these are
available in the area where the positioning is needed (e.g., magnetic fields, sounds, radio
signals, etc.). Another reason is the fact that this method does not require knowledge of
the position of the sources that generate the fingerprints. This fact minimizes the costs of
infrastructure and the coordination to set up the positioning system.

The sources that generate the fingerprints can be managed or unmanaged. In a
managed approach to the fingerprint sources, there may be no knowledge of the actual
position of the fingerprint sources, but there is knowledge of their status, at least for long
periods of time. This status comprises the knowledge that a fingerprint source remains in
the same place and the knowledge that it remains available. A typical example is the case
of fingerprints from radio signals, which originate from transmitters operating in licensed
radio frequency bands. In the case of cellular radio communication networks, the allocation
of the frequency bands and the location of base stations for macro-cells and pico-cells do
not change too often. An operator of the network, or a third party with an agreement with
the network operator, can rely on using fingerprint sources with knowledge of their status.
Management of the fingerprint sources contributes to their reliability, minimization of the
positioning errors, and the lower costs of maintaining databases of the fingerprints. In
contrast, in an unmanaged approach to the fingerprint sources, any suitable signal that is
available in the environment is repurposed as a fingerprint. In this case, it is not granted
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that the source of the signal will remain in the same place and/or that the signal will remain
available or retain the same characteristics. This is the case most commonly found in the
literature related to fingerprinting-based positioning. This approach strives for economy on
the positioning infrastructure side, traded off against its lower reliability and possibly larger
positioning errors. Yet in the unmanaged case, the infrastructure costs may be negligible,
such as in the case of using radio signals from unmanaged wireless local access networks
as fingerprints.

Two main parts can be distinguished in a positioning system, namely the core po-
sitioning system infrastructure and the actual positioning device. In the context of fin-
gerprinting-based positioning, the core positioning system infrastructure is composed
mainly of positioning nodes or anchors. In the case of fingerprinting-based positioning
using radio signals as fingerprints, the nodes are the sources (transmitters) that generate
the fingerprints in the downlink case or the devices (receivers) that receive the fingerprints
in the uplink case.

In order to minimize the positioning error, it is possible to increase the complexity and
cost of the core positioning system infrastructure, the positioning device, or both.

In fingerprinting-based positioning, a typical way to minimize the positioning error
is to increase the cost and complexity in the positioning system core infrastructure by
increasing the number, and thus the density, of positioning nodes; see Figure 1a. In some
cases, densification of the positioning nodes has an associated cost of attaching positioning
nodes to buildings, structures, etc. Some examples are contexts like tall structures or
mines [17,18], where not only is certain special equipment needed for maintenance (e.g.,
cranes) but also only qualified personnel are allowed to reach these places. From another
perspective, in some industries, the costs of cabling (data/power) may increase noticeably,
for example, when requiring sealed pipes for electrical wiring in hazardous areas. Even
when wireless and battery-operated positioning nodes are an option in hazardous areas
and places that are difficult to reach, these have an associated maintenance cost that cannot
be neglected as part of the total cost of ownership in the corresponding business models.

Figure 1. Focus on higher complexity and cost in (a) positioning system infrastructure, (b) positioning
device, and (c) positioning device with support of edge computing.

Returning to the complexity and cost alternatives, another alternative for minimizing
the positioning error is to increase the complexity and cost in the positioning device while
decreasing the cost and complexity in the positioning system core infrastructure; see
Figure 1b. This solution may be justified in situations where the increment in the costs
associated with the positioning device is smaller when compared to the costs associated
with the positioning infrastructure. For this alternative, there are use-cases where it is
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justified to move the complexity and cost from the core infrastructure to the positioning
device. This transition of the complexity and cost is depicted by the arrow pointing from
the case in Figure 1a to the case in Figure 1b.

With the arrival of the edge computing paradigm [19,20], an alternative solution to the
two presented above consists of transferring part of the complexity of the positioning device
to an edge computing platform; see Figure 1c. It is outside of our scope to discuss whether
an edge computing platform is considered to be part of the positioning infrastructure
or not. An example of its use would be to decrease the complexity and cost of the core
infrastructure by avoiding densification of the positioning nodes, increasing the hardware
complexity at the positioning device, and complementing it with computing resources from
edge computing platforms. This third option is presented to put our work into context and
to pave the way for future related work. For example, the case depicted in Figure 1c can be
thought of as an extension of the case depicted in Figure 1b. In the context of this work, we
focus solely on the case depicted in Figure 1b.

In this paper, we propose minimizing the positioning error in fingerprinting-based
positioning by increasing the complexity on the positioning device side, as depicted in
Figure 1b, exploiting fingerprints in two spatial dimensions. We work with received
signal strength (RSS) fingerprints in a radio network scenario operating in downlink. We
propose using a two-dimensional (2D) array arrangement of sensors (e.g., antennas and
receivers), referred to as a 2D sensor array, that allows us to measure physically adjacent
fingerprints. This arrangement provides 2D spatial side information on the fingerprints at
the positioning device. Our primary goal is to learn whether using spatial side information
on RSS fingerprints, by means of an ideal 2D sensor array, could lead to a justifiable gain
in terms of minimizing the positioning error. Spatial side information is introduced in
Section 2.5.

An example of the proposed 2D sensor array is depicted in Figure 2. The fingerprints
measured by the 2D sensor array will be associated with small discretized areas of the same
size as the 2D sensor array.

The idea is to scan during a training phase the whole main area where the positioning
takes place, as takes place in traditional fingerprinting-based positioning, ideally covering
the entire positioning area in pieces equivalent to the size of the 2D sensor array. The
positioning area is defined, in general terms, as the area where the positioning is intended.
Specifically in the context of the scenario and simulator used in this work, the positioning
area is defined and explained in Section 5.1.

We carry out a feasibility study through simulations using a system simulator to learn
whether the proposed approach could lead to a justifiable gain. This study is performed
using simulations based on Monte Carlo methods, testing the performance of the proposed
approach at random positions in terms of measuring the positioning error. The system
simulator creates synthetic fingerprints in the form of RSS signals, with a radio channel
model published by a standardization body for a frequency of 2.6 GHz (other frequencies
can be considered, see Section 5.9). We investigate four pattern-matching methods for
processing the fingerprints based on machine learning algorithms for supervised learning,
implemented with artificial neural networks (NNs). The first method is the traditional
fingerprinting method, which associates a single vector of fingerprints with the position
to be estimated, and thus has no spatial side information. The second method is based on
regression; it exploits the spatial side information by aggregating the position estimates
of the first method for all of the points associated with the 2D sensor array. The third and
fourth methods exploit the spatial side information from the fingerprint data from the 2D
sensor array in the method itself, that is, before mapping these to a position estimate. The
third method is based on regression, implementing a feedforward neural network (FFNN).
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The fourth method is based on classification of the discretized areas associated with the
2D sensor array, implementing a convolutional neural network (CNN). The fourth pattern-
matching method was implemented conjecturing that a pattern-matching method based
on the classification of the discretized areas could be applied to estimating the position.
We verify through the simulations whether this conjecture holds and whether it allows us
to enhance the position estimates when compared with those of the other methods. The
performance of the last three methods, using spatial side information, is benchmarked
against that of the first method, which is regarded as the common state-of-the-art for
estimating a position in fingerprinting-based positioning.

Figure 2. Representative view of a mobile object requiring positioning and implementing a 2D sensor
array for fingerprinting-based positioning.

Through the use of the proposed pattern-matching methods, we aim as our primary
goal to learn whether the use of spatial side information brings some gain. Our secondary
goal is to learn how the different pattern-matching methods that process the side informa-
tion perform against each other. As an additional goal, we are interested in the exploitation
of the spatial side information before the fingerprints are mapped to an estimated position
using a pattern-matching method, in a so-called fingerprint domain. In this context, two of
the pattern-matching methods proposed are designed to exploit the fingerprints from the
target and adjacent spatial positions in the fingerprint domain.

To the best of our knowledge, there are no previous works addressing the use of spatial
side information as is proposed in this article.

Our main contributions are the following:

1. The proposal to transfer the complexity and cost from the infrastructure side to a
positioning device.

2. Differentiation between uplink and downlink cases for fingerprinting-based position-
ing, relating Multiple-Input Multiple-Output (MIMO), massive MIMO, and intelli-
gent surfaces.

3. Differentiation between positioning data aggregation in the fingerprint and posi-
tion domains.

4. The proposal to collect the fingerprints at adjacent positions relative to a target position
by means of a 2D sensor array located at the positioning device.

5. The proposal to use 2D spatial side information from the fingerprints collected by the
2D sensor array to minimize the positioning error.

6. The aggregation of the fingerprinting data from adjacent spatial positions prior to the
mapping from the fingerprints to a position estimate.
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7. The conjecture that a pattern-matching method based on the classification of the
discretized areas can be applied to estimating the position.

8. Three pattern-matching methods for estimating the position by processing the finger-
prints with spatial side information. Two methods are based on regression, imple-
mented using FFNNs, and one method is based on the classification of fractions of the
positioning area, implemented using a CNN. In turn, one method operates with data
in the so-called position domain, and the other two methods operate with data in the
so-called fingerprint domain.

9. A feasibility study, for a given scenario and assumptions, using system simulations
based on Monte Carlo methods.

10. Benchmarking of cases without and with spatial side information.
11. Benchmarking of the CNN-based method to determine whether it allows us to enhance

the position estimates when compared with those from other methods.

The structure of this article is as follows. In Section 2, we introduce fingerprinting-
based positioning, discuss mobile-device-based positioning, describe the positioning data
aggregation domains, introduce spatial side information, and summarize the key assump-
tions and scope. In Section 3, we review the literature, identifying previous work proposing
the use of spatial side information on the device side with downlink transmission. In
Section 4, we explain the concept of fingerprinting with spatial side information and intro-
duce a two-dimensional sensor array, the discretization of the positioning area into area
fractions, the positioning process, and the selected pattern-matching methods. The feasibil-
ity study using system simulations is presented in Section 5, comprising the generation of
the datasets of fingerprints, the implementation of the radio channel model, the simula-
tion process, and simulation execution. The results of the simulations are summarized in
Section 6. In Section 7, our conclusions are drawn, the results are discussed, and directions
for future work are presented.

Example of a Hybrid Positioning System

LiDAR produces position estimates in local reference coordinates with a small posi-
tioning error compared to that with other methods. In practice, LiDAR is complemented
by simultaneous localization and mapping algorithms to keep track of the location and
assisted with a global reference to map local coordinates into global coordinates. One
approach consists of constructing maps, in a so-called place recognition step, followed by a
second step performing a pose estimation [21,22]. However, in some environments with
multiple repetitive structural patterns, such as buildings without distinctive indoor charac-
teristics, corridors, or tunnels, it is challenging to keep track of the position. In addition, if
a positioning system is suddenly turned on, or reset, in such environments, it is difficult to
determine a reference global position without further assistance. In these cases, a possible
solution is to complement the place recognition with input of the global position estimates
produced using fingerprinting-based positioning, thus assisting LiDAR in mapping its
local position coordinates into global coordinates. The sensor array described in this article
could be used to assist in the mapping of local to global coordinates, as well as in producing
an estimate of the heading information in a single measurement.

2. Basic Concepts and Work Scope
In the next subsections, we review the concepts necessary for understanding and

putting our work into context, define the terminology, and explain the intended scope.
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2.1. Acronyms Used in the Article

Table 1 lists the acronyms of general use used in this article. Acronyms specific to the
datasets used in this study are described in Section 5.2.

Table 1. Acronyms of general use in the article.

Acronym Description

1D One-dimensional/one-dimension
2D Two-dimensional/two-dimensions
3D Three-dimensional/three-dimensions
AoA Angle of Arrival
CDF Cumulative Distribution Function
CNN Convolutional neural network
CSI Channel State Information
FFNN Feedforward neural network
FTM Fine Timing Measurement
GNSS Global Navigation Satellite System
ISAC Integrated Sensing and Communications
kNN k-Nearest Neighbors
LIS Large Intelligent Surface
LOS Line of Sight
LSTM Long Short-Term Memory
MAE Mean Absolute Error
MIMO Multiple-Input Multiple-Output
(A)NN (Artificial) neural network
RGB Red–Green–Blue
RIS Reconfigurable intelligent surface
RMSprop Root Mean Square propagation
RNN Recurrent neural network
RSS Received signal strength
SNR Signal-to-Noise Ratio

2.2. Fingerprinting-Based Positioning

Fingerprinting-based positioning is based on the ideal assumption that fingerprints,
with these being a physical signal or any distinctive characteristic of the environment, alone
or in a set, can be associated with a unique position in space. Figure 3 shows an example of
fingerprints from three sources for positioning in 2D. In this figure, the fingerprints from
each source are represented as a three-dimensional (3D) continuous surface, in which a
fingerprint measure is a function of 2D position coordinates. A position is represented by
an ideally unique combination of fingerprints. In practice, the presence of noise, interfer-
ence, and other disturbances results in position estimates that contain a certain degree of
positioning error.

Different kinds of fingerprint sources are reported in the literature, for example, visible
light [23–25], Fine Timing Measurement (FTM) ranging values [26], ultra-wideband sig-
nals [27], sound [28,29], magnetic fields [30,31], Channel State Information (CSI) [32] (and
the references in Sections 3.1 and 3.2), and RSS (references in Sections 3.1 and 3.2). In addi-
tion, some authors treat visual images as fingerprints (see [33] and the references therein).

Different types of fingerprints are, in some cases, combined together or are combined
with other positioning methods through data fusion or other techniques to form hybrid
positioning systems. For example, in [34], magnetic field fingerprints are fused with visual
images, while in [35], the CSI amplitude is combined with the RSS.

Fingerprinting-based positioning consists of two stages or phases. The first phase is
commonly known in the literature as the offline or training phase. It consists of gathering
fingerprints and constructing a suitable mapping from a sampled set of fingerprints to a
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ground truth reference position by means of a pattern-matching method. The ground truth
position is usually obtained by other means in this phase, for example, with the aid of a
secondary positioning system that it is known to produce a smaller positioning error. In
Figure 4 (left), the training phase is represented in the case of a pattern-matching method
based on supervised learning with an NN.

Figure 3. Example of fingerprints from three sources for positioning in 2D. The fingerprints from each
source are represented as a 3D continuous surface, where the fingerprint measure is a function of the
position coordinates. A position is represented by an ideally unique combination of fingerprints.

Figure 4. Distinction between the training and testing phases (left and right subfigures, respectively)
in fingerprinting-based positioning, with a pattern-matching method based on supervised learning
using a neural network (NN).

A second phase, known in the literature on fingerprinting-based positioning as the
online or testing phase, consists of mapping an input set of fingerprints to an output estimate
of position coordinates, as depicted in Figure 4 (right) The mapping is performed using
the pattern-matching method constructed or trained in the training phase. In the context
of deep learning methods, this phase is referred to as the inference phase. In the inference
phase, a trained NN model is used to make predictions based on input data. Hereafter, we
refer to this phase as the testing phase, which is the terminology mainly used in the field of
fingerprinting-based positioning and its literature. As all of the pattern-matching methods
considered in this article are based on NN models, the testing phase is equivalent to the
inference phase used in the deep learning field and its literature. In this phase, in practice,
when fingerprinting-based positioning is used as the primary positioning method, there is
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no need for a secondary positioning system to produce a ground truth reference position.
However, for research purposes, the ground truth reference position is collected anyway in
order to measure the performance of the pattern-matching method in use in terms of the
positioning error.

The mapping from a set of fingerprints to a position is carried out using a pattern-
matching method. Figure 4 (right) and Figure 5 show the mapping from a set or vector of
fingerprints provided as the input to an output position estimate. Figure 5 shows this
concept, in which a set of input fingerprints are, as an example, arranged into a vector of
fingerprints. The fingerprints belong to a fingerprint domain. The pattern-matching method
maps the input fingerprints to a position estimate in the position domain.

Figure 5. Fingerprints-to-position mapping using a pattern-matching method.

Many pattern-matching methods and associated algorithms have been developed
for estimating a position from a set or vector of fingerprints. Some examples of these
are look-up tables [36], databases [37], k-Nearest Neighbors (kNN) [38], fuzzy logic [39],
decision trees [40], probabilistic methods [41], genetic algorithms [42], support vector
machines (SVMs) [43], and artificial neural networks (NNs). Look-up tables, also known as
databases, map a sampled set of fingerprints to a ground truth reference position. These
are implemented in the form of tables in databases, matrices, or any suitable data structures
and are combined with a given general-purpose algorithm (e.g., a greedy algorithm or
least-squares minimization) to estimate the position by finding the closest set of fingerprints
that matches a given input. Another way to map a set of fingerprints to a position is to
train a suitable model such that it takes a set of fingerprints as the input and returns a set
of position coordinates as the output. Ultimately, the goal is to generalize the model that
maps the input set of fingerprints to a position estimate such that it returns as its output a
position estimate with a statistically minimal positioning error.

An overview of the machine learning methods used in fingerprinting-based position-
ing and the motivation for using pattern-matching methods based on machine learning is
discussed in [44–48].

In fingerprinting-based positioning, the typical use of an FFNN with supervised
learning and a regression-based model consists of providing as input to the FFNN a set or
vector of N fingerprints from N fingerprint sources. The training is carried out to match
labeled data. The labeled data consist of 2D or 3D ground truth position coordinates
associated with the input fingerprints.

Then, in the testing phase, an estimate of the position is obtained from the output of
the FFNN for a given input set or vector of fingerprints.

In the context of this article, we work only in the Euclidean plane; hence, we use as
the positioning error the error distance. The error distance is the Euclidean distance between
the ground truth reference position and the estimated position. In 2D, with ground truth
position coordinates (xgt,F , ygt,F ), and estimated position coordinates (x̂F , ŷF ), for a set of
fingerprints F , the error distance, eF , is

eF =
√(

xgt,F − x̂F
)2

+
(
ygt,F − ŷF

)2. (1)
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Throughout this article, we use F to represent a set of fingerprints. We use the same
notation to either represent the set of fingerprints that forms the elements of a vector of
fingerprints associated with a position or to represent all of the fingerprints that can form
multiple fingerprint vectors, associated with multiple positions.

2.3. Mobile-Device-Based Positioning

In a study centered on radio-network-based localization services [9], a categorization
is presented differentiating which is the entity responsible for the position estimation. In
one category, a radio mobile device is responsible for the estimation of its own position. In
another category, the network is responsible for estimating the position of the radio mobile
device. A more concise categorization is used in the standards for cellular radio networks,
where the positioning methods are classified into mobile-based (also known as user-based
or user-equipment-based), mobile-assisted, network-based, and network-assisted [49–52].

Similarly, we differentiate between cases in which the position estimate is performed
by a communications or positioning infrastructure and by a mobile positioning device. In
this context, the positioning device is a mobile entity intended to estimate its own position.
Here, these cases are referred to as infrastructure-based positioning, shown in Figure 6a,b, and
mobile-device-based positioning, shown in Figure 6c,d,e. In the former, the position estimate
is made by the communications or positioning infrastructure. In the latter, the position
estimate is made by the mobile positioning device. In the case of fingerprinting-based
positioning using radio signals, the infrastructure utilizes fingerprints from uplink signals,
whereas mobile devices utilize fingerprints from downlink signals.

In the infrastructure-based positioning case, the positioning process is carried out in
two steps; see Figure 6a. First, the devices transmit radio signals in uplink. Then, the radio
signal information is collected as fingerprints in a distributed manner on the infrastructure
side from all of the base stations involved, and the position estimate is computed using
a dedicated device. Second, the position estimate is communicated to the positioning
consumer. In this case, the consumer of the position estimate may not exactly be called the
positioning device. In the literature, it is simply called the transmitter, or the positioning
tag in some cases, as it is the device that generates the signal toward the infrastructure.

A variation of the infrastructure-based positioning case is shown in Figure 6b, in
which arrays of antennas for MIMO, massive MIMO [53], cell-free massive MIMO [54–56],
Large Intelligent Surfaces (LISs) [57], or reconfigurable intelligent surfaces (RISs) are used
at the base stations for positioning purposes, with the mobile users transmitting in uplink.
Some examples of fingerprinting-based positioning with uplink transmission are [58–65]
for massive MIMO, [66,67] for cell-free massive MIMO, [68] for LISs, and [69,70] for RISs.

In the mobile-device-based positioning case, the device receives the radio signals trans-
mitted in downlink by the infrastructure and collects these as fingerprints; see Figure 6c.
Then, the device itself or an additional supporting device estimates the position without
further involvement of the infrastructure. A variation of this case is shown in Figure 6d, in
which the base stations utilize MIMO, or massive MIMO, antenna arrays for positioning
in downlink. In addition, some works propose the use of RISs for the downlink case.
Some examples of fingerprinting-based positioning with downlink transmission are [71]
for MIMO, [72,73] for massive MIMO, and [74,75] for RISs.

Finally, we present a variation of the mobile-device-based positioning case with the
signals in downlink, for the case of fingerprinting-based positioning with spatial side
information, in Figure 6e. In this case, the downlink radio signals are received by the 2D
sensor array to exploit the spatial side information. The processing of the fingerprints is
performed in the device itself or using an additional supporting device.



Telecom 2025, 6, 15 11 of 101

Figure 6. Differentiation of the position estimate made by the infrastructure (infrastructure-based
positioning) in the uplink direction (a,b) and the position estimate made by a mobile positioning device
(mobile-device-based positioning) in the downlink direction (c–e). Triangles represent base stations, and
cubes represent positioning consumers or positioning devices.

We do not consider in our scope the infrastructure-based positioning case. This is
because in order to minimize the positioning error, this case would require increasing
complexity and cost on the positioning infrastructure side, which is not aligned with
our objective. In addition, this case relies on network communication, centralizing the
fingerprints that are collected at the different nodes or base stations. In some use-cases
with limited communication, this may degrade the reliability of the positioning estimates.
Hereafter, we focus only on mobile-device-based positioning using downlink radio signals
as fingerprints for the case using spatial side information (Figure 6e). This case will be
benchmarked against a traditional fingerprinting method operating with downlink radio
signals and no side information (Figure 6c).

2.4. Positioning Data Aggregation Domains for Fingerprinting-Based Positioning

As was introduced in Section 2.2 and depicted in Figure 5, the pattern-matching
method maps an input set of fingerprints to a position estimate. Here, fingerprints are
assumed to belong to a fingerprint domain (also referred to as the signal space in the
literature [76]) and positions to a position domain. In this context, the availability of
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multiple sets of fingerprints associated with a position could be handled either in the
fingerprint domain, before the input to the pattern-matching method, or, alternatively,
in the position domain at the output of the pattern-matching method. In this last case,
fingerprints are input into the pattern-matching method individually, one set or vector
at a time, resulting in one output position estimate for each input set of fingerprints. So,
because the ultimate goal is to estimate one final position, the availability of multiple
position estimates associated with a position must be handled in the position domain to
produce a final position estimate.

As a reference, the most commonly observed approach in the literature consists of
feeding multiple sets of fingerprint samples into a pattern-matching method to obtain
multiple position estimates, with each one associated with an input set of fingerprints.
Then, the multiple position estimates are aggregated in the position domain. In the case
of multiple position estimates for a fixed position, the usual approach to obtaining a final
position estimate is to aggregate the multiple position estimates through averaging. In the
case of multiple position estimates being obtained through the movement of a positioning
device along a path, the usual approach is to aggregate the multiple position estimates by
relaying on a filter that smooths the past position estimates in the position domain.

The actual aggregation of the fingerprint data, before their input into the pattern-
matching method, in the fingerprint domain is usually carried out by averaging the finger-
prints. In this case, multiple sets of fingerprints are aggregated into a single set; thus, any
additional information that could be obtained from the complete set is removed and lost.
The actual exploitation of the information contained in multiple sets of fingerprints has
received less attention in the literature, although this was found in a few articles (discussed
in Section 3.2).

In the articles surveyed (Section 3), we did not observe classification of or differenti-
ation between the positioning data domains for the fingerprints and positions. Because
some of our pattern-matching methods work in one domain or the other, we need to make
this distinction by introducing the classification of the cases listed in Table 2. The cases
listed in the table are based on the input to, and output from, the pattern-matching method
and based on the positioning data aggregation domains.

Table 2. Cases for pattern-matching method and positioning data aggregation domains.

Case
Pattern-Matching Method Aggregation

DomainInput (Fingerprints) Output (Positions) Number of Instances Output Handling

1 Single set or vector Single set or vector One None (No aggregation)
2 Multiple sets or vectors Multiple sets or vectors One per input set Aggregation Positions
3 Multiple sets or vectors Single set or vector One None Fingerprints

The three cases of pattern-matching methods and positioning data aggregation do-
mains listed in Table 2 are associated with the three cases depicted in Figure 7. These cases
are explained next.

2.4.1. Position Estimates Without Positioning Data Aggregation

Case 1 (in Table 2), in Figure 7a, consists of pointwise mapping from the fingerprints
to a position estimate, in which the pattern-matching method takes as input a set or vector
of fingerprints and outputs a position estimate. In this case, there is a direct mapping
from the fingerprints to a position estimate, so there is no positioning data aggregation.
By pointwise, we refer to a case in which a position is estimated at a single spatial point,
through a set or vector of fingerprints, without side information, in a single sensing or
receiving element of the positioning device.
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Figure 7. Cases for pattern-matching methods and positioning data aggregation domains. (a) Position
estimate without positioning data aggregation. (b) Position estimate from aggregated positions in the
position domain. (c) Position estimate from aggregated fingerprints in the fingerprint domain.

2.4.2. Position Estimates from Aggregated Positions in the Position Domain

Case 2 (in Table 2), in Figure 7b, consists of aggregating the positions in the position
domain, at the output of n instances of the pattern-matching method, to estimate the
position. In this case, a collection of several, say n, sets or vectors of fingerprint samples is
presented as the input. Each one of the n fingerprint vectors is individually input into the
pattern-matching method to produce an independent position estimate at the output. The
pattern-matching method applied to each input can be the same or differ. Here, we will
consider the same method implementing the same model for all the inputs. The instances
of the pattern-matching method can be processed sequentially or in parallel. The sequential
implementation handles one input set or vector of fingerprints at a time. The parallel
implementation handles multiple instances of the pattern-matching method to process
each one of the input sets or vectors at once. Thus, for a given number of n input vectors
of fingerprints, there are n output position estimates. Then, the n position estimates are
aggregated in the position domain into a single final position estimate. This aggregation is
carried out using a suitable function or operation, for example, the mean value or weighted



Telecom 2025, 6, 15 14 of 101

average, that computes the final position estimate. In the context of the work presented in
this article, the n input vectors of fingerprints will be collected simultaneously at adjacent
positions by means of the 2D sensor array when the 2D sensor array is in a fixed position in
space. However, alternative approaches could be devised for the collection of fingerprints
at adjacent positions (as discussed in Section 4.1).

It is noted that in the literature, some authors consider collections of fingerprint vectors
that are collected by moving a positioning device along a path. In some cases, each one of
the fingerprint vectors is individually mapped to a position, and then a smoothing filter is
applied to enhance the estimation of a new position by relying on the past position estimates.
While this approach technically uses adjacent side information and also can be classified into
this case, this approach is not considered to be within the scope of our work. The reasoning
for this is that first, the filtering operates in the position domain, whereas we intend to
operate in the fingerprint domain in order to extract as much information as possible from
the fingerprints. Second, the usual movement of a positioning device along a path that
is considered in the literature has a granularity or resolution that it is coarser than what
we aim to obtain with the 2D sensor array. Third, unless the area in which the positioning
is intended is comprehensively scanned in a particular way, the usual movement along a
path is not suitable for considering side information in 2D. And fourth, the filtering process
can be viewed as a weighted average of the adjacent position estimates with either a set of
manually assigned weights or a set of weights statistically calculated using a few parameters.
Regarding this approach, we argue that an NN with a suitable structure and size can operate
as a more tailored model for the problem. Another aspect to consider is that by employing
multiple sensors, the proposed approach based on the 2D sensor array will produce position
estimates which would be equivalent to the future position estimates in solutions relying on
collecting fingerprints by moving a positioning device along a path.

2.4.3. Position Estimates from Aggregated Fingerprints in the Fingerprint Domain

Case 3 (in Table 2), in Figure 7c, consists of aggregating the fingerprints in the finger-
print domain before performing the mapping of the fingerprints to an estimated position
through a pattern-matching method. In this case, a collection of several, say n, sets or
vectors of fingerprint samples is presented as the input. All of the n fingerprint vectors
are aggregated in the fingerprint domain. This aggregation is carried out using a suitable
function or operation, built into the pattern-matching method, or in a separate module
prior to the pattern matching. In the case of combining the aggregation with the pattern
matching, the pattern-matching method is applied simultaneously to the n input fingerprint
vectors to produce as the output a position estimate for all of the input vectors. In the
case of a pattern-matching method based on an NN, it can be left to the training phase
to find a weighted average for the input fingerprints, thus integrating the aggregation
as part of the NN model. In contrast, performing the positioning data aggregation in a
separate module, may destroy information that otherwise could be used by the NN from
the input to the output to produce a better position estimate. Nevertheless, the aggregation
can be carried out in a module independent of the pattern-matching method if desired.
For example, a common approach applied in field measurements consists of averaging the
fingerprints collected in the time domain for a fixed position and then inputting these into
the pattern-matching method.

In case number 3 in Table 2 and in Figure 7c, the actual aggregation of fingerprints is
assumed to be part of the pattern-matching method, and therefore, it is not explicitly shown.

In the context of the work presented in this article, the n input vectors of fingerprints
will be collected simultaneously at adjacent positions by means of the 2D sensor array
when the 2D sensor array is at a fixed position in space.
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In the literature, some authors consider a collection of fingerprint vectors collected
by moving a positioning device along a path. In contrast to the approach discussed in the
previous subsection of aggregating the position estimates in the position domain, some
authors aggregate the fingerprints collected by moving along a path in the fingerprint
domain by considering a time-series of spatially distributed fingerprints. These research
works are discussed in Section 3.2.

2.5. Spatial Side Information

In the field of fingerprinting-based positioning, research is focused on how to obtain
and extract as much information as possible from the sources generating the fingerprints in
the time, space, and frequency domains, in addition to proposing different pattern-matching
methods for processing such information. The use of filters to process a time-series of
fingerprints can be seen as one of the first attempts to exploit side information in the time
domain. When multiple fingerprints are collected at the same static position, increasing
the number of samples reinforces the statistics to obtain a better position estimate. When
multiple fingerprints are collected in a geographical area by moving a positioning device
along a path and when the displacement is slow compared with the sampling rate, it can
be assumed that the previous position estimates are closer to the current position. Thus,
past position estimates provide side information that can be exploited to estimate the
current position in a combination of the time and space domains. Further information
from other sources, like inertial sensors, contributes to the local information about the
relative distances between samples. Information on the distances between samples provides
additional information that helps to enhance the estimation of the position when compared
to the assumption of the locality of neighboring samples without the relative distance
information mentioned above. This constitutes information from the space domain that it
is then associated with the collected fingerprints and processed using a suitable pattern-
matching method to further enhance the position estimate. In the space domain, we can also
consider different antenna arrangements, as well as a strategic geographical distribution of
the fingerprint sources, that helps to incorporate and exploit the side information in the
space domain. Finally, the availability of multiple subcarriers from Orthogonal Frequency
Division Multiplexing transmissions is exploited to increase the number of amplitude and
phase fingerprint sources in the frequency domain. In this article, we focus on 2D side
information in the space domain.

We use spatial side information to refer to any information that can be extracted around
the target position that we intend to estimate. We call it spatial because the side information
has associated a position, relative or not, whether known or estimated, with the target
position. In fingerprinting-based positioning, the side information is most likely additional
fingerprints collected at physically adjacent positions to the position to be estimated.

The motivation for considering spatial side information lies in exploiting more and
correlated information. In the case of using the proposed 2D sensor array, we have addi-
tional knowledge on the relative position of one fingerprint sensor or receiver to that of the
other ones. We consider this side information analogous to the encoding of information
in a transmitter of a generic communications system, in which adjacent bits are related to
each other by means of an encoder implementing a code such as a convolutional or turbo
code [77,78]. As in a communications system, we expect to obtain a gain from the use of
side information, making the pattern-matching method more robust to the variations in the
RSS fingerprints.

Spatial side information can be obtained either (1) by one sensor sampling fingerprints
in the time domain, with a known or estimated relative movement around the target
position, or (2) through simultaneous sampling of the fingerprints with an arrangement
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of multiple sensors, like in an array or matrix arrangement, in which the relative position
of each sensor is known. In this study, we consider the latter case, with a 2D sensor array
simultaneously sampling multiple fingerprints around the position to be estimated.

The typical case found in the literature is case (1) cited above. In this case, one receiver
or sensor from a positioning device collects a set of fingerprints at one position, and then it
is moved to a neighboring or adjacent position to collect another set of fingerprints. The set
of fingerprints is mapped to a position estimate at each sampled position using a selected
pattern-matching method. This process may be repeated for a certain number of positions
or indefinitely. Finally, the current position is estimated using a filter (e.g., a smoothing
filter), relying on the past position estimates. That is, each target position estimate is the
result of the mapping of a set of fingerprints associated with the target position, plus the
past position estimates. Certainly, this approach uses spatial side information to estimate a
position. However, we argue that such an approach to estimating a position is the result
of the aggregation of the past position estimates in the position domain, as depicted in
Figure 7b, and not in the fingerprint domain, as depicted in Figure 7c.

Here, we are interested in using the fingerprints from the target, as well as from
adjacent spatial positions, entirely in the fingerprint domain, that is, before the fingerprints
from the target and adjacent positions are mapped to a target position estimate. At the end
of this article, we will benchmark a pattern-matching method operating in the position
domain against two pattern-matching methods operating in the fingerprint domain and
draw conclusions from the results obtained.

2.6. Data Aggregation Domains, Side Information, and Analogy to Communications Systems

We are interested in exploiting spatial side information in the fingerprint domain before
mapping the fingerprints to an estimated position. It is argued that aggregating the positions
in the position domain will result in accumulating the errors introduced by the pattern-
matching method for each position estimate in the aggregation stage. In contrast, aggregating
the fingerprints in the fingerprint domain would result in processing raw data, with more
information, before calculating the position estimates using the pattern-matching method.

The reasoning stated above is analogous to the estimation of transmitted bits in a
communications system, using so-called hard-bits and soft-bits (as a result of implementing
hard-decision or soft-decision decoding) [77,78].

Let us focus for a while on the receiver side of a communications system implementing
digital amplitude modulation. As one possibility, the receiver can work with hard-bits.
Hard-bits result from quantizing analog information in the demodulator from each received
symbol into bits with ultimately one of two possible states (0 or 1). Assuming that the
transmitted bits are encoded, these hard-bits are then post-processed in a decoding stage to
obtain an estimation of the transmitted bits. With this approach, the quantization removes
information that otherwise would have helped the decoder to reduce the decoding error
and to ultimately produce a better estimate of the transmitted bits.

Alternatively, the receiver can work in the decoding stage with raw information or
soft-bits, that is, analog information from each received bit expressed as a real number, prior
to the quantization stage. This last approach is beneficial for retaining as much information
as possible from the received symbols or bits during the decoding phase. It is particularly
implemented with error correction codes designed to exploit information from adjacent bits,
such as convolutional codes or turbo codes, and complemented with a suitable decoder
that makes use of this side information. The decoder ultimately outputs the estimated
transmitted bits as real numbers for posterior quantization.

Now, we can make an analogy in which the pattern-matching method in our position-
ing system would be analogous to the quantizer of a receiver, and the aggregation of data
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(fingerprints or positions) in our positioning system would be analogous to what occurs in
the decoder of a receiver (Figure 8).

More specifically, the first case (hard-bits), depicted as Case 1 in Figure 8, associates
the following analogies. A quantizer (or a demodulator fulfilling this function) quantizing
the received bits or symbols into hard-bits (without exploiting the side information) is
analogous to a pattern-matching method estimating the positions without exploiting side
information. A decoder working with hard-bits is analogous to posterior aggregation, in
the position domain, of the estimated positions output by the pattern-matching-method to
produce a final position estimate. Then, the second case (soft-bits), depicted as Case 2 in
Figure 8, associates the following analogies. A decoder exploiting the side information from
soft-bits (from the received symbols) is analogous to the aggregation of the fingerprints in
the fingerprint domain. A quantizer quantizing (or, more specifically, rounding to 0 or 1
at this stage) decoded soft-bits into hard-bits is analogous to a pattern-matching method
estimating the positions with the side information in the fingerprint domain.

It is shown later that aggregating the side information in the fingerprint domain results
in a better performance in terms of minimizing the positioning error than aggregating
independent position estimates in the position domain.

Figure 8. Data aggregation domains, side information, and analogy to communications systems.

2.7. Summary of the Key Assumptions and Scope

The assumptions and scope of our research are summarized below.

1. We focus on fingerprinting-based positioning, with downlink transmission of the
fingerprints and fingerprints processing on the positioning device side in 2D.

2. The spatial side information on adjacent fingerprints at the positioning device is considered.
3. The position is estimated considering positioning data aggregation in the position

domain in one of the pattern-matching methods proposed and in the fingerprint
domain in two of the pattern-matching methods proposed. However, our main
interest is processing the fingerprints in the fingerprint domain before their input into
the pattern-matching method.

4. The collection of the fingerprints is assumed to be carried out using a two-dimensional
sensor array (2D sensor array).

5. The same 2D sensor array is used in the training and testing phases.
6. An actual description of how the 2D sensor array should be built it is out of our scope.

Each sensor, in charge of sampling fingerprints, may be an antenna or a receiver with
a built-in antenna. Thus, it may be composed of an antenna array or a receiver array.
We do not consider the actual antenna design aspects related to the construction of
the 2D sensor array. In this context, we work only with the numeric modules of what
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would be the equivalent of the received signal strength, ignoring the effects of the
constructive/destructive phases of the radio-waves, the optimal antenna spacing, the
effect on the antenna spacing and the Signal-to-Noise Ratio (SNR), and variable Angles
of Arrival (AoAs) of the radio-waves with respect to the 2D sensor array’s position.

7. We carry out positioning in 2D.
8. We assume that the fingerprint source nodes (transmitters) belong to the positioning

system infrastructure, are always present, and are located in stationary positions.
9. It is assumed that the fingerprints are always collected in the same plane, at the

same height. In practice, this assumption is not unrealistic considering that the 2D
sensor array may not be suitable as a hand-held positioning device. This requirement
could be satisfied in practice by mounting the 2D sensor array onto a trolley, robot, or
machine operating at the same height.

10. Perfect alignment of the 2D sensor array with the positioning area in the scenario
considered will be assumed. Rotation and tilting of the 2D sensor array were not
considered in our study.

11. As will be explained in Sections 4 and 5, the positioning area will be fractionated into
discretized areas called tiles consistent with the size of the 2D sensor array. These
discrete areas, or tiles, are non-overlapping, of square shape, and uniform in size for a
given set of parameters.

12. It is assumed that a subdivision of the tile (called a sub-tile) is the smallest granularity
for discretizing the positioning area and the sample positions. These subdivisions are
non-overlapping, of a square shape, and uniform in size.

13. We utilize Monte Carlo methods to generate synthetic RSS fingerprints. We will assume
an omnidirectional radiation pattern for the antennas of the transmitters, an LOS radio
propagation channel model, and transmitters with a constant transmit power.

14. The primary goal is to observe whether using the spatial side information on the
RSS fingerprints by means of an ideal 2D sensor array produces any gain in terms of
minimizing the positioning error.

15. It is out of the scope of this article to evaluate the computing cost of the pattern-
matching methods proposed.

16. It is not part of our claim that the use of pattern-matching methods based on feedforward
and convolutional NNs will outperform any other method. These were selected, and
used as a tool, based on the general performance of these in the fields of fingerprinting-
based positioning and pattern matching in images. Furthermore, NNs were selected
for the proposed pattern-matching methods because among all of the deep learning
methods known, NNs possess a competitive learning capacity. Our main goal, as stated,
is to observe whether the use of spatial side information brings a gain. If a gain, in
terms of minimizing the error distance, is observed with some of the selected methods,
future in-depth research on the selection of the most optimal pattern-matching methods
can be considered. An initial contribution in this direction is provided by studying the
pattern-matching methods proposed and comparing the results produced by them.

3. Literature Review and Related Work
A survey was carried out centered on identifying previous work proposing the use

of spatial side information on the device side with downlink transmission (in the case of
fingerprints based on radio signals) in 2D and, particularly, aggregating the fingerprints in
the fingerprint domain. We aimed to learn the state of the art in this area and to identify
whether there is an existing approach equal or similar to that proposed by us.

Research works estimating positions through the aggregation of past position estimates
using smoothing filters (e.g., moving average filters, Kalman-based filters [79], etc.) are
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not considered. These works may exploit spatial side information when the fingerprints
are collected by the movement of a positioning device along a path. However, the final
position estimate relies on aggregation of the positions in the position domain. In contrast,
we are interested in the exploitation of spatial side information in the fingerprint domain
before mapping the fingerprints to an estimated position. Another consideration in ruling
out works utilizing filters is that typically, the fingerprints collected by the movement of a
positioning device along a path have associated side information in only one dimension.
Even when the displacement is along a 2D path, the relationship of each neighboring
position ultimately contributes to the side information in one dimension. Thus, filtering is
typically carried out on position estimates that have side information along one dimension.

Part of our survey was carried out by looking at research works discussing positioning
with 2D antenna arrays, (massive) MIMO, LISs, and RISs. However, these works focus
mainly on uplink transmissions (see the references in Section 2.3). Actually, LISs and
RISs are considered for the downlink case, although not on the device side but as a
complementary and static component to enhance the positioning, as discussed, for example,
in [80–83].

We surveyed research works using two particular approaches that could be related to
exploiting spatial side information on fingerprints in 2D.

One possible approach to exploiting the side information consists of the use of the
convolution operation. Convolution is an operation that relies on the adjacent data, and
therefore, it may serve as a keyword for finding works dealing with spatial side information.
From a general survey, we identified that in the field of fingerprinting-based positioning,
convolution of the fingerprints is generally applied using CNNs. Thus, we surveyed the
use of CNNs with fingerprinting-based positioning, focusing particularly on 2D CNNs. A
secondary goal of surveying works adopting 2D CNNs was to identify any possible work
aligned with our approach, that is, on collecting fingerprints in 2D on the device side, in
downlink, and implementing a pattern-matching method based on a 2D CNN to exploit
the side information.

A second possible approach to exploiting side information consists of the use of time-
series or sequences of spatially distributed fingerprints. A time-series of fingerprints can
be generated by moving a positioning device along a path. In this case, the positioning
device may implement a single sensor or receiver, as is commonly found in the literature,
to sample the fingerprints. Then, sampling the fingerprints during the movement of the
positioning device along a path allows spatially distributed fingerprints to be collected.
Thus, we surveyed this category to identify the possible use of spatial side information
in 2D. It is noted that some research works gather fingerprints in static positions, without
movement, to generate time-series of fingerprints. These works do not contain spatial side
information as it is considered in the context of our research; therefore, these works are not
considered in our survey.

In addition, we surveyed other research works using spatial side information through
other methods than those mentioned above. The results of our literature review are
summarized in the next subsections.

3.1. Fingerprinting-Based Positioning Implementing Fingerprint Images Processed Using CNNs

A 2D CNN operates with an input of values, in our case fingerprints, arranged into a
matrix (or, in a more general case, a tensor). In the literature, in the context of fingerprinting-
based positioning, the input matrix is often referred to as a fingerprint image. In the context
of our work, the fingerprint image is that produced by the 2D sensor array.

We surveyed research works on fingerprinting-based positioning implementing finger-
print images processed using CNNs in 2D, considering only the case of downlink transmis-
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sions in positioning systems based on radio signals. It was out of our scope to study the case of
device-free positioning systems, such as that discussed in [84–86], on the basis that positioning
is not performed at the device and that it was not aligned with our goal of transferring the
complexity and costs from the infrastructure to the positioning device. The objective is to
identify whether some work proposes the use of spatial side information in 2D through a
CNN, on the positioning device side, in downlink, and, preferably, through simultaneous
sampling of the fingerprints. The works reviewed are listed in Table 3. In some of these
articles, the details of the CNN were not provided. Thus, we inferred the CNN’s structure
from the context, e.g., according to the authors’ definition of the fingerprints as the image
input to the CNN or the dimensions of the convolution kernel. For more details, refer to the
corresponding articles.

The fingerprint images reported in the table are, in most of these cases, found in the
context of a 2D image (matrix), which is processed using a 2D CNN in the first layer of the
adopted NN structure. The actual input to the CNN may have a third dimension, meaning
that a set of images is stacked to form a tensor. In most of these cases, the images that
form this third dimension are handled independently at the input of the NN. These images
are referred to as channels, in a context analogous to the primary color channels in a color
image. In the case of fingerprints based on radio signals, the channels are typically the
different sources of the fingerprints, such as access points, base stations, or links in general.
In the case of fingerprints from geomagnetic measurements, the channels are typically the
coordinates measured using a magnetometer. The main purpose of listing the composition
of the fingerprint image for each work surveyed is to identify the possible composition of
an image implementing information from two coordinates in space. For details of the actual
composition of the input to the CNNs, refer to the corresponding articles.

Our expectation is to find fingerprint images composed of two spatial dimensions
and accordingly observe a 2D CNN operating in two dimensions in space. However, at
first glance, we observe from this survey that there are two main trends for the creation of
fingerprint images, one applied to the case of RSS-based fingerprints and the other applied
to the case of CSI-based fingerprints. In the first trend, most of the works adopting RSS
fingerprints compose image-like arrangements of fingerprints that do not possess spatial
information. These works instead consider a specific arrangement of the fingerprints
into a matrix form, usually arranging sub-vectors of a vector of fingerprints as rows in
a matrix. In the second trend, that is, in the case of CSI-based fingerprints, in general,
the fingerprint images are composed in one dimension of a time domain component and
in the other dimension of a frequency domain component. In the case of Orthogonal
Frequency Division Multiplexing systems, the frequency domain component consists of
the amplitudes or phases of the subcarriers.

Regarding the collection of the fingerprints in the training phase, the works reviewed
collect a given number of fingerprint samples at so-called reference positions, also referred to
as reference points. The reference positions are either manually or randomly selected in the
whole area in which the positioning is intended. The reference positions define the mapping
between the fingerprints and the ground truth positions in the training phase. The reference
positions are, in some works, set at uniform distances from each other. In some works, the
whole positioning area is discretized into small discretized positioning areas or grids, which are
treated as reference positions. Discretized positioning areas are explicitly defined as such in
the scenario considered or simply defined in general terms as areas, with associated inter-area
distances. In some articles, the reference points are provided in the selected dataset. Some
examples of the datasets referred to in the surveyed articles are [87,88].
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Table 3. Fingerprinting-based positioning implementing fingerprint images processed using CNNs
(downlink case).

Ref. Year Fingerprints Discretized Positioning CNN Fingerprint Side
Used Area Size Type Image Inform.

[89] 2017 CSI: amplitude 1.5 to 2.0 m 2D 30 subcarriers by 30 time samples (Yes) 3

[90] 2017 CSI: AoA 1.8 m × path width 2D Matrix of 60× 60 AoA values (Yes) 2

[91] 2017 CSI: AoA, amplitude 1.8 m × path width 2D 30 subcarriers by 30 time samples (Yes) 3

[92] 2018 CSI: amplitude Ref. points spaced at 0.6 m 2D 30 subcarriers by 30 time samples (Yes) 3

[93] 2018 RSS and correlation
coefficient

1.0 m × 1.0 m 2D Fingerp. arranged in a matrix No

[94] 2018 RSS Building/floor size. 2D Fingerp. arranged in a matrix No

[95] 2018 RSS Not specified 2D Fingerp. arranged in a matrix No

[96] 2018 RSS Building/floor (classification) 2D Fingerp. arranged in a matrix No

[97] 2018 CSI 1.0 m × 1.0 m 2D From CSI wavelet transform (Yes) 3

[98] 2019 RSS Ref. points spaced at 2.0 m 2D Fingerp. arranged in a matrix No

[99] 2019 RSS and kurtosis
from RSS

2.0 m × 2.0 m and
5.0 m × 5.0 m

2D 3D tensor (number of access points
× time × fingerprint and kurtosis)

No

[100] 2019 RSS 50.0 m mean dist., outdoor 2D Fingerp. arranged in a matrix No

[101] 2019 RSS 2.0 m × 2.0 m 2D Fingerp. arranged in a matrix No

[102] 2019 RSS 3.0 m × 3.0 m 2D Fingerp. arranged in a matrix No

[103] 2019 CSI: amplitude 1.2 m × 1.2 m 2D 90 subcarriers by 90 time samples (Yes) 3

[104] 2019 RSS with wavelet
transform

1.95 m × 2.4 m (corridor of
50.0 m divided into 21 areas)

2D 2D representation of RSS via
wavelet transform

No

[105] 2019 RSS 2.0 m × 2.0 m 2D Fingerp. arranged in a matrix No

[106] 2019 CSI: amplitude, phase
difference

Ref. points spaced at 1.8 m 2D 114 subcarriers by 114 time samples (Yes) 3

[107] 2019 CSI: amplit., phase Ref. points from 0.9 to 2.1 m 3D Fingerp. arranged in a tensor (Yes) 3

[108] 2019 CSI Ref. points spaced at 1.2 m 2D Channel state matrix (Yes) 3

[109] 2019 Radio beams From dataset; see [109] 2D Number of beams by time samples (Yes) -

[30] 2020 Geomagnetic 1.0 m × 1.0 m 2D Fingerp. arranged in a matrix No

[31] 2020 Geomagnetic Room size 2D Fourier transform of fingerprints
arranged in a matrix

No

[110] 2020 CSI: AoA 1.8 m × path width 2D 60 subcarriers by 60 time samples (Yes) 3

[111] 2020 CSI: amplitude, phase
difference

1.0 to 2.0 m 2D 30 subcarriers by 50 time samples (Yes) 3

[112] 2020 CSI: amplitude, phase 1.0 m × 1.0 m 2D Fingerp. arranged in a matrix of 30
subcarriers by 30 time samples

(Yes) 3

[113] 2020 RSS and other Reference points spaced on
average from 1.6 m to 6.0 m

2D Fingerp. arranged in a matrix of the
topology of the access points

No

[114] 2020 CSI: amplitude Ref. points spaced at 0.6 m 2D Fingerp. arranged in a matrix (Yes) 3

[115] 2020 RSS 1.8 m × 1.8 m 2D Fingerp. arranged in a matrix No
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Table 3. Cont.

Ref. Year Fingerprints Discretized Positioning CNN Fingerprints Side
Used Area Size Type Image Inform.

[116] 2020 RSS 1.6 m × 1.6 m 2D Fingerp. arranged in a matrix No

[117] 2020 RSS 25 m ×25 m to 200 m ×200 m 2D Fingerp. arranged in a matrix No

[118] 2020 RSS 1.0 to 2.0 m [88] 2D Fingerp. arranged in a matrix No

[119] 2020 RSS 0.75 m × 0.75 m 2D Fingerp. arranged in a matrix No

[120] 2020 SNR 0.3 m × 0.3 m 2D Beam covariance matrix Yes 32

[121] 2020 Radio beams From dataset; see [121] 2D Number of beams by time samples (Yes) -

[122] 2020 Radio beams From dataset; see [122] 2D Number of beams by time samples (Yes) -

[123] 2021 CSI: amplitude
differences

1.0 m × 1.0 m, 0.6 m × 0.6 m,
and 0.5 m × 0.5 m

2D Fingerp. arranged in a matrix of 30
subcarriers by 30 time samples

(Yes) 3

[124] 2021 RSS 38.0 m mean dist., outdoor 2D Fingerp. arranged in a matrix No

[125] 2021 RSS Bounding box with estimated
position in 40 m × 40 m area

2D Fingerp. arranged in a matrix No

[126] 2021 RSS Not specified 2D Fingerp. arranged in a matrix No

[127] 2021 RSS and phase
difference

2.0 m × 2.0 m 2D Fingerp. arranged in a matrix No

[128] 2021 CSI 1.0 m × 1.0 m 2D Amplitude feature map (Yes) 3

[129] 2021 CSI: AoA, amplitude 1.8 m × path width 2D 30 subcarriers by 30 time samples (Yes) 3

[130] 2021 Geomagnetic Not specified 2D Sequence of fingerprints arranged
in a matrix

Yes 700

[131] 2021 Geomagnetic 0.6 m × 0.6 m 2D Sequence of fingerprints arranged
in a matrix

Yes 10

[132] 2021 RSS Ref. points spaced between
3.0 m and 7.77 m

2D Fingerp. arranged in a matrix sorted
by the spatial relationship of the
access points

No

[133] 2021 CSI: amplitude Not specified 2D Fingerp. arranged in a sub-window Yes 16

[134] 2021 RSS 1.0 m × 1.0 m, 1.5 m × 1.5 m 2D Matrix of scaled diff. of fingerp. No

[135] 2021 CSI: amplitude Not specified 2D 30 subcarriers by 30 time samples (Yes) 3

[136] 2021 RSS 2.0 m × 2.0 m 2D Fingerp. arranged in a matrix No

[137] 2021 RSS Ref. points spaced at 0.5 m 2D Fingerp. arranged in a matrix of the
topology of the access points

No

[138] 2022 RSS Ref. points spaced at 1.0 m 2D Fingerp. arranged in a matrix of
time and frequency

No

[139] 2022 RSS 5.0 m × 5.0 m to
40.0 m × 40.0 m

2D Fingerp. arranged in a matrix of the
topology of the access points

No

[140] 2022 CSI: phase 0.5 m × 0.5 m 2D 30 subcarriers by 30 time samples (Yes) 3

[141] 2022 CSI: amplitude 1.2 m × 1.2 m 2D 30 subcarriers by 200 time samples No

[142] 2022 RSS and other 1.0 m × 1.0 m 2D Four measurements by time sampl. No

[143] 2022 RSS 0.2 m × 0.2 m 2D Matrix of vertical–horizontal beams No

[144] 2022 RSS 1.0 to 2.0 m [88] 2D Fingerp. arranged in a matrix No

[145] 2022 RSS According to [87] 2D Fingerp. arranged in a matrix No
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Table 3. Cont.

Ref. Year Fingerprints Discretized Positioning CNN Fingerprint Side
Used Area Size Type Image Inform.

[146] 2022 RSS 1.6 m × 1.6 m 2D Fingerp. arranged in a matrix No

[147] 2022 RSS Ref. points spaced ≤ 1.0 m 2D From a rasterization function No

[148] 2022 CSI Ref. points at 1.8 or 3.0 m 2D 30 subcarriers by 36 time samples (Yes) 3

[149] 2022 RSS 4.0 m × 4.0 m 2D Vector of fingerp. sampled in time
arranged as a matrix

No

[150] 2022 RSS Ref. points spaced at 1.0 m 2D Fingerp. arranged in a matrix No

[151] 2022 CSI Ref. points at approx. 8.0 m 2D Not specified No

[152] 2022 RSS According to [87] 2D Fingerp. arranged in a matrix No

[153] 2022 RSS 1.0 m × 1.0 m 2D Vector of fingerp. sampled in time
and space arranged as a matrix

Yes 40

[154] 2022 RSS 1.0 to 2.0 m [88] 2D Fingerp. arranged in a matrix Yes 2

[155] 2022 RSS 1.0 to 2.0 m [88] 2D Fingerp. arranged in a matrix No

[156] 2022 RSS 3.0 m × 3.0 m 2D Vector of fingerp. sampled in time
arranged as a matrix

No

[157] 2023 CSI: amplitude Ref. points spaced at 0.3 m 2D 256 subcarriers by 1000 time sampl. No

[158] 2023 RSS 3.0 m × 3.0 m 2D Vector of fingerp. sampled in time
arranged as a matrix

No

[159] 2023 RSS Ref. points spaced at 0.6 m 2D Matrix of row vectors of fingerp. No

[160] 2023 RSS Not specified 2D Fingerp. arranged in a matrix of the
vertical–horizontal topology of the
access points

No

[161] 2023 CSI: amplitude Ref. points spaced at 1.2 m 2D 60 subcarriers by 60 time samples (Yes) 3

[162] 2023 CSI: amplitude 0.8 m × 0.8 m 2D 30 subcarriers by 30 time samples (Yes) 3

[163] 2023 RSS 12.0 m × 12.0 m 2D Fingerp. arranged in a matrix No

The discretized positioning area sizes or equivalent area sizes assumed from the given
reference points for each article surveyed are listed in the table. These were reviewed in
order to obtain an insight into the granularity or resolution of the discretized positioning
area sizes used in the different scenarios and later compare them to the area sizes considered
in our proposal. The smallest discretized area size observed in the articles surveyed was
0.2 m × 0.2 m. As will be explained in subsequent sections, we explore the use of different
discretization area sizes, as determined by the size of the 2D sensor array, starting from
0.35 m × 0.35 m.

In the last column of Table 3, we indicate with Yes or No whether the corresponding
work used spatial side information or not, respectively. A number after a Yes entry indi-
cates the maximum number of spatial points with side information associated with the
fingerprints when this number was stated in the article.

Some entries in the last column of Table 3 are marked in parentheses as (Yes). These
correspond to cases in which spatial side information is used in a positioning system
based on radio signals, utilizing more than one antenna at the receiver, and differentiating
between the fingerprints from each antenna. In these works, we did not observe the use
of 2D spatial side information. In general, the antennas were either arranged as a linear
array or there was no concrete information stating that a 2D antenna arrangement was
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used. Therefore, the spatial side information that can be extracted from such antenna
arrangements is considered to be side information in 1D. From all the works consulted
using multiple antennas at the receiver, only a few have studied the possible gains and
effects caused by varying the number of receiving antennas or, in the context of this
research, the number of spatial side information points, namely [140,148]. In these articles,
it is observed that the larger the number of receiving antennas and thus side information
points, the lower the positioning error.

Articles labeled with Yes, without parentheses, in the last column of Table 3 correspond
to articles proposing the use of spatial side information on the positioning device side and
implementing a 2D CNN. These articles depart from simply using a receiver with multiple
antennas, as is the case for entries labeled with (Yes), and therefore need to be differentiated.
Each one of these articles are discussed in detail next. We note that, from our perspective,
two of the entries labeled with Yes make use of spatial side information in 2D, namely [120]
and [133].

In [120], a transmitter and a receiver implementing a 32-element planar antenna array
are tested for positioning in the 60 GHz frequency range. The receiver composes a beam
covariance matrix from 36 beam patterns, which is processed as a fingerprint image using
a 2D CNN. The authors discuss the beam patterns over the azimuth and elevation angles,
suggesting the possibility of positioning in 2D in a vertical plane.

In [130,131], geomagnetic fingerprints are collected by walking along a path. Ge-
omagnetic fingerprints are differentiated in 3D using a magnetometer, thus producing
three sequences, with one for each dimension. In [130], each sequence is arranged into a
square matrix and converted into an image representation. Three images, with one for each
dimension, are stacked to form a tensor, which is interpreted as a single image with three
channels. This final image is input into a 2D CNN. In [131], each sequence is transformed
into a square matrix through a recurrence plot transformation. The resulting matrices
from the three dimensions are stacked to form a tensor, which is input into a 2D CNN. In
both cases, if there is spatial side information in 2D, it is not preserved in relation to the
displacements in 2D. Then, the sequences have adjacent side information relative to the
previous and next position, which are interpreted as contributions that are projected into
only one dimension.

In [133], the authors propose dividing the whole positioning area into a grid of squares.
Each square has a vector of CSI amplitudes associated with it. The authors collect finger-
prints by moving in the scenario for a finite number of steps, associated with a sliding
window. The fingerprints are then arranged into a so-called sub-window, which is actually
a 2D portion of the grid that covers the whole positioning area. Thus, the arrangement
of the fingerprints seems to take into account the correlation of the CSI of the neighbor
grid squares in 2D. The proposed method exploits these correlations to produce a better
position estimate than that which would be obtained without this side information. The
positioning resolution is in the order of the size of the squares in the grid.

In [153], RSS fingerprints are collected as a time-series of spatially distributed finger-
prints of 5 to 40 time samples by moving a positioning device along a path. The fingerprints
at each time sample are arranged as vectors. Then, the vectors for all of the time samples
are arranged into a matrix. The matrix is then interpreted as an image and processed using
a 2D CNN. In [154], the RSS fingerprints measured at the current and previous position are
considered. The fingerprints in these two positions are used as the input in the training
and testing phases. Vectors of the RSSs for the current and previous position are arranged
as matrices and then converted into images to be processed using a 2D CNN. In the model
proposed, each image is first pre-processed by a series of 2D convolution layers and then
processed by a layer concatenating the two sources to finally produce a position estimate.
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From one perspective, this arrangement could be interpreted as a time-series of fingerprints
with only two samples. The way to collect and arrange the fingerprints in these two works
can be interpreted as the use of a 2D sensor array with a number of sensors equivalent to
the number of time steps in [153] and with two sensors in [154]. However, if there is spatial
side information in 2D, it is not preserved in relation to the displacements in 2D; that is, the
2D side information does not remain associated with the fingerprints collected. Thus, the
fingerprints only have a spatial association with the contiguous ones in 1D as a result of
collecting these by moving the positioning device along a path. Therefore, the adjacent side
information in these two works is interpreted as 1D side information.

Finally, it is worth mentioning that we identified two articles considering the spatial
information in 2D of the access points generating the fingerprints. These articles were
labeled as not containing side information in the table because from the perspective of our
work, we are trying to identify the use of spatial side information for the fingerprints on
the device side. In [139], the fingerprints are arranged into a matrix consistent with the
topology of the access points, preserving the spatial relationship of the sources generating
the fingerprints. The spatial relationship described in [139] differs from the spatial side
information on the device side that we consider in this article. In [160], a matrix of finger-
prints is composed in which the rows represent floors. The elements in a row hold the RSS
values of a relative projection of the position of the access points on that floor. Thus, the
columns in the matrix associate the access points in the same vertical projection.

To summarize our survey of this category, we identified the use of 2D side information
in [120] through the use of a 32-element planar antenna array and in [133] through the
sampling of a 2D portion of the grid that covers the whole positioning area. We could not
find any work that proposed the collection of fingerprints in 2D and the implementation of
a 2D CNN as a pattern-matching method, as we propose in our work.

3.2. Positioning Implementing Time-Series of Spatially Distributed Fingerprints

We surveyed research works on fingerprinting-based positioning implementing time-
series of spatially distributed fingerprints. The works reviewed are listed in Table 4. In
all of the works consulted, the fingerprints are collected with the use of a single sensor or
receiver by moving a positioning device along a path, also referred to as a trajectory or
route in different works.

Table 4. Fingerprinting-based positioning implementing time-series of spatially distributed finger-
prints (downlink case).

Ref. Year Fingerprints NN Type Fingerprint Collection Method # Side Inf.
Used Dimensions

[164] 2017 Geomagnetic RNN Along a path 1D

[165] 2018 RSS LSTM Along a path 1D

[166] 2018 RSS, magnetic 1D CNN Along a path of 10.4 m 1D

[167] 2018 RSS, magnetic 1D CNN Along a path of 10.4 m 1D

[168] 2018 RSS 1D CNN Along a path, spaced at 1.2 m 1D

[169] 2019 RSS LSTM Three trajectory paths in an area of 4.0 m × 4.0 m 1D

[170] 2019 RSS LSTM Along a path 1D
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Table 4. Cont.

Ref. Year Fingerprints NN Type Fingerprint Collection Method # Side Inf.
Used Dimensions

[171] 2019 RSS LSTM Along a path 1D

[172] 2019 RSS LSTM Along a path 1D

[173] 2019 Geomagnetic LSTM Along a path 1D

[174] 2019 Geomagnetic RNN and LSTM Along a path, in two areas: 94.0 m × 26.0 m 1D
and 609.0 m × 49.0 m

[175] 2019 RSS Six types of
RNNs Along a path, in an area of 21.0 m × 16.0 m 1D

[176] 2019 RSS LSTM Along a path, in only two or three steps 1D

[177] 2020 RSS LSTM Along path of an estimated length of 40.0 m 1D

[178] 2020 SNR RNN Along a path, in an area of approx. 3.0 m × 4.0 m 1D

[179] 2020 RSS LSTM Along paths of different lengths 1D

[180] 2020 Geomagnetic RNN Along a path 1D

[181] 2020 RSS RNN Along a path 1D

[113] 2020 RSS and other LSTM Along a path 1D

[182] 2021 RSS LSTM Along a path of 5.0 m, in an area of 5.0 m × 10.0 m 1D

[183] 2021 RSS LSTM Along a path 1D

[184] 2021 RSS LSTM Along four paths of 32.5 to 234.0 m 1D

[185] 2021 RSS 1D CNN and
RNN Along a path 1D

[186] 2021 RSS 1D CNN Along a trajectory of a random length 1D

[187] 2021 Geomagnetic LSTM Along a path, positioning node every 0.5 m, 1D
sequences with lengths of 10.0, 15.0, and 20.0 m

[188] 2021 CSI 1D CNN and
LSTM Along a path 1D

[189] 2021 CSI LSTM Along a path, from simulation 1D

[137] 2021 RSS LSTM Along a path 1D

[153] 2022 RSS 2D CNN Along a path 1D

[190] 2022 RSS 1D CNN and
LSTM Trajectory generated from radio map 1D

[191] 2022 RSS CNN-based Along a path 1D

[192] 2022 Geomagnetic 1D CNN and
LSTM Along a path 1D

[193] 2023 RSS and other LSTM Along a path, outdoors 1D

[194] 2023 RSS LSTM Along a path 1D

[195] 2024 RSS LSTM Individually collected and arranged in a sequence 1D

[196] 2024 RSS 1D CNN and
LSTM Along a path 1D

It is noted that the application of machine learning methods to the processing of the
time-series of fingerprints implies that the fingerprints are aggregated in the fingerprint
domain, as discussed in Section 2.4.

For the processing of the time-series, the literature surveyed adopts 1D CNNs; recur-
rent neural networks (RNNs); and Long Short-Term Memory (LSTM) NNs [197,198].
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RNNs and LSTM NNs are suitable for identifying the long-term dependencies of the
time-series. In the context of this work, the temporal structure stored by the RNNs and
LSTM NNs can be used to map a relationship between spatially distributed fingerprints
and the target position to be estimated. In this case, the time domain is related to the space
domain through the collection of the fingerprints, which consists of taking consecutive
samples using a positioning device that is moved along a path. For example, in [172] a
sequence-to-sequence prediction model is presented. The model takes as its input side
information from a sequence of fingerprints collected along a trajectory. As the output, it
produces a sequence of position estimates associated with the input.

Moving a single sensor or receiver along a path to gather fingerprints, without additional
information on the local displacement, yields as its result a time-series of fingerprints with
spatial relationships only between consecutive and adjacent samples. As discussed in the
previous subsection, these time-series of fingerprints are interpreted as occurring along one
dimension, even when the path described can be in two dimensions. As far as we observe in
the works surveyed, if the path is described in 2D, the information about the displacements in
2D does not remain associated with the fingerprints collected, and it is not passed along or
preserved to further contribute as side information in 2D. Thus, the time-series only relates
the side information from contiguous samples, which is interpreted as side information in one
dimension. The last column in Table 4 indicates the number of side information dimensions
considered in the works surveyed. We found that in all of the works surveyed, the number of
side information dimensions was one; thus, all are labeled as one-dimensional (1D).

A methodology for generating a time-series of fingerprints with spatial side informa-
tion in more than one dimension is possible, although one was not found in our literature
review for this category. One option would be to combine multiple scans along multiple
paths to associate adjacent positions in 2D with the target position to be estimated. Relating
multiple paths would require the input of additional information from another source,
such as from an inertial sensor, to be able to relate the relative displacement between the
paths. An example of such an approach is discussed in [199] (details given in Section 3.3).
Another option would be to use two or more sensors or receivers such that these were not
aligned with the direction of movement along the path. Such arrangements were not found
in the literature surveyed. The proposal to use an arrangement of sensing elements as we
propose with the 2D sensor array was not found in the literature either.

3.3. Other Works Using Spatial Side Information

In [200], RSS fingerprinting-based positioning is discussed, implemented using a CNN
and an input image which preserves the topology of the access points in 2D. The approach
proposed in [200] is related to our work through the use of spatial side information; however,
it is considered for the access points generating the fingerprints.

In [201], spatial side information is used to generate position coordinates along a path,
navigating from a previously created map of clusters, with pre-calculated transition probabili-
ties. Each position’s coordinates on the path generated have an RSS fingerprint associated
with them, thus defining a time-series of fingerprints. The time-series of fingerprints is used
to train an LSTM NN to estimate the position coordinates for the input path provided.

In [202], a circular antenna array operating in downlink is mounted into a vehicle
for 2D positioning. Fingerprinting is performed through a downlink azimuthal-delay
representation of the wireless channel.

In [199], RSS fingerprints are collected by moving a positioning device along a path
using a hybrid positioning system. The collection of the fingerprints is assisted by side
information from an accelerometer and a gyroscope. This auxiliary system provides side
information in 2D about the traveled distance and direction. When the trajectory followed
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is in 2D, the area covered is a small portion of the whole positioning area. Then, a matrix of
fingerprints is associated with this small area. The elements in the matrix are associated
with the discretization of the small area in the form of a 2D grid of 1 m × 1 m squares.
The approach proposed in [199] is aligned with ours in terms of gathering fingerprints
in 2D; however, it differs in the collection method. In [199], the fingerprints are collected
sequentially, with a granularity of 1 m, and in some cases following trajectories that cannot
gather side information in 2D. The pattern-matching method proposed is based on finding
the best correlation of the measured fingerprints to the stored in a radio map.

In general, we may think that any implementation using a receiver with more than one
antenna can be repurposed to exploit spatial side information if independent fingerprints
can be extracted from each antenna. So, from one perspective, any receiver with an antenna
array can be viewed as a simplified example of the proposed 2D sensor array. However,
in the literature reviewed for the downlink case, either (1) linear arrays are considered,
suggesting the use of spatial side information in 1D, as, for example, conducted in [203,204]
and the other works listed in Table 3, or (2) the geometry of the antenna array is not
discussed. Furthermore, the antenna arrays used or proposed for positioning in the
literature are not benchmarked against a different antenna arrangement or type to evaluate
how different antenna arrangements affect the positioning performance.

3.4. Discussion on Research Works Using Spatial Side Information

We reviewed research works that could make use of spatial side information on
the device side in 2D, focusing on downlink transmission for the case of fingerprints
based on radio signals. From our survey related to 2D CNNs, we identified the use
of 2D side information in [120,133]. From our survey related to time-series of spatially
distributed fingerprints, we could not find any research work reporting the use of spatial
side information in 2D. From other works, we identified the collection of fingerprints in
2D from portions of the positioning area in [199] and the use of a circular antenna array
for 2D positioning in [202]. The above cited works are those with the closest relationship
to the approach that we describe in this article; however, these differ in a number of key
points. These articles differ in the concept of how to exploit the side information in 2D, in
not exploring the possibility of using 2D side information for the creation of a fingerprint
image, and in not exploring the possibility of processing the 2D side information using a
2D CNN. Some articles also differ in not simultaneously sampling fingerprints.

In contrast, there are several works making use of spatial side information in 1D by
moving a sensor or receiver along a path or trajectory and handling the fingerprints as a
time-series. These approaches have in common with our proposal the use of spatial side
information, differing, however, by considering only one dimension. Another difference is
the sequential sampling of the fingerprints. With the proposed 2D sensor array, multiple
adjacent positions are sampled in parallel.

We could imagine that between the use of a moving sensor and the use of the proposed
2D sensor array, a hybrid approach could be devised. This would consist of combining the
movement of more than one sensor or receiver along a path. In this hybrid approach, a
linear array of sensors or a linear antenna array, aligned perpendicularly with the moving
direction, would be moved to generate a matrix of fingerprints analogous to those obtained
by the 2D sensor array. Such an approach was not found in the literature. Considerations
for this case are outside of the scope in our work.

Many works have composed a so-called fingerprint map or image and handled it as a
picture image using a 2D CNN. Our intention was to try to identify whether any research
work has proposed composing an image of fingerprints with spatial side information in 2D
on the device side. We could not identify such an approach.
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As a general summary from our literature review, we could not find any work dis-
cussing spatial side information in two dimensions, on the receiver side, and with downlink
transmissions for fingerprinting-based positioning. Nor could we find in the literature any
proposals related to the utilization of multiple sensors on the positioning device side for the
simultaneous sampling of fingerprints in 2D, analogous to the proposed 2D sensor array,
for downlink transmissions (in contrast, for uplink transmissions, there are proposals to ar-
range the antennas into 2D planar arrays on the base station side [205,206]). Then, possibly
as a result of there not being a proposal like ours related to the collection of fingerprints
in 2D, we did not find any proposals suggesting the construction of fingerprint images
in two dimensions. It follows that there was no proposal to implement a 2D CNN as a
pattern-matching method exploiting the 2D side information from such fingerprint images.

3.5. Positioning with Discretization of the Positioning Areas and Classification-Based Models

The following research works are related to our work in terms of the discretization of
the positioning area and the use of a classification-based model to estimate the positions.

In [73], the positioning area is discretized into different classes. The position is esti-
mated through classification, through a weighted average of the probability for each class
and the associated position for each class.

In [207], CSI features are proposed as fingerprints for the uplink case. The positioning
area is discretized into so-called grid points. An NN with a softmax output layer estimates the
likelihood probability for the users for each grid point, arranged into a so-called probability
map. The probability maps are fused across multiple access points to estimate the position of
the users.

In [208], the authors discretize the positioning area in an indirect way by assigning
a class to a number of reference points distributed across the positioning area. An FFNN
with a softmax output layer is trained to map an input vector of fingerprints to a one-hot-
encoded vector associated with the class of the reference point where the measurement of
the fingerprints is performed. In the testing phase, fingerprints are collected at an arbitrary
position. Then, the softmax layer outputs the likelihood probability for each reference
point. By relying on the tabulated relationship of each reference point to its coordinates, the
position is estimated using the weighted average of the likelihood probability of the class
multiplied by the reference position. In addition, the past position estimates are aggregated
in the position domain with the current position estimate through a weighted average,
influenced by a component from the fingerprint domain given by the similarity of the
current vector of fingerprints to past ones.

Other works propose dividing the positioning area into grids and implementing a
classification-based model to estimate the positions associated with these grids [120,150,193].

4. Fingerprinting-Based Positioning with Spatial Side Information
In this section, we discuss fingerprinting-based positioning with spatial side informa-

tion. First, we elaborate on the 2D sensor array and then, in association with this, explain
the discretization process in the area fractions with tiles of the area in which the positioning
is intended. Next, we describe the positioning process. Finally, we introduce the four
pattern-matching methods selected for our study.

4.1. Two-Dimensional Sensor Array

We propose using a two-dimensional array arrangement of sensors, suitable for mea-
suring fingerprints that are physically adjacent in space, as shown in Figure 2. A 2D sensor
array makes it possible to collect fingerprints with spatial side information as desired. A
set or vector of fingerprints is collected at each sensor in the 2D sensor array.
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We formulate a conjecture based on the idea that upon increasing the number of spatial
points at which the fingerprints are measured, the amount of information should increase,
and therefore, a better estimate of the position should be achieved. This conjecture will be
studied through simulations in the following sections.

An actual description of how the 2D sensor array should be built it is out of our scope.
The goal is to test whether there is an improvement in the positioning performance, in terms
of reducing the positioning error, given the assumption that the 2D sensor array exists.

In this work, we focus on fingerprints based on the signal strengths of radio signals.
Therefore, this 2D sensor array could be either a 2D arrangement of multiple antennas
with the suitable complementing hardware or a 2D arrangement of multiple independent
receivers or sensor nodes.

Also, an arrangement that produces the same output could be devised, for example,
by physically scanning using one sensor the area equivalent to that of the 2D sensor array.
An alternative approach could combine the movement of more than one sensor to generate
a matrix of fingerprints analogous to that obtained by the 2D sensor array—for example, a
linear array of sensors or a linear antenna array arranged perpendicular to the direction of
movement. In the context of our work, we assume the availability of a 2D sensor array that
instantaneously returns the RSS values for each sensor or array element.

The proposal of such a 2D sensor array is not far from the current state-of-the-art.
Arrays of multiple antennas are currently in use with massive MIMO technology [53], with
the antennas generally arranged into 1D linear arrays. Instead of the typical 1D linear array
used in MIMO, in full-dimension MIMO, also known as 3D MIMO, it it proposed for the
antennas to be arranged into 2D planar arrays [205,206]. For example, a planar array of
8× 8 antennas, with half-wavelength spacing, for a carrier frequency of 2.6 GHz would
have a size of approximately 462 mm × 462 mm. From the perspective of our study, the
challenge is that these antenna arrays have mainly been considered on the base station side
of the wireless network. In contrast, our proposal requires such an array of antennas on the
positioning device side.

Research on urban navigation utilizing a circular antenna array mounted into a vehicle
is reported in [202]. The use of such an antenna array is aligned with the proposed imple-
mentation of a 2D sensor array on the device side, although in this case, it is implemented
using a circular antenna array.

Intuitively, one may expect that the bigger the sensor array, with more sensors and thus
more side information, the smaller the positioning error. The main concern is that the size of
such a 2D sensor array should be suitable for real practical use. Possibly, a 2D sensor array
with the characteristics required for positioning with spatial side information would not be
suitable for use as a hand-held positioning device. However, it should have a size suitable
for industrial applications—for example, with a size in the order of that of industrial robots,
warehouse trolleys, and moving (autonomous) machinery. Thus, we aim for a 2D sensor
array with an approximate side length possibly ranging from 300 mm to 1000 mm.

4.2. Discretized Area Fractions with Tiles

The fingerprint samples measured using the 2D sensor array correspond to the sam-
pling of a small area equivalent to the size of the 2D sensor array. Thus, each sample
returned by the 2D sensor array can be interpreted as a small discretized area fraction of
the whole area in which the positioning is performed.

In the training phase, to sample the fingerprints for the whole positioning area, the
2D sensor array is moved to different positions to collect fingerprints. When sampling at
contiguous positions with spacing shorter than the side length of the 2D sensor array, some
of the fingerprint samples measured at one position will overlap with the fingerprint samples
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taken at another position. This is not wrong; the use of the fingerprints is ultimately decided
by the pattern-matching algorithm in use. Here, we will control the collection of fingerprints
so that there is no overlapping between samples. Such an approach has the objective of
retaining the same density of samples used per ground truth position sampled and, in
addition, using this methodology for a pattern-matching method based on classification.

We consider a case in which the whole positioning area is divided into perfect area
fractions of sizes equivalent to that of the 2D sensor array, as shown in Figure 9. Figure 9a,b
represents the positioning areas. The positioning areas in the figures are divided into
12 area fractions equivalent to a given size of the 2D sensor array. The thick lines delimit
boundaries equivalent to the size of the 2D sensor array, and the thin lines subdivide
these into sizes equivalent to the space covered by each sensor in the 2D sensor array.
The different colors inside the squares delimited by the thin lines represent a vector of
fingerprints for each position associated with a sensor in the 2D sensor array, coded into the
three color channels Red–Green–Blue (RGB). Such color coding is an aid in depicting that
the fingerprints vary with the position and with some other components, like noise-like
variations in the signal providing the fingerprints.

Figure 9. Positioning area divided into 12 fixed tiles and a moving tile. Fingerprints color-coded for
different positions. The side length of the sub-tile is SS; the side length of the tile is ST . (a) Details of a
fixed tile. (b) Details of a moving tile.

Dividing the whole positioning area into perfect area fractions can ideally be achieved by
sampling contiguous parts of the whole area; moving the 2D sensor array to the next position,
without overlapping; and repeating this process until the whole area is covered. For example,
in Figure 9, the whole positioning area can be sampled by placing the 2D sensor array within
the 12 area fractions depicted in the figure. In practice, this is difficult to achieve; however,
by sampling at the positions where the samples of the sensors overlap, an equivalent result
can be achieved by post-processing the sampled fingerprints. Assuming uniform statistics
for the fingerprints, the fingerprints at overlapping subdivisions can be discarded.

The discretized area fractions mentioned above are called tiles in the context of this
work. So, in Figure 9, the positioning areas are actually divided into 12 (fixed) tiles. We
assign these the name tiles due to the resemblance of dividing the whole positioning
area into area fractions with the grid pattern outlined by square tiles. Thus, the process
of dividing the positioning area into tiles is referred to as tiling. It is recalled that there
is a direct relationship between a tile and the 2D sensor array. The 2D sensor array is
actually the one sampling the whole positioning area into area fractions equal to its size and
generating the tiles. Then, each sensor in the 2D sensor array is analogous to a subdivision
in the tile, which we call a sub-tile. It is assumed that the sub-tile is the smallest granularity
for discretizing the positioning area and sample positions. Since a vector of fingerprints is



Telecom 2025, 6, 15 32 of 101

collected at each sensor in the 2D sensor array, there is a vector of fingerprints associated
with each sub-tile.

An example of tiles and sub-tiles is depicted in Figure 9a. The tiles depicted in the
figure have a square shape; however, these could have any other shape if desired. In the
context of this work, we will work only with square tiles. We assume a uniform size for
the sub-tiles within the tiles (or sensors within the 2D sensor array). The side length of a
sub-tile is indicated by SS. The size of a tile, and thus the 2D sensor array, is measured
by the number of sub-tiles per side of the tile (that is, the number of sensors per side of
the 2D sensor array), NSS, for a given side length of a sub-tile. The side length of a tile is
indicated by ST , with ST = NSS × SS. For a square tile, there are a total of NST sub-tiles in a
tile, with NST = NSS

2. The parameters and variables related to the tiles and sub-tiles (and
correspondingly associated with the 2D sensor array) are summarized in Table 5. Finally,
we assume that the whole positioning area is covered by an integer total number of tiles,
NT . That is, it is assumed that the tiles cannot be divided into smaller fractions.

Table 5. Parameters and variables for tiles (2D sensor array).

Parameter/Variable Description

NSS Number of sub-tiles per side of the tile
(Number of sensors per side of the 2D sensor array)

NST Total number of sub-tiles in a tile = NSS
2

(Total number of sensors in the 2D sensor array)
NT Total number of tiles to cover the whole positioning area
SS Side length of sub-tile
ST Side length of tile = NSS × SS

(Side length of the 2D sensor array)

Tiles covering the whole positioning area uniformly, with a contiguous arrangement
as a grid and non-overlapping, as depicted in Figure 9a, are referred to as fixed tiles. Fixed
tiles are tiles that have associated fingerprints used in the training phase. Thus, the tiling
of the positioning area with fixed tiles, in a contiguous arrangement as a grid, is used
only in the training phase. Such a grid-like arrangement is an aid in developing the
pattern-matching methods.

In the testing phase, when one intends to find a position, the grid-like arrangement
of fixed tiles is unknown. In the testing phase, for a random position within the whole
positioning area, not constrained to the positions of the fixed tiles from the tiling process,
the 2D sensor array will describe a tile that, in general, it is not aligned with the fixed tiles
of the grid-like arrangement. A tile described by the 2D sensor array at a random position
within the positioning area is referred to as a moving tile. In other words, moving tiles are
the products of the samples generated using the 2D sensor array at random positions. In
the context of this work, moving tiles will be generated at random positions to benchmark
different pattern-matching methods in the testing phase. An example of a moving tile is
shown in Figure 9b. It is assumed that a moving tile always keeps the same orientation as
the fixed tiles in the grid-like arrangement described by the fixed tiles, or in other words,
it is not rotated. Finally, to estimate a position during the testing phase, an algorithm
implementing a pattern-matching method will use as its input the fingerprints collected
from the 2D sensor array, acting as a moving tile, and compute the estimated position of
the 2D sensor array. The pattern-matching method is previously trained in the training
phase with information from the fixed tiles.

It is noted that in the scope of our work, in the training phase, we choose to discretize
the positioning area with a contiguous arrangement of non-overlapping fixed tiles as a
grid. From one perspective, it could be thought that such discretization does not offer
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sufficient sampling of the positioning area in the sense that the training is carried out
at the discrete positions delimited by the fixed tiles, whereas the testing is carried out
at random positions that may occur in between the discretized positions used for the
training. However, we recall that our primary goal is to learn whether the use of spatial
side information produces a gain over the case of not using such side information. It
is not relevant to our scope whether the use of side information with an arrangement
of tiles with or without overlapping produces an optimal result. Within our scope, it is
enough that we can observe that there is some gain with the proposed approach using
non-overlapping tiles. From another perspective, the discretization with the tiles helps
us retain consistency for comparing the different pattern-matching methods considered,
in the sense that comparisons of the outputs are performed for the same inputs. One of
the pattern-matching methods is based on classification, in which we need to discretize
the positioning area into distinctive classes. Therefore, we base our study on the use
of discretized fractions of the positioning area in the form of non-overlapping tiles. A
comparison against cases with overlapping tiles, or any other arrangement using side
information, is deferred to future work.

4.3. Positioning Process

The process for positioning using spatial side information proposed in our work is
summarized as follows.

• The training phase: In a given positioning area, we create an ideal grid-like arrange-
ment of fixed tiles. Each fixed tile corresponds in its size to the size of the 2D sensor
array and in the number and size of the sub-tiles to each sensor in the 2D sensor
array. The 2D sensor array is aligned with a fixed tile to sample fingerprints with
adjacent side information. Fingerprint samples are collected from each sensor in
the 2D sensors array and assigned to a vector of fingerprints. In turn, the vector of
fingerprints is associated with a sub-tile. The elements in the vector of fingerprints are
the fingerprints obtained from each fingerprint source. For a number NF of fingerprint
sources, the vector has NF elements. The fingerprints from the whole 2D sensor array
are associated with a tile and assigned to a tensor of fingerprints, with the dimensions
NSS × NSS × NF.
Fingerprint samples from fixed tiles, along with the reference ground truth positions,
are used to train a regression-based FFNN model with a given pattern-matching
method. Alternatively, fingerprint samples from fixed tiles, along with the tile-class
labels, are used to train a classification-based CNN model with a given pattern-
matching method. The training of all of the models is based on supervised learning.

• The testing phase: A positioning device implementing a 2D sensor array is placed
at some random position within the positioning area. The position of the 2D sensor
array determines what is thought of as a moving tile. The 2D sensor array samples
fingerprints with adjacent side information. As in the case of fixed tiles, fingerprint
samples are collected from each sensor in the 2D sensor array, which are associated
with a sub-tile and assigned to a vector of fingerprints, with NF elements obtained from
each fingerprint source. The fingerprints from the whole 2D sensor array are associated
with a moving tile and assigned to a tensor of fingerprints, with the dimensions
NSS × NSS × NF. Finally, the position estimate is calculated using all of the pattern-
matching methods constructed in the training phase, using as the input the tensor of
fingerprints associated with the moving tile.

• Comparison of the results: This consists of comparing the performance among all of
the proposed pattern-matching methods considered in terms of the error distance, eF ,
given by Equation (1).
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4.4. Pattern-Matching Methods

The pattern-matching methods selected in our study comprise first the traditional
fingerprinting method without side information and then three pattern-matching methods
exploiting spatial side information. We assign a mnemonic name to each one of the four
pattern-matching methods selected, namely 1-SingFingIn-PosOut, 2-SingFingIn-AggPosOut,
3-MultFingIn-PosOut, and 4-MultFingIn-ClassOut. These are summarized in Table 6, shown
in Figure 10, and explained below.

The mnemonic names assigned to the pattern-matching methods listed in Table 6
compress the information described next. The mnemonic 1-SingFingIn-PosOut stands for
pattern-matching method number one, taking a single vector of fingerprints as the input
from a single sub-tile and producing a position as the output. The mnemonic 2-SingFingIn-
AggPosOut stands for pattern-matching method number two, taking a single vector of
fingerprints as the input for each one of NST sub-tiles independently and producing a
position as the output. In this last method, the output results from aggregating NST

independent position estimates. The mnemonic 3-MultFingIn-PosOut stands for pattern-
matching method number three, taking multiple fingerprints as the input and producing a
position as the output. The mnemonic 4-MultFingIn-ClassOut stands for pattern-matching
method number four, taking multiple fingerprints as the input and producing a tile-class
probability as the output.

Table 6. Pattern-matching methods.

Fingerprinting
Pattern-Matching
Method
Mnemonic Name

Side Information
[Positioning Data
Aggregation
Domain]

Input Data to the
NN

Output Data
from the NN
[Oper. Type]

Position Calculation from
the NN Output

NN Type
(Implement. Structure)

1-SingFingIn-
PosOut

No side information
[no aggregation]

Vector of
fingerprints from
center sub-tile

Position
coordinates
[regression]

None

Feedforward
(Table: FFNN for
pattern-matching
methods
1-SingFingIn-PosOut and
2-SingFingIn-
AggPosOut)

2-SingFingIn-
AggPosOut

Side information
used at the output
of the NN
[position domain]

Vector of
fingerprints from
one of the NST
sub-tiles

Position
coordinates
[regression]

Aggregation of NST position
estimates

Feedforward
(Table: FFNN for
pattern-matching
methods
1-SingFingIn-PosOut and
2-SingFingIn-
AggPosOut)

3-MultFingIn-
PosOut

Side information
used at the input of
the NN
[fingerprint dom.]

Tensor of
fingerprints from
NST sub-tiles
(1D arrangement)

Position
coordinates
[regression]

None

Feedforward
(Table: FFNN for
pattern-matching method
3-MultFingIn-PosOut)

4-MultFingIn-
ClassOut

Side information
used at the input of
the NN
[fingerprint dom.]

Tensor of
fingerprints from
NST sub-tiles
(2D arrangement)

Class likelihood
probability
vector
[classification]

Weighted sum of class
probabilities multiplied by
associated tile center
positions

Convolutional
(Table: CNN for
pattern-matching method
4-MultFingIn-ClassOut)

The positioning data aggregation domains listed in Table 6 and their relationships to
the pattern-matching methods are consistent with those introduced in Section 2.4 and listed
in Table 2.

All of the pattern-matching methods take as their input the fingerprints collected
through the 2D sensor array, shown in Figure 10a. The 2D sensor array returns a tensor
with a set of fingerprints F . The tensor can be interpreted as a 2D arrangement of a total of
NST fingerprint vectors, where each vector contains NF elements. Each element of a vector
is a fingerprint from one of the NF fingerprint sources.
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Figure 10. Fingerprinting pattern-matching methods. (a) 2D sensor array. (b) Method 1-SingFingIn-
PosOut. (c) Method 2-SingFingIn-AggPosOut. (d) Method 3-MultFingIn-PosOut. (e) Method
4-MultFingIn-ClassOut.

4.4.1. Pattern-Matching Method 1-SingFingIn-PosOut

The pattern-matching method 1-SingFingIn-PosOut consists of the traditional finger-
printing method based on associating a vector of fingerprints with a position, without spatial
side information on the fingerprints. It maps a vector of fingerprints collected at a single,
pointwise, position to the final position estimate. This method is depicted in Figure 10b.
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The method consists of calculating a position estimate using only a single sub-tile—for
example, the central sub-tile. In the training phase, an FFNN with NF inputs, with one for
each fingerprint, is trained as a regression model. The input to the NN is a vector with
elements that form a set F0 of NF fingerprints. These fingerprints are the ones measured in
a selected reference sub-tile of a fixed tile. The training aims to map the input fingerprints
to a reference ground truth position associated with the tile or to a reference position in the
selected sub-tile. The final goal is to tune the parameters in the NN to produce as the output
a position estimate for the selected reference position for a given set of input fingerprints.

In the testing phase, the FFNN takes as the input a vector of fingerprints from a sub-tile
in a moving tile. The selected sub-tile is consistent with that used in the training phase.
The FFNN produces as its output a position estimate consistent with the reference position
used in the training phase, with the coordinates x̂F0 and ŷF0 .

Regarding the selection of a reference sub-tile, we suggested above to use the central
sub-tile. In cases with an even number of sub-tiles per side, the central sub-tile can be
defined as one of the four closest to the center of the tile. Alternatively, the center of the tile,
or any other part of the tile, can be used as the training target position. Regardless of the
point of the tile selected as the target training position, it is important to use the same point
in the tile for the reference ground truth position when calculating the positioning error to
avoid introducing a systematic error.

4.4.2. Pattern-Matching Method 2-SingFingIn-AggPosOut

The pattern-matching method 2-SingFingIn-AggPosOut uses spatial side information
on the fingerprints. It produces the position estimate by aggregating the position estimates
for each sub-tile in a tile in the position domain. This method is depicted in Figure 10c.

The method consists of calculating a position estimate from a single sub-tile indepen-
dently from the others for all of the sub-tiles in a tile. This method can be thought of as
an extension of the pointwise case, in which the method 1-SingFingIn-PosOut is applied
to each sub-tile instead of to a single sub-tile. Then, there is a position estimate for each
sub-tile. The position estimates for all of the sub-tiles are aggregated in the position domain
to produce a final position estimate for the tile. This is similar to sampling the pointwise
positions in a small area sequentially in the time domain by means of a single sensor or
receiver, with posterior aggregation of the position estimates. The difference here is that we
take many samples at once using the 2D sensor array.

In the training phase, an FFNN with NF inputs, with one for each fingerprint, is trained
as a regression model. The input to the NN is a vector with elements that form a set Fj

of NF fingerprints. Here, j is a sub-tile from a set of NST sub-tiles from a fixed tile, with
j ∈ {1 . . . NST}. The training aims to map the input fingerprints associated with the sub-tile
j to the reference position of sub-tile j. We consider here a case in which there is a single
and common NN trained against the fingerprints for NST sub-tiles. The final goal is to tune
the parameters in the NN to produce as the output a position estimate for the reference
position of the sub-tile associated with a given set of input fingerprints.

In the testing phase, the FFNN takes as its input one vector with elements that form a
set of fingerprints Fj from one sub-tile j in a moving tile, with j ∈ {1 . . . NST}. The FFNN
produces as its output a position estimate for the sub-tile j, with the coordinates x̂Fj and ŷFj .
Here, each one of the NST vectors of fingerprints is associated with each one of NST sub-
tiles. This process is repeated for each one of the NST sub-tiles in the moving tile. Finally,
the NST position estimates for each sub-tile are aggregated to produce a final position
estimate for the tile, with the position coordinates x̂F and ŷF . In the implementation of
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this pattern-matching method, the position estimates for each sub-tile are aggregated by
the mean value:

x̂F =
1

NST
∑

j∈1...NST

x̂Fj , (2)

and
ŷF =

1
NST

∑
j∈1...NST

ŷFj . (3)

We note that the mean value in Equations (2) and (3) is a simplification of an averaging
operation in which it is assumed that the reference position of a tile is the center of the tile,
and the reference position of a sub-tile is the center of the sub-tile. With this assumption,
an offset, positive or negative, from the center of the tile is incorporated into the estimated
position of each sub-tile, in the sense that this offset is present in the training phase. Then,
by considering as the reference position the center of the tile, the positive and negative
offsets of the sub-tiles from the center of the tile are canceled out in the sum, and therefore,
it is not necessary to include these in the equations.

4.4.3. Pattern-Matching Method 3-MultFingIn-PosOut

The pattern-matching method 3-MultFingIn-PosOut uses spatial side information on
the fingerprints. It produces a position estimate by aggregating the fingerprints from all of
the sub-tiles in the fingerprint domain. The aggregation of the fingerprints is carried out
using an FFNN. This method is depicted in Figure 10d.

The method consists of calculating a position estimate from all of the sub-tiles. In
the training phase, an FFNN with NST × NF inputs takes all of the fingerprints from all
of the sub-tiles of a fixed tile at once as the input. The input to the NN is a tensor of
fingerprints F , constructed with NST vectors of NF fingerprints each one. The NN is
trained as a regression model to map the input tensor of fingerprints to a reference ground
truth position associated with the tile.

In the testing phase, the FFNN takes as its input all of the fingerprints F from a
moving tile and produces as its output a position estimate with the coordinates x̂F and ŷF ,
consistent with the reference position used in the training phase.

4.4.4. Pattern-Matching Method 4-MultFingIn-ClassOut

The pattern-matching method 4-MultFingIn-ClassOut uses spatial side information
on the fingerprints. It produces a classification of the tiles as tile-classes based on fixed
tiles by aggregating the fingerprints from all of the sub-tiles in the fingerprint domain. The
aggregation of the fingerprints is carried out using a 2D CNN. The position estimate is
calculated by relying on the classification of the fixed tiles and a mapping between the
tile-class labels and the positions of the corresponding fixed tiles. This method is depicted
in Figure 10e.

The use of a CNN is promising for the problem at hand. The CNN presents an
architecture implementing the convolution operation which may be suitable for exploiting
the side information and offering an optimal representational capacity. The architecture
of the CNN may require the use of a large number of parameters to generalize the model.
In comparison, using an equivalent number of parameters in an FFNN would result in
overfitting and thus the model not being generalized. From this perspective, it is expected
that for the same number of parameters, a CNN can provide a higher performance than
an FFNN in terms of minimizing the error distance. As mentioned in Section 5.7.1, we
observed that increasing the width or depth of the layers in the FFNN, after certain point,
does not produce an improvement in performance.
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The approach in this method is analogous to that used in image classification problems
and pattern recognition in images, which apply a convolution operation using 2D CNNs. In
traditional image processing, the images usually have one channel (monochrome images)
or three channels (RGB colors). In contrast, we will use a 2D CNN as it is used in image
classification problems; however, the images will be in the form of a tensor of fingerprints,
as detailed next. The tensor input to the CNN has two dimensions for the 2D spatial
position coordinates associated with the fingerprints measured by the 2D sensor array and
a third dimension for the channels. The channels in this case represent each one of the
fingerprints from NF fingerprint sources. The training phase is carried out with fixed tiles,
associated with definite tile-classes. The testing phase for the actual positioning is carried
out with moving tiles. The objective is to estimate the positions of the moving tiles. We
recall that there is a direct relationship between a tile and the 2D sensor array. Here, we
expect from the CNN an output result showing a higher classification probability for the
tile-classes (associated with fixed tiles) that are closer to the target input moving tile. Then,
this method will combine the known positions of the fixed tiles and the hit probability for
these to estimate the position of the target moving tile (2D sensor array).

Figure 11 shows an example of the tile-class labels assigned to fixed tiles (the numbers
inside circles) and the border of a superimposed random moving tile. For a given input of
fingerprints, here that corresponding to a moving tile, the 2D CNN returns as its output
the tile-class probabilities associated with each fixed tile. The figure shows as an example
an ideal outcome where the 2D CNN returns as its output tile-class probabilities that are
proportional to the areas of the fixed tiles covered by the overlapping part of the moving
tile (percentages shown at the bottom of each fixed tile).

Figure 11. Example of tile-class labels assigned to the fixed tiles (numbers inside circles) and the border
of a superimposed random moving tile. For a given input of fingerprints, here that corresponding to
the moving tile, the 2D CNN returns as its output tile-class probabilities (associated with each fixed
tile). Here, we exemplify an ideal outcome where the tile-class probabilities are proportional to the
areas of the fixed tiles covered by the overlapping part of the moving tile (percentages shown at the
bottom of each fixed tile).

A moving tile can overlap with 1 to 4 fixed tiles. However, moving tiles most likely
will be shifted from the fixed tiles and thus will most likely overlap with 4 fixed tiles. Ideally,
the RSS fingerprints in the overlapping sub-tiles of a moving tile and a fixed tile will match.
In practice, these will differ due to the presence of noise and other effects. Noise and other
effects contribute a random component to the fingerprints (for example, shadow fading in
the case of radio signals). However, the fingerprints from the fixed and moving tiles in the
overlapping parts will bear resemblance to some extent, such that these can be recognized
by the 2D CNN as a translation of part of a fixed tile with a certain tile-class probability.
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A 2D CNN takes as its input a tile in the form of a tensor of fingerprints F , interpreted
as a 2D image with NF channels, produced by the 2D sensor array. The input tensor has a
size NSS × NSS × NF given by the size of the 2D sensor array and the number of channels
(equivalent to the number of fingerprint sources, NF). In the training phase, the CNN is
trained with fixed tiles as a classification model to map the fingerprints F to a fixed tile tile-
class. The CNN outputs a tile-class likelihood probability vector, pF , of size NT , indicating
the likelihood of matching each tile-class for the NT tiles available in the positioning area in
a target scenario. The tile-class likelihood probability vector pF is the output of the NN
from a normalized dense layer with a softmax activation function.

In the testing phase, the CNN takes as its input the tensor of fingerprints F of the
size NSS × NSS × NF from a moving tile and produces as its output the tile-class likelihood
probability vector pF . A known mapping between the tile-classes and the center positions
of the respective fixed tiles is used to calculate the estimated position coordinates, x̂F and
ŷF , of the moving tile (2D sensor array).

The final position coordinate estimate, x̂F and ŷF , for a given input tensor with
fingerprints F is calculated by aggregating the tile-class probabilities assigned as weights
to the position coordinates of the corresponding fixed tiles:

x̂F = ∑
j∈Θ

pF j x(j)
T , (4)

ŷF = ∑
j∈Θ

pF j y(j)
T , (5)

where Θ is the set of fixed tiles, with cardinality NT and elements j ∈ Θ, x(j)
T and y(j)

T are the
coordinates of the center of the tile j, and pF j is the j th element of the tile-class likelihood
probability vector pF , associated with the tile j, where

∑
j∈Θ

pF j = 1. (6)

It is assumed that there is a suitable data structure, e.g., a look-up table, with the
mapping between the tile-class j and its center coordinates x(j)

T and y(j)
T .

Other ways to exploit the tile-class probabilities output by the softmax layer could be
devised. However, our goal is to investigate the possible gains with the proposed approach,
so other ways to exploit the tile-class probabilities are left for future work.

◦ Translation Invariance Property
It is unclear to us whether the so-called translation invariance property of CNNs is
present and contributing to boosting the recognition of parts of a moving tile, which
are translated parts of the overlapped fixed tiles. This translation invariance property
is also discussed in terms of shift invariance [209]. It is under debate whether the
architecture of CNNs alone, the introduction of multiple convolutional layers, the
introduction of pooling layers, data augmentation, or a combination of the former
contributes to the translation invariance property. In [210], translation invariance
is discussed in terms of a local translation, enabled by pooling functions, for small
translations in the input. In [211], it is concluded that for the processing of images, the
invariance increases with the depth of the CNN. In [212], it is concluded that CNNs
alone are not translation-invariant but that the main contribution to the invariance
is the training with the help of data augmentation. It is argued that CNNs are not
shift-invariant due to the presence of downsampling, introduced by layers like strided
max-pooling [213,214].
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We implemented a CNN without pooling and without data augmentation in the trans-
lation domain (meaning that we augmented data by introducing a random shadow
fading component into each sub-tile, but the base path loss component remained con-
stant for the position of each sub-tile, and thus, there was no augmentation through
translation in the fixed tiles used for training). Thus, according to the claim of some
works in line with those cited above, our CNN does not benefit from the translation in-
variance property. Yet as a matter of fact, the CNN implemented manages to find with
a high probability fixed tiles that resemble moving tiles. Given that the tile-classes
from the fixed tiles present a variation in a pattern that can be considered almost
continuous, it is unclear to us whether the good performance observed is because the
fixed tiles are identified by moving tiles with a close resemblance and/or because the
good performance is enabled by the translation invariance. A reasoning in line with
the possible contribution of the translation invariance is based on the assumption that
the pattern described by a fixed tile, notwithstanding the noise component introduced
by the shadow fading, can be found in the parts of a moving tile regardless of the
position of the pattern in the tile. Parts of these patterns can be at different positions
in the moving tile compared with in a fixed tile. Then, if translation invariance exists,
we would expect to observe that the parts of a moving tile can be identified with a
higher probability in fixed tiles around the moving tile.

◦ Tile-class Probabilities and Data Aggregation Domains
It is open to discussion whether the processing of the tile-class probabilities, along
with the known tile center positions, is regarded as positioning data aggregation in the
position domain. The input fingerprints are aggregated in the fingerprint domain by
the CNN; therefore, there is not a one-to-one mapping from an individual fingerprint
to each tile-class probability. Therefore, we do not treat this step as an aggregation
in the position domain, in as much as we do not treat as aggregation in the position
domain the last layers in the pattern-matching method 3-MultFingIn-PosOut, which
ultimately aggregates the NN data to calculate the final output position estimate.

5. Feasibility Study Through System Simulations
In this section, we carry out a feasibility study using simulations to learn whether

the use of spatial side information on the fingerprints can lead to a justifiable gain in
terms of minimizing the positioning error. This study is performed using simulations
based on Monte Carlo methods with a system simulator, testing the performance of each
pattern-matching method with synthetic fingerprints and moving tiles at random positions.

Monte Carlo methods are suitable for studying the behavior of complex systems. In
the field of telecommunications, Monte Carlo methods are a common way to study the
performance of a communications system at the system level. The system-level approach
abstracts the actual information transmitted at the bit level over the communication links
with a representation at the signal level. In the context of this work, we work with RSS-based
fingerprints, which are generated in the same way as they are in system-level simulators
for communications systems.

Our system is composed of the 2D sensor array used to collect fingerprint samples
with adjacent side information (Section 4.1); a scenario constituting four base stations and
the area intended for positioning (Section 5.1) discretized into tiles (Section 4.2) of a given
size (Section 5.9) in the training phase; and the fingerprinting-based positioning method,
based on the mapping of the fingerprints to positions using a pattern-matching method
(Figure 5, Section 2.2) by implementing an NN.

Four pattern-matching methods are implemented, as described in Section 4.4 and
depicted in Figure 10.
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Data collection from field measurements is very costly, in particular for feeding ma-
chine-learning-based models as training data. Thus, in this study, we rely on synthetically
generated fingerprints in the form of the RSS. Synthetic data generation for positioning is
not uncommon in the literature. In [215], synthetic data are generated to augment a small
set of measured data for localization purposes, and a simulator is used for the evaluation
of the proposed solution. In [216], the generation of fingerprints using radio propagation
models is presented as virtual fingerprinting. In [217], an algorithm is validated and tested
with the aid of simulations, and synthetic data are generated to complement measured
positioning data in the training phase for an NN-based model. Other examples of works im-
plementing synthetic fingerprints are [143,151,189]. From another perspective, regardless of
the number of channels used to create the fingerprint images for pattern-matching method
4-MultFingIn-ClassOut, the creation of fingerprint images can be considered a subcategory
of the more general fields of synthetic image generation and image synthesis [218–220].

The implemented system simulator comprises the following:

• The creation of a scenario with transmitting base stations in downlink and the area
intended for positioning;

• Tiling of the area intended for positioning (creation of the positioning area);
• The creation of datasets of synthetic fingerprints for fixed and moving tiles (as arrange-

ments that are equivalent to samples of the 2D sensor array) with a radio channel
model, published by a standardization body, for a frequency of 2.6 GHz;

• Training of the NN model for a selected pattern-matching method in the training phase;
• Estimation of the positions of moving tiles in the testing phase;
• Storage of the best-performing result.

Simulations are carried out for the four pattern-matching methods introduced in
Section 4.4 for processing the fingerprints. The first pattern-matching method is based on the
traditional approach to pointwise samples, without side information. The other three pattern-
matching methods use spatial side information. All of the pattern-matching methods are
benchmarked against each other, primarily to learn whether the use of spatial side information
brings some gain and secondarily to learn how the different pattern-matching methods that
process the side information perform against each other. We investigate the performance of
the four pattern-matching methods from the results of the simulations in the next section.

The next subsections explain the different components of the system simulator and
provide details of the simulation process, simulation execution, the NN structure for each
pattern-matching method, and other relevant considerations.

5.1. Scenario for Simulations, Area Intended for Positioning, and Positioning Area

A scenario with an LOS radio propagation channel model is selected because it is a
challenging scenario for fingerprinting-based positioning. Such a scenario is suitable for
benchmarking positioning with spatial side information. Fingerprinting-based positioning
exploiting RSS fingerprints benefits from abrupt changes in the RSS. For example, in [221], the
abrupt change in the radio signal’s strength through a wall is exploited to distinguish between
different rooms. In [222], a physical arrangement consisting of an air-gap between attenuating
surfaces is used to create a distinctive radiation pattern for the radio signal, which results in
an abrupt change in the RSS. This abrupt change is tested for fingerprinting-based positioning
against the signal strength that would be produced by an omnidirectional antenna without
any object attenuating the radio signal. It is concluded that with such an abrupt change in the
RSS, the positioning error is reduced. In [82], a reconfigurable intelligent surface is used to
produce distinctive differences in the RSS in adjacent locations. Contrary to these research
works, in our study, we intend to avoid such abrupt changes in the RSS so that the observed
performance results are solely based on the gains produced by the spatial side information
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attained through the 2D sensor array. Therefore, we will assume an omnidirectional radiation
pattern for the antennas of the transmitters and an LOS radio propagation channel model.

To evaluate the proposed pattern-matching methods, the following scenario is proposed
for the simulations. The scenario consists of an open area available for positioning with a
maximum size of 13 m by 5 m. This open area is free of objects to allow the LOS propagation
of the radio signal. Hereafter, this area is referred to as the area intended for positioning. The
area intended for positioning spans from position 1 m to 14 m in the x coordinates and from
position 1 m to 6 m in the y coordinates in the scenario. Positioning takes place within an area
referred to as the positioning area and which is inscribed in the area intended for positioning.
So, in other words, the positioning area is a rectangle inscribed within the area intended for
positioning, where the former can be smaller or equal to the latter.

The positioning area is the actual area in which we study the different pattern-matching
methods using simulations. It is noted that the positioning area can vary in size as a function
of the selected tile sizes; however, it is constrained to a maximum size of 13× 5 m2 (the area
intended for positioning in the scenario). Actually, we set a constraint on not allowing the
use of fractions of a tile to cover the area intended for positioning. So, for some tile sizes, the
positioning area will be equal to the area intended for positioning, and for other tile sizes,
the positioning area will be slightly smaller than the area intended for positioning. The use
of different tile sizes, border conditions, and the resulting positioning areas is discussed in
Section 5.3. In the example that follows (Figure 12), the example in Section 5.2.4, as well as in
the explanation of one of the results obtained (first example in Section 6.8.3), the area intended
for positioning and the positioning area coincide. In contrast, in the second example presented
in Section 6.8.3, the area intended for positioning and the positioning area differ. The difference
between these areas can be observed in the figure of the second example in the cited section.

Figure 12. Scenario layout depicting the positions of four base stations (triangles) and the area
intended for positioning. As an example, the selected size of the tiles results in a positioning area
equivalent in size to the area intended for positioning. The positioning area is fully covered by fixed
tiles (colored region) and shows one snapshot of the radio channel state. Each sub-tile has a vector of
fingerprint elements from the four base stations associated with it, which is color-coded with the RGB
and opacity channels. In the example shown, all of the tiles cover the area intended for positioning
with NSS = 10, and SS = 50 mm.

The scenario is shown in Figure 12. In the figure, as an example, the area intended for
positioning (13 m by 5 m) is fully covered by the positioning area with the selection of tiles
with side lengths of 500 mm. In this case, the dimensions of the area intended for positioning,
13,000 mm × 5000 mm, are multiples of the dimensions of the tile, and thus an exact number
of tiles fits into the area intended for positioning. The positioning area is colored with red,
green, and blue. The base stations are depicted in the figure with four triangles numbered
from one to four and are located in this scenario in the positions listed in Table 7.



Telecom 2025, 6, 15 43 of 101

Table 7. Base station positions in the scenario.

Base Station x Coordinates y Coordinates
Number in Meters in Meters

1 0 0
2 15 0
3 0 7
4 15 7

Figure 12 depicts an example in which the whole positioning area is covered by fixed
tiles of the size 500 mm by 500 mm, with NSS = 10, and SS = 50 mm, to exemplify the
tiling of the area intended for positioning (the creation of the actual positioning area). As
described in Section 4.2, each sub-tile has a vector of fingerprints associated with it. Here,
the elements in the vector of fingerprints are the RSS values received in downlink from the
four base stations. Aligned with this, in Figure 12, each sub-tile is color-coded with the RGB
channel colors and the opacity from the alpha-channel to represent the fingerprints from
each one of the four base stations. The signal strength from base stations 1, 2, and 3 is coded
in the colors red, green, and blue, respectively. The signal strength from base station 4 is
coded as the opacity from the alpha-channel. The color strength or opacity decreases with
the distance from each base station, analogous to the attenuation in the RSS of the radio
signal. In addition, the RSS contains a random component that models the shadow fading.
In the figure, this random component is depicted by the lack of gradual uniformity in the
continuity of the colors between adjacent sub-tiles. The color coding is used to create a
visual aid showing that the fingerprints vary with the position and the shadow fading. This
example shows one snapshot in time of the time-varying radio channel state. Hereafter, we
refer to this snapshot in time as radio channel realization.

5.2. Generation of Datasets of Fingerprints

Four datasets of fingerprint data are synthetically generated: first, a dataset of fixed
tiles for training the NN, labeled as Fixed Tiles for Training (FTT); second, a dataset of fixed
tiles for validation of the trained NN model, labeled as Fixed Tiles for Validation (FTV); third,
a dataset of moving tiles for validation, labeled as Moving Tiles for Validation (MTV); and
fourth, a dataset of moving tiles for testing, labeled as Moving Tiles for Testing (MTT). The
datasets are labeled as indicated in Table 8. The first two datasets associate fingerprints
with fixed tiles, and the last two datasets associate fingerprints with moving tiles.

Table 8. Acronyms for datasets.

Acronym Description

FTT Fixed Tiles for Training
FTV Fixed Tiles for Validation
MTV Moving Tiles for Validation
MTT Moving Tiles for Testing

5.2.1. Validation Datasets

Two validation datasets are used. The FTV dataset is used to select the set of training
weights that produce the minimum error among the training epochs. The MTV dataset is
used to select the set of training weights that produce the minimum error among different
initial random weights.

The rationale behind the use of two validation sets is as follows. The training phase is
carried out with a dataset of fixed tiles (FTT); however, the trained NN model is expected
to generalize for a testing dataset of moving tiles (MTT). Then, for the selection of the best
training weights among epochs and aiming to reduce the generalization error, we rely on a
validation dataset of fixed tiles (FTV), which is consistent with the dataset type used for the
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training. However, as the target testing dataset consists of moving tiles (MTT), we use a
second validation dataset, this time with moving tiles (MTV). The use of the MTV dataset
aims to reduce the generalization error using moving tiles by selecting the weights that
produce the minimum error metric in the performance of the model among different initial
random weights. Since we are trying to optimize a non-convex problem, the training of the
model is repeated a number of times with different initial random weights in an attempt to
obtain the most favorable solution (as will be explained in step 5 of the execution flow of
the model training presented in Section 5.6.3).

5.2.2. Generation of the Center Position Coordinates for Fixed Tiles

The number and positions of fixed tiles are a function of the number of sub-tiles per
side of the tile, NSS, and the side length of the sub-tile, SS. Prior to the generation of the
datasets, the center position coordinates for the fixed tiles are determined. Pseudocode 1
shows the function FTileCenters(), which is in charge of calculating the center position
coordinates for the fixed tiles. It is noted that this function does not generate the actual
tiles, but it just generates the coordinates of an imaginary grid that will hold the fixed tiles.
The actual fixed tiles will be generated using another function. One function call is made to
FTileCenters() (as will be explained in step 2 of the main execution flow of the simulator
presented in Section 5.6.1). The function returns as the output a data structure with an
arrangement of the fixed tiles’ centers, for example, in the form of a vector, array, or list,
for each coordinate, namely vCenterTilesPositionX and vCenterTilesPositionY. These data
structures are used next to generate datasets of fixed tiles in the function FFixedTiles()
and to define the area allowed for generating the datasets of moving tiles in the function
FMovingTiles(). This function also calculates and returns as output the total number of
tiles required to cover the whole positioning area, NT .

Pseudocode 1 Function for calculating the center positions for fixed tiles - FTileCenters()

Input: NSS, SS ▷ NSS: Number sub-tiles per tile side; SS: side length of sub-tile in mm
ST ← NSS × SS ▷ Side length of the tile
ScenarioLe f tX ← 1000 ▷ Scenario, left X coordinate in mm
ScenarioRightX ← 14000− St/2 ▷ Scenario, max. tile center right X coordinate in mm
vCenterTilesPositionX ← [ ] ▷ Vector/array/list to store tile center positions along X
PointerTilePosition← ScenarioLe f tX + St/2 ▷ Points to each tile center position
indexX ← 0 ▷ Tile indexX
while PointerTilePosition ≤ ScenarioRightX do ▷ While a new entire tile fits along X

vCenterTilesPositionX[indexX]← PointerTilePosition ▷ Store tile center position X
PointerTilePosition← PointerTilePosition + St ▷ Next tile center position
indexX ← indexX + 1 ▷ Next tile indexX

end while
ScenarioBottomY ← 1000 ▷ Scenario, bottom Y coordinate in mm
ScenarioTopY ← 6000− St/2 ▷ Scenario, max. tile center top Y coordinate in mm
vCenterTilesPositionY ← [ ] ▷ Vector/array/list to store tile center positions along Y
PointerTilePosition← ScenarioBottomY + St/2 ▷ Points to each tile center position
indexY ← 0 ▷ Tile indexY
while PointerTilePosition ≤ ScenarioTopY do ▷ While a new entire tile fits along Y

vCenterTilesPositionY[indexY]← PointerTilePosition ▷ Store tile center position Y
PointerTilePosition← PointerTilePosition + St ▷ Next tile center position
indexY ← indexY + 1 ▷ Next tile indexY

end while
NT ← indexX× indexY ▷ Total number of fixed tiles to fill the positioning area
Return vCenterTilesPositionX, vCenterTilesPositionY, NT
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It is noted that, in order to present a simple and compact structure for the simulator,
the scenario dimensions for the area intended for positioning are hard-coded into the
function. So, for a given input of parameters NSS and SS, the function defines the center
positions of the fixed tiles and in the end returns as the output the final positioning area.

5.2.3. Generation of Fixed Tiles

Pseudocode 2 shows the function FFixedTiles(), which is in charge of generating the
datasets with fixed tiles, FTT and FTV. This function takes as its input the center position
coordinates of the fixed tiles and generates fixed tiles at the specified positions. The function
also takes as input the number of fixed tile batches NFTB, which determines how many
batches of tiles are generated. Each batch covers the entire positioning area in the scenario.
Thus, there are NFTB instances of tiles at each tile position, each with a different set of radio
channel realizations (vector of fingerprints) in each sub-tile. The radio channel realizations
result from the path losses from the base stations and the randomness introduced by the
shadow fading in the radio channel model (Section 5.4). Each channel realization most
likely determines a different set of fingerprints at each tile position. In our simulations, we
use the same number of batches, NFTB = 50, for the FTT and FTV datasets. The function
FFixedTiles() makes calls to the function FTile(), which is the one in charge of generating
the actual tile (one per call), with the corresponding fingerprints at the given tile coordinates.
The function also takes NSS and SS as input with the purpose of passing these as input to
the function FTile().

Pseudocode 2 Function for generating fixed tiles - FFixedTiles()

Input: vCenterTilesPositionX, vCenterTilesPositionY, NFTB, NSS, SS
vFixedTiles← [ ] ▷ Vector/array/list to store tile data structures
vSubTilesCenterPosit← [ ] ▷ Vector/array/list to store sub-tile center positions
indexBatch← 0
while indexBatch < NFTB do

for iY ∈ vCenterTilesPositionY do
for iX ∈ vCenterTilesPositionX do

TileDataStructure, SubTilesCenterPositStruct← FTile(iX, iY, NSS, SS) ▷ Tile
vFixedTiles← vFixedTiles + [TileDataStructure] ▷ Append tile data struct.
vSubTilesCenterPosit← vSubTilesCenterPosit + [SubTilesCenterPositStruct]

end for
end for
indexBatch← indexBatch + 1 ▷ Next batch index

end while
Return vFixedTiles, vSubTilesCenterPosit

A data structure vFixedTiles in the form of a vector, array, or list is returned as output,
in which each element is a tensor, or another suitable data structure, associated with a
tile for storing the fingerprints. This tensor or data structure contains as elements the
vectors of fingerprints for each sub-tile in the tile. The function also returns as output a data
structure vSubTilesCenterPosit in the form of a vector, array, or list, in which each element
contains a data structure associated with a tile and consistent in indexing order with a tile
in vFixedTiles. This data structure contains the reference center position coordinates for
each generated sub-tile in the tile.

For simplicity, the pseudocode for the function FFixedTiles() does not show that
each fixed tile needs to have a tile-class label associated with it. The tile-class label is any
distinctive indicator, which ultimately is vectorized using one-hot encoding. It is assumed
that this or another function creates such a label and that a suitable data structure, for
example, in the form of a look-up table, is created to map each tile-class label to the center
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position of the corresponding fixed tile. The tile-class label, and the data structure mapping
the tile-class to the center position of the fixed tile, are used by pattern-matching method
4-MultFingIn-ClassOut, which is a classification-based method.

Two function calls to FFixedTiles() are performed, one to generate the FTT dataset
and one to generate the FTV dataset (as will be explained in steps 4 and 5 of the main
execution flow of the simulator presented in Section 5.6.1). Figure 12 depicts an example
of the output produced by this function for one batch, in which the area intended for
positioning is fully covered by fixed tiles. The figure also depicts an example of one radio
channel realization. Each sub-tile has a vector of fingerprint elements from the four base
stations associated with it. In the figure, each sub-tile is color-coded with the RGB and
opacity channels to represent the fingerprints from each one of the four base stations. In
this example, NSS = 10, and SS = 50 mm.

5.2.4. Generation of Moving Tiles

Pseudocode 3 shows the function FMovingTiles(), in charge of generating the datasets
with moving tiles, MTV and MTT. This function takes as input the center position coordi-
nates of the fixed tiles to determine the area in which the moving tiles can be generated
(details on the allowed positioning area are provided below in Section 5.3). This function
also takes as input NumberO f MovingTiles, which determines how many moving tiles are
generated. The position of the moving tiles is determined randomly, with the outcome
of pseudo-random numbers generated from a uniform distribution in the interval [0, 1),
∼ U (0, 1), scaled and shifted to the dimensions of the positioning area. Each moving tile
has a set of radio channel realizations (vector of fingerprints) in each sub-tile, resulting
from the path losses from the base stations and the randomness introduced by the shadow
fading in the radio channel model (Section 5.4). Thus, each channel realization most likely
determines a different set of fingerprints at each tile position. In the simulations, we use
NumberO f MovingTiles = 5000. The function FMovingTiles() makes calls to the function
FTile(), which is the one in charge of generating the actual tile (one per call), with the
corresponding fingerprints, at the given tile coordinates. This function also takes as input
NSS and SS, with the purpose of passing these as input to the function FTile().

Pseudocode 3 Function for generating moving tiles - FMovingTiles()

Input: vCenterTilesPositionX, vCenterTilesPositionY, NumberO f MovingTiles, NSS, SS
MinTileCenterPositionX ← min(vCenterTilesPositionX)
MaxTileCenterPositionX ← max(vCenterTilesPositionX)
MinTileCenterPositionY ← min(vCenterTilesPositionY)
MaxTileCenterPositionY ← max(vCenterTilesPositionY)
IntervalPositionX ← MaxTileCenterPositionX−MinTileCenterPositionX
IntervalPositionY ← MaxTileCenterPositionY−MinTileCenterPositionY
vMovingTiles← [ ] ▷ Vector/array/list to store tile data structures
vSubTilesCenterPosit← [ ] ▷ Vector/array/list to store sub-tile center positions
indexTiles← 0
while indexTiles < NumberO f MovingTiles do

iX ← ∼ U (0, 1)× IntervalPositionX + MinTileCenterPositionX ▷ Random coord. X
iY ← ∼ U (0, 1)× IntervalPositionY + MinTileCenterPositionY ▷ Random coord. Y
TileDataStructure, SubTilesCenterPositStruct← FTile(iX, iY, NSS, SS) ▷ Tile
vMovingTiles← vMovingTiles + [TileDataStructure] ▷ Append tile data struct.
vSubTilesCenterPosit← vSubTilesCenterPosit + [SubTilesCenterPositStruct]
indexTiles← indexTiles + 1 ▷ Next tile index

end while
Return vMovingTiles, vSubTilesCenterPosit
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A data structure vMovingTiles in the form of a vector, array, or list is returned as the
output, in which each element is a tensor, or another suitable data structure, associated with
a tile for storing the fingerprints. This tensor or data structure contains as its elements the
vectors of fingerprints for each sub-tile in the tile. This function also returns as output a data
structure vSubTilesCenterPosit in the form of a vector, array, or list in which each element
contains a data structure associated with a tile and consistent in indexing order with a tile
in vMovingTiles. This data structure contains the reference center position coordinates for
each generated sub-tile in the tile.

Two function calls to FMovingTiles() are performed, one to generate the MTV dataset
and one to generate the MTT dataset (as will be explained in steps 6 and 7 of the main
execution flow of the simulator presented in Section 5.6.1). Figure 13 depicts an example of
the output produced by this function for 40 moving tiles (colored tiles). In the figure, the
positioning area for this example is the grid that spans from position 1 m to 14 m along
the x coordinates and from position 1 m to 6 m along the y coordinates. This positioning
area is analogous to the one depicted in Figure 12 for fixed tiles. The grid is provided as a
reference to observe the relative position of the moving tiles to the actual position of the
fixed tiles. Each sub-tile of the moving tiles has a vector of fingerprint elements from the
four base stations associated with it. In the figure, each sub-tile is color-coded with the RGB
and opacity channels to represent the fingerprints from each one of the four base stations.
In this example, NSS = 10, and SS = 50 mm.

Figure 13. Example of 40 moving tiles (colored tiles) with NSS = 10 and SS = 50 mm generated by
samples obtained from a uniform distribution in the function FMovingTiles(). The grid covering the
positioning area is provided as a reference to observe the relative position of the moving tiles to the
actual position of the fixed tiles.

5.2.5. Generation of Individual Tiles

The functions FFixedTiles() and FMovingTiles() create fixed and moving tiles, respec-
tively. The difference between these functions is the following. The function FFixedTiles()
creates tiles at every position determined by the imaginary grid created in the function
FTileCenters(). The function FMovingTiles() creates tiles at random positions. Regard-
less of the position of the tile, the structure of the tile remains the same for a given tile
arrangement (that is, in terms of the number of sub-tiles in the tile and the sub-tile sizes,
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as introduced in Section 5.9). The way to create the tile is common to both functions,
FFixedTiles() and FMovingTiles(). Therefore, to avoid redundant lines of pseudocode
in these functions, the actual tile is created using a function FTile(), which is called by
these functions.

The functions FFixedTiles() and FMovingTiles() call the function FTile() to generate
a tensor, representing a tile, in which each sub-tile has an associated vector of four fin-
gerprints, with one from each base station. The function FTile(), shown in Pseudocode 4,
takes as its input the desired coordinates of the tile iX and iY and the parameters related
to the sub-tiles, NSS and SS. The pseudocode generates a grid of sub-tiles, shifted by the
coordinates iX and iY, and determines the distance d from each sub-tile to each base station.
For each sub-tile and base station combination, the path loss is calculated as function of d.
Then, the shadow fading is generated from a zero mean normal distribution and added to
the path loss to form a radio channel realization, to be used as a fingerprint, as explained in
Section 5.4. A data structure TileDataStructure is used to store the vectors of fingerprints
for each sub-tile. We refer to it as a tensor, although any other suitable data structure
could be used. A data structure SubTilesCenterPositStruct is used to store the position
coordinates for each sub-tile in the tile. The function returns as its output TileDataStructure
and SubTilesCenterPositStruct.

Pseudocode 4 Function for generating an individual tile - FTile()

Input: iX, iY, NSS, SS ▷ iX, iY are the coordinates of the tile in the scenario
ST ← NSS × SS ▷ Side length of the tile
σ← 3 ▷ Standard deviation in the radio channel model
vBSindexes← [0, 1, 2, 3] ▷ Indexes for four base stations
vBScoordX ← [0, 15000, 0, 15000] ▷ Base station X coordinates in mm
vBScoordY ← [0, 0, 7000, 7000] ▷ Base station Y coordinates in mm
TileDataStructure← [ ][ ][ ] ▷ Data structure to store fingerprints related to the tile
SubTilesCenterPositStruct← [ ][ ][ ] ▷ Data structure to store sub-tile center positions
indexSY ← 0 ▷ Sub-tile index along Y
while indexSY < NSS do ▷ For each sub-tile along Y

SubTileCenterPositionY ← indexSY× SS +
SS
2 −

ST
2 + iY ▷ Sub-tile center position Y

indexSX ← 0 ▷ Sub-tile index along X
while indexSX < NSS do ▷ For each sub-tile along X

SubTileCenterPositionX ← indexSX× SS +
SS
2 −

ST
2 + iX ▷ Sub-tile center pos. X

for indexBS ∈ vBSindexes do ▷ For each base station index
▷ Distance along X from sub-tile center to the indexed base station in mm

dX = vBScoordX[indexBS]− SubTileCenterPositionX
▷ Distance along Y from sub-tile center to the indexed base station in mm

dY = vBScoordY[indexBS]− SubTileCenterPositionY

dmm ←
√

dX
2 + dY

2 ▷ Dist. from sub-tile to the indexed base station in mm
d = dmm/1000 ▷ Distance from sub-tile to the indexed base station in m
L← L(d) ▷ Path loss for distance d from Equation (7)
S←∼ N (0, σ2) ▷ Shadow fading from Equation (8)
H ← L + S ▷ Radio channel model realization (Fingerprint). Equation (9)
TileDataStructure[indexBS][indexSX][indexSY]← H ▷ Sub-tile fingerprint
SubTilesCenterPositStruct[indexSX][indexSY][0]← SubTileCenterPositionX
SubTilesCenterPositStruct[indexSX][indexSY][1]← SubTileCenterPositionY

end for
indexSX ← indexSX + 1 ▷ Next sub-tile index along X

end while
indexSY ← indexSY + 1 ▷ Next sub-tile index along Y

end while
Return TileDataStructure, SubTilesCenterPositStruct
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In Pseudocode 4, in order to present a simple and compact structure or the simulator,
the position coordinates of the base stations and the standard deviation for the radio
channel model (introduced in Section 5.4) are hard-coded into the function. In addition, for
simplicity, a function call for the calculation of the path loss is omitted. Instead, the equation
for the calculation of the path loss, Equation (7), is directly indicated in the pseudocode. It
is assumed that the parameters for the calculation of the path loss (frequency, f , and power
loss coefficient, NPL) are available in the function.

5.3. Border Conditions in the Area Intended for Positioning in the Scenario

The tiling of the scenario is based on the discretization of the positioning area into tiles
of a fixed size equivalent to that of the 2D sensor array. The use of fractions of a tile is not
considered in our scope; therefore, the tiling cannot be carried out with fractions of a tile
but only with entire tiles.

For the tiling, we adopt a pragmatic approach in which we assume that the borders
of the area of 13 m by 5 m intended for positioning in the scenario (Section 5.1) cannot
be crossed by the 2D sensor array. This is equivalent to saying that in a real scenario, the
assumed area intended for positioning has certain physical barriers (e.g., walls), which
cannot be physically crossed by the 2D sensor array. In this context and with the constraint
of using entire tiles, the tiles cannot cross the borders of the area intended for positioning.
The tiling must be performed inside of the area intended for positioning.

For cases in which an exact number of tiles fits into the entire area intended for
positioning, the whole scenario is completely covered by tiles, as exemplified in Figure 12.
To be specific, in these cases fractions of tiles are not required to cover the entire area
intended for positioning, or, in other words, each one of the dimensions of the area intended
for positioning, 13,000 mm and 5000 mm, is a multiple of the side length of the tile. For cases
in which an exact number of tiles does not fit into the entire area intended for positioning,
some regions of the area intended for positioning will be uncovered, at the top or right
borders or at both. That is, starting the tiling from one border, we may be not able to
reach the opposite border with an entire tile. See as an example the difference between the
area intended for positioning and the positioning area (inner rectangle) in the figure of the
second example presented in Section 6.8.3.

In our simulations, we set in the function FTileCenters() (Pseudocode 1) as the initial
coordinates the bottom-left corner of the area intended for positioning. Then, in the tiling,
the area intended for positioning is covered from left to right and from bottom to top. In
the case that the tiles do not fit exactly next to the top and/or right borders, the region(s)
next to the corresponding border(s) remain uncovered.

In the testing phase, moving tiles are used. Moving tiles are constrained to using the
positioning area delimited by the fixed tiles. This is achieved by using the minimum and
maximum fixed tile center positions returned by the function FTileCenters() and provided
as input to the function FMovingTiles() (Pseudocode 3).

5.4. Radio Channel Model

A simple radio channel model is used for the proposed scenario, consisting of the
power path loss for LOS radio signal propagation and shadow fading.

The path loss for LOS radio signal propagation, that is, without the obstruction of
walls or floors, is calculated using the path loss model for indoor scenarios [223]:

L = 20 log10( f ) + NPL log10(d)− 28, (7)

where the path loss L is in dB, f is the frequency in MHz, d is the distance between the
transmitter and the receiver in meters, constrained to d > 1 m, and NPL is the power loss
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coefficient. Here, we will work with f = 2600 MHz, and NPL = 30, which is a typical
power loss coefficient for this frequency range used in office and residential scenarios.

The shadow fading statistics are modeled using a random variable S following a
normal distribution with zero mean and the standard deviation σ

S ∼ N (0, σ2). (8)

A typical value for the standard deviation for the selected frequency range and scenario is
σ = 3 dB.

The radio channel is modeled by

H = L + S. (9)

The received power at a receiver, PRX , is calculated through a linear transformation in
the dB domain, subtracting the effects produced by the channel on the transmit power:

PRX = PTX − H, (10)

where PTX is the transmit power of the transmitter in a dB unit, for example, in dBm. Here,
we assume a constant transmit power.

In RSS-based fingerprinting, the received power PRX is used as a fingerprint. How-
ever, because our study is based on system simulations, we simplify the calculations by
proceeding as follows. Instead of using the received power as the fingerprint, we use the
numeric value of the effects produced by the channel, H, directly as an equivalent to the
PRX fingerprint. This is because (1) we normalize the datasets of the RSSs input into the
NN to the zero mean scaled by the standard deviation of the RSSs; therefore, a constant
transmit power will simply disappear. (2) The added shadow fading is a random variable
with a zero mean normal distribution, and (3) the weights in the first layer of the NN have
the degrees of freedom to change the sign of the input data if needed. Therefore, we avoid
extra computations for calculating the received power and use Equation (9) to generate the
fingerprints instead. The fingerprints are a function of the distance d between the receiver
and the transmitter (base station) for a fixed frequency f . In addition, there is a shadow
fading component considering a fixed standard deviation σ in the shadow fading and a
fixed power loss coefficient NPL.

5.5. Generalization for Moving Tiles and the Optimization Metric

The training phase operates with a defined optimizer and optimization metric, training
the input dataset FTT of fixed tiles. However, in the end, the model must generalize for
moving tiles. We emphasize that the model cannot be trained with moving tiles directly
because the proposed approach is based on the tiling of the positioning area with fixed tiles.

In order to measure the performance of the model for moving tiles, we adopt a custom-
made optimization metric. Then, to select the model that generalizes best for moving tiles,
the training process is iterated with the FTT dataset and different initial random weights
in each iteration. The final selected model is the one that minimizes this custom-made
metric for the MTV dataset. This process is explained in detail in Section 5.6. The number
of iterations among different initial random weights is assigned in the parameter NI .

To generalize for moving tiles, we aim to minimize the 95th percentile of the Cu-
mulative Distribution Function (CDF) of the error distances for all of the moving tiles in
the MTV dataset. The selection of this metric is decided by the use-case, usually based
on the expected performance of the positioning method. Another metric, like aiming to
minimize the mean squared error, can be used. In the end, it is just a matter of selecting the
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metric most suitable for the problem to be solved. In this case, we opt for improving the
performance of the model for 95 percent of the samples at the cost of possibly worsening
the performance for the remaining 5 percent. The 95th percentile of the CDF is assigned in
the parameter PR.

5.6. Simulation Process

A system simulator was constructed to generate the training and testing datasets of
fingerprints, execute different fingerprinting pattern-matching methods, and produce the
performance results. The simulations are based on Monte Carlo methods, relying on basic
pseudo-random number generators, following the uniform and normal distributions.

5.6.1. Main Execution Flow of the Simulator

The main execution flow of the simulator is presented in the block diagram depicted
in Figure 14. Each block implements the following steps:

• In step 1 , the input parameters for the simulation are set, and some of the main
variables that are a function of these are initialized. A list of the parameters for
simulation, with the corresponding values used in our simulations, is presented in
Table 9. The main variables are listed in Table 10. The number of fingerprint sources,
NF, is fixed for the considered scenario to four fingerprint sources. The side length of
the sub-tile SS and the number of sub-tiles per side of the tile NSS are the two main
parameters that are used in the simulations to compare the results using different
sub-tile and tile sizes. The pattern-matching model is trained with initial random
weights. A loop takes care to perform a number of iterations with different initial
random weights, given by the parameter NI , as discussed in Section 5.5. The reference
percentile for the selection of the best model weights with the MTV dataset is given
by the parameter PR, discussed in Section 5.5. The parameters for the radio channel
model, namely the frequency, the standard deviation in the shadow fading, and the
power loss coefficient, are given by the parameters f , σ, and NPL, respectively. The
side length of the tile is calculated using the number of sub-tiles multiplied by the side
length of the sub-tile, as indicated in Table 10, and stored in the variable ST . Because a
tile is equivalent in size to the 2D sensor array, ST is the side length of the 2D sensor
array. The total number of sub-tiles in a tile is stored in the variable NST .

Table 9. Parameters for simulation.

Parameter Description Value

NF Number of fingerprint sources in the scenario 4 fingerprint sources
(Number of fingerprints in the vector/set (4 fingerprints)
of fingerprints)

SS Side length of the sub-tile According to tile
arrangement (Table: Tile arrangements)

NSS Number of sub-tiles per side of the tile According to tile
arrangement (Table: Tile arrangements)

NFTB Number of fixed tile batches 50 batches
NMTV Number of moving tiles for validation 5000 tiles
NMTT Number of moving tiles for testing 5000 tiles
NI Number of training iterations 120 iterations (minimum)
PR Reference percentile for the selection of the 0.95 (95%)

model weights with the MTV dataset
f Frequency in the radio channel model 2600 MHz
σ Standard deviation in the radio channel model 3 [dB]
NPL Power loss coefficient in the radio channel model 30
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• In step 2 , the scenario is created. The base stations’ positions (referred to as node
coordinates in 2 ) are set according to Table 7. Then, the fixed tile centers are
calculated using the function FTileCenters() (Pseudocode 1) as a function of SS and
NSS. The number of fixed tiles for training and validation of the datasets FTT and
FTV is stored in the variables NFTT and NFTV . These are determined by the number
of fixed tile batches, given through the parameter NFTB in step 1 , and multiplied
by the number of tiles that fit into the positioning area in the scenario, NT . In turn,
NT is a function of the positioning area’s dimensions. The value of the variable NT

is calculated and returned by the function FTileCenters(). In contrast, moving tiles
do not follow the grid-like pattern of the fixed tiles but are placed in random places.
Therefore, the number of moving tiles in the MTV and MTT datasets is directly given
through the parameters NMTV and NMTT in step 1 .
In order to present a simple and compact structure for the simulator, we avoid adding
additional functions and parameters passing variables to the functions. Then, the defi-
nition of the scenario is in part distributed across the hard-coded scenario dimensions
presented in the function FTileCenters() (Pseudocode 1) and the base station positions
hard-coded into the function FTile() (Pseudocode 4).
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Table 10. Main variables for simulation.

Variable Description Value

ST Side length of tile (side length of the 2D sensor array) NSS × SS
NST Total number of sub-tiles in a tile NSS

2

NT Total number of tiles to cover the positioning area Returned by function FTileCenters()
(for method 4, it is equivalent to the number of classes) (Pseudocode 1), listed in Table: Tile arrangements.

NFTT Number of fixed tiles for training 50 fixed tile batches of NT tiles each = NFTB × NT tiles
NFTV Number of fixed tiles for validation 50 fixed tile batches of NT tiles each = NFTB × NT tiles

• In step 3 , the fixed tile centers returned by the function FTileCenters() are used to
create a table mapping each one of the fixed tiles that covers the positioning area to
the respective center positions of the tile and to a suitable class label to identify the tile.
This information is used in pattern-matching method 4-MultFingIn-ClassOut, which
is a classification-based method.

• In steps 4 and 5 , the datasets of fixed tiles FTT and FTV, introduced in
Section 5.2.3, are created by calling the function FFixedTiles() (Pseudocode 2). In
steps 6 and 7 , the moving tile datasets MTV and MTT, introduced in Section 5.2.4,
are created by calling the function FMovingTiles() (Pseudocode 3).

• In step 8 , the function FModelTraining() is called. This function is in charge of
implementing a selected NN structure for a given pattern-matching method and is in
charge of performing the training of the NN model. For convenience and compactness
in the description, this function also executes the testing phase, consisting of the actual
calculation of the estimated positions for the given dataset of moving tiles for testing,
MTT. In addition, the error distances for the estimated positions with the dataset
MTT are calculated. This step is executed for each one of the four pattern-matching
methods introduced in Table 6 (Section 4.4) independently. For simplicity, for the
model training, we present the simulation flow description at a general level, suitable
for use with any of the pattern-matching methods considered. Therefore, we omit
defining the actual pattern-matching methods as part of the block diagram.

5.6.2. Generation of the Same Datasets of Fingerprints for the Different
Pattern-Matching Methods

When comparing the results from the different pattern-matching methods, we want to
avoid possible differences in the results introduced by the statistics of different datasets
of fingerprints. One step toward minimizing these differences would be to increase the
number of samples. However, even when enough samples are considered in the Monte
Carlo methods in our simulations, we want to remove any source of variations in the results
introduced by the statistics. So, it was decided that each pattern-matching method must
receive the same datasets of fingerprints as input for each combination of the parameters
SS and NSS considered. In this way, we will compare differences in the results attributed
only to the performance of each pattern-matching method.

We propose two options for how to generate the same input datasets of fingerprints
for the different pattern-matching methods in the simulator. One option is to execute
steps 1 to 7 of the main execution flow of the simulator with the same seeds in the
pseudo-random number generators for each pattern-matching method. Another option is
to simply execute steps 1 to 7 only once and store the datasets for posterior use with
each one of the pattern-matching methods.

It is noted that in the case of the pattern-matching method without side information,
1-SingFingIn-PosOut, not all of the fingerprints from the tile are required for pointwise
estimation of the position, only the set of fingerprints corresponding to the selected refer-
ence sub-tile. In our implementation, for simplicity, we always generate the fingerprints
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for all of the sub-tiles in all of the tiles. The purpose of this is so that the same datasets of
fingerprints can be used for all the methods. Then, for the pointwise-based method, we
just use only the necessary fingerprints.

5.6.3. Execution Flow of the Model Training Function

For simplicity, the block diagram of the main execution flow of the simulator, depicted
in Figure 14, does not show the individual calls to each pattern-matching method. It is
assumed that step 8 in Figure 14 is executed independently for each pattern-matching
method, calling the function FModelTraining() with the same input datasets for each
method, as mentioned in the previous subsection. In our implementation, we created a
tailored function FModelTraining() for each pattern-matching method. As mentioned, for
simplicity, we present the simulation flow description at the general level by describing
a function FModelTraining() that is common to all of the pattern-matching methods and
thus suitable for use with any of the pattern-matching methods considered.

A block diagram depicting the flow of the FModelTraining() function is shown in
Figure 15. Each block implements the following steps:

• In step 1 , the four datasets FTT, FTV, MTV, and MTT are formatted into the input
and output formats required by the NN structure implementing the selected pattern-
matching method. These input and output formats are indicated in Table 6 and
depicted in Figure 10, explained for each pattern-matching method in Section 4.4, and
detailed in relation to the NN structures used in each pattern-matching method in
Section 5.8. In the case of the pattern-matching method 4-MultFingIn-ClassOut, the
output tile-classes are vectorized (e.g., using one-hot encoding).

• In step 2 , the mean and standard deviation of the fingerprints and reference positions

are calculated from the FTT training dataset. Then, these are used in step 3 to
normalize all the datasets, shifting the values of the RSSs and positions to the zero
mean, and scaling these by the inverse of the respective standard deviation. Actually,
there is no need to normalize the reference positions for the fourth pattern-matching
method (4-MultFingIn-ClassOut). This method is based on classification of the tile-
classes. Then, for this method, the tiles are vectorized into one-hot-encoded classes.

• In step 4 , the NN structure for the selected pattern-matching method is defined
and introduced in the simulation process. However, the selection of the actual NN
structure is decided beforehand. This is indicated by the label Mechanism 1, and shown
inside a box with a dashed line, to indicate that the selection of the actual NN structure
is not part of the simulation process. The selection of the NN structure is discussed in
Section 5.7.1.

• In step 5 , the random initial weights are set. This step is part of an iterative process
(introduced in Section 5.5) which has the purpose of generalizing the model for moving
tiles. In our simulations, the weights for each layer in the NN are set to different
random initial values by calling a function provided for this purpose, taking as input
a seed value. In Keras, this is achieved by retrieving the layer weight initializers,
kernel_initializer and bias_initializer, and setting new weights through the method
set_weights() for every layer in the NN model with the retrieved initializers. In each
iteration of the loop for the initial random weights, all of the pseudo-random number
generators are initialized with a new and unique seed (which, for convenience, in our
implementation is the iteration number plus a preselected seed offset). Step 5 is
the beginning of a loop iterating among the random initial weights for NI iterations,
ending at step 11 .

• In step 6 , the training of the NN model takes place using as training data the FTT
dataset of fixed tiles. The first three pattern-matching methods considered are based



Telecom 2025, 6, 15 55 of 101

on regression of the position coordinates. In these methods, the target training position
varies with the method. For these methods, the reference center position coordinates
of the sub-tiles, returned in the data structure vSubTilesCenterPosit by the function
FFixedTiles() (Pseudocode 2), are used to set the target training position. For the
methods 1-SingFingIn-PosOut and 3-MultFingIn-PosOut, the position of the central
sub-tile in a tile is considered the reference target training position (the selection of the
central sub-tile is discussed in Section 4.4.1). For the method 2-SingFingIn-AggPosOut,
the position of each one of the sub-tiles is considered the target training position. The
fourth pattern-matching method, 4-MultFingIn-ClassOut, is based on classification of
the tiles. In this case, the one-hot-encoded vectorization of the tile-class label is used
as the training target.
It is noted that in methods 1-SingFingIn-PosOut and 3-MultFingIn-PosOut, the target
training position can be the same as the target reference position for the calculation of
the positioning error. However, in the method 2-SingFingIn-AggPosOut, in contrast to
pattern-matching methods one and three, multiple sub-tile center position estimates
are aggregated. Then, the final position estimate used by us is the center of the tile,
given by the aggregation performed in Equations (2) and (3). Thus, in the method
2-SingFingIn-AggPosOut, the center of the tile is used as the reference position to
calculate the positioning error. In this step, the best model weights among the training
epochs are selected. A checkpoint function call-back is configured to retain the weights
that minimize a cost or loss metric of the model among the training epochs. The metric is
evaluated using the validation dataset for fixed tiles FTV. At the end of all of the training
epochs, the weights that produced the minimum metric value, among the training
epochs, are retrieved and returned as the solution for the model. This process is indicated
by the label Mechanism 2.

• In step 7 , the position estimates for all of the datasets are calculated. The position
estimates of the dataset of moving tiles for validation, MTV, are of importance in step
9 to determining the best solution among different initial weights. The position

estimates of the moving tile dataset for testing, MTT, actually should be calculated after
the final weights of the model are selected. However, for convenience, the position
estimates of the MTT dataset are calculated at this step and stored as a temporary
result. Once the final weights of the model are selected, the corresponding temporary
results are returned as the final and best result of the model.
The first three pattern-matching methods are based on regression. These return a
normalized position estimate for each input set or vector of fingerprints. In the case of
the method 2-SingFingIn-AggPosOut, the output position estimates are aggregated
(as discussed in Section 4.4.2) to produce a final position estimate. Then, in the first
three pattern-matching methods, the output position estimate for each input set or
vector of fingerprints is unnormalized. The fourth method, 4-MultFingIn-ClassOut,
returns a vector of NT tile-class probabilities. In this case, the position is estimated as
explained in Section 4.4.4, that is, calculated from the output tile-class probabilities
and the mapping between the tile-classes and the center coordinates of the tiles.
It is noted that the model was trained for fixed tiles. Then, when it is used with
the moving tiles of the MTV and MTT datasets, this can be interpreted as a transfer
learning approach. However, the final selection of the model is biased by the action
performed in step 9 , selecting the best model among the different initial weights by
evaluating the error distance in the moving tiles for the validation, MTV, dataset.

• In step 8 , the error distances are calculated for the MTV and MTT datasets, using
unnormalized positions, with Equation (1). Here, Equation (1) takes as input the
estimated position coordinates and the known ground truth reference position coor-
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dinates. In the methods 1-SingFingIn-PosOut and 3-MultFingIn-PosOut, the ground
truth reference position coordinates are taken from the position of the tile which was
defined as the center position of the central sub-tile (as discussed in Section 4.4.1). The
reference center position coordinates of the sub-tiles are returned in the data struc-
ture vSubTilesCenterPosit by the functions FFixedTiles() and FMovingTiles(). In the
pattern-matching methods 2-SingFingIn-AggPosOut and 4-MultFingIn-ClassOut, the
ground truth reference position is the center of the tile. This is consistent with the final
position estimate in these methods calculated from the aggregated sub-tile position
estimates using Equations (2) and (3) in method two and from the mapping from the
tile-class labels to the center positions of the fixed tiles using Equations (4) and (5) in
method four.

• In step 9 , the Cumulative Density Function (CDF) of the error distances resulting
from the MTV dataset is calculated. This step is part of the iterative process of
generalizing the model for moving tiles (introduced in Section 5.5). The goal is to
select the model that generalizes best for moving tiles by selecting the model that
minimizes the 95th percentile of the CDF of the error distances for all of the moving
tiles in the MTV dataset among the model training iterations initiated with different
random weights.
In the first iteration of the loop started in step 5 , the value of the error distance at
the 95th reference percentile, PR, of the CDF is retained as the minimum error, and the
error distances and model weights for this iteration are temporarily stored and kept
as the best model in step 10 . From the second iteration onward, the error distance
at the 95th reference percentile is compared against the minimum error obtained in a
previous iteration. If the error distance at this percentile is smaller than the minimum
error obtained in a previous iteration, this value is retained as the minimum, and the
error distances and model weights for the current iteration are temporarily stored
and kept as the best model in step 10 . The training process is repeated again, with

different random initial weights, repeating the process from step 5 until the number
of iterations NI (given in Table 9) is completed. The number of iterations is checked
with the condition of step 11 . For convenience, in step 10 , the error distances
obtained from the testing dataset of moving tiles, MTT, are also temporarily stored.
The process described above is indicated by the label Mechanism 3.

• Finally, in step 12 , the model weights that produced the smallest error distance at
the given CDF percentile are kept as the best and final weights for the model. The
best weights are used to calculate the error distances in the testing dataset of moving
tiles, MTT. Actually, for convenience, the estimation of the positions and calculation
of the error distances for the MTT dataset are carried out in steps 7 and 8 , and
the best results, along with the corresponding weights, are temporarily stored in step
10 . In addition, the error distances resulting from the MTT dataset using the best

weights are permanently stored in step 12 to perform later comparisons among the
other pattern-matching methods and among different tile arrangements (introduced in
Section 5.9). The details of the settings for each pattern-matching method are detailed
in Section 5.8, and the results obtained are presented in the next section.
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Figure 15. Block diagram of the execution flow of the model training function FModelTraining().
Numbers inside circles represent the execution steps, these are explained in the main text.

Figure 15. Block diagram of the execution flow of the model training function FModelTraining().
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5.7. Mechanisms to Optimize the Models and Minimize the Error Distance

We benchmark different pattern-matching methods using different kinds of input data
arrangements and using different NN structures (also referred to as NN architectures by
some authors), namely feedforward and convolutional. The challenge is to find a suitable
NN that generalizes for each pattern-matching method. Simply making the NN bigger is
not necessarily a solution, as the NN tends to overfit.

When training an NN model, there is no guarantee of obtaining the best fit. An NN
may look unsuitable just because there were not enough training epochs or the optimization
algorithm became stuck in local minima. In this latter case, the model may have been trained
with a set of initial weights that produced a solution worse than that which could have been
obtained with another set of initial weights. This is a problem when benchmarking NNs
for selecting the best model. The challenge is how to select the most suitable NN structure
for each pattern-matching method so that the fit is optimized to return a minimum error
distance, minimizing the probability of bad fits.

Given the non-convex problem to be solved and the infinite possibilities in terms of
how to construct an NN, we cannot guarantee that we are delivering the best result that
could be obtained for each one of the proposed pattern-matching methods. However, when
selecting the NN structure for each pattern-matching method and when calculating the
results, we do our best to aim for a solution that minimizes the positioning error with the
approaches discussed below.

We use the word mechanism to give a name to the different approaches that are used to
optimize the model adopted in a pattern-matching method so it can deliver results with a
minimum positioning error. Three mechanisms are considered, acting at different levels,
ranging from the selection of the NN structure to the repetition of the training with different
initial weights. The mechanisms considered are as follows:

1. Selection of the NN structure.

• The goal is to select a suitable NN structure such that the model can deliver results
with a minimum positioning error when compared to models implementing
other NN structures.

2. Selection of the best model weights among training epochs.

• The goal is to select the model weights that minimize the positioning error,
generalizing the model for fixed tiles.

3. Selection of the best weights among model training iterations with different initial
random weights.

• The goal is to select the model weights that minimize the positioning error,
generalizing the model for moving tiles.

5.7.1. Mechanism 1: Selection of the NN Structure

The first mechanism consists of the selection of the structure of the NN. The goal is
to select a suitable NN structure such that the model can deliver results with a minimum
positioning error. In this regard, we tested a number of NN structures to determine those to
be used in each pattern-matching method. The selection of the NN structures was carried
out using two tile arrangements (introduced in Section 5.9) for evaluation. The first tile
arrangement uses NSS = 7 and SS = 50 mm. The second tile arrangement uses NSS = 11
and SS = 50 mm.

The simulation process presented in Section 5.6 was executed for each one of the four
pattern-matching methods, with different NN structures and using the two selected tile
arrangements, for at least 200 different sets of random initial weights. We kept the best



Telecom 2025, 6, 15 59 of 101

result in each case, measured by the minimum error distance at the 95th percentile (PR cut)
of the CDF of the error distances resulting from the MTV dataset.

Actually, for the method 1-SingFingIn-PosOut, we considered the error distances
resulting from all of the sub-tiles in the whole positioning area on the basis that there
were more pointwise samples contributing to the statistics. For the method 2-SingFingIn-
AggPosOut, we did not compute the aggregation of the estimated position results. In
this particular case, the method 2-SingFingIn-AggPosOut is equivalent to executing the
method 1-SingFingIn-PosOut considering all of the sub-tiles in the whole positioning area.
The rationale is that if we select an optimal NN structure considering the minimization
of the error distances for all of the sub-tiles in the whole positioning area, any possible
enhancement in minimizing the positioning error attained from the aggregation of the
results (positions) in the method 2-SingFingIn-AggPosOut is independent of the selection
of the NN structure. Therefore, we selected the same NN structure for the methods 1-
SingFingIn-PosOut and 2-SingFingIn-AggPosOut.

For each pattern-matching method and tile arrangement, we tested different NN
structures by changing the activation functions, the number of layers, and layer width in
a quest to find the NN structure that minimized the error distance. Initially, we searched
for an optimal NN structure through systematic experimentation with a grid search [210].
Then, from the best NN structure found by the grid search, we tested making corrections
by changing the NN structure as a function of the results observed. In the case of the
FFNNs, we observed that adding more layers or increasing their width resulted either in
overfitting or in larger error distances in the estimated position results. After several cycles
of changing the NN structure, we found the suitable the NN structures shown in the next
subsection. In the actual process, we tested the lighter pattern-matching methods many
more times, and with many more combinations in the NN structure, than the heavier ones,
in the order 1-SingFingIn-PosOut, 3-MultFingIn-PosOut, and 4-MultFingIn-ClassOut. This
approach was carried out in an attempt to minimize the possibility of not identifying a case
in which a lightweight method could perform as well as a heavier one. It is noted that this
process was carried out only in the tests with the two tile arrangements mentioned above.
The best-performing NN structures found from these tests were reused for different tile
arrangements in the benchmark tests that follow.

Mechanism 1 is shown in step 4 of the block diagram describing the model training
execution flow, in Figure 15. It is noted that in the block diagram, Mechanism 1 appears with
a label drawn with a dashed line. This is to distinguish that Mechanism 1 is not programmed
as part of the simulation process for the final benchmarking of all of the pattern-matching
methods and tile arrangements considered. Instead, Mechanism 1 comprises a process that
requires the execution of independent simulations several times to tune the NN structures,
according to the results observed in previous simulations. This process is not presented as
part of the simulation process in the diagram. In contrast, Mechanisms 2 and 3 are actually
programmed as part of the simulation process. Mechanisms 2 and 3 react in real time
during the execution of the simulation to find the value of the weights that minimizes the
selected optimization metric of the model.

We carried out extensive simulations with different NN structures and sets of hyperpa-
rameters; however, we cannot guarantee that the NN structures that we found (presented
in the next subsection) are the best ones that exist. The NN structures reported are the best
that we were able to find. However, we explain next that the NN structure found for the
pattern-matching methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut is suitable and
enough to show that the positioning error decreases when introducing spatial side information,
independently of the existence of a better-performing NN structure. To explain the reasoning,
we need to anticipate from the results presented in Section 6 that the pattern-matching method
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2-SingFingIn-AggPosOut performs better than the method 1-SingFingIn-PosOut. Therefore,
there is a gain in terms of minimizing the error distance when using spatial side information.

Pattern-matching methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut imple-
ment the same NN structure. The method 2-SingFingIn-AggPosOut can be interpreted
as the execution of the method 1-SingFingIn-PosOut NST times for all of the sensors in
the 2D sensor array (or sub-tiles in the tile), as discussed in Section 4.4.2. Then, the gain
observed with the method 2-SingFingIn-AggPosOut is attributed to the aggregation of NST

position estimates, and in this case, it is independent of the selected NN. That is, the gain
comes from the contribution of the spatial side information. If there is an NN structure for
the method 1-SingFingIn-PosOut that produces a better result than that presented here,
then it is expected that in the aggregation process of the method 2-SingFingIn-AggPosOut,
the result will be also better than that presented here. Thus, if there are enhancements
introduced by the selected NN structure, the end result showing that there is a gain with
spatial side information does not change. With the NN structure found by us, we can come
to the conclusion confirming that spatial side information contributes to a gain in terms of
minimizing the positioning error.

5.7.2. Mechanism 2: Selection of the Best Model Weights Among Training Epochs

Mechanism 2 consists of the selection of the best model weights among the training
epochs. The goal is to select the model weights that minimize the positioning error,
generalizing the model for fixed tiles. This is achieved using a checkpoint call-back function
that retains the weights for the best optimization metric found among the epochs. The
weights for the best value obtained of the selected optimization metric are retrieved at the
end of all of the training epochs.

This mechanism is explained in step 6 of the block diagram describing the model
training execution flow in Section 5.6.3 and depicted in Figure 15.

5.7.3. Mechanism 3: Selection of the Best Model Weights with Different Initial Weights

Mechanism 3 consists of the selection of the best model weights among the model
training iterations with different initial random weights. The goal is to select the model
weights that minimize the positioning error, generalizing the model for moving tiles. The
training process is repeated with different initial random weights for a number of NI

iterations. Then, the set of weights that produced the minimum error distance at the 95th
percentile (PR cut) of the CDF of the error distances resulting from the MTV dataset is kept
as the best model.

This mechanism is explained in step 9 of the block diagram describing the model
training execution flow in Section 5.6.3 and depicted in Figure 15.

5.8. NN Structure for Each Pattern-Matching Method and Model Training Details

The NN structure for each pattern-matching method and the model training details
are presented in the subsections that follow. We consider the activation functions part of
the NN structure.

5.8.1. NN Structure for Methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut

Pattern-matching methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut imple-
ment the same NN structure. The mapping from the fingerprints to the position coordinates
is solved as a regression problem. The NN structure consists of an FFNN with NF inputs,
with one for each fingerprint, and two outputs for the estimated position coordinates. The
pattern-matching methods are explained in Sections 4.4.1 and 4.4.2 and summarized in
Table 6 (Section 4.4).
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Pattern-matching methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut im-
plement the FFNN shown in Table 11. The model is trained with the Root Mean Square
propagation (RMSprop) optimizer, with a Mean Absolute Error (MAE) cost (loss) function.
The RMSprop optimizer performs the optimization in the training of the model with an
adaptive learning rate.

Table 11. FFNN for pattern-matching methods 1-SingFingIn-PosOut and 2-SingFingIn-AggPosOut.

Layer Size Activation Function Notes

Dense NF Hyperbolic tangent Input: vector of NF fingerprints from a sub-tile.
Dense 32 Hyperbolic tangent -
Dense 32 Hyperbolic tangent -
Dense 32 Rectified linear unit -
Dense 2 Linear Output: position coordinates.

5.8.2. NN Structure for Pattern-Matching Method 3-MultFingIn-PosOut

In pattern-matching method 3-MultFingIn-PosOut, the mapping from the fingerprints
to the position coordinates is solved as a regression problem. The NN structure consists of
an FFNN with NST × NF inputs, with one for each fingerprint from each sensor in the 2D
sensor array, and two outputs for the estimated position coordinates. The pattern-matching
method is explained in Section 4.4.3 and summarized in Table 6 (Section 4.4).

Pattern-matching method 3-MultFingIn-PosOut implements the FFNN shown in
Table 12. The model is trained with the RMSprop optimizer, with a MAE cost function.
The RMSprop optimizer performs the optimization in the training of the model with an
adaptive learning rate.

Table 12. FFNN for pattern-matching method 3-MultFingIn-PosOut.

Layer Size Activation Function Notes

Dense NST × NF Hyperbolic tangent Input: tensor of the fingerprints from NST
sub-tiles (1D arrangement) by the size of
the set of fingerprints, NF.

Dense 2048 Hyperbolic tangent -
Dense 2048 Hyperbolic tangent -
Dense 2048 Hyperbolic tangent -
Dense 1024 Hyperbolic tangent -
Dense 512 Rectified linear unit -
Dense 2 Linear Output: position coordinates.

5.8.3. NN Structure for Pattern-Matching Method 4-MultFingIn-ClassOut

In pattern-matching method 4-MultFingIn-ClassOut, the mapping from the finger-
prints to the position coordinates is solved as a classification problem. The NN structure
consists of a 2D CNN with NSS × NSS × NF inputs, with one for each fingerprint from
each sensor in the 2D sensor array. The NN has NT outputs, with the purpose of mapping
the inputs to a classification among NT tile-classes, expressed as a likelihood probability.
The pattern-matching method is explained in Section 4.4.4 and summarized in Table 6
(Section 4.4).

Pattern-matching method 4-MultFingIn-ClassOut implements the 2D CNN shown
in Table 13. From Mechanism 1 (Section 5.7.1), we found that it was not necessary to use
pooling layers. A softmax activation function is used in the last layer to implement multi-
class classification. The model is trained using the RMSprop optimizer, with a categorical
cross-entropy cost function. The RMSprop optimizer performs the optimization in the
training of the model with an adaptive learning rate.
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Table 13. CNN for pattern-matching method 4-MultFingIn-ClassOut.

Layer Size Activation Function Notes

Convolution 2048 Rectified linear unit Input: tensor of fingerprints from NSS × NSS
(2D) sub-tiles (2D arrangement) by the size of

the set of fingerprints, NF.
Convolution kernel 3× 3; no padding; stride = 1.

Convolution 2048 Rectified linear unit Convolution kernel 3× 3; no padding; stride = 1.
(2D)
Flatten - - -
Dense 2048 Rectified linear unit -
Dense NT Softmax Output: tile-class likelihood probability vector

of size NT .

5.8.4. Notes on the Model Training Hyperparameters

All of the models were trained with the RMSprop optimizer and an adaptive learning
rate. A maximum number of 100 training epochs was selected for the three pattern-
matching methods based on regression (1-SingFingIn-PosOut, 2-SingFingIn-AggPosOut,
and 3-MultFingIn-PosOut), and 40 training epochs were selected for the pattern-matching
method based on classification (4-MultFingIn-ClassOut). Observing the loss metric in
the validation dataset for fixed tiles, FTV, we noticed that before reaching the selected
maximum number of epochs, the loss metric either reached a minimum value or showed
a trend with oscillations around a possible minimum value. We recall that the training is
carried out NI times with different initial random weights (as explained in Section 5.6.3).

The batch sizes were determined through systematic experimentation when searching
for an optimal NN structure in Mechanism 1 (Section 5.7.1). We recall that the models
are trained with fixed tiles; however, in the end, they must generalize for moving tiles. A
better generalization was observed, with smaller positioning errors, when adopting small
batch sizes, particularly in the order of 32 data samples. The same observation has been
reported in the literature, which discusses the degradation of the model’s generalization
when increasing the batch size [224]. Thus, the training of the models for all of the pattern-
matching methods was carried out using batch sizes of 32 data samples.

5.9. Execution of the Simulations

The inter-antenna spacing in phased-array antennas is typically half-wavelength.
In simple phased-array antennas, the typical element spacing is optimized to the half-
wavelength to deal with grating lobes [225–227]. This may be the case if this kind of
antenna is repurposed as a 2D sensor array. However, irrespective of the requirements for
communication purposes, it remains to be studied whether the antenna spacing can be
exploited to obtain distinctive signal patterns that benefit fingerprinting-based positioning.
In this study, we do not claim that the 2D sensor array has to be a phased-array antenna.
Therefore, we relax the constraint on the half-wavelength inter-antenna spacing. However,
we keep the antenna spacing close to the half-wavelength in a set of one of the cases
considered below.

In addition, we do not consider the actual antenna design aspects related to the
construction of the 2D sensor array. In this context, we are working only with the numeric
modules of what would be the equivalent of the RSSs, ignoring the phases and AoA.

For a frequency of 2.6 GHz, the half-wavelength is approximately 57.7 mm. In the
simulations, we consider an inter-sub-tile spacing that is in the same order of the half-
wavelength of 2.6 GHz, but it is not exactly half-wavelength. We choose to initially work
with an inter-sub-tile spacing given by SS = 50 mm and SS = 70 mm, which bounds the
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57.7 mm half-wavelength. In addition, we work with an inter-sub-tile spacing given by
SS = 30 mm in order to explore the results for a smaller 2D sensor array.

We note that in the radio channel model, Equation (7), the frequency contributes to
a linear attenuation of the radio signal (in the dB domain). This attenuation is constant
for a fixed frequency; therefore, it disappears when normalizing the datasets to the zero
mean scaled by the standard deviation. This means that varying the frequency does not
change the numeric value of the results in this study. Therefore, the channel model can
be thought of as suitable for other frequencies but limited to scenarios with the same
power loss coefficient and shadow fading characteristics. In this context, the results could
be generalized to the widely used frequency of 2.4 GHz for scenarios with the same
characteristics. The half-wavelength of 2.4 GHz is 62.5 mm, which is close to the inter-sub-
tile distances considered.

Simulations are carried out for different combinations of the parameters SS (the side
length of the sub-tile) and NSS (the number of sub-tiles per side of the tile), executing the
simulation flow presented in Section 5.6. The selected combinations of SS and NSS are
listed in Table 14. The combinations of SS and NSS define different tile sizes, and are referred
to as tile arrangements. The table also lists the total number of tiles required to cover the
positioning area, NT , obtained from the function FTileCenters() (Pseudocode 1), and the
number of NN parameters for each pattern-matching method, which are returned by the
machine learning library for the selected NN structure.

The associations between each pattern-matching method and the corresponding NN
structure are provided in Section 5.8, and these are summarized in Table 6 (Section 4.4).

Table 14. Tile arrangements.

Tile Arrangement
Mnemonic Name

SS [mm] NSS ST [mm] NT

Number of NN Parameters for Each Pattern-Matching Method

1-SingFingIn 2-SingFingIn 3-MultFingIn 4-MultFingIn
-PosOut -AggPosOut -PosOut -ClassOut

6×6-30 30 6 180 1944 2358 2358 11,334,546 58,589,080
7×7-30 30 7 210 1403 2358 2358 11,458,774 78,452,091
8×8-30 30 8 240 1080 2358 2358 11,608,834 107,150,392
9×9-30 30 9 270 864 2358 2358 11,787,606 144,456,544

10×10-30 30 10 300 688 2358 2358 11,998,354 190,233,264
11×11-30 30 11 330 585 2358 2358 12,244,726 244,548,169
12×12-30 30 12 360 468 2358 2358 12,530,754 307,222,996
13×13-30 30 13 390 396 2358 2358 12,860,854 378,378,636
14×14-30 30 14 420 330 2358 2358 13,239,826 457,935,178
15×15-30 30 15 450 308 2358 2358 13,672,854 545,970,484

5×5-50 50 5 250 1040 2358 2358 11,233,654 44,153,872
6×6-50 50 6 300 688 2358 2358 11,334,546 56,015,536
7×7-50 50 7 350 518 2358 2358 11,458,774 76,638,726
8×8-50 50 8 400 384 2358 2358 11,608,834 105,724,288
9×9-50 50 9 450 308 2358 2358 11,787,606 143,317,300

10×10-50 50 10 500 260 2358 2358 11,998,354 189,356,292
11×11-50 50 11 550 207 2358 2358 12,244,726 243,773,647
12×12-50 50 12 600 168 2358 2358 12,530,754 306,608,296
13×13-50 50 13 650 140 2358 2358 12,860,854 377,854,092
14×14-50 50 14 700 126 2358 2358 13,239,826 457,517,182
15×15-50 50 15 750 102 2358 2358 13,672,854 545,548,390

5×5-70 70 5 350 518 2358 2358 11,233,654 43,084,294
6×6-70 70 6 420 330 2358 2358 11,334,546 55,281,994
7×7-70 70 7 490 260 2358 2358 11,458,774 76,110,084
8×8-70 70 8 560 184 2358 2358 11,608,834 105,314,488
9×9-70 70 9 630 140 2358 2358 11,787,606 142,973,068

10×10-70 70 10 700 126 2358 2358 11,998,354 189,081,726
11×11-70 70 11 770 96 2358 2358 12,244,726 243,546,208
12×12-70 70 12 840 75 2358 2358 12,530,754 306,417,739
13×13-70 70 13 910 70 2358 2358 12,860,854 377,710,662
14×14-70 70 14 980 65 2358 2358 13,239,826 457,392,193
15×15-70 70 15 1050 48 2358 2358 13,672,854 545,437,744
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Simulations are carried out for each one of the tile arrangements listed in Table 14, and
for each one of the four pattern-matching methods. The comparison of the results for each
tile arrangement and pattern-matching method is presented in the next section.

It is out of the scope of this article to evaluate the computing cost of each pattern-
matching method. However, the number of NN parameters for each method and tile
arrangement is provided in Table 14 to report the dimensions of the problem to be solved.
Note that in the case of pattern-matching method 2-SingFingIn-AggPosOut, there is an
additional computing overhead. Actually, in this method, NST instances of the NN model
implemented need to be executed, with one for each sub-tile.

5.10. Consistency in the Comparison of the Results Among Scenarios with Different Tile Sizes

To obtain a consistent comparison among scenarios with different tile sizes, we need
to look at the consequences resulting from varying the 2D sensor array’s size and, cor-
respondingly, the tile size. The challenge is how to make consistent comparisons of the
results among scenarios using different tile sizes.

From one perspective, the tiling process produces, in some cases, for some tile sizes,
an untiled stripe adjacent to the top and/or the right borders of the area intended for
positioning. We recall that the tiling is carried out by starting to tile the scenario from one
border to the opposite border using entire tiles. An untiled stripe occurs in cases in which
the dimensions of the area intended for positioning (13,000 mm × 5000 mm) are not a
multiple of the side length of the tile. So, for some tile sizes, it is not possible to entirely
fill the area intended for positioning from one border to the opposite border using entire
tiles, as explained in Section 5.3. We recall that the actual area of the scenario used for
positioning is determined by the grid of fixed tiles constructed in the tiling process, through
the execution of the function FTileCenters() (Pseudocode 1). As a consequence, the tested
scenarios do not all have exactly the same positioning area and do not all have the same
density of samples close to the borders. In this regard, it is unclear at this point whether the
distribution of the positioning errors for these cases will be slightly different to what could
be obtained if an exact number of tiles fitted into the dimensions of the area intended for
positioning (or, in other words, to the case in which the tiles cover the area intended for
positioning entirely).

From another perspective, the size of the 2D sensor array, and hence the tile, limits
the useful area in which positioning can be performed. A position is associated with one
point of the 2D sensor array—for example, the center of the tile. Bigger tile sizes do not have
the resolution for performing positioning as close to the borders as smaller tiles do. In this
context, smaller 2D sensor arrays, and correspondingly the tiles associated with them, will
delimit a positioning area of a bigger size than the area delimited by bigger 2D sensor arrays.

All in all, changing the size of the tile causes variations in the useful area of the scenario
for performing the positioning, and this causes inconsistencies in the comparison of scenarios
with different tile sizes. These inconsistencies are in the sense that we are not strictly using
the same positioning area among different tile arrangements to compare the results, and that
the density of samples close to the borders is different for different tile sizes.

While it would be possible to make corrections to theoretically normalize all of the
cases for a consistent comparison, in the sense of keeping a constant distance to the borders
of the scenario for any tile arrangement, we instead adopt a pragmatic approach that
represents the case of selecting a 2D sensor array of a given size in a real scenario. In
this context, these inconsistencies are regarded as consequences resulting from the use of
different tile sizes in the discretization of the positioning area. These consequences are
proper to the arrangement considered. Then, certainly, the size of the 2D sensor array
will affect how close to the borders we can perform the positioning, affect the size of the
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positioning area, and result in an uncovered area close to the borders in some cases. For
the purpose of determining whether the use of spatial side information helps to reduce
the positioning error, these inconsistencies are negligible. This observation is based on the
results obtained, comparing the operating regions of the positioning errors for the different
pattern-matching methods, and considering the effect of the samples close to the borders,
as discussed in Section 6. For other purposes, these inconsistencies should be regarded as
trade-offs to add to the list of trade-offs comprising cost, size, intended use, etc., which
must be evaluated altogether for a desired operating point of performance. These aspects
fall outside of the scope of our current study.

5.11. Software and Hardware Details

The simulator was implemented in the Python 3 programming language, using the
machine learning library TensorFlow [228], version 2.4.2, and the Keras library, version
2.4.0. Each simulation was executed in a single core of a multi-core CPU (Central Processing
Unit) with a 3.2 GHz clock frequency, a 512 KiB cache size, and 128 GiB of CPU RAM
(Random-Access Memory). A GPU (Graphics Processing Unit) with 24 GiB of memory, a
1395 MHz clock frequency, and 10496 shading units was used to process the NN models.

6. Results of the Simulations
In the simulations, the four pattern-matching methods described in Section 4 receive

exactly the same input datasets of fingerprints for each tile arrangement (combination of
the parameters SS and NSS, introduced in Section 5.9) considered. So, the results obtained
represent the capability of the method to estimate the position, along with the possible
limitations due to improper selection of the NN model or due to non-optimal training of
the NN model, for the system and assumptions considered. To minimize the effects of these
limitations, we applied the mechanisms discussed in Section 5.7.

Positioning performance is measured according to the positioning error distance,
calculated using Equation (1). The error distances are calculated for all of the moving tiles
in the MTT dataset in step 8 in the block diagram describing the model training execution
flow (Section 5.6.3, Figure 15) for each one of the four pattern-matching methods and for all
the tile arrangements given in Table 14. The error distances for all of the moving tiles of the
MTT dataset are presented with a CDF for posterior comparison against the other pattern-
matching methods and tile arrangements. In the results, we represent with CDF(e) the CDF
of the error distances e corresponding to the given case, that is, pattern-matching-method,
number of sub-tiles per side of the tile, and side length of the sub-tile.

The subsections that follow summarize the results of the simulations. First, the error
distance is calculated for trivial solutions, as an initial reference for benchmarking all of the
pattern-matching methods. Next, the results are presented for each pattern-matching method,
for all of the tile sizes given by the tile arrangements considered. The tile arrangements are
divided into three groups, arranged by the three side lengths of the sub-tiles considered, SS,
as summarized in Table 14. The different numbers of sub-tiles per side of the tile considered,
NSS, are listed in the table. Given that there is a total number of 32 combinations of sub-tile
sizes and numbers of sub-tiles per side of the tile, for simplicity and in order to summarize
several results in a few figures, we work initially with a few cuts at different percentiles in
the CDFs of the error distances. For the most notable and best results observed, we will work
with the full CDF of the error distances. Finally, the results between the pattern-matching
methods are compared; the particular details of the errors for the method 4-MultFingIn-
ClassOut are discussed; different observations from the results for the cases with spatial side
information and aggregation in the fingerprint domain are summarized; and information
about the computing costs and the reproducibility of the results is provided.
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6.1. Baseline Reference Performance

The positioning error, in terms of the error distance, is calculated as a baseline reference
for two trivial solutions. Any pattern-matching method must perform better than the trivial
solutions. First, a trivial pattern-matching method is considered that returns as the position
estimate the center coordinates of the positioning area (x = 7.5 m, y = 3.5 m), for any
input vector of fingerprints. It is assumed here that the positioning area is equal to the area
intended for positioning. Second, a trivial pattern-matching method that returns as the
position estimate a random position drawn from a uniform distribution in the interval of
each coordinate in a positioning area equal to the area intended for positioning is considered.
The positioning error results for these baseline reference solutions are shown in Figure 16.
This figure also includes the positioning error for the case with no side information. The
results for this case were obtained by fingerprinting using pointwise samples, applying
the pattern-matching method 1-SingFingIn-PosOut (discussed below). It is observed that
fingerprinting with pointwise samples performs better than the trivial baseline cases,
with a smaller error distance at each percentile. Fingerprinting using pointwise samples
(with no side information) with the pattern-matching method 1-SingFingIn-PosOut is the
performance to beat. Next, we focus on studying whether the pattern-matching methods
with side information can perform better than fingerprinting using pointwise samples.
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Figure 16. Baseline reference performance of the error distance in two trivial solutions and comparison
to the error distance obtained with the fingerprinting method based on pointwise samples (pattern-
matching method 1-SingFingIn-PosOut). CDF(e) is the Cumulative Distribution Function (CDF) of
the error distances e corresponding to each case.

6.2. Results with Pattern-Matching Method 1-SingFingIn-PosOut

The smaller the size of the tile, the higher the number of tiles that are required to cover
the whole positioning area, and the higher the number of positions that are sampled. The
size of the tile is determined by the number of sub-tiles per side of the tile, NSS, and the
side length of the sub-tile, SS.

Pattern-matching 1-SingFingIn-PosOut does not exploit side information. It takes a
pointwise sample of the fingerprints from one sub-tile in the whole tile. So, it would be
expected that in varying the size of the tile, the statistics of the positioning error will not
change. However, the smaller the size of the tile, the higher the number of samples in the
whole positioning area that contribute to the statistics.

The CDF of the error distances obtained using the MTT dataset, from the simulations
with this pattern-matching method, for a given tile arrangement (that is, a given sub-tile
size and number of sub-tiles per side of the tile) is calculated. Then, the CDF is cut at
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different percentiles. The error distances resulting from the cuts in the CDFs of the error
distances at different percentiles are plotted for each number of sub-tiles considered, NSS,
in the three subfigures in Figure 17. Each subfigure groups the results for each one of the
three selected side lengths of the sub-tiles, SS. The results for all of the NSS considered are
linked with a distinctive line for each percentile cut.

It is observed in Figure 17 that, ignoring minor variations, there is a trend in which the
error distance seems constant for all numbers of sub-tiles and sizes of the sub-tiles considered.
In fact, we expect these results to be constant for any number of sub-tiles and sub-tile sizes.
As explained above, in reducing the size of the sub-tiles and the number of sub-tiles per tile, a
higher density of samples is obtained (that is, a higher number of tiles) than when increasing
the size of the sub-tiles and the number of sub-tiles per tile. Nevertheless, the statistics should
not change when varying these parameters. Thus, ideally, the cuts in the CDF of the error
distances at different percentiles, for all cases considered, should appear as horizontal lines.
However, in practice, the bigger the size of the tiles, the smaller the number of samples that
contribute to the statistics. Therefore, the results observed may be the result of the statistics. In
addition, we may observe the possible non-optimal training of the NN model for this method,
as discussed in Section 5.7.

From the comparisons of the results obtained using the method 1-SingFingIn-PosOut,
we take the results for the tile arrangement with NSS = 6 and SS = 30 mm as a reference
for comparison against the other pattern-matching methods. The complete CDF for this
pattern-matching method and the selected reference tile arrangement is shown in Figure 16
and in the figures presented in Sections 6.6.1 and 6.6.2.

6.3. Results with Pattern-Matching Method 2-SingFingIn-AggPosOut

The positioning results obtained with pattern-matching method 2-SingFingIn-Agg-
PosOut and different tile arrangements are shown in the three subfigures of Figure 18. Each
subfigure groups the results for each one of the three selected side lengths of the sub-tiles, SS.
Each subfigure shows the error distances from the cuts in the CDFs of the error distances at
different percentiles for all of the sub-tiles per side of the tile NSS considered for the given SS.
The results for all of the NSS considered are linked with a distinctive line for each percentile
cut. Looking at the 95th percentile in each subfigure, it is observed that increasing the number
of sub-tiles per tile reduces the error distance. In this method, the trend shows that in the
interval of the number of sub-tiles considered, the greater the spatial side information, the
smaller the error distance. We did not calculate any results beyond NSS = 15, so it is unknown
whether this trend continues or whether it reaches a minimum for a certain number of sub-
tiles. However, for the scenario considered, bigger tiles are not of much interest to practical
applications, and in addition, we observe later that other methods perform better than this
one. Therefore, we do not investigate how the error distance varies for bigger tile sizes.

The minima at the 95th percentile for the interval of NSS considered are indicated
using red circles in Figure 18. These occur at the following values:

• NSS = 14 sub-tiles per side of the tile, for SS = 30 mm;
• NSS = 15 sub-tiles per side of the tile, for SS = 50 mm;
• NSS = 15 sub-tiles per side of the tile, for SS = 70 mm.

In the case of SS = 30 mm, the minimum error is at NSS = 14, in contrast to NSS = 15
for the other two cases. Either we did not find a good representative result with a minimum
error for NSS = 15 or there is effectively a minimum for NSS = 14.

Varying the side length of the sub-tiles SS and comparing the error distances at the
95th percentile, we observe that the bigger the sub-tile size, the smaller the error distance.
For example, the error for SS = 30 mm with NSS = 14 is close to 1.16 m, whereas the error
for SS = 70 mm with NSS = 15 is close to 0.93 m. One hypothesis for this behavior is based
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on the fact that there are more samples contributing to a better estimation of the position.
However, this may be not the case, as in the cases with SS = 50 and SS = 70, both have a
minimum error with the same number of samples (the same number of sub-tiles per side
of the tile, NSS = 15); however, the latter has a smaller minimum error distance than the
former. Yet, another hypothesis can be formulated in the sense that the bigger the sub-tile
size, the further apart the fingerprints are located from each sub-tile; thus, it would be
possible to obtain more distinctive patterns of fingerprints for estimating a position with
less error. The pattern-matching methods that follow present more interesting results, so
we did not study this method further.

6.4. Results with Pattern-Matching Method 3-MultFingIn-PosOut

The positioning results obtained with pattern-matching method 3-MultFingIn-PosOut
and different tile arrangements are shown in the three subfigures of Figure 19. Each
subfigure groups the results for each one of the three selected side lengths of the sub-tiles,
SS. Each subfigure shows the error distances from the cuts in the CDFs of the error distances
at different percentiles for all of the sub-tiles per side of the tile NSS considered for the
given SS. The results for all of the NSS considered are linked with a distinctive line for
each percentile cut. Looking at the 95th percentile in each subfigure, it is observed that
starting from a small tile (composed of a small number of sub-tiles), increasing the number
of sub-tiles reduces the error distance. However, this trend reverses after a certain number
of sub-tiles, which we call the best NSS. The error distance starts to grow after the best NSS

when increasing the number of sub-tiles further.
One hypothesis about the best NSS is that when increasing the number of sub-tiles,

there is more information for determining the position more accurately, which results in
minimization of the error distance. However, on increasing the number of sub-tiles too
much, or their size, the size of the tile increases, and the inter-tile distance increases (hence,
fewer tiles are required to cover the whole scenario). This contributes to fewer labeled
samples in the training phase, meaning a lower number of trained positions with sparser
reference positions from the fixed tiles. Thus, the NN has a smaller density of reference
positions for interpolating the position of a moving tile. So, the greater the number of sub-
tiles, the bigger the tile, the longer the inter-tile distance, the fewer the number of tiles and
training points in the scenario, and the coarser the resolution for estimating the positions.

Related to sparser reference positions, we recall that training is performed using the
reference (center) positions of fixed tiles. From the perspective of ideally limiting the NN to
returning as the estimated position the center of the nearest fixed tile, the longer the inter-tile
distance, the higher the error in the estimated position. In practice, the NN may return an
estimated position calculated mainly from the nearest fixed tile centers; thus, the longer the
inter-tile distance, the higher the error in estimating the position of the moving tile.

Another hypothesis about the best NSS is that in this method, we are adjusting the
size of the first layer of the NN according to the number of sub-tiles. However, we
keep a constant size in the intermediate layers and a constant number of layers for all
of the tile arrangements. So, we cannot discard the possibility that the NN has a lower
representational capacity when increasing the number of sub-tiles.

The hypotheses above may contribute to decreasing the resolution for estimating the
position when the number of sub-tiles increases above the observed best NSS.

The minima at the 95th percentile are indicated using red circles in Figure 19. These
occur at the following best NSS, for each SS:

• NSS = 10 sub-tiles per side of the tile, for SS = 30 mm;
• NSS = 8 sub-tiles per side of the tile, for SS = 50 mm;
• NSS = 6 sub-tiles per side of the tile, for SS = 70 mm.
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Varying the side length of the sub-tiles, SS, and comparing the error distances at the
95th percentile, we observe that the smaller the sub-tile size, the smaller the error distance.
For example, the error for SS = 30 mm with NSS = 10 is below 0.6 m, whereas the error for
SS = 70 mm with NSS = 6 is above 0.7 m.

Comparing the minima at the 95th percentile, as listed above, we observe that the smaller
the tile (and 2D sensor array), the smaller the error distance given that for SS = 30 mm, the
side length of the tile (2D sensor array) is ST = 10× 30 mm = 300 mm, and for SS = 70 mm,
the side length of the tile (2D sensor array) is ST = 6× 70 mm = 420 mm.

As a summary of this method, we learn that there is an optimal size of the tile (and
hence the 2D sensor array) that minimizes the error distance.

6.5. Results with Pattern-Matching Method 4-MultFingIn-ClassOut

The positioning results obtained with pattern-matching method 4-MultFingIn-ClassOut
and different tile arrangements are shown in the three subfigures of Figure 20. Each subfigure
groups the results for each one of the three selected side lengths of the sub-tiles, SS. Each
subfigure shows the error distances from the cuts in the CDFs of the error distances at
different percentiles for all of the sub-tiles per side of the tile NSS considered for the given SS.
The results for all of the NSS considered are linked with a distinctive line for each percentile
cut. Looking at the 95th percentile in each subfigure, a result similar to that for the method
3-MultFingIn-PosOut is observed. Starting from a small tile (composed of a small number of
sub-tiles), increasing the number of sub-tiles reduces the error distance. However, this trend
reverses after a certain number of sub-tiles, which we call the best NSS. The error distance
starts to grow after the best NSS when increasing the number of sub-tiles further.

In this method, the training is performed using a given number of tile-classes, which is
determined by the number of tiles that covers the positioning area in the scenario. The total
number of tiles in the scenario is a function of the size of the tiles. The size of the tiles is given
by the number of sub-tiles per tile (i.e., a function of the number of sub-tiles per side of the
tile, NSS) and by the sub-tile sizes (i.e., a function of the side lengths of the sub-tiles, SS).

As with the previous method, the reasoning is that increasing the number of sub-tiles
brings more information for determining the position more accurately, which results in a
reduction in the error distance. However, on increasing the number of sub-tiles too much,
or their size, the size of the tiles increases, the inter-tile distance increases, the number of
tiles required to cover the whole positioning area decreases, and the number of tile-classes
decreases. Because the estimated position of the moving tile is calculated from the weighted
contributions of the center positions of the fixed tiles, it follows the hypothesis that the bigger
the tile, the coarser the resolution for estimating the position. So, after a certain tile size, the
performance starts to degrade. As a summary, it is hypothesized that the gains attained by
increasing the number of sub-tiles are traded off by a coarser resolution of the reference points
used to estimate the position. The coarser resolution is a consequence of the increment in the
size of the tiles and the associated reduction in the density of tiles in the positioning area.

The minima at the 95th percentile are indicated using red circles in Figure 20. These
occur at the following best NSS for each SS:

• NSS = 13 sub-tiles per side of the tile, for SS = 30 mm;
• NSS = 10 sub-tiles per side of the tile, for SS = 50 mm;
• NSS = 9 sub-tiles per side of the tile, for SS = 70 mm.

Varying the side length of the sub-tiles, SS, and comparing the error distance at the
95th percentile, we observe that the smaller the sub-tile size, the smaller the error distance.
For example, the error for SS = 30 mm with NSS = 13 is close to 0.4 m, whereas the error
for SS = 70 mm with NSS = 9 is close to 0.6 m.
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Figure 17. Error distances from the cuts in the CDF of the error distances at different percentiles for
the pattern-matching method 1-SingFingIn-PosOut for different numbers of sub-tiles per side of the
tile and the three side lengths of the sub-tiles considered.
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Figure 18. Error distances from the cuts in the CDF of the error distances at different percentiles for
the pattern-matching method 2-SingFingIn-AggPosOut for different numbers of sub-tiles per side of
the tile and the three side lengths of the sub-tiles considered. The red circles indicate the minima at
the 95th percentile for the interval of NSS considered.
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Figure 19. Error distances from the cuts in the CDF of the error distances at different percentiles for
the pattern-matching method 3-MultFingIn-PosOut for different numbers of sub-tiles per side of the
tile and the three side lengths of the sub-tiles considered. The red circles indicate the minima at the
95th percentile for the interval of NSS considered.
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Figure 20. Error distances from the cuts in the CDF of the error distances at different percentiles for
the pattern-matching method 4-MultFingIn-ClassOut for different numbers of sub-tiles per side of
the tile and the three side lengths of the sub-tiles considered. The red circles indicate the minima at
the 95th percentile for the interval of NSS considered.
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Comparing the minima at the 95th percentile, as listed above, we observe that the smaller
the tile (and 2D sensor array), the smaller the error distance given that for SS = 30 mm, the
side length of the tile (2D sensor array) is ST = 13× 30 mm = 390 mm, and for SS = 70 mm,
the side length of the tile (2D sensor array) is ST = 9× 70 mm = 630 mm.

As a summary of this method, we learn that there is an optimal size of the tile (and
hence the 2D sensor array) that minimizes the error distance.

6.6. Comparison of the Results Among the Pattern-Matching Methods

From the results presented above for all of the pattern-matching methods, we select
and compare the results for two specific distinctive cases, namely the following:

1. Comparison of the results obtained with the smallest 2D sensor array considered
for different side lengths of the sub-tiles SS among the different pattern-matching
methods;

2. Comparison of the best results obtained that minimize the error distance for different
side lengths of the sub-tiles SS among the different pattern-matching methods.

These comparisons are carried out for the three side lengths of the sub-tiles, SS, that
form part of the tile arrangements considered (Table 14).

6.6.1. Comparison of the Results Obtained Using the Smallest 2D Sensor Array Considered

From the results for all of the pattern-matching methods, we select the ones resulting
from the smallest 2D sensor array considered for the three side lengths of the sub-tiles
considered, namely the following:

• SS = 30 mm with NSS = 6;
• SS = 50 mm with NSS = 5;
• SS = 70 mm with NSS = 5.

Next, we compare how the different pattern-matching methods perform against one
another in these cases in terms of minimizing the error distance. This comparison is
presented in Figure 21. The results present the same pattern for the three side lengths
of the sub-tiles SS considered. The methods 3-MultFingIn-PosOut and 4-MultFingIn-
ClassOut perform better than the other methods. The method 4-MultFingIn-ClassOut
performs slightly better than the method 3-MultFingIn-PosOut, although the difference
may be negligible for practical considerations. The method 2-SingFingIn-AggPosOut
performs better than 1-SingFingIn-PosOut but worse than 3-MultFingIn-PosOut and
4-MultFingIn-ClassOut.

The results found for each sub-tile size and pattern-matching method for the case of
the smallest 2D sensor array are summarized in Table 15. The table lists the number of NN
parameters for each combination of SS and NSS and pattern-matching method.

The first and most important observation is that all of the methods that include spatial
side information perform much better than the method that does not use side information,
1-SingFingIn-PosOut. The second observation is that by relying on a more expensive NN
model, in terms of the number of NN parameters, a better performance result can be obtained
for the same input data. A third observation is that aggregating the results in the fingerprint
domain (with the methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut) produces better
results than aggregating the position results in the position domain (with the method 2-
SingFingIn-AggPosOut).

As discussed above, we observe in Figure 21 that the methods 3-MultFingIn-PosOut
and 4-MultFingIn-ClassOut perform almost the same in terms of the practical consid-
erations. Assuming an equal distribution of the error distances for both methods, we
can conclude that pattern-matching method 3-MultFingIn-PosOut is less expensive to
implement than the method 4-MultFingIn-ClassOut in terms of the number of parame-
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ters required by the respective NN models. That is, the method 4-MultFingIn-ClassOut
requires about 3.8 to 5.2 times more parameters than the method 3-MultFingIn-PosOut to
produce presumably equal results. Thus, when adopting spatial side information, if the
performance of the smallest sensor array is suitable for a given use-case, pattern-matching
method 3-MultFingIn-PosOut would be the choice when aiming for a lighter method in
terms of the computing resources.

It is noted that the column in Table 15 indicating the number of NN parameters for the
method 2-SingFingIn-AggPosOut includes the number of instances of, or calls to, the NN
model implemented in this method. The NN model is executed for each one of the NST

sub-tiles in the tile. This is provided to indicate that for this method, the number of NN
parameters alone is not representative of the computing cost of this method.

Table 15. Results for the smallest 2D sensor array for each side length of the sub-tiles SS and
pattern-matching method.

SS
[mm]

Pattern-Matching Method

2-SingFingIn-AggPosOut 3-MultFingIn-PosOut 4-MultFingIn-ClassOut

Small. Number of ST Small. Number of ST Small. Number of ST
NSS NN Param. [mm] NSS NN Param. [mm] NSS NN Param. [mm]

30 6 2358 (36 instances) 180 6 11,334,546 180 6 58,589,080 180
50 5 2358 (25 instances) 250 5 11,233,654 250 5 44,153,872 250
70 5 2358 (25 instances) 350 5 11,233,654 350 5 43,084,294 350

6.6.2. Comparison of the Best Results Obtained That Minimize the Error Distance

From the results for all of the pattern-matching methods, we select the best ones that
minimize the error distance for the three side lengths of the sub-tiles considered. The
best results found for each sub-tile size and pattern-matching method are summarized
in Table 16. The table lists the number of NN parameters for each combination of SS and
NSS and pattern-matching method. Next, we compare how the different pattern-matching
methods perform one against the other for these cases. This comparison is presented in
Figure 22. The results present the same pattern for the three side lengths of the sub-tiles SS

considered. The method 4-MultFingIn-ClassOut performs better than the other methods.
This is followed, in decreasing order of error, by the method 3-MultFingIn-PosOut, the
method 2-SingFingIn-AggPosOut, and finally by the method 1-SingFingIn-PosOut.

Table 16. Best results for each side length of the sub-tiles SS and pattern-matching method.

SS
[mm]

Pattern-Matching Method

2-SingFingIn-AggPosOut 3-MultFingIn-PosOut 4-MultFingIn-ClassOut

Best Number of ST Best Number of ST Best Number of ST
NSS NN Param. [mm] NSS NN Param. [mm] NSS NN Param. [mm]

30 14 2358 (196 instances) 420 10 11,998,354 300 13 378,378,636 390
50 15 2358 (225 instances) 750 8 11,608,834 400 10 189,356,292 500
70 15 2358 (225 instances) 1050 6 11,334,546 420 9 142,973,068 630



Telecom 2025, 6, 15 76 of 101

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
Error distance [m]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

CD
F(
e)

CDF(e) cut
0.98
0.95
0.9

0.8
0.5
0.2

Smallest sensors array
results for SS=30 mm

1-SingFingIn-PosOut  
2-SingFingIn-AggPosOut  NSS=6
3-MultFingIn-PosOut        NSS=6
4-MultFingIn-ClassOut     NSS=6

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
Error distance [m]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

CD
F(
e)

CDF(e) cut
0.98
0.95
0.9

0.8
0.5
0.2

Smallest sensors array
results for SS=50 mm

1-SingFingIn-PosOut  
2-SingFingIn-AggPosOut  NSS=5
3-MultFingIn-PosOut        NSS=5
4-MultFingIn-ClassOut     NSS=5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0
Error distance [m]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

CD
F(
e)

CDF(e) cut
0.98
0.95
0.9

0.8
0.5
0.2

Smallest sensors array
results for SS=70 mm

1-SingFingIn-PosOut  
2-SingFingIn-AggPosOut  NSS=5
3-MultFingIn-PosOut        NSS=5
4-MultFingIn-ClassOut     NSS=5

Figure 21. Comparison of the results obtained using the smallest 2D sensor array considered among
different pattern-matching methods for the three side lengths of the sub-tiles, SS, considered.
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Figure 22. Comparison of the best results obtained that minimize the error distance among different
pattern-matching methods for the three side lengths of the sub-tiles, SS, considered.
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Similar to the case for the smallest 2D sensor array, the first and most important
observation is that all of the methods that include spatial side information perform much
better than the method that does not use side information, 1-SingFingIn-PosOut. The
second observation is that by relying on a more expensive NN model, in terms of the
number of NN parameters, a better performance result can be obtained for the same input
data. A third observation is that aggregating the results in the fingerprint domain (with the
methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut) produces better results than
aggregating the position results in the position domain (with the method 2-SingFingIn-
AggPosOut).

We observe in Figure 22 that pattern-matching method 4-MultFingIn-ClassOut has
about 100 to 150 mm less error than the method 3-MultFingIn-PosOut at the 95th percentile
in the CDF of the error distances. However, looking at Table 16, the method 4-MultFingIn-
ClassOut requires about 12.6 to 31.5 times more parameters than the method 3-MultFingIn-
PosOut does. Thus, it should be evaluated whether for a specific use-case the gain produced
using the method 4-MultFingIn-ClassOut is worth the cost in terms of the number of NN
parameters required and the associated computing costs.

It is noted that the column in Table 16 indicating the number of NN parameters for the
method 2-SingFingIn-AggPosOut includes the number of instances of, or calls to, the NN
model implemented in this method. The NN model is executed for each one of the NST

sub-tiles in the tile. This is provided to indicate that for this method, the number of NN
parameters alone is not representative of the computing cost of this method.

6.7. Pattern-Matching Method 4-MultFingIn-ClassOut Details

We study in detail the results obtained using pattern-matching method 4-MultFingIn-
ClassOut since this is the method that produces the best result in terms of minimizing the
error distance when compared with those of the other methods.

A selection of CDF curves of the error distances for different numbers of sub-tiles and
sub-tile sizes is presented in Figures 23–25. These figures depict the actual CDF curves
from which we took the cuts at different percentiles depicted in Figure 20. Each CDF curve
in Figures 23–25 contains more information about the results for all of the percentiles than
that presented in Figure 20; however, some curves were removed for legibility.

In the CDF curves shown in Figures 23–25, the curves depicted with continuous lines
correspond to low NSS values. More specifically, curves with continuous lines correspond
to NSS values ranging from the smallest number of sub-tiles considered to the NSS that
minimizes the error distance (regarded as the best NSS). The CDF curve for the best NSS

sets an upper bound on the performance, meaning that the results for any other NSS will
perform worse than those obtained for the best NSS. This upper bound is depicted as a
thicker continuous line. The curves for results with a number of sub-tiles, NSS, greater than
the best NSS show a worse performance than this upper bound. These curves are observed
on the right side of the curve for the best NSS. These curves are represented using dashed
lines, for legibility, to distinguish them from the curves representing the results for a lower
NSS (which are plotted using continuous lines). From these results, we can observe that it
is meaningless to increase the number of sub-tiles to a greater number than the best NSS

since the performance starts to degrade. Therefore, the use of NSS values greater than the
best NSS, that is, corresponding to the curves represented with dashed lines, is not a good
option in the context of our study. This is because to obtain the performance represented
by the dashed lines, a bigger 2D sensor array is required, plus the associated computing
resources, for a performance that could be attained using a smaller 2D sensor array.
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Figure 23. Comparison of the results for the pattern-matching method 4-MultFingIn-ClassOut with a
side length of the sub-tiles SS = 30 mm and different numbers of sub-tiles per side of the tile, NSS.
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Figure 24. Comparison of the results for the pattern-matching method 4-MultFingIn-ClassOut with a
side length of the sub-tiles SS = 50 mm and different numbers of sub-tiles per side of the tile, NSS.
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Figure 25. Comparison of the results for the pattern-matching method 4-MultFingIn-ClassOut with a
side length of the sub-tiles SS = 70 mm and different numbers of sub-tiles per side of the tile, NSS.

From the curves, we can also study the difference in the error at different percentiles
to decide whether increasing the complexity and computing cost using a bigger 2D sensor
array, that is, with more sub-tiles, is worth the reduction in the positioning error.

It is noted that pattern-matching method 3-MultFingIn-PosOut shows similar results
to those of the method 4-MultFingIn-ClassOut, with the difference being that the former
performs worse than the latter. Then, similar conclusions to those discussed above can
be drawn for the pattern-matching method 3-MultFingIn-PosOut based on the results
presented in Figure 19.

Finally, Figure 26 gathers the CDF curves for the best results (continuous lines) and
for the results using the smallest 2D sensor array (dashed lines) for each side length of the
sub-tiles SS using the method 4-MultFingIn-ClassOut. In this figure, we can observe the
differences in the error distance when changing the side length of the sub-tiles, SS, for these
distinctive cases.

Although the smallest NSS considered was selected by us, let us consider that the results
for the smallest NSS considered define a lower bound on the performance for the method
4-MultFingIn-ClassOut in the sense that this is the worst performance with the smallest
number of NN parameters. Then, the dashed lines in Figure 26 represent the lower bound
on the performance. The continuous lines in the figure, on the other hand, are the results
for the best Nss, meaning that these define the upper bound on the performance. Then, any
number of sub-tiles per side of the tile Nss between the minimum considered and the best
Nss found will lie between these bounds. It follows that for a given side length size of the
sub-tiles, Ss, the former conclusion can be interpreted as follows. The closest solution (as
Nss is a discrete parameter given by a natural number) in the number of sub-tiles per side
of the tile, Nss, with the minimum number of sub-tiles (and hence the minimum number
of NN parameters) when aiming at a given operational point as a target will lie between
these bounds. An operational point is defined in this context as a target error distance at
a given percentile in the CDF of the error distances. Finally, the Nss to be selected is that
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which satisfies a desired trade-off point between the cost and performance, along with other
considerations—for example, the practical use of a given size of 2D sensor array.

We proposed above that the smallest NSS considered can define a lower bound on the
performance for the method 4-MultFingIn-ClassOut. Observe in Figure 20 that the error
distance for NSS = 6 with SS = 30 mm and NSS = 5 with SS = 50 mm and SS = 70 mm,
at the 95th percentile, is greater than the error distance for larger values of NSS, at least
in the interval of the number of sub-tiles from the smallest NSS to the NSS for the best
results. The cases for the smallest sensor array are listed in Table 14 as the tile arrangements
6×6-30, 5×5-50, and 5×5-70. The corresponding number of NN parameters for these tile
arrangements is listed in Table 14, and for convenience it is summarized in Table 15.
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Figure 26. Comparison of the best results (continuous lines) and the results with the smallest 2D
sensor array (dashed lines) for the pattern-matching method 4-MultFingIn-ClassOut with different
side lengths of the sub-tiles SS.

6.8. Observations for Cases with Spatial Side Information and Aggregation in the Fingerprint Domain

Below, we summarize different observations for cases using spatial side information
and aggregation of the fingerprints in the fingerprint domain, namely pattern-matching
methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut.

6.8.1. Lower Bound in Performance for the Smallest 2D Sensor Array Considered

From the results obtained using pattern-matching methods 3-MultFingIn-PosOut and
4-MultFingIn-ClassOut, we observe in Figures 19 and 20 the following trend. This trend
indicates that on starting with a small number of sub-tiles and then increasing the amount
of side information by adding more sub-tiles, that is, increasing NSS, the error distance
decreases until the NSS that produces the best result with the minimum error distance (the
best NSS). Then, the results when selecting a small 2D sensor array can be used to define
a lower bound in the performance. Here, because the number of NN parameters grows
with NSS, the lower bound in performance exists in the context of obtaining the worst error
distance using the smallest number of NN parameters. This means that selecting a bigger 2D
sensor array will result in a smaller positioning error up to the NSS that produces the best
result. So, the smallest 2D sensor array considered is regarded to be that producing the worst
result with the smallest number of sub-tiles, NSS, that can be obtained using these methods.
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For the smallest 2D sensor arrays considered, we selected equivalent tile sizes con-
sisting of the following numbers of sub-tiles: NSS = 6, with SS = 30 mm, and NSS = 5,
with SS = 50 mm and SS = 70 mm. This selection was based on practical observations.
The first observation is the quadratic growth in the number of tiles required to cover the
whole positioning area, as a function of the inverse of the side length of the tiles. The
smaller the tiles, the greater the number of tiles required to cover the positioning area,
and the greater the number of reference positions associated with the fingerprint samples
that needs to be collected. Thus, operating using a large number of small tiles to cover
the positioning area adds overheads in terms of the time and costs required to collect
the fingerprint samples in a real scenario. Another aspect to consider is that the greater
the number of tiles, the greater the number of tile-classes required in pattern-matching
method 4-MultFingIn-ClassOut. This translates to selecting an NN with a suitable repre-
sentational capacity for the number of output classes. The second observation is related
to pattern-matching method 4-MultFingIn-ClassOut and the convolution operation. In
general, there is a requirement for the minimum size of the tensor input to a CNN such that
it is suitable for actually performing the convolution operation. In method four, the tensor
input to the CNN is a tensor of fingerprints. Then, the number of sub-tiles in a tile must
be greater than the convolution kernel combined with the stride size. In pattern-matching
method 4-MultFingIn-ClassOut, we used a convolution kernel of 3× 3 and a stride size of
1; therefore, we adopted a minimum number of sub-tiles per side of the tile of NSS = 5.

Now, it is noted that the worst error distance with the smallest number of NN parameters
considered (the smallest NSS considered, with NSS = 5 and 6) reduced the positioning error in
distances ranging from 1.60 to 1.75 m, for the three SS considered, to that in the case without
spatial side information using pattern-matching method 1-SingFingIn-PosOut, measured at
the 95th percentile in Figure 21. This is equivalent to an order of 4.6 to 9.7 of the side lengths
of the 2D sensor array. This last observation is an attempt to normalize in the 2D sensor array
sizes the gain obtained using the different 2D sensor array sizes, under the assumption that
the size of the 2D sensor array defines the positioning resolution for the samples.

As a summary of the results obtained using the smallest 2D sensor array, we observe
that the reduction in the error distance is significant when compared with fingerprinting-
based positioning implementing pointwise samples and no side information (pattern-
matching method 1-SingFingIn-PosOut). For a given use-case, it should be evaluated
whether the use of a small 2D sensor array suffices in terms of the desired trade-offs
between the cost, complexity, and intended target error distance at a given percentile in the
CDF of the error distances (or, alternatively, target distribution of the error distances).

6.8.2. Two-Dimensional Sensor Array Sizes and Positioning Errors for the Best Results

Table 17 lists the error distances at the 95th percentile in the CDF of the error distances
for the best results obtained using pattern-matching methods 3-MultFingIn-PosOut and
4-MultFingIn-ClassOut (Figures 22 and 26) for the three side lengths of the sub-tiles SS

considered. This table complements Table 16, which details the number of NN parameters,
the best NSS obtained, and the side length of the tile ST for each SS considered.

As was mentioned before, we observe in Table 17 that the error distances at the 95th
percentile decrease with the sub-tile sizes given by SS. The tile size, which is the size of
the 2D sensor array, is correlated with this observation. That is, the smaller SS, the smaller
the error distance and the size of the 2D sensor array, given by ST . So, from the results
obtained, when SS decreases, NSS increases, but overall, the 2D sensor array size given by
the side length of the tile, ST , decreases. When the tile size decreases, there are more tiles in
the positioning area, with smaller inter-tile distances, which seems to contribute to a finer
granularity for estimating the position.
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To complement the explanation above, it is noted that the size of the 2D sensor array in
each case is calculated from the side length of the tile, ST, which is a function of SS and the
best NSS obtained for each case. The side lengths of the tiles for each case are listed in Table 16.
It follows from the results obtained that ST decreases with the sub-tile size given by SS.

Table 17. Error distances at the 95th percentile in the CDF of the error distances for the best re-
sults obtained using pattern-matching methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut
(Figures 22 and 26), normalization of the error distances at the 95th percentile to the side length of
the tiles (2D sensor array), and the difference in the error distances between these methods and the
method 1-SingFingIn-PosOut. Results for the three side lengths of the sub-tiles SS considered.

SS
[mm]

Pattern-Matching Method Difference in Error

3-MultFingIn-PosOut 4-MultFingIn-ClassOut Distance Between

Error Error Error Dist. Error Error Error Dist. Methods 3-Mult-
Distance Distance Difference Distance Distance Difference FingIn-PosOut
at 95th Norm. by from Method at 95th Norm. by from Method and 4-MultFingIn-

Percentile Side Length 1-SingFingIn- Percentile Side Length 1-SingFingIn- ClassOut at 95th
[m] of Tile [Tiles] PosOut [m] [m] of Tile [Tiles] PosOut [m] Percentile [m]

30 0.5594 1.86 1.8406 0.4117 1.06 1.9883 0.1477
50 0.6364 1.59 1.7636 0.4970 0.99 1.9030 0.1394
70 0.7062 1.68 1.6938 0.5905 0.94 1.8095 0.1157

In Sections 6.4 and 6.5, it was hypothesized that the bigger the tile, the coarser the
resolution for estimating the position due to the increased inter-tile distance. A trade-off
between increasing the amount of side information through increasing NSS and the effects
of increasing the inter-tile distance for a given fixed side length of the sub-tile SS was also
hypothesized.

As it is observed that a reduction in the error distance is correlated with small side
lengths of the sub-tiles SS and a large number of sub-tiles NSS but at the same time
correlated with small tile sizes, a new hypothesis can be formulated. The new hypothesis
can be stated as follows. For the given assumptions, the sub-tile should decrease in size
through the parameter SS and the number of sub-tiles in the tile should increase through
the parameter NSS such that the combination of parameters SS and NSS is constrained to
result in a side length of the tile ST that is small enough to produce a finer granularity or
resolution for estimating the position.

Actually, regarding the size of the 2D sensor array, we may expect a constraint to
counteract how small the 2D sensor array can be from the actual physical arrangement of
the antennas or receivers in the sensors array (as discussed in Section 7.2). However, such a
constraint is not part of our assumptions.

From an ideal assumption in which the 2D sensor array size or tile size can define
the positioning granularity or resolution, we proceed as follows. We normalize the error
distances obtained for each pattern-matching method and side length of the sub-tiles SS

by the corresponding side length of the 2D sensor array. In Table 17, we observe that for
the case of pattern-matching method 3-MultFingIn-PosOut, the error distance normalized
by the 2D sensor array’s size is between 1.68 and 1.86 times the side length of the 2D
sensor array. For the method 4-MultFingIn-ClassOut, the normalized error distance is
approximately in the order of the side length of the 2D sensor array (0.94 to 1.06 times the
side length of the 2D sensor array). Under the ideal assumptions, the latter observation
means that at least 95 percent of the measurements have an error distance equal to or below
the sampling resolution used by the 2D sensor array (where the sampling resolution is
equivalent to the tile sizes used to sample the whole positioning area).

Table 17 also lists the differences between the error distance obtained using the pattern-
matching method without side information, 1-SingFingIn-PosOut, and the error distances
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obtained using the methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut, measured at
the 95th percentile of the CDFs of the error distance. In addition, we listed the difference in
the error distance observed between the methods 3-MultFingIn-PosOut and 4-MultFingIn-
ClassOut measured at the 95th percentile of the CDFs of the error distance.

◦ Discussion About the Reduction in the Size of the 2D Sensor Array and Constraints
The observation mentioned above, discussing that at least 95 percent of the measure-
ments have an error distance equal to or below the sampling resolution used by the
2D sensor array opens many research questions. For example, one line of thought
suggests that the smaller the 2D sensor array, the smaller the positioning error. The re-
duction in the size of the 2D sensor array or tile is actually controlled by the combined
result of reducing the side lengths of the sub-tiles, SS, and increasing the number
of sub-tiles per side of the tile, NSS. Thus, if this trend continues, near the limit, we
would have a very small 2D sensor array with a large number of sensors. Decreasing
the 2D sensor array further to the limit so that it converges to what is ideally a point
on a 2D positioning plane, it can be thought that the minimization of the positioning
error is not due to the availability of adjacent samples but due to the high number of
samples collected at that point. However, note that this observation is associated with
the assumed collection of training samples from every position delimited by fixed tiles,
which in this case would be assumed for every single point on the positioning plane
(and which at the limit will be an infinite number of points). Then, this view challenges
the idea of benefiting from using spatial side information, suggesting that taking a
high number of samples at a single point would produce better results than collecting
samples at adjacent points. Yet this generates many questions. The instantaneous
and simultaneous collection of samples using multiple sensors or receivers is not
physically possible when all of the sensors converge to a single point. Then, we can
think about using a single sensor or receiver and taking a high number of samples in
the time domain, as has been suggested in some research works in the past. However,
the initial observation was based on the assumption of the sampling of the entire
positioning area. The sampling of the entire positioning area is realistically feasible
if it is performed using a 2D sensor array with a size equivalent to a tile size of, say,
above 300× 300 mm2. The sampling can be achieved using a certain mechanized
process. One example could be sampling fingerprints using a robot driven by stepping
motors. Another example could be using for the sampling the same machinery that
needs the positioning information, taking overlapped samples, which will then be
post-processed as training tiles. In contrast, it is not realistic to sample every point in
the positioning area when the meaning of a point is defined in a mathematical sense,
or even when it is defined as a very small discretized area. Another observation is that
if there are no adjacent samples, it is not possible to perform the convolution operation
in pattern-matching method 4-MultFingIn-ClassOut.
Another line of thought is that in our assumptions, we did not consider the actual
antenna design aspects related to the construction of the 2D sensor array, such as
the effects and constraints of the inter-antenna spacing. These may counteract the
performance gain experienced when reducing the 2D sensor array’s size in a real
system. It was observed that for the system under consideration, there is a correlation
between the reduction in the 2D sensor array’s size and the reduction in the positioning
error. However, in reality, it could be expected that the physical arrangement of the
sensors will introduce constraints that will counteract this trend. For example, in
the case of implementing the 2D sensor array with an array of antennas, the inter-
antenna spacing will add a constraint. In the case of implementing the 2D sensor
array with a mechanical device sampling all of the positions equivalent to the sub-tiles,
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the precision of the mechanism and possible vibrations in the sequential sampling
will add a constraint limiting the smallest possible size of the 2D sensor array. This
consideration is discussed in Section 7.2.
Yet, another line of thought is based on the idea that it would be beneficial to exploit
the side information from adjacent positions as far as possible from the target position.
This is based on the idea that the further apart the sensors are, the more the RSS
level may vary enough to counteract the variations due to the fading. A possible
research direction associated with this line of thought would be to study the use of
side information collected using a kind of 2D sensor array with sparse sensors.

6.8.3. The Best Results and Border Conditions in the Positioning Area in the Scenario

We discussed in Section 5.3 the border conditions in the area intended for positioning
in the scenario. In the training phase, the whole positioning area will be covered with entire
tiles that are contiguous to each other (fixed tiles); that is, the use of fractions of a tile (and
the 2D sensor array) is not considered in our scope. Then, for cases with tile arrangements
in which the dimensions of the area intended for positioning are not a multiple of the side
length of the tile, some regions of the area intended for positioning will be uncovered, at
the top or right borders or at both.

Furthermore, we discussed in Section 5.10 that the size of the 2D sensor array limits
the useful area in which the positioning can be performed. Considering the center of the 2D
sensor array as the reference for determining the position, bigger 2D sensor arrays cannot
come as close to the borders to perform positioning as smaller ones can. Thus, the useful
area in which the positioning can be performed changes with the size of the 2D sensor array
(and tile arrangement). Or, in other words, the uncovered areas adjacent to the borders
appear as stripes with a width ST/2 (assuming the center of the 2D sensor array as the
reference for determining the position).

Now, we would like to study whether the fact that some tile arrangements do not fill
the entire area intended for positioning and the fact that different tile arrangements produce
more or less samples close to the borders of the positioning area cause any change in the
results obtained using pattern-matching methods 3-MultFingIn-PosOut and 4-MultFingIn-
ClassOut. So, in other words, we would like to know whether the CDF curves of the error
distances shift due to a varying number of samples with different statistics close to the
borders as a result of using different tile arrangements. The CDFs of the error distances
obtained using these methods for the best results were discussed in Section 6.6.2 and are
shown in Figure 22. For the particular case of the method 4-MultFingIn-ClassOut, the
results were discussed in Section 6.7 and are shown in Figure 26. For convenience and
simplicity, we will use as a reference the pattern-matching method 4-MultFingIn-ClassOut.
Similar conclusions can be drawn for the method 3-MultFingIn-PosOut.

First, we observe that the best result that minimizes the CDF of the error distances
with SS = 50 mm and the method 4-MultFingIn-ClassOut is obtained with NSS = 10. This
results in a tile with a side length of ST = 500 mm. For this tile arrangement, the maximum
allowed dimensions of the area intended for positioning (13,000 mm × 5000 mm) are a
multiple of ST , meaning that the area intended for positioning will be covered entirely by
fixed tiles in the tiling process (through the execution of the function FTileCenters(), listed
in Pseudocode 1). Thus, for this tile arrangement, the positioning area is equivalent to the
area intended for positioning; that is, there are no uncovered regions next to the borders.
Hence, the results obtained for this tile arrangement cannot be affected by missing samples
at the borders due to the impossibility of covering the entire area intended for positioning.
Then, for this case (a tile arrangement with SS = 50 mm and NSS = 10), the CDF curve
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depicted in Figure 26 can be considered a trusted reference; that is, it is not shifted by the
effect of tiles not fitting into the scenario.

Next, we aim to determine whether there is a characteristic pattern of the error dis-
tances when samples from the MTT dataset are observed in the positioning area. In this
context, a characteristic pattern would be, for example, some kind of concentration of the
error distances into some parts of the 2D positioning area. In particular, we will observe
the pattern for the error distances in samples next to the borders. If, for example, there is a
pattern in the error distances in which there is a concentration of a particular range of error
distances close to the borders, the effect of the untiled stripes adjacent to the borders could
lead to a change in the distribution of the error distances. In this case, a shift in the error dis-
tance CDFs would be a consequence of the different patterns of error distances contributing
to the final distribution for a given tile arrangement and the resulting positioning area.

We proceed to make an initial observation of the error distances in the positioning
area. We use as reference the tile arrangement with SS = 50 mm and NSS = 10, which
is the best result obtained using pattern-matching method 4-MultFingIn-ClassOut for
SS = 50 mm. Figure 27 shows with crosses the center positions of the moving tiles from
the MTT dataset for this tile arrangement at the corresponding ground truth reference
positions in the 2D positioning area in the scenario. The color of the crosses indicates the
error distance according to the scale shown in the figure. In this figure, we do not observe
any characteristic pattern that could lead to changes in the results. There is no characteristic
concentration of the error distances close to the borders. Certainly, we can spot some
clusters where certain ranges of error distances are concentrated in different parts of the
positioning area; however, this is attributed to the radio channel realizations and a lack of
enough samples. It should be noted that due to the symmetry of the scenario, the same
statistics should be observed in the four quadrants of the positioning area. This observation
is based on the symmetry of the scenario along the two coordinates. In this case, the
density of the samples can be quadrupled in one-quarter of the scenario to obtain a more
complete appreciation of the statistics of the results. Given the symmetry of the scenario,
we can imagine dividing the scenario into four parts (in two halves, along each dimension)
and then merging these four parts (mirroring along the vertical and/or horizontal axis
accordingly) to increase the density of the samples.
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Figure 27. Positioning area in the selected scenario showing the center positions of the moving
tiles from the MTT dataset, represented by crosses. The best result with pattern-matching method
4-MultFingIn-ClassOut for the tile arrangement with NSS = 10 and SS = 50 mm. The color of the
crosses indicates the error distance according to the scale shown on the right side of the figure.
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Observing the other tile arrangements, we reached the same conclusions as those dis-
cussed above. For example, Figure 28 shows with crosses the center positions of the moving
tiles from the MTT dataset at the corresponding ground truth reference positions in the posi-
tioning area in the scenario for a tile arrangement with SS = 30 mm and NSS = 13. In this
figure, we do not observe any characteristic pattern that could lead to changes in the results.

The observations above are based on a visual inspection of the samples. A formal
study was carried out which consisted of removing a selection of samples from all of the
samples covering the positioning area (the complete MTT dataset) to form a reduced dataset.
This study was carried out for different tile arrangements. The samples removed were
inside stripes of different widths, of up to 500 mm, adjacent to the inner borders of the area
intended for positioning. Then, the error distance was calculated for the reduced dataset
(without samples close to the borders). The CDF of the error distances corresponding to
the reduced dataset was plotted and compared with the corresponding CDF considering
all of the samples (the complete MTT dataset), such as the CDFs shown in Figure 26. We
observed that the CDFs corresponding to the error distances from the reduced and complete
datasets (the datasets without and with samples at the borders) almost overlapped, with
negligible differences that could be attributed to the lack of enough samples. Thus, we
conclude, as observed above, that removing samples next to the borders does not change
the distribution of the error distances.
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Figure 28. Positioning area in the selected scenario showing the center positions of the moving
tiles from the MTT dataset, represented by crosses. The best result with pattern-matching method
4-MultFingIn-ClassOut for the tile arrangement with NSS = 13 and SS = 30 mm. The color of
the crosses indicates the error distance according to the scale shown on the right side of the figure.
The empty stripes on the top and right sides of the positioning area are due to the tiling process
using entire tiles, leaving a region of the area intended for positioning uncovered, as explained in
Section 5.3.

6.9. Notes on the Computing Costs for the Proposed Pattern-Matching Methods

Computing costs were not considered as a performance metric in the evaluation of
the proposed pattern-matching methods, firstly because our primary goal was to obtain an
initial assessment of the possible gains achievable using spatial side information, regardless
of the computing costs, and secondly because the absolute computing costs alone are not
regarded by us as a metric for selecting one pattern-matching method over another. We
argue that what is important is the combined cost–performance of the entire positioning
system, including the infrastructure, energy consumption, maintenance costs, etc. There-
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fore, the ultimate decision on adopting one pattern-matching method or another needs to
be studied case by case.

Performance in terms of the training time was left out of our scope from the perspec-
tive that in practice, it depends on the following aspects. In the hardware domain, the
training time depends on the CPU and GPU architecture, the associated memory, and the
clock frequencies. In the software domain, it will depend on the programming language,
actual implementation, and libraries used. Therefore, we find it more useful to report the
training effort in terms of the number of NN parameters for each pattern-matching method
and tile arrangement. These are listed in Table 14 and summarized for notable cases in
Tables 15 and 16.

6.10. Reproducibility of the Results

The training, validation, and testing datasets were synthetically generated, as is
described in Section 5.2, using the system simulator presented in Section 5. Our results can
be reproduced through the implementation of the system simulator along with the NN
structures presented in the same section.

7. Summary, Conclusions, and Discussion
We presented the idea of exploiting spatial side information on fingerprints from adja-

cent positions relative to a target position with the purpose of minimizing the positioning
error in fingerprinting-based positioning. We proposed increasing the complexity on the
positioning device side by implementing a 2D sensor array that would allow us to collect
physically adjacent RSS fingerprints. Our primary goal was to learn whether using spatial
side information on RSS fingerprints, by means of an ideal 2D sensor array, could lead to a
justifiable gain in terms of minimizing the positioning error.

To put our work into context, we provided a differentiation between fingerprinting in
uplink and downlink cases, the possible uses of side information, and a classification of the
possible positioning data aggregation domains. The literature related to the topic of our
research was surveyed.

Then, we developed the concepts related to fingerprinting-based positioning with
spatial side information in downlink and presented three pattern-matching methods for
estimating the position by processing fingerprints with spatial side information. Two
methods were based on regression, implemented with FFNNs, and one method was based
on the classification of fractions of the positioning area, implemented with a CNN. In one
method, positioning data aggregation was carried out in the position domain. In the other
two methods, positioning data aggregation was carried out in the fingerprint domain.

The idea of exploiting spatial side information on fingerprints, along with the pro-
posed pattern-matching methods, was benchmarked using a system simulator based on
Monte Carlo methods. The simulator creates a scenario for positioning, generates synthetic
fingerprints based on an indoor radio channel model, constructs arrangements of the
fingerprints (tiles) that are equivalent to samples of the 2D sensor array, implements the
pattern-matching methods, estimates the positions with each method, and calculates the
positioning error for each one of the proposed methods. The cases without and with spatial
side information were benchmarked.

7.1. Conclusions

From the results presented in the previous section, we draw the following conclusions.
In our study, we proposed a system composed of a 2D sensor array, a given scenario, and
the pattern-matching methods considered. It was observed that for the given assumptions
and the system proposed, fingerprinting-based positioning with spatial side information
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substantially reduces the positioning error. The reduction in the positioning error is attained
at the expense of implementing a 2D sensor array and additional computing hardware on
the positioning device side.

7.1.1. Conclusions on the Use of Spatial Side Information

The performance of the proposed pattern-matching methods was measured in terms
of the error distance, eF , given by Equation (1). From the results obtained using the
four pattern-matching methods considered, as discussed in Section 6.6, we make the
following observation. For cases using the smallest 2D sensor array and cases using the
best number of sub-tiles that minimizes the error distance, all of the methods implementing
spatial side information perform much better than the method that does not use side
information, 1-SingFingIn-PosOut. This observation is summarized in the CDFs of the error
distances shown in Figures 21 and 22. In addition, the same observation can be made by
comparing the results distributed in Section 6. Looking at the error distances for each one
of the tile arrangements considered (combination of the parameters SS and NSS), shown in
Figures 17–20, it is observed that the pattern-matching methods that make use of spatial
side information always perform better than the method that does not use spatial side
information. From this observation it is concluded that for the system and assumptions
considered, the use of spatial side information helps to minimize the positioning error.

7.1.2. Conclusions on the Aggregation of Fingerprints in the Fingerprint Domain

As an additional goal, we were interested in the exploitation of spatial side information
in the fingerprint domain—that is, before the fingerprints were mapped to an estimated
position using a pattern-matching method.

Pattern-matching methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut make
use of spatial side information in the fingerprint domain, aggregating fingerprints in
this domain. These two pattern-matching methods perform better than pattern-matching
method 2-SingFingIn-AggPosOut, which aggregates the estimated positions in the position
domain, in terms of minimizing the positioning error. The results that summarize this
observation are shown in Figures 21 and 22.

7.2. Possible Limitations from the Assumptions

The actual description of how the 2D sensor array should be built is out of our scope.
Each sensor, in charge of sampling the fingerprints for a sub-tile, could be constructed
using an antenna or a receiver with a built-in antenna. Thus, it may be composed of an
antenna array or a receiver array.

We did not consider the actual antenna design aspects related to the construction of
the 2D sensor array. In this context, we worked with the numeric modules equivalent to
the received signal strength, ignoring the effects of the constructive/destructive phases of
radio-waves, the optimal antenna spacing, the effect on the antenna spacing and SNR, and
variable AoAs of the radio-waves with respect to the 2D sensor array’s position.

It was observed that for the methods 3-MultFingIn-PosOut and 4-MultFingIn-Clas-
sOut, strictly for the given assumptions and system considered, the smaller the sub-tile
size (and hence the smaller the 2D sensor array) the smaller the error distance (or, in
other words, the better the performance in terms of minimizing the positioning error; see
Sections 6.4 and 6.5). These results are valid for the given assumptions and the system
considered. However, it is counterintuitive to us that a smaller 2D sensor array leads to
a better performance. It should be noted that we ignored some practical considerations
present in a real system, as mentioned above, which may counteract the performance gain
experienced when reducing the 2D sensor array’s size in a real system.
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The side lengths of the 2D sensor array (tiles) at which the best results were found
using pattern-matching methods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut are
summarized in Table 16.

We observe in Table 16 that for the best results obtained with pattern-matching meth-
ods 3-MultFingIn-PosOut and 4-MultFingIn-ClassOut, when the sub-tile and tile sizes
decrease, the number of sub-tiles in the tiles (2D sensor array) increases. So, one conjecture
is the following. Since we do not have a constraint in terms of the actual antenna design
aspects related to the construction of the 2D sensor array, the best solution aims to increase
the number of fingerprint contributions from the side information while reducing the tile
size. This could be the result of the system aiming to decrease the inter-tile distance to
increase the positioning resolution while increasing the amount of side information.

7.3. Discussion

For the given assumptions and the system considered, we found through the system
simulations that it is feasible to exploit spatial side information to minimize the positioning
error. The gains observed in our simplified system, minimizing the error distance, pave
the way for either studying fingerprinting-based positioning and spatial side information
with a more elaborated system or validating whether the proposed 2D sensor array offers
gains in a real system. In this latter case, the fingerprints would be collected from field
measurements in a real scenario.

We postulated one conjecture based on the idea that by increasing the number of
spatial points in which the fingerprints are measured, the amount of information should
increase, and therefore, a better estimate of the position should be achieved. From the
results obtained, such a conjecture is true for the system and assumptions considered.

We postulated another conjecture stating that a pattern-matching method based on the
classification of discretized areas (the method 4-MultFingIn-ClassOut) could be applied to
estimating the position. From the results obtained, such a conjecture is true for the system
and assumptions considered, and in addition, it allows us to enhance the position estimate
compared with that obtained using the other methods considered.

Looking at the computing and hardware costs alone, as an isolated unit, the proposed
approach could appear to be expensive. In order to implement the proposed approach, it is
necessary to incorporate the 2D sensor array on the positioning device side. In addition,
it is necessary to incorporate on the positioning device side the necessary hardware to
support the implementation of a pattern-matching method for processing the spatial side
information. However, as stated in the introduction, we aim to transfer the complexity and
cost from the infrastructure to the positioning device. Then, it is just a matter of taking a
holistic view of the costs, complexity, energy efficiency, etc., in a given use-case to determine
whether the implementation of the proposed approach fulfills the expected goals. These
aspects are proper to each use-case and therefore cannot be generalized here. The ultimate
feasibility in deciding whether to incorporate the proposed approach into a real use-case
has to be analyzed on a case-by-case basis.

7.4. Directions for Future Work

Future work could address the following items:

• Studying the effects of positioning considering the rotation along the vertical axis and
tilting on the horizontal axes of the 2D sensor array.

• Modeling of the 2D sensor array as, for example, an antenna array, considering the
effects of constructive and destructive waves for a given antenna spacing, the AoA of
the radio-waves, etc.
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• A performance evaluation of a 2D sensor array using datasets obtained from field
measurements.

• Exploration of alternative pattern-matching methods or an enhancement to the pro-
posed methods.

• The use of other tile arrangements.
• The use of overlapping fixed tiles.
• The use of any other tile format or shape. For example, an interesting tile format to

consider would be hexagonal-shaped tiles.
• The use of spatial side information collected using a kind of 2D sensor array with

sparse sensors—for example, distributed along the machinery or object(s) performing
the positioning.

• Alternative mappings from the tile-classes to the positions using pattern-matching
method 4-MultFingIn-ClassOut.
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